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b — ¢ semileptonic sum rule: Extension to angular observables
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Lepton flavor universality is a key prediction of the Standard Model of particle physics and any
violation of it immediately indicates the existence of new physics. Given the recent more than 4o
discrepancy in charged current semileptonic B meson decays and the absence of evident signals
at the large hadron collider, independent cross-checks become invaluable. In this context, b — ¢
semileptonic sum rules based on heavy quark symmetry are interesting since they allow us to check
the consistency of experimental results. In this paper, we report newly found sum rules among
angular observables of mesonic and baryonic b — ¢l decays holding exactly in the large mass limit
of heavy quarks. Moreover, we investigate corrections to the sum rule in realistic situations and

discuss phenomenological implications.
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I. INTRODUCTION

The b — ¢ semileptonic sum rule for Ry, = BR(H, —
H.m7)/BR(Hp — H V) with £ = e, p, is shown as [1-4]

Ry, Rp Rp-
Riiw _aRR%M _BRR%{Y[ :5R7 (1)

where the coefficients satisfy ar + fr = 1 and are inde-
pendent of new physics (NP) contributions. dg is found
to be small compared to current experimental uncertain-
ties, enabling us to apply it as a robust consistency check
of experimental results. Note that B (D) and B* (D*)
form the lowest-lying beauty (charming) meson heavy
quark doublet and A, (A.) corresponds to the lowest-
lying beauty (charming) baryon. Hence, the sum rule
is satisfied among ground-state to ground-state transi-
tions. Recently, based on the heavy quark effective the-
ory (HQET) [5, 6], another relation has been derived for
mesonic and baryonic differential decay rates [7]

((w)* A +w)(w)?

where kY = dl'e/dw with THe = I'(H, — H.7v) are
defined for w = (m%;, + m¥; — ¢°)/(2mu,mp,) and ¢°
being the invariant mass of the leptons. Equation (2)
holds exactly in the large mass limit of heavy quarks,
i.e., mp e > Aqep. Also, Eq. (2) can be rewritten as

K/;\UU H% K’%* O 3
w,SM — Y w.sM -p w,sM Y (3)
Kyl Kp K p

again satisfying o + 8 = 1. Then, Eq. (1) is obtained by
integrating numerators and denominators over w, and by

normalizing with the decay widths of light-lepton modes.
In other words, the HQET is explicitly shown to be a
pillar of the robust b — ¢ semileptonic sum rule for Ry, .

Given the more than 40 discrepancy between the Stan-
dard Model (SM) prediction and the experimental value
of Rp and Rp- [8], a tremendous number of NP inter-
pretations have been explored, and the relations which
enable us to cross-check the consistency of the experi-
mental results become more important. In this paper,
we provide sum rules involving angular observables, e.g.,
the forward-backward asymmetry of the charged lepton,

H.l _ (pH. H, H. He
Apg = (Pcf,l >0~ Fcel<0) /(chl>0 + L <0) , (4

H.
where F% >0

0 with cp, being short for cosd; and ; being the angle
between the charmed-hadron and the charged lepton in
the bottomed-hadron rest frame, as well as the charged-
lepton polarization observable,

denotes the decay rates satisfying cosf; 2

_ THe

H, H,
,\,:71/2) /(F,\luz + F,\l:71/2> J

()

where Ff\{l“ is the rate with )\; denoting a charged-lepton
polarization. In the case of [ = 7, only the experimental
measurement of PP" is currently available and its un-
certainty is still as large as O(100)% [9]. In future Belle
IT could determine PP at 3% level and PP" at about
15% [10-12]. Baryon observables measured at on-going
and future colliders [13-16] can be compared with the
predictions via sum rules with up-coming Belle II input
[11].

HC — HC
P = (F,\l:1/2
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The outline of this letter is as follows: In Sec.II, we
introduce our framework and present the new sum rule
involving double-differential decay rates. In Sec.III, we
investigate corrections to the sum rule and discuss phe-
nomenological implications. Sec.IV is devoted to the
conclusion.

