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Abstract

Over the last decade the gradient flow formalism became an important tool for lattice sim-
ulations of Quantum Chromodynamics. It offers remarkable renormalization properties
which pave the way for cross-fertilization between perturbative and lattice calculations. In
this contribution we discuss the perturbative approach. As first application we compute vac-
uum expectation values of flowed operators which could help to extract parameters like the
strong coupling constant from lattice simulations. Afterwards, we apply the flowed operator
product expansion to the time-ordered product of two currents which could be employed
for an alternative first-principle evaluation of vacuum polarization functions on the lattice.
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1 Introduction

The gradient flow formalism introduced in Refs. [1–3] became an important tool for simulations
of Quantum Chromodynamics (QCD) on the lattice over the last decade. Most prominently, it led
to new strategies to set the scale of the lattice, see e.g. Refs. [3–5]. Moreover, it provides strong
renormalization properties. Especially, flowed1 composite operators constructed from flowed fields
do not require renormalization [6]. Therefore, they do not mix under renormalization group (RG)
running which allows one to match results of lattice and perturbative calculations without scheme
transformation. One prominent application is the extraction of the strong coupling αs from lattice
simulations which, however, did not yield competitive results yet, see Ref. [7] for a recent review.

A powerful tool is the so-called small-flow-time expansion which leads to a relation between
flowed and regular operators related by a flow-time dependent mixing matrix [6]. By inverting the
mixing matrix, one obtains a flowed operator product expansion (OPE) which expresses the regular
operators through the corresponding flowed operators [8–10]. This was first utilized to construct
a regularization independent formula for the energy-momentum tensor (EMT) of QCD [8,9].

In this contribution we briefly introduce the perturbative treatment of the gradient flow at
infinite volume2 in Section 2 which allows us to compute vacuum expectation values (VEVs) of
flowed operators through next-to-next-to-leading order (NNLO) in Section 3. In Section 4, we
discuss the flowed OPE and apply it to vacuum polarization functions (VPFs) which might pave
the way for an alternative determination of the hadronic corrections to the anomalous magnetic
moment and other observables.

2 Perturbative Gradient Flow

The gradient flow formalism continues the gluon and quark fields Aa
µ(x) andψ(x) of regular QCD

from D = 4− 2ε Euclidean dimensions to the fields Ba
µ(t, x) and χ(t, x) additionally depending

on the flow time t > 0 through the boundary conditions

Ba
µ(t = 0, x) = Aa

µ(x) , χ(t = 0, x) =ψ(x) (1)

and the flow equations [3,12]

∂t B
a
µ =Dab

ν Gb
νµ +κDab

µ ∂νBb
ν , ∂tχ =∆χ −κ∂µBa

µT aχ, ∂t χ̄ = χ̄
←−
∆ +κχ̄∂µBa

µT a, (2)

where

Ga
µν = ∂µBa

ν − ∂νBa
µ + f abcBb

µBc
ν, Dab

µ = δ
ab∂µ − f abcBc

µ,

∆=DF
µDF

µ,
←−
∆ =

←−D F
µ

←−D F
µ, DF

µ = ∂µ + Ba
µT a,

←−D F
µ =
←−
∂ µ − Ba

µT a.
(3)

The flow time t is a parameter of mass dimension minus two and we use the short-hand nota-
tion ∂t ≡

∂
∂ t . The symmetry generators T a in the fundamental representation and the structure

constants f abc are defined through

[T a, T b] = f abc T c , Tr(T aT b) = −TRδ
ab. (4)

1We use the terms flowed and regular to distinguish quantities defined at flow time t > 0 from those defined at t = 0.
2At finite volume different techniques are required, see e.g. Ref. [11].
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κ is an additional gauge parameter and all physical observables should be independent of it [3].
In perturbative calculations it is usually most convenient to set κ= 1.

The flow equations (2) can be incorporated into a Lagrangian formalism by defining

L= LQCD +Lgauge-fixing +Lghost +LB +Lχ . (5)

The first three terms constituting the regular Yang-Mills Lagrangian are given by

LQCD =
1

4g2
B

F a
µνF a

µν +
nf
∑

f=1

ψ̄ f ( /D
F +m f ,B)ψ f ,

Lgauge-fixing =
1

2g2
Bξ
(∂µAa

µ)
2, Lghost =

1

g2
B

∂µ c̄aDab
µ cb,

(6)

where

F a
µν = ∂µAa

ν − ∂νA
a
µ + f abcAb

µAc
ν, DF

µ = ∂µ + Aa
µT a, Dab

µ = δ
ab∂µ − f abcAc

µ. (7)

