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of infrared divergences can be organized in such a way that, once soft contributions are
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1 Introduction

The reliable theoretical description of particle production processes through high-energy

collisions is an essential element of the Large Hadron Collider (LHC) physics program,
which aims at probing the Standard Model (SM) of particle physics at the shortest dis-
tance scales. Providing these descriptions requires the development of techniques to cal-

culate multi-loop amplitudes, as well as those to organize the cancellation of infrared (IR)



singularities which appear at intermediate stages of the computation. With the large and
ever-increasing dataset from the LHC allowing us to probe ever more complicated processes,
these techniques should be broadly applicable — i.e. they should be able to accommodate
processes with a large number of final state particles, including jets — as well as amenable
to efficient implementation in a numerical code.

In this paper, we focus on the problem of IR singularities. While efficient, process-
independent treatments of IR singularities at next-to-leading order (NLO) in QCD were
developed many years ago [2-5], no fully general solution to this problem is available at
next-to-next-to-leading order (NNLO) in spite of the significant progress achieved in the
past twenty years. Indeed, during that time several NNLO subtraction and slicing schemes
were proposed [1, 6-33], and applied to study many interesting processes at lepton and
hadron colliders (see e.g. Refs [34-58] for a selection of phenomenological papers employing
different theoretical methods). However, none solve the problem as comprehensively as at
NLO. To illustrate this point, we emphasize that, as of today, none of the fully-local NNLO
subtraction schemes has been used to demonstrate the cancellation of IR singularities and
provide formulas for the finite remainders for processes with an arbitrary number of jets
at a hadron collider.

In view of this, many of the NNLO subtraction schemes are being actively developed
and refined. In Ref. [28], the local analytic sector subtraction scheme [25, 26] was used
to demonstrate the cancellation of IR poles for an arbitrary final state produced in eTe™
collisions. Similarly, important recent advances have been made in the context of antenna
subtractions [27, 30-33, 59], which streamline the computation of antenna functions as well
as broaden their applicability to include sub-leading color effects. Improved treatments
of power corrections have been proposed for both the g7 slicing [60-64] and N-jettiness
slicing [62, 65-69] methods. There has also been work towards extending local subtraction
methods [70-73] and slicing methods [74-86] to N3LO.

One of the main obstacles in constructing a generalized NNLO subtraction scheme is
the proliferation of terms required at different stages of the calculation and the need to
combine multiple contributions to obtain the physically-transparent structure of the final
result. In the recent paper [1], we employed the so-called nested soft-collinear subtraction
scheme [17] to show how this problem can be overcome. The key element in the construction
described in Ref. [1] is the iterative nature of IR subtraction terms that emerges at the
level of color-correlated matrix elements. Using this feature as a guiding principle allows
us to treat the problem in an almost process-independent way, and significantly simplifies
the intermediate steps required to demonstrate the cancellation of IR poles. As a result,
it became possible to show the cancellation of these poles for the process q¢ —+ X + Ny g,
where the number of final-state gluons IV, is a parameter, and to produce relatively compact
formulas for the finite remainder of the integrated subtraction terms.

Although the results reported in Ref. [1] are very general, we did take advantage of
the symmetries of the final state and the simple structure of the collinear limits between
final-state gluons and incoming partons. Hence, to generalize the calculation of Ref. [1]
to an arbitrary process, we need to do two things: first, consider less symmetric final
states and, second, account for flavor-changing initial-state collinear emissions. The goal



of this paper is to address the first issue and we do this by considering a process where an
initial gq state produces an arbitrary number of gluons and a quark. Furthermore, we also
consider corrections in which an additional quark-antiquark pair is radiated, and extract
the contributions to the integrated subtraction terms that depend on the number of light
quark flavors ng. We show that the general approach presented in Ref. [1] can be applied
to such processes with small modifications which mostly concern the interconnection of
final-state collinear splittings as these may be affected by the choice of unresolved partons
in different ways. We find that, if the subtraction terms described by these collinear limits
are combined before integration, they lead to universal, physically-transparent structures.
In fact, these features can already be seen at NLO, providing a guide as to how to solve
this problem at NNLO.

In general, we find that the method introduced in Ref. [1] is sufficiently robust to
provide the description of more complex final and initial states. Indeed, as we will see,
the soft part is unchanged, while the collinear part can be treated leg-by-leg. Hence, in
spite of the fact that we still work with a particular partonic process, we believe that the
present paper is an important step towards providing integrated NNLO subtraction terms
and finite remainders for generic multi-jet processes at hadron and lepton colliders.