II. b— ¢ SEMILEPTONIC SUM RULE OF
ANGULAR OBSERVABLES

We assume that the NP contributes to the b — cly;
transitions in the following form:

4G rVey

Lo = —
i V2

(1+ CVL)O + CSL OSL (6)
+C5,0%, + CrO%

The effective operators are defined at u = pup as
Oy, = (&y" Pub) (v, Prw),

0k, = (ePrb)(IPLw),

OfSL = (EPLb)(ZPLI/l), (7)

O,ll—v = (EO’MVPLb)(ZO—pyPLVl)a

where | = e,u,7, Prry = (1 F 75)/2, and o' =
(i/2)[y*, "] with o"Vys = —(i/2)e"P?0,,. 7" NP con-
tributions are encoded into the Wilson coefficients (WCs)
CL with X = Vy, Sy, g and T. The SM case corresponds
to C% = 0. In the following, motivated by the discrep-
ancy in Rp.), we will focus on the tauonic NP scenario,
ie, l =13, 24, 25].

Let us provide a new sum rule holding among the
double-differential decay rates,

K;Xfel’)‘l 2 (chel’)\l + U)Cgl,Al) - O (8)
((w)? (I +w)(w)> 7
where /{K””Al = dQI‘iC /dw dcg,”? and the leading-order

Isgur-Wise (IW) functions, ((w) and &(w), are intro-
duced for Ay — A. and B — D™ respectively. The
relation holds for any cy, and each A\; as well as any
w under the heavy quark symmetry, i.e., at the lead-
ing order of the IW expansion and the limit of heavy
quark hadron masses satisfying m, ~ mp ~ myu, and
Mme & Mp &~ Mp= = my,. Summing up both lepton po-
larizations and integrating over ¢y, reproduces the single-
differential decay rate sum rule, Eq.(2). This finding

#1 We assumed that the charged mediator of b — cl¥ transition is
much heavier than the typical energy scale of bottomed-hadron
decays. Lepton flavor is assumed to be conserved. Also, all light
neutrinos are assumed to be left-handed. For studies including
right-handed neutrinos see Refs. [17-23].

#2 See Appendix A for details. Also, the sum rule holds for light-

leads us to propose two new sum rules involving Afp
and P, for each to be tested experimentally:#*

e Sum rule for the forward-backward asymmetry of
the charged lepton: (AHg™/Afls™ SM)(RH/R%M)

e Sum rule for the r-polarization difference:
(P /P (Ry, /R

Their explicit forms are shown in Egs. (10) and (11) in-
cluding corrections. See Appendix C for the construction
in the heavy quark limit. It is noted that the tauonic
total decay width in the denominator of Egs. (4) and (5)
is canceled with that in the numerator of Ry, . PP is
interesting since it is known to be useful to distinguish
NP models which explain the Rp) anomaly [1, 26-30].
Therefore confirming experimental results with the one
involving PH¢ provides an important cross-check.

III. CORRECTIONS TO THE SUM RULE AND
IMPLICATION

Let us check how large corrections exist in the sum
rules. In reality, the heavy quark symmetry is violated
by higher-order corrections in the heavy quark expansion.
The heavy flavored hadron masses include corrections as
well as the heavy quark mass. In the HQET, they are
expressed as [31-33]

A Am?
mHszQ<1++2m >7 (9)
Q

where m¢ is a heavy quark mass parameter. Also,
A and Am parametrize a light quark contribution and
the heavy quark kinetic energy in a hadron, respec-
tively, and are of the order of the QCD scale Aqcp.
Moreover, higher-order corrections to the IW func-
tions of (’)(AQCD/QmQ) and O(Agcp/4m)) enter in the
H, — H, transition form factors. We will use the
HQET form factor input from Refs.[33, 34].7* Then
numerical formulae of (Pfc/PHeSM)(Ry /REM) and

(ApeT /AR SMY (Ryr, /R$Y) are obtained for mesonic
and baryonic decays (see Egs. (B3)—(B8) in Appendix B).
Combining three relations where the coefficients o and 3
are determined such that [14+CY, |* and Re[(1+C7, )CT* ]
terms are vanishing (see, e.g., Refs. [1-4] for such a pre-
scription), the sum rules are derived as

lepton modes as well.

#3 Uncertainties from form factor as well as experimental measure-
ments will be reduced by normalizing with light-lepton decay
widths.