The flow equations are incorporated through

LB = −2

∫ ∞

0

dt Tr
�

La
µT a

�

∂t B
b
µT b −Dbc

ν Gc
νµT b − κDbc

µ ∂νBc
νT b

��

, (8)

Lχ =
nf
∑

f=1

∫ ∞

0

dt
�

λ̄ f

�

∂t −∆+ κ
�

∂µBa
µ

�

T a
�

χ f + χ̄ f

�←−
∂t −

←−
∆ −κ

�

∂µBa
µ

�

T a
�

λ f

�

,

where La
µ(t, x), λ f (t, x), and λ̄ f (t, x) are Lagrange multiplier fields [6,12]. Their Euler-Lagrange

equations lead to Eq. (2).
The Feynman rules for perturbative calculations can be derived from the Lagrangian employing

standard techniques [6,12] and the complete list can be found in Ref. [13].

3 Vacuum Expectation Values

VEVs of gauge-invariant operators at finite flow time are among the simplest quantities one can
consider within the gradient flow formalism. As mentioned before, these operators do not require
any ultra-violet (UV) renormalization beyond that of regular QCD and that of the involved flowed
fields [6]. This means that the operators do not mix under RG running, which makes it particularly
simple to combine results from different regularization schemes.

The renormalization of the coupling and the masses follows the usual prescription with the
known QCD renormalization constants. Throughout this contribution we employ the MS scheme
and refer to Refs. [13,14] for details.

The flowed gauge field Ba
µ(t, x) does not require renormalization so that matrix elements of

the gluon action density

E(t, x)≡ 1
4 Ga
µν(t, x)Ga

µν(t, x) (9)

are finite after just the renormalization of g and m f [3,6]. Hence, a direct comparison of results
obtained in different regularization schemes is possible.
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In contrast, flowed quark fields require a renormalization factor Z1/2
χ (αs) in order to render

Green’s functions finite. In the MS scheme it reads

Z−1
χ (αs) = 1−

αs

4π

γχ,0

ε
+
� αs

4π

�2 hγχ,0

2ε2

�

γχ,0 + β0

�

−
γχ,1

2ε

i

+O(α3
s ), (10)

with
γχ,0 = 3 CF, γχ,1 =

�223
6 − 8 ln 2

�

CACF −
�3

2 + 8 ln2
�

C2
F −

22
3 CFTRnf. (11)

γχ,0 has been computed in Ref. [12], whereas γχ,1 has been obtained by requiring that the NNLO
calculations in Refs. [13,15] become finite.

The scalar quark density

S(t, x)≡ Zχ

nf
∑

f=1

χ̄ f (t, x)χ f (t, x) (12)

thus acquires an anomalous dimension, which prevents a direct comparison of results from dif-
ferent regularization schemes. This can be cured by working with ringed quark fields [9], which
amounts to renormalizing the flowed quark fields with

�Zχ(t,µ) = −
2NCnf

(4πt)2
·

1
〈R(t)〉|m=0

(13)

instead of Zχ , where

R(t, x) =
nf
∑

f=1

χ̄ f (t, x)
←→
/D Fχ f (t, x) with

←→D F
µ =DF

µ −
←−D F
µ (14)

is the quark kinetic operator. This corresponds to a “physical” renormalization scheme, which
means that the anomalous dimension of the operator

�S(t, x) = ζχ(t,µ)S(t, x) with ζχ(t,µ)≡ Z−1
χ
�Zχ(t,µ) (15)

vanishes.
The Feynman rules for the operators E(t, x), S(t, x), and R(t, x) can again be derived by

standard techniques and are listed in Ref. [13]. They result in Feynman diagrams like the samples
shown in Fig. 1. In Ref. [13] we set up a program chain to automatically generate [17, 18] and
process [19–23] these diagrams as well as to perform a reduction to master integrals [24–30] and
to solve those subsequently [31–41].

For the gluon action density we then find

〈E(t)〉|m=0 =
3αs

4πt2

NA

8

�

1+
αs

4π
e1(µ

2 t) +
� αs

4π

�2
e2(µ

2 t) +O(α3
s )
�

,

e1(z) = e1,0 + β0 L(z), e2(z) = e2,0 + (2β0 e1,0 + β1) L(z) + β2
0 L2(z),

(16)

where αs = αs(µ), with µ the renormalization scale,

L(z)≡ ln(2z) + γE, (17)

4
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Figure 1: Sample diagrams for the VEVs through NNLO. Produced with TikZ-
Feynman [16].