The remainder of the paper is organized as follows. In Sec. 2, we introduce the process
of interest and the notation. In Sec. 3, we present the treatment of NLO QCD correc-
tions, and discuss our approach to the issues mentioned above. In Sec. 4, we consider the
NNLO corrections, and show that the relevant soft and collinear limits can be manipulated
to identify contributions with a well-defined number of resolved partons. We discuss the
simplification of these contributions in Sec. 5. Once this is done, we demonstrate the cancel-
lation of IR singularities in Sec. 6, and present the finite remainder in Sec. 7. We conclude
in Sec. 8. We collect many of the constants, functions, and operators used throughout the
paper in Appendix A.

2 The leading order process

We are interested in understanding higher-order QCD corrections to the inclusive pro-
duction of N jets at a hadron collider in association with a color-neutral system X,
pp — X + N jets. This process receives contributions from many partonic channels. In
this paper, we will focus on the following one

Ao: ag+by =X+ Nyg+q, (2.1)

where Ny = N — 1, and a and b label initial state partons with momenta p,;. We write
the cross section for process Ag as

2500618, = ( s FPhHab,s (o)

_ Ny
N !

(2.2)

/d<I> (2m)*6™) (Piy — Pia) [IMo(Pin, Pn)|* O(Ppn) ,

and we note that, in order to obtain its contribution to the hadronic process, we need to
convolute the partonic cross section with parton distribution functions (PDF) f; and f,. In



Eq. (2.2), My is the matrix element of the process in Eq. (2.1), d® is the Lorentz-invariant
phase space for the final-state particles, and O is an IR-safe observable which ensures that
the final state contains at least N resolved jets. The total momenta of the initial- and
final-state particles are denoted as P, and Py, respectively, and the delta function in
Eq. (2.2) enforces energy-momentum conservation. Summation over spins and colors of
final-state partons, and averaging over spins and colors of initial-state partons are assumed
in Eq. (2.2). The corresponding spin and color averaging factors are described by the factor
Nay.

Furthermore, {g}n, and {g}1 in Eq. (2.2) denote lists of N, final-state gluons, and
of a single final-state quark, respectively. This notation is redundant for the process that
we consider, but we introduce it with an eye on future generalizations. The factor 1/N,!
corresponds to the symmetry factor arising from having N, indistinguishable gluons in
the final state. It is convenient to absorb this symmetry factor and omit the initial-state
partons and lists of final-state partons by defining

1
A
Fyy = N—g!FfK/[[{g}Ng, {ah]- (2.3)
Then, the differential cross section for the process Ag reads
250 dG¥% = (F9) (2.4)

and we will use this notation in what follows.

3 NLO QCD corrections

Having fixed the notation, we continue by discussing the NLO QCD corrections to the
partonic process Ag in Eq. (2.1). As usual, one has to compute virtual corrections to Ay and
account for real-emission contributions that are comprised of processes where the number
of final-state partons is increased by one. For the complete calculation, many real-emission
processes need to be considered. However, since we would like to discuss the cancellation
of IR singularities in higher-order corrections to Ag, we can omit contributions that do not
lead to this process when soft or collinear limits are taken. There are also processes which
lead to Ap under collinear limits but which are convoluted with different PDF's; we do not
consider such processes either.

With this clarification, it is easy to convince oneself that the following three processes
should be considered

Ar: ag+by— X+ (Nyg+1)g+q,
Azt ag+bg = X+ (Ng—1)g+q+4d7, d#aq, (3.1)
As: ag+by— X+ (Ng—1)g+q+aq.

However, further simplifications are possible. Indeed, in order to provide a singular contri-

bution to the process Ap, each of the three processes Aj; 2 3 should “lose” a parton in such
a way that one gets both the initial and the final state of Ag. There are several ways in



which this can happen in the process A1, but in processes Ay and As this can only occur
if a quark-antiquark pair, ¢'g’ or qq, respectively, is clustered into a gluon. Since these
collinear limits are identical for processes Ao and A3z, we do not need to consider the latter
since we can retrieve all the required information from the former.

We begin with the discussion of process A; in Eq. (3.1), and write the corresponding
differential cross section as

2sup o = ( gy Pl (a1 52)

(Ng +1)
Following Ref. [1], we introduce partitions of unity A and split the cross section into a
sum of terms such that in each term only one of the partons can lead to a singular limit
once it becomes unresolved. We find

(@)
25005l = 3 (Gt oo {ahl ). (33

1

The index 7 in the above formula runs over all final-state partons, and a possible choice of
partitions A is described in Appendix B of Ref. [1].

