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What is allowed to model flavour

e massless Standard Model: SU(3). x SU(2); x U(1)y

U(3)q x U(3), x U(3)g x U(3), x U(3),

@ 3 generations (why?)

e gauge couplings U(3)-invariant for complex triplets 3,3
o . 0; fori=1,...,3 generations

@ broken by Yukawa couplings (mix gauge representations)

—L
1//'1' Yij 'l/)]R
o U(3)? freedom of rotating Yukawas: U(3)" not all independent
—L * diagonalization = —I
¢i/ Uﬁi Yij UJI;/ 71[’]13 - ¢l~ m;; '4’?
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Quark mass matrices

M,=vY,,
Md :VYd.

Masses: diagonalize mass matrices (eigenvalues / singular values)

Singular Value Decomposition: Y — LT XR: X =LYR'

Rotate fields in flavour space:
QL —LqQy,
up — Ru Ug,
dR - Rd dR'

L3=Q, L)% ®Rydg+Q; L)%, $ R, ugs+ h.c.




Mass matrices: arbitrary 3 x 3 complex matrices

v b’11|ei511 |.Y12|€i512 b’13|€i513
M= —| lyge® |yyle®2 |yqglei®

V2 e [yale®  [ygale®

Matrix invariants
e do not change for different bases
o relate matrix elements with their singular values (i. e. masses)

= % [Te[Mm' ] — T [ (Mm)* ]| = m2m2 + m2m? + m3m?,
D =det[MM'] = m?m2m?,
R*=Tr[MM']=m?+m2+m?.



Mass matrices: arbitrary 3 x 3 complex matrices

v b’11|ei511 |.Y12|€i512 b’13|€i513
M= —| lyge® |yyle®2 |yqglei®

V2 e [yale®  [ygale®

Matrix invariants
e do not change for different bases
o relate matrix elements with their singular values (i. e. masses)

= % [Te[Mm' ] — T [ (Mm)* ]| = m2m2 + m2m? + m3m?,
D =det [MMT] = m%m%mg s
R*=Tr[MM']=m?+m2+m?.
Frobenius norm
IMI[2 = Imy|? = Tr[MM'] = R?
ij



Consider a real 3 x 3 matrix
_ my; My M3
M=|my My My |, with
M3 M3y M3z
My, = Rsin y sin ¢ sin ¢, sin ¢ 3 sin ¢4 sin ¢ sin ¢ sin ¢,
M5 = Rsin y sin ¢ sin ¢, sin ¢ 3 sin ¢4 sin ¢ sin ¢p¢ cos P,
M3 = Rsin y sin ¢ sin ¢, sin ¢ 3 sin ¢4 sin ¢ 5 cos ¢,
My = Rsin y sin ¢, sin ¢, sin ¢5 sin ¢4 cos ¢,
Moy = Rsin y sin ¢, sin ¢, sin ¢5 cos ¢4,
My3 = Rsin y sin ¢, sin ¢, cos ¢,
My, = Rsin y sin ¢4 cos ¢,
My, = Rsin y cos ¢,
M3 =Rcos y.
The angles are ¢; €[0,27),i=1,...,7,and y € [0, ].
~ W.G.H. flavourinvariants 5



Personal bias: define 35 distinguished direction

sin y (]_[?zl sin qbl-) sing, siny (nle sin ¢>i) cos¢, siny (]_[f=1 sin ¢>i) oS ¢
M=R sin y (]_[?:1 sin d)i) cos¢s siny (]_[?=1 sin ¢i) cos¢, siny (]_[li1 sin ¢>i) cos ¢4

sin y sin ¢, cos ¢, sin y cos ¢ cosy
9-dimensional vector
= _ (o~ o~ o~~~ o~~~ T
m = (M, Myy, My3, Moy, My, My3, Mgy, May, M33)

“flavor space” expansion



Personal bias: define 35 distinguished direction

sin y (]_[?zl sin ¢i) sing, siny (]_[f;l sin ¢>i) cos¢, siny (]_[f=1 sin ¢i) oS ¢
M=R sin y (I—[; sin d)i) cos¢s siny (]_[le sin ¢i) cos¢, siny (]_[iz=1 sin ¢>i) oS 5

sin y sin ¢, cos ¢, sin y cos ¢ cosy

9-dimensional vector

—_ _ (= —~ —~ —~ ~ ~ —~ —~ ~ T

= (M1, Mg, M3, M1, Moy, Mg, Mgy, M3y, Ma3)
“flavor space” expansion

3 3
—L= E ¢L’imij1/)RJ~ = E muxl]
ij=1 ij=1

X33 X31 X11
— —
m m

A o\

X32 X12

=]




“Nearest Neighbour Interaction”

0 A O
M|=|A" 0 B
0 B C

Wlth ¢2,4,6 = % and ¢7 =0

A
A=Rsiny sin¢;sin¢;singg @NPs = a

A’ = Rsin y sin ¢; sin ¢5 cos ¢ A2

B = Rsin y sin ¢ cos ¢ tan¢3=\1+(z)

/_ .