#4 To be precise we used the fit result of the z210 scenario for the
B — D) transition and the b1 ,2 7 0 scenario for the Ay — Ac
transition.
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If the corrections, 0p, and 047, are small enough (even when their uncertainties are taken into account) compared
to the experimental uncertainties, the sum rules are useful to check the consistency of the experimental results simply
by neglecting the correction terms. Even when the experimental values are determined so precisely that dp and da7
are not negligible, the sum rules could be applied to discriminate the NP scenarios. The corrections, dp, and da7 ,

consist of bilinears of the WCs as dy = ZC{ C;*ég with Y = P,, A%y, and are approximately expressed, ignoring

ij
uncertainties, as

5p, ~ —0.149Re[(1 + €7, )C5]

Saz, = +2.73Re[(1 + Cf, )CF] + 21.2Re[(1 + CF, ) O]

with ap, = 1 — fp, =~ —0.258, aar, = 1— Ba; =~
2.53. In the absence of the NP contribution, i.e.,
within the SM, the corrections vanish as dp. = 5AEB

0. Also, we obtain PHC’SMRSM ~ 0.10,—-0.12,—-0.10

and Agfg SMRSM ~ 0.11, —0.0094, —0.0082 for H, =
D, D*, A, rebpectlvely In AppenleD Figs. 1 and 2 re-
spectlvely show the probability distributions of ay and
4y stemming from the form factor inputs.

For the central values, the coefficients involving the
tensor operator in §p are larger than the others, e.g.,
5TT ~ —0.9, while the scalar coefficients are smaller.

Besmies the tensor coefficients are O(10) in ¢4, while
5VLSL

is about a few. The former mainly comes from mis-

matches between (Af T/AD TSMy and (ABeT /AR SM
as seen from Egs. (B?) and (B8). In these numerical
formulae, the coefficients are large because AH"T M s
suppressed for H, = D*, A..

As seen in Figs. 1 and 2, the uncertainty of ap_ is less
than 3%, while aar_ has ~ 10% uncertainty. Regarding
dp., the uncertainties of the scalar coefficients are 30—
40%, while those of the tensor are ~ 10% for ij = V;, T
and ~ 4% for TT. Similarly, in 47 , the uncertainty
is ~ 20% except for the ij = S;T case where we have
~ 100% uncertainty.”>

Let us estimate dp, and 5,4; with the WCs which are
determined by performing a global fit to the current ex-
perimental values of Ry, and FP [35]. The results
are summarized in Table I. We consider three ‘single op-

#5 In the SpT case, the relative uncertainty is large, because the
central value is suppressed by a cancellation among the contri-
butions.

—46.2|C7|* —

—0.036 (|CT,|* +|C5,,?) — 0.136Re[C§, C5*] + 0.540Re[(1 + C7, )CF*] — 0.892|CF?,

(12)
0.503Re[CE, CF*] + 11.2Re[CE, CF*],  (13)

(

erator’ scenarios and three ‘single leptoquark (LQ)’ sce-
narios. In Appendix D, Figs.3 and 4 respectively show
op, and ¢ Az, at each benchmark point. We define the
central value by fitting the probabilities to Gaussian dis-
tributions. Out of three single operator scenarios, the
Sy, case predicts dp, ~ 0.05, while the others predict
Sp, = O(1073). Among three LQ scenarios, only the
S1 LQ scenario yields ép. ~ —0.04, while the other two
scenarios predict at most 1% level in §p_. On the other
hand, ¢ Ap,, can be largely deviated from 0 and become
as large as O(—1) in the Sp and Ry LQ scenarios. The
T and S; LQ scenarios predict smaller corrections. It is
noted that the Sk and Uy LQ scenarios predict d47, =0

Scenario  Parameter Value Pull ép, o ALy
SR Cs, 0.182 3.9 -0.001 O
SL Cs, —0.57+0.86: 4.3 0.05 —-1.6
T Cr 0.024+0.13: 3.8 —0.004 —0.38
Ro 05, =84Cy —0.09+£0.567 4.4 —0.008 —0.7
S1 C3, =-89C7 0.02+0.13: 4.1 -0.04 0.05
U, Cv,., ¢ 0.075, £0.4667 4.4 —0.003 0

TABLE I. Corrections to the sum rules, ép, and 5,4;]3, in the

single operator (Sgr,Sr,T) and single leptoquark scenarios
(R2,S1,Us1). The first column represents the scenario, whose
relevant WCs are listed in the second. For U; LQ, we consider
the U(2)-flavored scenario, satisfying Cg, = 73.7e"¢C‘T,L. See
Ref. [35] for the detail. The best-fit values of the WCs at the
o scale are shown in the third, and the fit quality is expressed
by the pull in the forth, whose definition is found in Ref. [35].
The last two columns provide the central values of dp, and
(5,4;13 in each scenario.



and hence they are removed from the figure.