The potentially-unresolved parton i can be either a (anti)quark or a gluon. Accounting

for the symmetry properties of Fiyr, we rename the final state momenta and call the

unresolved parton m. There are N; + 1 ways to choose an unresolved gluon and a single

choice for an unresolved quark. Hence, we can write
2505 i7" = (A Fl [m]) | (3.4)

where
A A A
Fitm] = FYpmg] + Fyiimg] (3.5)

and the functions F1\ are defined as
1
Felilmg] = < Fil{oh, {ahimg).
4!

1 [
g .

(3.6)
Fiyilmg] =

We note that in the last F1,\ function the quark list has disappeared, and that the symmetry
factors that multiply various functions Fi; are defined by the number of resolved gluons.

Following the discussion in Ref. [1], we extract soft and collinear divergences that affect
the real emission contribution, and obtain

255 A07" = (SuFii [m]) + 3 (SwCinA ™ Eg m]) + (O\po AW F ml) . (3.7)

1€H
We denote the list of NV final-state resolved partons contained in a given Fiy as Hy, and
the list that combines H¢ and the initial-state particles as H = {a,b} U H¢. The soft and

collinear subtraction operators in Eq. (3.7) read

gm =1 — Sm, 6im =1 — C@'ma Ol(\InBO = ng@m wmi . (3.8)
1€EH



The partition functions w™ are defined in Ref. [1], and allow us to treat one collinear
singularity at a time. We note that, in Eq. (3.7), the soft-limit operator Sy, is only needed
when m is a gluon. Hence, to apply Eq. (3.7) for generic processes, we have to set the soft
operator to zero when the unresolved parton is a quark or an antiquark, i.e.,

S, =5;=0. (3.9)

Upon integrating over the phase space of the soft gluon, the first term on the right-hand

side of Eq. (3.7) can be written as'

(SwFgt [m]) = (SwFrasmg]) = [as](Is(e) - %), (3.10)

where Ig is the soft operator introduced in Ref. [1] and defined explicitly in Eq. (A.38).

Collinear limits require more attention. As stated above, we are interested in those
limits that lead to singularities proportional to the matrix element of Ag, and we isolate
such limits using the projection operator Pa,. Terms that involve the soft operator Sy,
are unaffected by Pj,, but some non-vanishing collinear limits are removed, e.g. the limit
where the final state quark m, becomes collinear to the initial state gluon ay; thus

Py (Cam A™ FAL[m,]) = 0. (3.11)

This procedure allows us to select a subset of limits of the NLO matrix element that do
not change the Born level configuration and whose combination is free of 1/e singularities.
This subset of limits does not remove all the singularities of the hard N(N)LO matrix
element; in particular, those singularities whose limits include a different Born-level matrix
element to that of Ay are not subtracted. We do this because our main aim is to study
the structure of final-state collinear limits in the presence of quarks rather than provide
complete formulas for the physical real correction to the cross section.

With these preliminary remarks out of the way, we can analyze collinear singulari-
ties related to the initial-state radiation. The only unresolved parton that can develop a
collinear singularity with the incoming gluon a4 and still contribute to Ay is the final-state
gluon my. Then, following the steps detailed in Ref. [1], we obtain

Poo (SuCamA™ Flt [m]) = (S Com A™ Fr [mg])

[as]

_ |:<I-w F.A0> + <fpgen ® Ao >] (3.12)
€ a,g - LM qg LM ’

where we have used the fact that CmA™ = 1, and introduced a particular notation for
the left convolution

1
F . ;
,Pgeﬁn ® Fiy = / dz ,Pgeﬁn(z) LM[Z paapbaHf] )

0 z

(3.13)

Definitions of the generalized initial-state anomalous dimensions I, ;, arising from the
soft-collinear limits and of the (azimuthal averaged) collinear splitting functions Pi%n are

We use dimensional regularization with d = 4 — 2¢ throughout the paper.



reported in Eqgs (A.17) and (A.18), respectively. The computation of the soft-subtracted
collinear limit for the initial-state parton b, is analogous. We find

q Qs en
Pto (SnCom A Fil m]) — 12 [(Toa A + (FrNy © PE™)] (3.14)
where the right convolution is defined as
1
K ay) <’ ;
Fin ® P = / d=PEY(2) LarlP j poi Hhi] (3.15)
0

We continue with the discussion of the final-state collinear limits, which correspond to
i € Hf in Eq. (3.7). We note that, in this case, CimAM™ = Ei/(E; + En) = % m, Where
E; n are energies of the corresponding partons. The appearance of such factors makes the
relation between the integrated collinear limits and conventional splitting functions and
anomalous dimensions less transparent. This is a new complication with respect to the
calculation of Ref. [1].