B’ =Rsin y cos ¢, AN\ A2 2B
C:Rcosx tan¢>1=\1+ 1+ E B E



Parameter Counting
e U(n)®> < [3n(n+1)—2]/2 arbitrary phases
e n = 3: 17 free phases

e reducing phases from texture zeros: 17 — 8 = 9 unphysical
o in total 10 phases in the mass matrix: 1 independent!

definey =50 +50) — 50— 50
0 A, O 0 Ay’ 0
M,=|A, 0 B[, M,=|Ae™ 0 B,
0 B C, 0 B, G

@ 10 parameters in M, and M,
e 6 masses, 3 mixing angles, one CP-phase: “10 observables”

@ weak basis invariant statement [see Branco et al.]



Majorana neutrinos

full ignorance about high-scale model: [Weinberg 1979]

complex, symmetric mass matrix

=52 2 (L5 1) ('Lyp) + e

=Y Lip] A = Lip), L mv gl

mperit - pMppeTiz TEiy et

—~ sy = .y —~ P

M’ = %m}’zel“’lz m,.,e'?2 %m;}e‘“’zs
1 1

L v ooip)y L mv g, MY el¥3s
Mz ™ piMye™s  Mgse

=~V _ DV} Yo} Yo} Yo} Yo} v
mll =R s y s w, sSin w, s wWq S w

4
=Y — RY el Vot Vot Vo1 v v
m;, =R”siny " sin w; sin w, sinw, cos w,
-~V Y a3 Y a1 Y a1 v v

my, = R”sin y " sin w, sin w, cos w;

=Y PRY et Y or v 4

m,, =R"sin y " sin w; cos w,

=Y _ DPY el v v =Y _ pY v
My, =R”sin y " cos w, m,, =R"cos y



The Altarelli-Feruglio model

special choice of matrix elements motivated by discrete symmetry

0 a’ a’
IM,|=]a” —2a” b”
a¥ b —=2d"

g N v v
with my, =mJ,, mj, =mj3,, and my, = —2my,

=YV DY Vo Vo v v
my; = R"sin y “sin W, SIN W, COS W4

=V DY Vo Vo Vi Vo v
mp, = R"sin y "sin W, SIN W, SIN W, SIN W,
=Y DY Vo Vo Vo v v
mi; = R"sin y "sin W, SIN W, SN W4 COS W,

v
m,, =R"sin y " sin w] cos w,

2
— DY

m23 =R"sin y"cosw;

my, =R"cos y”
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~V __ DV Vo Yo} Vol Vo v vy _ T

my, =R"sin y " sin 0] sin w, sin w; sin w), Q w, =73
v 44
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The Altarelli-Feruglio model

special choice of matrix elements motivated by discrete symmetry

0o a a’¥
M,|=|a” —2a” b”
a¥ b —=2d"

] 4
with my, =mJ,;, m), =mjJ,, and m), = —2my,

~V _ DV} Yo} Yo} v v
TTl11 =R s y - sin w4 s w, COS wWq

=~V Y a3 Y ot YV a3 YV a3 v V:
My, =R"sin x”sinw] sinw) sinw}/v2 QO w,

N|w INE

=~V __ DV} Vi Y qi

my, =R"sin y " sin ] sin w, sin w} /v'2 Q w;=
~y _ VY s Ve v

My, =R"sin y "sin w, cosa)2

~y ViV v

mzs_R sin y * cos w,

=Y _ pY 4
m,, =R’ cos y



The Altarelli-Feruglio model

special choice of matrix elements motivated by discrete symmetry

0o a a’¥
M,|=|a” —2a” b”
a¥ b —=2d"

: VoY Vo Y v o_ v
with m{, =m{,;, mj, =mj,, and m}, = —2mj,

my, =0

mJ, = —R"sin y"sinw} sinw)/v2 Q w)=7%
mj, = —R”sin y”sinw smwz/w/_ Q w;}:%n
m,, =R"sin y " sin w] cos w, s w§’=57”