In summary, the correction to the sum rule dy can be
large for Y = ALy and at most ~ 5% for Y = P,. This
means that the sum rule involving AL is more sensitive
to the NP effect and can be useful to discriminate the
scenarios if the experimental uncertainties are compara-
ble. While checking the experimental consistency with
the 7-polarization sum rule will be important too. Cur-
rently, future experimental prospects are available only
for PP and PP". Although estimating the uncertainty
of the product of observables, e.g., P2< Ry, needs care-
ful study as some of the uncertainties in each observable
should correlate to each other, it is highly encouraged in
light of the new angular sum rules.

IV. CONCLUSION

In this paper, we extended the previous studies of the
b — c¢ semileptonic sum rule for the single-differential
decay rates and found a new relation for the double-
differential decay rates, which holds exactly in the heavy
quark limit. We then derived two sum rules involving
the 7-polarization observable, P, , and the charged lepton
forward-backward asymmetry, ALg. In reality, the heavy
quark symmetry is violated and the sum rules receive
corrections from higher-order effects in the heavy quark
expansion, i.e., the realistic mass spectrum and the inclu-
sion of higher-order terms of the IW functions. We also
evaluated these corrections numerically. Using HQET-
based form factors, we demonstrated that currently the
sum rule coefficients, ap. and « Az, can be determined

J

with precisions of approximately 3% and 11%, respec-
tively. To reduce the uncertainty of these coefficients,
experimental input of Ay, — A.uv and Lattice calcu-
lations are important. Furthermore, we estimated the
corrections in the NP scenarios motivated by the Rp)
anomaly. It is found that these corrections are at most
~ 5% for the T-polarization sum rule, Eq. (10), while they
can reach around —100% for the ALy case, Eq. (11), de-
pending on the NP scenarios. These new sum rules will
provide independent cross-checks of experimental results.
By testing both angular sum rules, we can better explore
and tell apart NP scenarios. These results encourage
the feasibility study at on-going and future experiments
[11, 13-16].

ACKNOWLEDGEMENTS

The authors thank Ulrich Nierste, Wen-Feng Duan,
Martin S. Lang, Teppei Kitahara, Hiroyasu Yonaha, Flo-
rian Kretz, Andreas Crivellin, and Takashi Kaneko for
the inspiring discussions and for encouraging this project.
This work is supported by JSPS KAKENHI Grant
Numbers 22K21347 [ML.E. and S.I.], 24K07025 [S.M.],
24K22879 [S.I.], 24K23939 [S.I.] and 25K17385 [S.I],
and by the Deutsche Forschungsgemeinschaft (DFG,
German Research Foundation) under grant 396021762
- TRR 257 [T.K.]. The work is also supported by
JPJSCCA20200002 and the Toyoaki scholarship founda-
tion [S.I.]. We also appreciate KEK-KMI joint appoint-
ment program [M.E. and S.I.] and KMI grant for a young
researcher [S.I.] which accelerated this project.

Appendix A: Differential decay rate

Here, let us write the double differential decay rates of B — D™z and Ay — A.lp for each l-lepton polarization

such that

TN (B = Dlp)  GElVerlmew,/QPQ2 P

dq?d cos 6, 256m3m

4T (B — D*Ip) _ G2F|Vcb|277Evv\/W 5

dg?d cos 0, 5127m3m3,

BTN (A - Adp)  GrlVarPiew /@1 QY

dq?d cos 0 5127m3m3 |

with ngw being an electroweak correction and

Qe = (my, £mpu.)* - ¢*.

Ae HAc
+Q- 2 ( mj
g1

.