To address it, we will consider the two contributions to the function Ff{h [m] in Eq. (3.5)
separately. We start with FI:AA}[ [mg], and compute the hard-collinear limits for final-state
partons

3 (SaCind™ Eilmg]) = 2 S0, g ). (3.16)
1€Hs 1€H¢

where we have used the fact that clustering a collinear gluon with any parton does not
change that parton’s flavor. The generalized final-state anomalous dimension I'; j,_r,, can
be found in Eq. (A.19). We note that these quantities generalize the final-state anomalous
dimensions fyz?fi _fig(Ls) defined in Eq. (A.20) and used in Ref. [1], and that the quantity
I'; y—qg appeared in this reference where it was denoted by I'; ;. Additionally, 73,2]% S g(Li)
carries a subscript z = z; n to indicate that it is obtained from an integral of a particular
splitting function weighted by a factor z; m. We drop this subscript in the definition of
L f,— i fu to lighten the notation.

We emphasize that the generalized final-state anomalous dimensions differ from the
conventional collinear anomalous dimensions that arise from integrals of the collinear split-
ting functions without additional factors z; ». To see how conventional collinear anomalous
dimensions emerge, we need to consider the other contribution to the function Ff{h [m],
where a quark is potentially-unresolved. Since in FS\}I [m,] the only resolved final-state
partons are gluons, the unresolved quark m, has to be clustered with one of them. The
clustered parton is a quark, so that the number of resolved gluons decreases by one and
the number of resolved quarks increases by one. Working out the symmetry factors, we
obtain

g
3 (ComdA ™ Efmgl) = 2 5 (0 ). .17
1€EHs 1€Hs 4

where, on the right-hand side, H; , denotes the list of resolved final-state quarks. In the
current case, this notation is redundant as this list consists of a single parton, but we note
that Eq. (3.17) holds independently of the number of final-state quarks.



Combining Egs (3.16) and (3.17), we obtain

S (SnCimA™ Fg [m]) = @q > Tigogg+ D ri,q] Ff}\()[> , (3.18)

iCH; €Mt g €Mt 4

where we define
Pi,q = Fivq—ﬂw + Fi,q—>gq . (3-19)

We emphasize that the quantity I'; ; in Eq. (3.19) is directly related to the conventional
quark anomalous dimension, since the weight factors z; n disappear when combining the
two splittings. To show this, we make use of the fact that I' is proportional to v?2(L;)
(cf. Eq. (A.19)) and write?
2Pq(2) + 2P,4(2 1 —e 2k
4a(?) ;19( ) +Cyp
[2(1 = 2)]* €
1 —2eL;
Py (2) l1—e i (3.20)
=— [ dz(1-8S B C
, 4205 T+

=1 gg(Li) =g + 2T L + O(e)

1
V2 (L) AR = /0 dz(1 - 5.)

where v, = %Cp is the quark anomalous dimension, L; = log(Enax/FE;), and we have used
the relation between splitting functions Py (1 — 2) = Pyq(2) to remove the factors of z from
the integrand.

Performing a similar calculation for ¢g* — gg splitting, we observe that the quantity
Ligsgg = %CA + 2C7L; + O(e), i.e. to leading order in ¢, gives exactly the Cs term of
the gluon anomalous dimension, but the n; term is missing. This is easily remedied by
considering the process with an additional ¢’¢’ pair, which we referred to as As. Its cross
section reads

2500007l = gyt ob, 1 dah A ] ) (3:21)

We can analyze this contribution following what we did for the process A;. Since we are
interested in contributions that contain singularities proportional to the matrix element
for the process Ag, only some collinear limits of Ay need to be considered. In fact, the
only way to arrive at Ag starting from As is to cluster ¢’ and ¢ into a gluon. For this to
happen, either ¢’ or ¢ should be designated as potentially-unresolved, and then the only
collinear limit we need to consider is ¢’ || . Making use of the projection operator Py, to
select the relevant terms, we write

