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What we know that we don’t know

What is allowed to model flavour
massless Standard Model: SU(3)c × SU(2)L ×U(1)Y

U(3)Q ×U(3)u ×U(3)d ×U(3)L ×U(3)`

3 generations (why?)

gauge couplings U(3)-invariant for complex triplets 3, 3̄

ψi /Dψi for i= 1, . . . , 3 generations

broken by Yukawa couplings (mix gauge representations)

ψ
L
i Yij ψ

R
j

U(3)2 freedom of rotating Yukawas: U(3)5 not all independent

ψ
L
i′ UL

i′i
∗

Yij UR
jj′ ψ

R
j′

diagonalization
−→ ψ

L
i mii ψ

R
i
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Quark Mixing

Quark mass matrices

Mu = v Yu,

Md = v Yd.

Masses: diagonalize mass matrices (eigenvalues / singular values)

Singular Value Decomposition: Y→ L†ΣR: Σ = LYR†

Rotate fields in flavour space:

QL→ LQ QL,

uR→ Ru uR,

dR→ Rd dR.

Lq
Y = Q̄L Yd Φ dR + Q̄L Yu Φ̃ uR,k + h. c.
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Physical and Unphysical Parameters

Mass matrices: arbitrary 3× 3 complex matrices

M =
v
p

2





|y11|eiδ11 |y12|eiδ12 |y13|eiδ13

|y21|eiδ21 |y22|eiδ22 |y23|eiδ23

|y31|eiδ31 |y32|eiδ32 |y33|eiδ33





Matrix invariants
do not change for different bases
relate matrix elements with their singular values (i. e. masses)

ξ=
1
2

�

Tr
�

MM†
�2 − Tr

�

�

MM†
�2��

=m2
1m2

2 +m2
2m2

3 +m2
1m2

3 ,

D= det
�

MM†
�

=m2
1m2

2m2
3 ,

R2 = Tr
�

MM†
�

=m2
1 +m2

2 +m2
3 .

Frobenius norm

||M||2F =
∑

i,j

|mij|2 = Tr
�

MM†
�

= R2

W. G. H. flavour invariants 4



Physical and Unphysical Parameters

Mass matrices: arbitrary 3× 3 complex matrices

M =
v
p

2





|y11|eiδ11 |y12|eiδ12 |y13|eiδ13

|y21|eiδ21 |y22|eiδ22 |y23|eiδ23

|y31|eiδ31 |y32|eiδ32 |y33|eiδ33





Matrix invariants
do not change for different bases
relate matrix elements with their singular values (i. e. masses)

ξ=
1
2

�

Tr
�

MM†
�2 − Tr

�

�

MM†
�2��

=m2
1m2

2 +m2
2m2

3 +m2
1m2

3 ,

D= det
�

MM†
�

=m2
1m2

2m2
3 ,

R2 = Tr
�

MM†
�

=m2
1 +m2

2 +m2
3 .

Frobenius norm

||M||2F =
∑

i,j

|mij|2 = Tr
�

MM†
�

= R2

W. G. H. flavour invariants 4



The spherical mass matrix interpretation

Consider a real 3× 3 matrix

eM =





em11 em12 em13
em21 em22 em23
em31 em32 em33



 , with

em11 = R sinχ sinφ1 sinφ2 sinφ3 sinφ4 sinφ5 sinφ6 sinφ7,

em12 = R sinχ sinφ1 sinφ2 sinφ3 sinφ4 sinφ5 sinφ6 cosφ7,

em13 = R sinχ sinφ1 sinφ2 sinφ3 sinφ4 sinφ5 cosφ6,

em21 = R sinχ sinφ1 sinφ2 sinφ3 sinφ4 cosφ5,

em22 = R sinχ sinφ1 sinφ2 sinφ3 cosφ4,

em23 = R sinχ sinφ1 sinφ2 cosφ3,

em31 = R sinχ sinφ1 cosφ2,

em32 = R sinχ cosφ1,

em33 = R cosχ.

The angles are φi ∈ [0,2π), i= 1, . . . , 7, and χ ∈ [0,π].
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A new type of alignment

Personal bias: define m̃33 distinguished direction

eM = R







sinχ
�

∏6
i=1 sinφi

�

sinφ7 sinχ
�

∏6
i=1 sinφi

�

cosφ7 sinχ
�

∏5
i=1 sinφi

�

cosφ6

sinχ
�

∏4
i=1 sinφi

�

cosφ5 sinχ
�

∏3
i=1 sinφi

�

cosφ4 sinχ
�

∏2
i=1 sinφi

�

cosφ3

sinχ sinφ1 cosφ2 sinχ cosφ1 cosχ







9-dimensional vector
−→m = (em11, em12, em13, em21, em22, em23, em31, em32, em33)

T

“flavor space” expansion

−L=
3
∑

i,j=1

ψL,i emijψR,j ≡
3
∑

i,j=1

emijx̂ij

�
�
�
�
�� −→m

x33

U
χ

6

x32

x31

�
�
�
�
�� −→m

I
φ1

6

-
x12

x11

�
�
�
�
�� −→m

I
φ7

6

-
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Texture zeros from alignment