_ Z;l) (Aél + AN cos 0; + A3 cos? 01) ) (A1)
m2\°

<1 _ qzl> (B()\l + B cos 0 + B! cos? 91) ; (A2)
2

_ q2> (Cél + Cf’ cos 0 + CQAI cos? 01) ) (A3)

(A4)



The squared-amplitudes for B — DI are given by

AT =1+ 0, |2 L (3,7 410k, + ChoP(HE) + 2Rel(1 + Ol )(Ch, +clsR>*]%HaHg,
AP =240l |221212H“2H€/0 — 8Re[(1 + C{/L)Céi‘]%H‘iH%
+2Re|(1+ C, )(CE, + OlsR>*1%HaOH§ — 8Re((Ck, + C,)CF]HEH;.,
APV =14 CVLF L (H,)? +16Ch 2 (H3)? — SRel(1 + clmolT*]%HeoH%,
AP = = AP = L O, PO )? + 16|0T|2’;” (H3)? — 8Re[(1 + cmcéﬂ%ffaoﬂ%,

A_1/2
For B — D*lv, they are given by

2
m
B2 =14 CVL|2q—21((HV+)2 + (Hy.)? +2(Hy,)?) +2|C%, — CL [2HZ + 16|CL|* (Hr, )* + (Hr)?)

m m
— 4Re((1+ C¥, )(CE, — C%,)")—= Hv, Hs — 8Re[(1 + Y, ) CF|—= (Hv, Hr, — Hy_Hr ),
Va V4
2
1/2 m %7 T
B =41+ 05L|2?;HVOHW —4Re[(1 + C}, )(CL, — C% ) ]WHVOHS

— 16Re[(1 + Cl, ) O]

v

Hy,Hr, + 16Re[(C§, — C%,)CY]HgHr,

2
m
Bi? =1+ C€/L|2qul(2(Hvo)2 — (Hy, )? = (Hy_)?) + 16|CL* (2(Hr,)* — (Hr,)* — (Hr)?)

— 8Re[(1+ CL, )Clr] L

Vi

(2Hv,Hr, — Hy, Hr, + Hy_Hr_),

2
By'? =1+ O, P(2(Hv,)? + (Hy,)? + (Hy)?) + 16|C|? %(wnf + (Hp, )? + (Hp)?)

— 8Re[(1+ CL, )Clt]

Ve

(2Hv,Hr, + Hy, Hr, — Hy_Hr_),

By =21+ O, P ((Hy,)? — (Hy.) )+32ICT|2 (7, — (17 )

— 16Re[(1 + Cl, ) O]

N

(Hy,Hr, + Hy_Hr_),

2
By = |14 CL 2(— 2(Hy,)? + (Hy, )? + (Hy)?) + 16|CL|? %( —2(Hp,)* + (Hr,)? + (Hr_)?)

+ 8Re[(1 + C, )Cl] 2

¥

(2.[7[\/01‘]7*0 — Hy Hr, + vaHTf) .

(A5)

(A6)

(A7)

(A8)

(A9)

(A10)

(A11)

(A12)

(A13)

(A14)

(A15)



The squared-amplitudes for A, — A.lU are given by
2
+1/2 m — — —
Co 1% = 11+ Ol P (VLY o (U (T + (HYT)?) + 16ICE P (H)? + (HE)?)

+(|Ck, 2+ |05, D) (HET)? + (HY)?) + 4Re[CY, C5 | HE T HE

+2Re[(1 + C{,L)CZS*L]% (HEYEE + HE-HE) + 2Re[(1 + Cé,L)ClS*R}% (HI*HE- + HI-HIY)
+8Re((1 + CL, ) O | (HE HE* + 5 HE) (A16)

Vi

2
1/2 m _ _ w1 MY _ _
e :2\1+C€/L|2q—2l(H‘%+Hﬁ++H‘% H; )+2Re[(1+CIVL)(J§L]—\/(TQ(H§++H§’++H§ HE)

+

x 1 Y — — «1 U _ _
+2Re[(1 + Cy, )05, | —= (Hy,"Hg ™ + Hy/ " H™) +8Re[(1 + Cy, )OF | —= (Hy, " Hy " + Hy~Hy”)
V4 V4
+ 8Re[C, O] (Hg+H§+ + Hﬁ—Hgf—) + 8Re[Cl, O] (H;fﬂg- + H;’;Hg”) , (A7)

2
2y

€512 =1+ O [P ((HUEF)? 4 (BT = (B — (HUD)?) + W6ICHP (B + () — (HUE)? = (H)?)

my

Vi

+ 8Re[(1 + CL, )CH] (Hy/THp " + H{ " Hi~ — HJYHE — Hy “Hyp "), (A18)