Pao [25ab d&é?] — <Cq,mq,A(m) Ff‘l\i [mg]) + <Cq,mq, A Fﬁ‘lﬁ [my]), (3.22)

where Ff‘l\j [my] and Ff}é [mgy] are defined analogously to Eq. (3.6), but using the list of
partons in process Aj instead of A;. The two terms on the right-hand side of Eq. (3.22)
give identical contributions since the splitting ¢ — ¢’¢ is symmetric under the swapping
¢’ <> @. Furthermore, this splitting does not depend on the quark flavor. Thus, we obtain

?In the following equation, S is analogous to Sw but refers specifically to the variable z, i.e. lim,_.



the contribution of ny — 1 quark species from the process A, and add the contribution
from the Aj process, where ¢’ = q. This is equivalent to taking one term in the right-hand
side of Eq. (3.22), computing its contribution, and multiplying the result by a factor of
2n¢, obtaining
> Puy [25a dog] = [O‘—E] > (20T gogg FiNL) - (3.23)
n=2,3 i€Hts
The anomalous dimension I'; 4,47 is given in Eq. (A.19). Note that we have “distributed”
the clustered gluon over the list of gluons in FI:41\9[ using its symmetry under gluon permu-
tations.
Combining the contributions from Egs (3.18) and (3.23), we find

Z (SuCimA™ Fti[m]) + Z Pio [25ap A7 ]

’iE’Hf n:2,3

=B Crar Y]k, 520

’ier’g 1€Hs 4

where, by analogy with Eq. (3.19), we introduced
Lig="Tig—gg+2ns i gqq- (3.25)

We note that, at (9(60), I'; 4 corresponds to I'; ; = v, + 2T3Li + O(e), where v, is the
gluon anomalous dimension. To see this, one can repeat the manipulations performed in
Eq. (3.20) for I'; ;_,4q, using the fact that Py, is symmetric under z <+ (1 — z). As a result,
the z factor in the integrand can be replaced by a factor 1/2 (see the discussion in Sec. 5.1
in Ref. [1]).

We can now use Eq. (3.24) to extend the definition of the hard-collinear operator I¢,

introduced in Ref. [1], to
T,
Io(e) =Y =4 (3.26)

‘ €
1€EH

Therefore, the whole hard-collinear contribution can be written as

Pao Y (SuCim AW F [m]) + Y P,y [250 d67"]

= loul(fe(e) - Fi) + I [(pmen o 1) + (e o Pm)]

The real-radiation contribution to the NLO cross section is obtained by combining the
above expression with the soft contribution given in Eq. (3.10), and the fully-regulated
OnvLo term in Eq. (3.7).

To complete the computation, we need to account for the virtual corrections and
perform the collinear renormalization of parton distribution functions. We use the operator
Iy, introduced in Ref. [1], and defined in Eq. (A.36), to write the virtual corrections as

250 4050 = [oul( v (©) - FL3) + (Fel). (3.28)



The function Fff\l})ﬁn in the above equation is analogous to Fry in Eq. (2.2), but with
|Mo|? replaced by 2 Re[<./\/l{1in|./\/lo>], where ME™ is the finite part of the one-loop virtual
amplitude. The collinear renormalization contributions relevant for Ag, which come from
the PDF redefinition, read

s (1)
2me

250 iy = "2 E2 [ (P © Fy) + (B @ P (3.29)

where the Altarelli-Parisi splitting functions pé%) are defined in Eq. (A.13).
Using these results, we can finally write the NLO corrections to the process Ag. We
combine Eqs (3.7), (3.10), (3.27), (3.28), and (3.29), and find an expression that does not

contain € poles

3
25 b [d&;,“o +3 Pudepn + dav;‘;f} = P, (O AW F [m]) + (Fo ) a0
n=1 .

+ oI - Fii) + o] [(PR-© © Fiip) + (Fihy © PY©)
Here, I(TO) is the O(EO) coefficient in the expansion of the IR-finite operator

It(e) = Iv(e) + Is(€) + Ic(e), (3.31)

defined analogously to Ref. [1]. Its expression is reported in Eq. (A.45). Finally, for the
boosted contribution, we used the relation as(u)/2m = éc[ag], with ¢, = T'(1 —€)/e“"®, and
the following relation between generalized splitting functions and Altarelli-Parisi splitting
kernels
n ~ 0
PEN (2, o) + P8 (2) = e PYEO (2, By) + O(2) (3.32)

valid for all @ and . The explicit expressions of functions PQNEO are reported in the ancil-
lary file FinalResult.m provided with this paper, see Table 1.