“Nearest Neighbour Interaction”

|M|=





0 A 0
A′ 0 B
0 B′ C





with φ2,4,6 =
π
2 and φ7 = 0

A= R sinχ sinφ1 sinφ3 sinφ5

A′ = R sinχ sinφ1 sinφ3 cosφ5

B= R sinχ sinφ1 cosφ3

B′ = R sinχ cosφ1

C = R cosχ

tanφ5 =
A
A′

tanφ3 =

√

√

√

1+
�

A
A′

�2

tanφ1 =

√

√

√

1+

�

1+
�

A
A′

�2
�

�

A2

A′B

�2 B
B′
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Complexity

Parameter Counting

U(n)3 ,→ [3n(n+ 1)− 2]/2 arbitrary phases

n= 3: 17 free phases

reducing phases from texture zeros: 17− 8= 9 unphysical

in total 10 phases in the mass matrix: 1 independent!

define γ= δ(b)21 +δ
(b)
33 −δ

(b)
31 −δ

(b)
23

Ma =





0 Aa 0
A′a 0 Ba
0 B′a Ca



 , Mb =





0 Abeiγ 0
Abe−iγ 0 Bb

0 B′b Cb





10 parameters in Ma and Mb

6 masses, 3 mixing angles, one CP-phase: “10 observables”

weak basis invariant statement [see Branco et al.]
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Neutrino masses and mixings

Majorana neutrinos
full ignorance about high-scale model: [Weinberg 1979]

L5 =
1
2

cαβ
ΛNP

�

L̄c
Lα
eH∗
� �

eH†LLβ

�

+ h. c.

complex, symmetric mass matrix

Mν =





emν11eiϕν11 1p
2
emν12eiϕν12 1p

2
emν13eiϕν13

1p
2
emν12eiϕν12

emν22eiϕν22 1p
2
emν23eiϕν23

1p
2
emν13eiϕν13 1p

2
emν23eiϕν23

emν33eiϕ33





emν
11 = Rν sinχν sinων1 sinων2 sinων3 sinων4
emν

12 = Rν sinχν sinων1 sinων2 sinων3 cosων4
emν

13 = Rν sinχν sinων1 sinων2 cosων3
emν

22 = Rν sinχν sinων1 cosων2
emν

23 = Rν sinχν cosων1 emν
33 = Rν cosχν
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An explicit model application

The Altarelli–Feruglio model
special choice of matrix elements motivated by discrete symmetry

|Mν|=





0 aν aν

aν −2aν bν

aν bν −2aν





with mν12 =mν13, mν22 =mν33, and mν22 = −2mν12

emν
11 = Rν sinχν sinων1 sinων2 cosων3
emν

12 = Rν sinχν sinων1 sinων2 sinων3 sinων4
emν

13 = Rν sinχν sinων1 sinων2 sinων3 cosων4
emν

22 = Rν sinχν sinων1 cosων2
emν

23 = Rν sinχν cosων1
emν

33 = Rν cosχν

1 ων4 =
π
4

2 ων3 =
3π
2

3 ων2 =
5π
4

Note, that 1-1 element vanishes!
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Towards the real phenomenology

Define
aν = Rν sinχν sinων1/(2

p
2)

bν = Rν sinχν cosων1/
p

2

with tanχν sinων1 = −
p

2. Leads to close-to-TBM mixing matrix.

Fit aν, bν via ∆m2
21 and ∆m2

31.
Vanishing m̃ν11 element (in contrast to original AF).
θν13 = 0 by definition.

Disturb the model
Deviate with a small perturbation ων4 =

π
4 + ε such that

|Mν|=





0 aν +δν aν −δν

aν +δν −2aν bν

aν −δν bν −2aν



+O(ε2)

with δν = aνε.
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A numerical example

Accommodate for CP violating phase: ων4 =
π
4 + iε

δν = 0.005 i gives sinθν13 ≈ 0.15.

Fitting ∆m2
21 = 7.40× 10−5 eV2 and ∆m2

31 = 2.494× 10−3 eV2

[nu-fit.org], we find

aν = 0.0126 eV, and bν = 0.0263eV

corresponding to

mν3 = 0.0526eV, mν2 = 0.0187eV and mν1 = 0.0166eV

and

|UPMNS|=





0.696 0.702 0.150
0.398 0.551 0.733
0.598 0.451 0.663



 .

(Deviations from 3σ regime.)
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Froggatt–Nielsen-like constructions

Hierarchical matrix elements from misalignment
All small angles: ε ≡ χ ∼ φk� 1 gives

|M| ∼ R





ε8 ε7 ε6

ε5 ε4 ε3

ε2 ε 1



 .

A bigger variety possible: not all angles have to be the same.

Treat up- and down-type masses differently, e. g. χd→ χd− π2 .

Higher powers of ε possible.

Smaller powers sufficient (i. e. only two small angles)

|M| ∼ R





ε2 ε2 ε2

ε2 ε2 ε

ε ε 1



 ⇒ |MM†| ∼ R2





ε4 ε3 ε2

ε3 ε2 ε

ε2 ε 1+ ε2




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Summary, Conclusions and Outlook

There is a fundamental thirst of reducing arbitrary parameters
in the Standard Model.

The flavour sector has too many.

Relating observable parameters with the free parameters.

Omitting unphysical ones.

Exploiting invariant statements.

The spherical mass matrix interpretation
Frobenius norm defines surface of a hypersphere:
R2 = ||M||2F =

∑

i,j |mij|2 = Tr
�

MM†
�

eM/R=






sinχ
�

∏6
i=1 sinφi

�

sinφ7 sinχ
�

∏6
i=1 sinφi

�

cosφ7 sinχ
�

∏5
i=1 sinφi

�

cosφ6

sinχ
�

∏4
i=1 sinφi

�

cosφ5 sinχ
�

∏3
i=1 sinφi

�

cosφ4 sinχ
�

∏2
i=1 sinφi

�

cosφ3

sinχ sinφ1 cosφ2 sinχ cosφ1 cosχ






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