=Y Vo1 v v
my, =R"sin y " cos w,

~V o v v
mg, =R"cos y



The Altarelli-Feruglio model

special choice of matrix elements motivated by discrete symmetry
0 a a”
M,|=]a” —2a” b
a” b’ —2a
: A A v o_ v
with m{, =mJ,, my, =mj3,, and my, = —2my,
=Y
my; =0
~V Y a1 YV a1 v
my, =R"sin y”sinw) /2 v
12 1 =
QO w,

=Y PV el Vo1 v

m;, =R"sin y"sin w] /2

~V _ _ PV Vi %
my, = —R"sin y"sinw)/v2
=Y Y a1 v v

m,, =R"sin y " cos w,

=~V v v
ms, =R"cos y



The Altarelli-Feruglio model

special choice of matrix elements motivated by discrete symmetry
0 a a”
M,|=]a” —2a” b
a” b’ —2a
: A A v o_ v
with m{, =mJ,, my, =mj3,, and my, = —2my,
my, =0
~V Y a1 YV a1 v
m;, =R"sin y”sin w) /2 o wZ:%
mj, =R"sin y”sinw]/2 y_ 3n
> e e Q wy=7%
iy, = —R”siny"sinw)/v2
v 5T
QO w=7

my, =R"sin y " cos w]
my, =R"cos y”
Note, that 1-1 element vanishes!



Define
a” =R"siny"sinw]/(2v2)
b =R”sinx"cosw1’/w/§
with tan y ”sin w] = —+/2. Leads to close-to-TBM mixing matrix.



Define
a” =R"sin y " sin wi’/(zﬁ)
b =R”sinx”coswi’/w/§
with tan y ”sin w] = —+/2. Leads to close-to-TBM mixing matrix.

e Fita”, b” via Am%l and Amgl.
@ Vanishing ﬁii’l element (in contrast to original AF).
e 05 = 0 by definition.

Disturb the model

Deviate with a small perturbation w} = 7 + ¢ such that

0 a’+6” a¥—6"
M,|=|a”+6” —2a” b” +0(e?)
a’—6" b” —2a”
with 6" =a’e.




o Accommodate for CP violating phase: w} = 7 +ie
@ 6" =0.005i gives sin 0,5 ~ 0.15.
Fitting Am3, = 7.40 x 107° eV? and Am3, = 2.494 x 1073 eV?
[nu-fit.org], we find
a” =0.0126¢eV, and b” =0.0263eV
corresponding to

my =0.0526eV, m,=0.0187eV and m;=0.0166eV

and
0.696 0.702 0.150

[Upyns| = | 0.398 0.551 0.733
0.598 0.451 0.663

(Deviations from 30 regime.)



Hierarchical matrix elements from misalignment

All small angles: e = y ~ ¢, < 1 gives

RN
M| ~R| &> &* &
e & 1

@ A bigger variety possible: not all angles have to be the same.
e Treat up- and down-type masses differently, e.g. y¢ — y9— 3
e Higher powers of ¢ possible.

e Smaller powers sufficient (i. e. only two small angles)



Hierarchical matrix elements from misalignment

All small angles: e = y ~ ¢, < 1 gives

RN
M| ~R| &> &* &
e & 1

@ A bigger variety possible: not all angles have to be the same.
e Treat up- and down-type masses differently, e.g. y¢ — y9— 3
e Higher powers of ¢ possible.

e Smaller powers sufficient (i. e. only two small angles)

e g2 g2 et g3 g2
IM|~R| €2 &% ¢ = |MM'|~R*|&® €2 ¢
e ¢ 1 e & 1+4¢2



@ There is a fundamental thirst of reducing arbitrary parameters
in the Standard Model.

@ The flavour sector has too many.
@ Relating observable parameters with the free parameters.
e Omitting unphysical ones.

e Exploiting invariant statements.

The spherical mass matrix interpretation

Frobenius norm defines surface of a hypersphere:
R? =M% =3, Imy|* = Tr[MM' ]
M/R=

sin y (]_[111 sin qﬁi) sing, siny (l_[f=1 sin 4)1») cos¢, siny (l_[le sin ¢i) cos ¢
sin y (l_[;l sin ¢i) cos¢ps siny (l_[f=l sin ¢i) cos¢, siny (I—[?zl sin ¢i) oS ¢,

sin y sin ¢, cos ¢, sin y cos ¢ cos y