Before concluding the NLO analysis, we briefly discuss the treatment of the singulari-
ties in A; that do not lead to the partonic process Ag. Considering the function Ff‘l\}[ [mg]
for the sake of example, and taking the collinear limit my || a4, we derive

(]

S
€

(f5 ® fq) @ (CamAM™F NI Img]) = = (fy @ fo) @ (PE" @ Ff[{g}n, 1)) (3.33)

This singularity is cancelled by the collinear PDF renormalization in the Born process
gq - X 4+ (Ng + 1) g. We emphasize that the use of the projection operator Py, allows
us to discard such singularities, and focus on the main goal of this paper, which is an
understanding of intertwined final-state collinear limits.

4 NNLO QCD corrections: general framework

In this section, we study the NNLO QCD corrections to the process A in Eq. (2.1).
Similarly to the NLO case, we discard all singular contributions that lead to partonic

,10,



processes which differ from Ag. To compute the NNLO QCD corrections to Ay, we have
to account for the two-loop virtual corrections to it, the one-loop corrections to processes
Aj and A, and three double-real emission processes

Ay ag+bg— X+ (Ng+2)g+q,
As:ag+bg = X +Ngg+a+dd, (4.1)
Ag: ag+by = X +(Ng—2)g+a+d7 +4"7",

where we consider both the cases ¢’ # q and ¢’ = ¢, and the same for ¢”. In order to cancel
the 1/e poles at NNLO, we write

46380 = A + Py | Ao78y +ned o7l + Aol + o7l ™ +nedogly +nddog | +donly . (4.2)
We note that the only singular limits of the process As that will project onto the process
Ap are those in which ¢’ and ¢ are either simultaneously soft, or are clustered together
in the collinear regime (see the corresponding discussion after Eq. (3.22)). In either case,
they produce a factor of ng, which we write explicitly in Eq. (4.2). Similarly, the process
Ag produces a factor n? when both ¢’ and ¢’ as well as ¢” and g’ become collinear. There
is also an interference term arising from process As if ¢ = ¢/, which does not appear with
a factor of n¢. This contribution is only singular in the triple-collinear limit and hence
only produces simple poles in €. No other singular limits need to be considered as these
would result in processes different from Ag. In particular, we omit the discussion of IR
divergences from flavor singlet configurations.

To compute the double-real contributions to Eq. (4.2), we need to analyze quantities

of the following type

Fhllgdn, Addng {d vy -]
~An LM g 'R 'R
25ab dORR = < N,Ux Nyl x Ngl x .. > o me{ds6h, (43)

where integer numbers Ny, N, Ng, etc., indicate lengths of the relevant lists; they depend

on the process A, under consideration. The first step consists of employing damping
factors to choose the potentially-unresolved partons in Fiy;. Following Ref. [1], we will
refer to such partons as m and n, and to the relevant damping factor as AM™Y 3 Writing
the right-hand side in Eq. (4.3) as the sum of different contributions, each depending on a
specific pair (mn) of potentially unresolved partons, we obtain

25 Aoy = > (A0 Fyi[mn]),  ne {4,506} (4.4)

(mn)

In the above equation, the sum runs over all unordered (mn) pairs, except in the case of
a ¢;q; pair, where we consider both the pair (¢;G;) and (g;g;). The function Oy, will be
specified shortly. For each A, labels m and n may refer to partons of different types, and
one has to account for all the possible (mn) pairings compatible with A,,. In particular, for
process Ay, (mn) can be a pair of gluons (gg) or a quark-gluon pair (¢;g); for As, (mn) can

3The construction of damping factors is discussed in detail in Appendix B of Ref. [1].
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be a (anti)quark-gluon pair (¢;g) or (¢;g), or a quark-antiquark pair of the same (g;g;) or
different flavor (¢;g;); and for Ag, (mn) must be a fermion-fermion pair (¢;q;), (¢:q;), and
(i)

For concreteness, we explicitly write the function Fff}& [m, n] required for the process
Ay in Eq. (4.4). The expression reads

250 d67 = (A O, (Fr [mg, ng] + Fr i [mg,ng)) . (4.5)

We note that symmetry factors depend on the list of resolved final-state partons; they are
included in the definition of FS\’/} [m, n]

1
A
Fiyilmg, ng] = WF&(\I/[[{Q}NW {ati|mg, ng],
B “ (4.6)
Fiyimg, ng] = WFEK/[[{Q}Nﬁﬂmqang]'
,+ 1)

There are important differences in the singular limits of the F1 functions that appear
in Eq. (4.4), depending on which partons are resolved and which are unresolved. If the
unresolved partons (mn) are either two gluons or a ¢;g; pair, then the double-soft limit
is singular, whereas if they are qg, g, ¢;qx etc., it is not. We will refer to the former
combination as DS and the latter as DS, so that