2
_ _ _ m _ —
CO e |1 C€/L|2(<H‘I/{r+)2 ( ‘I/i )2 ( 1\I/i+)2 <H‘I}IL )2) 16|C§1|2 q2l (<H:’I{r+)2 (H'Z{i )2 ( 1'1{{:r)2 (H:’I;IL )2)

my

Ve

+8Re[(1 + C}, )CH] (Hy"Hy* + H{ " Hp~ + H/"Hy " + H{{"H "), (A19)

+ 4

2
— _ m —
eV =201+ O, P((EEN? - (HE)?) + 8210?25 (H7[")” = (H7 D)%)

+ 16Re[(1+ C, ) Oyt (AT HEY — HE-HE), (A20)

Vi

2
_ _ _ m _ _
Cy % =14 C, P((HE)? + (HE)? = (HE)? = (HE)?) + 161052 L (HE)? + (HE)? — (HE)? — (HE)?)

my

Vi

The hadronic helicity amplitudes, H% and Hx, for B — D™ are given in the HQET description as [29, 36]

+ 8Re[(1 + C}, )CH] (Hy T Hp " + HY " H{~ — H{ HE Y — Hf " Hy ). (A21)

L

Hy, =mp TD(QZ;‘” [(1 Frp)hy — (1— rD)h_} ,
y, = mB\/g[(l —rp)(w+1)hy — (1 +7rp)(w - l)hf} , (A22)

Hi=mpyrp(w+1)hg,

Hr} = —mB\/rD(wQ — 1) hT,



and
Hy, = mp+\/Tp= [(w + Dha, FVw? - 1hv] ,

T«
Hy, = mp, [~ (w+1) |(rp = w)ha, + (w0 = 1)(rp-ha, +hay)|

dp~

rp«(w? —1

Hy, = —mp D(QQ) [(w + Dha, + (rpew — Dha, + (rp — w)hAB} , (A23)
D*

HS = —mp TD* w2 — 1)hp,

T
Hr, =+mp D |:1 — I'D* (’LU F 1):| [th + hr, + (w + Vw2 — 1) (th — hT2)} R

D*

Hr, = —mpy/rp- [(w + Doy + (w— Dby, + 2(w? — 1)hT3] ,

where (ﬁqc =q? /m%[b =1 —27“Huw+r§ic and rg, = my, /mpy, are defined. Regarding A, — A l7, they are summarized
as [33, 37]

HUEE = a2 (V=T[4 ) + (0 D(fara + )] F VT I[(1 = ra)g = (0= Digara +)]}.
A
HIE =y, 2rs [\/w “1hTFVor 191} , (A24)

B = |V T[(U = ra)fy o+ fol1 = wra) + falw = )] F Vo = T[(1 4+ 7001 = g2(1 = wra) = gs(w = )]},
q

A
HEE = ma,v2ra (Vw + 1hly £V — 1h) |
Hﬁi = mAb\/QTA{vIU - 1[}7/1 — ho +h3 — (w+ 1)h4} +vVw + 1h1},

HEE = my, @{m[(l +ra)hy — (1 — wra)hs — (w — TA)hza] + m[(l —ra)hy — (w—1)(hora + hS)} } :
4

To be self-complete, we introduce the HQET form factors as

(D]ey*b|B) = /mpmp [hy (v 4+ v')* + h_(v —v")"],
(D|eb|B) = v/mpmp(w + 1)hg, (A25)
(Dley"5b| B) = (Dleysb|B) =0,
(D|ea""b|B) = —iy/mpmp hy (v*0" — v'*0”)

for the B — D transitions, and

(D*[ey"b|B) = in/mpmp-hye?? e v, v,

(D*[ey"y5b|B) = /mpmp= [ha, (w+ 1) — (€ - v) (ha,v* + ha,v™) ],

(D* bl B) = m< o),

(D*|cb| B) = (A26)
) =

(D*|ea"b| B) = —/mpmp-e""*" [hr, €5(v +0")g + hpyes(v = v')g + by, (€7 0) (v 4 0") (v = v')o]



for B — D*. For A, — Aylv, they are given as
(AcleyblAy) = a(p',s") [fryp + fovu + fsv),]u(p,s),
(AcleyuysblAp) = a(p',s") [917u + 9204 + 930, ] ¥5 u(p, ),
(Acled|Ap) = b u(p’, s") u(p, s), (A27)