and with the MS coefficients β0, β1. For the non-logarithmic coefficients ei, j we find

e0,0 = 1, e1,0 =
�52

9 +
22
3 ln2− 3 ln 3

�

CA −
8
9 TRnf (18)

e2,0 = 27.9784 C2
A − (31.5652 . . .)CATRnf +

�

16ζ(3)− 43
3

�

CFTRnf +
�8π2

27 −
80
81

�

T2
R n2

f ,

where ζ(3) = 1.20206 . . .. The next-to-leading order (NLO) coefficient e1 was first evaluated in
Ref. [3] and the NNLO coefficient in Ref. [31]. The three dots in the coefficient of CATRnf indicate
that we were able to obtain the expression in analytical form in Ref. [13]. Our estimate of the
numerical accuracy for the C2

A coefficient is at least six digits beyond the four decimal places shown
here.

Since these VEVs are formally independent of the renormalization scale µ, the residual scale
dependence can be used to study the behavior of the perturbative expansion. As shown in Fig. 2
for 〈E(t)〉, it is well behaved at high energies and still decent around a central scale of 3 GeV. For
a detailed discussion and results for 〈�S(t)〉 and ζχ(t,µ) we refer to Ref. [13].

The proportionality of 〈E(t)〉 to αs suggests to define a gradient flow coupling

αGF(t)≡
1
N

32π
3NA

t2〈E(t)〉lattice, (19)

based on the determination of 〈E(t)〉lattice through lattice simulations, where N accounts for
boundary conditions [42–45]. Our perturbative result in Eq. (16) then might help in the ex-
trapolation to infinite volume.

4 Flowed Operator Product Expansion

A powerful concept in the gradient flow formalism is the flowed OPE [8–10]. Consider a set of
operators Oi(x) and a corresponding set of flowed operators Õi(t, x) which are constructed from

5
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Figure 2: Renormalization scale dependence of t2〈E(t)〉 in QCD for two different central
scales µ0 = e−γE/2/

p
2t. See Ref. [13] for details.

flowed fields. They are related by the small-flow-time expansion

Õi(t, x) =
∑

j

ζi j(t)O j(x) +O(t) (20)

with the flow-time dependent mixing matrix ζi j(t) [6]. By inverting Eq. (20) one can then express
any linear combination of the Oi(x) through their flowed counterparts:

T =
∑

i

CiOi =
∑

i, j

Ciζ
−1
i j Õ j +O(t)≡

∑

j

C̃ jÕ j +O(t), (21)

where Ci are the Wilson coefficients for the object T . Since the flowed operators do not require
renormalization beyond field and coupling renormalization [6], the r.h.s. is scheme independent.
Thus, one can directly relate T in different schemes, for example lattice and perturbative schemes,
by employing the flowed OPE. First, it was applied to the EMT [8, 9, 15] which led to promising
thermodynamical results [46–54]. Other applications include charge conjugation parity violating
operators for the nucleon electric dipole moment [55] or the electroweak Hamiltonian [56]. We
now apply it to vacuum polarization functions (VPFs).

5 Hadronic Vacuum Polarization using Gradient Flow

VPFs for (axial-)vector and (pseudo-)scalar particles are important objects in QCD. Through the
optical theorem, their imaginary part is directly related to physical observables such as the decay
rates of the Z- or the Higgs boson, or the hadronic R-ratio. Moreover, VPFs also contribute in-
directly to physical observables such as anomalous magnetic moments [57, 58], the definition of
short-distance quark masses [59], or hadronic contributions to the coupling of Quantum Electro-
dynamics [60, 61]. However, the latter applications involve an integration of the VPFs over the
non-perturbative regime. They are typically computed from experimental data with the help of
dispersion relations. First-principle lattice calculations have started to become competitive with
these dispersive approaches only very recently. However, for the prominent topic of the hadronic
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vacuum polarization contribution to the muon’s anomalous magnetic moment, the two approaches
lead to incompatible results [62].

The perturbative and non-perturbative regimes of VPFs can explicitly be demonstrated through
the OPE (see, e.g., Ref. [63]):

T (Q)≡
∫

d4 x eiQx〈T j(x) j(0)〉 Q2→∞∼
∑

k,n

C (k),Bn (Q)〈O(k)n (x = 0)〉, (22)

where j(x) generically stands for a scalar, pseudo-scalar, vector, axial-vector, or tensor current,
and k labels the mass dimension. In principle, the coefficients C (k),Bn on the r.h.s. of Eq. (22)
depend on the quantum numbers of the currents, but we suppress such indices in the following.
We furthermore assume that possible global divergences are subtracted off of T (Q).