DS = {(99), (¢:@), (@iai)} (4.7)

and
DS = {(Qiij)? (QiQk)a ((jl(jk)’ (Qig)’ (Qig)’ with 7£ .]} . (48)

Then, if (mn) € DS, we introduce an energy ordering by identifying O, with the Heaviside
function Oy = O(Ey — Ey), where Ey, , are the energies of partons m,n. Note that the
presence of the energy ordering is the reason why we need to consider both (¢;g;) and (g;¢;)
pairs. If, on the other hand, (mn) € DS, we do not introduce the energy ordering and
take ©ny = 1. Thus, the proper reading of Eq. (4.5) requires associating Oy, with the
energy-ordering Heaviside function in the first term in brackets and with 1 in the second
term. Furthermore, we extend the convention of Eq. (3.9) so that Sy, = 0 for (mn) € DS.

Another important difference between various unresolved partons concerns single-soft
singular limits, which only exist if at least one parton in the list (mn) is a gluon. To retain
generality of the calculations, we keep the convention in Eq. (3.9) that the single-soft
operator makes an expression vanish if it is applied to a quark or an antiquark. Moreover,
if the unresolved partons are a quark and a gluon, we always label them as (mgn,), see
Eq. (4.6).

Finally, since we are interested in unresolved contributions that lead to the process
Ag, we need to account for different collinear limits depending on the list of unresolved
partons. For example, in case of the ¢;g; final state, we exclude cases where ¢; and g; are
collinear to different hard partons and only allow limits where they are collinear to each
other, as discussed after Eq. (4.2). In addition, we note that (sequential) double-collinear
limits may not be invariant under the exchange m <+ n for a generic unresolved final state
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(mn). This possibility was pointed out in Ref. [1], although there (for the gg unresolved
final state) these limits did in fact commute.

In spite of the differences between the various cases, the computational strategy is
always the same and follows closely the discussion in Ref. [1]. In particular, as explained
in Ref. [1], when computing the different contributions to the cross section in Eq. (4.2), it
is beneficial to combine terms that have equal number of resolved partons. In the double-
virtual contribution, the number of resolved partons is the same as in the Born process, i.e.
N, in the real-virtual contribution this number can be N 4+ 1 or N, and in the double-real
contribution it can be N +2, N +1 or V.

We proceed with the discussion of the double-real contributions, starting from Eq. (4.4),
and aiming at identifying the singular limits that result in a well-defined number of resolved
partons. We begin by regularizing the double-soft and single-soft divergences, writing

2500 A57 = D | (S AT O ki [m, 1)) + (S SaA ™ O i [m, )
(mn) (4.9)
+ (SunSaAT O, i [m, )]

with n € {4,5,6}, and where Sy = 1 — Sin. The above formula applies to all unresolved
partons (mn) and all processes A,, due to the definitions of the double-soft operator Sy, and
the single-soft operator Sy, explained above. The second and the third term on the right-
hand side of Eq. (4.9) still contain collinear divergences that must be regularized. The latter
requires particular care since the single- and triple-collinear limits overlap. To overcome
this, the nested soft-collinear scheme employs phase-space partitions and sectors [13, 14, 17].
However, these procedures lead to repeated computations of similar integrals, which result
in an unwieldy number of counterterms and obscures physical structures. Therefore, it is
convenient to recombine the various limits from the different sectors, and to do so prior to
evaluating the effect of each limit on the F1\ quantities and integrating over the unresolved
phase space.

The steps required to do so are somewhat tedious and are outlined in Sec. 4 of Ref. [1].
Extending them to make them applicable to a generic unresolved final state, we write
Eq. (4.9) as the sum of three contributions,

2500 d57i = D | S l(mn)]rn + g [(m)]re + SHplmn)re |, n € {4,5,6}. (4.10)
(mn)

The three terms on the right-hand side of the above equation correspond to the double-real
fully-resolved, single-unresolved, and double-unresolved contributions, respectively. The
fully-resolved term reads

E?ﬁ[(mﬂ)]p{p{ = <§mn§n91 A(mn)emanj}& [m, 11]> 5 (4.11)

where the collinear regularization operator €; is defined in Eq. (D.5) of Ref. [1]. The
double-unresolved and single-unresolved contributions in Eq. (4.10) have slightly different
expressions depending on whether (mn) € DS or (mn) € DS. For this reason, we present
them separately.
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Beginning with the double-unresolved terms, if (mn) € DS, we write*