<AC|é’y5b|Ab> = IP ﬂ(p/a Sl) 5 U(p, S) )

>
%

<AC|EU;W blAy) = a(p’,s") [hl O +1 h2(”;ﬂ/u — Uy Yu) i h3(”,/qu - U/V'Yu) +1 h4(Uu — U )] (p:s),

where u(p, s) are spinors with momentum p and spin s. Moreover, v = p/mp, and v' = p'/mp,_ satisfying v - v =
w = (my, +m3 —q*)/(2mp,my,) are introduced. The form factors f;, g;, and h; are functions of w and expressed
in the heavy quark limit as [5, 38]

hi =hy = ha, = ha, = hs = hp = hy = hp, = £(w) ,

he =ha, = hr, = hy, =0, (A28)
fi=g1=hs=hp=h =((w),

fo=fs=g2=9g3=ha=h3=hs4=0,

where {(w) and ((w) are the leading-order IW functions for ground-state mesons and ground-state baryons, respec-
tively, satisfying £(1) = ¢(1) = 1. For the mesonic transition, we take corrections of the heavy quark expansion into
account at O(ag, A/my, ., A2/m?2) [34]. For the baryonic transition, by following Refs. [33, 39], we take corrections of
heavy quark expansion into account at O(as, A/mp e, asA/mp e, A2 /m?).

Appendix B: Generic formula

In this appendix, we provide a set of numerical formulae of the charged-lepton polarization and the forward-backward
asymmetry. They are defined by

rye . —Ti Wi, maz TN (H
\=1/2 N=—1/2 (Hy, — H_ D)
R s e / duw / deo, “—— , (B1)

an=t2 TANZ-12 9,

H. H.

et _ Teo>0 = ey <o e, [ © o TN (Hy — Hel7)
FB — TH. J (‘el>(<)0 Z w Co, dwd ) (B2)

Fce >0 + F69 <0 =+1/2 0(=1) W acy,

with w, mae = (M3, +my_ — mi)/(2mmg,mp,). Then, the generic formulae of (PfC/PfC’SM)(RHc/R%BC/I) and

(
(A?éT/AH M) (R, /R3M) are obtained as

PP Rp\ !
T = <S’§4> X (|1 + Oy, > +3.02(0.01)|Cg, + C%,|* + 0.16(0.01)|CT? (B3)
PT,SM RD )
+4.47(0.02)Re[(1 + CF, )(CF, + CL,)*] — 1.06(0.03)Re[(1 + O(/L)C}*]) ,
PTD* Rp- - 2 2 2
= (22« (|1 +C7, 2~ 0.09(0.01)[CF, — CF, 2 — 1.88(0.02)|CF | (B4)
Prsm Rp:

+0.26(0.02)Re[(1 4 Cy, )(C5, — Cg,.)"] —3.50(0.04)Re[(1 + O(/L)C}*D ,

-1
P'II}C R T T T* T T *
S = (RSAM> x (|1 + Oy, > — 1.48(0.01) Re[(1 + CF, )CE:] — 0.97(0.01) Re[(1 + CY, )C5]

— 1.47(0.02) Re[CT, CF*] — 0.92(0.01) (|CT, |* +|C5,, %) (B5)

— 3.59(0.05) Re[(1 + O, )CF] — 3.30(0.03) |C;|2) ;



ADT R - T T T T *
ey = (Rsi) x (It + €7, [2 + 119(0.01) Rel(1 + CF, )(CE, + CE,)']
FB D

+2.40(0.03) Re[(1 + €7, )C7] + 3.04(0.04) Re[(CE, + C5,)CF]) (B6)

ARg” (RD*

-1
o= () * (1 €L~ 261000) Re(1 + CF,)(CF, — C5,)7]+ 31.4(5.9) Rel(1 + CF, )CF
FB *

—107(17) |C3[2 + 12.7(2.9) Re[(CT, — ch)c;*]) , (B7)

-1

AACT -RAC T T T* T T

AQ;SM — (RiM> X (|1 + Oy, >+ 6.87(0.63) Re[(1 + C7, )CE:] + 1.87(0.12) Re[(1 + CY, )CT*]
—19.6(1.2) Re[(1 + Cy, )CT*] + 115(10) | CT|? (B8)
+26.1(2.6) Re[CT, CF] + 0.020(0.008) Re[CF, c;*}) .