Up to mass dimension two, only operators proportional to unity contribute to physical matrix
elements of QCD. Explicitly, they read

O(0)1 ≡O(0) = 1, O(2)1 ≡O(2) = m2
B 1, (23)

where mB is the bare mass of the nh degenerate massive quarks. Therefore, the Wilson coefficients

C (0)1 ≡ C (0) ≡ C (0),B, C (2)1 ≡ C (2) ≡ Z2
mC (2),B (24)

are UV-finite, where Zm is the MS renormalization constant of the quark mass. At mass dimension
four we choose

O(4)1 ≡O1 =
1

g2
B

F a
µνF a

µν, O(4)2 ≡O2 =
nf
∑

f=1

ψ̄ f
←→
/D Fψ f , O(4)3 ≡O3 = m4

B 1 (25)

as basis of operators. Higher dimensional operators are neglected in the following.
Matrix elements of the dimension-four operators are divergent in general. However, by defin-

ing renormalized operators OR
n as linear combinations among them, physical matrix elements as

well as the Wilson coefficients become finite, i.e.

OR
n =

∑

k

Znk Ok, Cn =
∑

m

CB
m(Z

−1)mn, (26)

where CB
n ≡ C (4),Bn , cf. Eqs. (22) and (25). Since the operators of Eq. (25) are part of the QCD

Lagrangian, the renormalization matrix Z can be expressed in terms of the anomalous dimensions
of QCD [64,65].

To derive the flowed OPE, we introduce the flowed operators as

Õ1(t, x) =
Zs

g2
B

Ga
µν(t, x)Ga

µν(t, x) =
4

µ̂2εg2
E(t, x),

Õ2(t, x) = �Zχ

nf
∑

f=1

χ̄ f (t, x)
←→
/D F(t, x)χ f (t, x) =�R(t, x), Õ3(t, x) = m4 1,

(27)

where E(t, x) and�R(t, x) are the composite operators already introduced in Section 3. The small-
flow-time expansion in Eq. (20) allows us to relate the regular QCD operators and coefficients
with their flowed counterparts through

Õn(t) = ζ
(0)
n (t)1+ ζ

(2)
n (t)m

21+
∑

k

ζnk(t)OR
k +O(t), (28)

7
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where ζ(2)n (t) and ζnk(t) are the renormalized, finite mixing coefficients. Inverting Eq. (28) yields

OR
n =

∑

k

ζ−1
nk (t) Ōk(t) +O(t), Ōn(t)≡ Õn(t)− ζ(0)n (t)1− ζ

(2)
n (t)m

21, (29)

which leads to the flowed OPE for the current correlator:

T (Q)
Q2→∞∼ C̃ (0)(Q2, t) + C̃ (2)(Q2, t)m2 +

∑

n

C̃n(Q
2, t)〈Õn(t)〉+O(t). (30)

The flowed Wilson coefficients are related to the regular Wilson coefficients through

C̃n(Q
2, t) =

∑

k

Ck(Q
2)ζ−1

kn (t), C̃ (0,2)(Q2, t) = C (0,2)(Q2)−
∑

n

C̃n(Q
2, t)ζ(0,2)

n (t). (31)

The regular Wilson coefficients C (0) and C (2) are given by the first two terms in m2/Q2 of the large-
Q2 expansion of the VPFs. Through the required order, they can be found in Ref. [66] for vector-,
in Ref. [67] for axial-vector-, and in Ref. [68] for scalar- and pseudo-scalar currents, for example.
The dimension-four coefficients can be found in Refs. [69,70].3

In Ref. [14] we determined the mixing matrix ζ through NNLO with the help of the method of
projectors [71,72]. Most of the matrix elements can already be extracted from the calculation of
the VEVs in Section 3 (or rather Ref. [13]) as well as from the calculation of the EMT in Ref. [15].
The remaining elements correspond to higher-order corrections in the bare mass to the VEVs.
By combining ζ with the known results for the regular Wilson coefficients, one can determine
the flowed coefficients of Eq. (31) to the same order. Together with an evaluation of the flowed
operator matrix elements on the lattice, the VPFs can be extracted and used in the determination
of various physical quantities.

6 Conclusion

In this contribution we discussed the perturbative gradient flow and stressed its powerful renor-
malization properties. Then, we outlined the calculation of some VEVs of gauge-invariant opera-
tors at finite flow time which enable the construction of a gradient flow coupling. Afterwards, we
discussed the flowed OPE which can be used to replace regular operators by their better behaved
flowed counterparts and applied it to VPFs which might lead to new results for quantities like
anomalous magnetic moments from lattice simulations.
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