The number in parentheses denotes the uncertainty, e.g., 3.02(0.01) means 3.02 & 0.01, that comes from the form
factor input and is approximated by Gaussian distributions. The result agrees with Ref. [35] within uncertainty.

Appendix C: More on the sum rule in the heavy quark limit

In the heavy quark limit, the sum rule for the double-differential decay rates of Eq. (8) can be transformed as

w,+1/2  w,—1/2 w,+1/2 w,—1/2 w,+1/2 w,—1/2

K/Ac K/Ac — ob KJD _K:D J’_/BPT D* _HD* (Cl)
w,+1/2 w,—1/2 — THQL w +1/2 w,—1/2 HQL  w,+1/2 w,—1/2

Fa.sm — Fa.sm Kpsm — Fpsm Kp+rsm — Fp+sm
w _Lw - w o W . w _w

K’AC+ K;Acf _aAFB Kp+ Rp_ —|—ﬁAFB Kpx4 Rps*_ (02)

KW SM KW SM — THQL KW SM I{wSM HQL KW SM KwSM ’

Ac+ Ae— D+ D— D+ Dr

. . . . . T w,Ar dl‘fc w
where the differential decay rates in denominators are the SM ones, i.e., C% = 0. Also k™" = =, Ky L =
2+ He 21 He
+1 J2THe d2rHe d F+1/2 d F_1/2 . .
+ fo deg, 75— o and - deo” = dwdes, Jwdeq ATC defined. The coefficients are given by
2 w,+1/2 w,—1/2 2 2 2 2
o 2 Cw)* kpsm - —kpsv _ (L+7rp)*(L+p7 —w(l —2p7)) — 6rppz(1 + w)
HQL — —1/2 )
T T g(w)? et 2 w12 drp(1— 252 + w22 — p2)) — Gw(l — p2)(1+ 1)
Ao SM Ao SM
2 . wSM _ _wSM 2 2
Afp _ 2 ((w)?KpTT —KpZ —(1—rp)pz

= = C3
UL = T () g — Ry 21— 4 1B+ )~ 2rpw) ()

where p, =m,/ \/(72 and r; = m;/mp are defined. They are independent of the leading-order IW functions ¢(w) and
&(w), and satisfy anqr + Buqr = 1 as the sum rule should hold in the SM limit. apqr and Suqr are independent of
NP contributions C'xy and hence the sum rule holds in any NP model captured in Eq. (6). Similar to the construction
of the sum rule for Ry, the sum rules involving angular observables, Egs. (10) and (11), are obtained by integrating
numerators and denominators over w, and by normalizing with the decay widths of light-lepton modes. It is noted
that '(H, — H.77) dependence is canceled in the combinations of PX< Ry and Ag}g Ry, for each.
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Appendix D: Figures

In this appendix, we show the plot of probability distributions. In each plot, we generated 20K Monte Carlo samples
assuming the form factor parameters have Gaussian probability distributions. Figure 1 (Fig.2) shows the probability
distribution of ap, (aa;,) and coefficients in the corrections to the sum rule, 5” (5”T ). Here, the results are not
normalized. Also, correlations exist among the distributions, but they are not shown Figure 3 (Fig.4) shows the
probability distribution of the correction dp. (a7, ) for the benchmark scenarios in Tablel. The correction is zero in
the Sg and U; LQ scenarios, and hence, is omitted.

2500 2500F 2000
[ vL s W sR s iy
[ 2000F
2000 Clpr 5 1500} 5
1500} | 1500F
1000} [
1000F 1000F
500
s500f —’ 500
. ._ﬁﬂ—l—l F e o " ﬁﬂ<| " . | . A .
028  -027  -026  -025  -024  -0.23 -0.3 -0.2 0.1 0.0 -03 0.2 0.1 0.0 0.1
2500F 25001 —
— 2500F m
SS v T []
[ 2000F —
2000 o) P, 6P, 2000} 6;T
¢
1500F ‘ ‘ 1500 1500F
1000k ‘ 1000F 1000F
500 ‘ ' 500 500 ’»
A e 0 =S e | | I
-0.06 -0.04 -0.02 0.00 03 04 05 06 07 08 -1.00  -095  -090  -085  -080  -0.75

FIG. 1. Probability distribution of ap. and the corrections 5};{.
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