Shpl(mn) € DSJrr

= (SmnOmn Fyi [m,0]) + ) (SnCin A™ (53O Fiyj [m, n]) )
1€EH
+ ) (S0 (SmCimA™ O Fyt [m, n])) +% D (SaSmCinCim A™ Fyyi[m,n])  (4.12)
1€H 1,J€EH

Ny (€) —
+> %()<SmcimA(m)g;<(]l 20 Sh) Conn F [, 1))
1€EH

—2e¢ —2¢
+ lo 2 (o) (22 ) | = (1500 - i) + PN S TH )|
i€

+ EA”’reSt[(mn) S DS]RR ,

where the terms collectively denoted as EA”’reSt[(mn) € DS|grr in the above equation can be
found in Eqs (A.49 — A.57); they contain single 1/e poles at most. The quantities Nigjjn and
N¢(€) are defined in Eq. (A.7), the quantities dn(€) in Eq. (A.22), and 045 = 7;;/(1 — 1),
where 7;; = (1 — cosb;;)/2. If (mn) € DS, the double-unresolved contribution can be
written as

Sht((mn) € DSJrr

1 —
=) {(CinA™ (S, Fyyim,n])) + 5 D (Su(CinCim + CimCin) AT Fyyi[m,n])  (4.13)

i€H =Y
+ Z Nin(€ <sza_5 A <SnCmnFI:41\’/} [m, n]>> + EA”’reSt[(mn) € DS|Rr -
i€EH

Again, terms denoted as EA"’reSt[(mn) € DSJgr in the above equation have at most 1/e
poles; they can be found in Eqs (A.59 — A.63). We emphasize once more that the derivation
of the above formulas, as well as the notation that we employ, follows the discussion in
Ref. [1] with minor modifications which account for the more general nature of the final
state (mn).

Moving on to single-unresolved terms, if (mn) € DS, we write

S5 [(mn) € DS|rr

= <Ol(\1n1?0 (m)<S @mnFLM m, n + Z NLO 1-S5 @mn)CmA(mn)FﬂélM" [m, n]>

1€EH
+3 <ONLO Nm)((ﬂ — 201 Sn) Con F7 3 [, 1] ))
+ Z < (Em) ;‘ﬁi;‘”’ (i /2) ™€ = 1] (1 — SuOumn) Cin A™ Fin[m, n]> (4.14)

1€EH

4With nested angular brackets we indicate that the operations appearing within the innermost brackets
have to be performed first, and then we integrate over the corresponding unresolved degrees of freedom.
This result is then acted upon by the outer operator.
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+ Z < 1\;1118 ::ﬁ;ZA( )[ Nia|jn(€) Ty — {1 - 2@mnSn)CmnFﬂ4Mn[man]>>
1€H
(b,d)

N T LN _—e —2e v v n
+ Z [QS]TVngHmn<OI(\ILgnDwsn: 0] (Efan)/ 14) *(ri'ry + g ) A Fyyi mn])

(6,d)
N€ T 7 N —€ —2€ n
+ E :[as] 2 in%g—)mn<OI(\TLr(r)m w::”: Uz[mn](E[m“} /M) ? A([nm])FI:LXM [mn]> )

whereas if (mn) € DS, the expression reads

24 [(mn) € DSJan
= (Ofio A(m)<San‘ﬁ[mm]>>+< Oxto A™(Cun Fii[m. n]))

+ Z< NLO ::ﬁ,?l [N (€)o7 — 1AM (Cro Fy 7 [m, u]>>

1€EH

+ 3 (|08 6Cim + O oSaCin| AT i m, ]} (4.15)
i€H

+ 3 ([OKd Wi [(in/2)7 = 1] Cim + OGS Il (i /2)™ = 1] SaCia
1EH

« A ).
In Eqgs (4.14) and (4.15), we have used the notation

(i) _ g &
Oxio = 92C5a NLO = Z ONLO ; (4.16)
1€H
me,ne meng mi,ng
10 min > %illm  Yiln
the NNLO partition functions w™ " evaluated in the limits m || n, 4 || m, and 7 || n,

where w** are NLO partition functions. The functions w originate from
respectively. The anomalous dimensions 2 L gt and Wf’gr —mn are defined in Eq. (A.25),
and the vector /' is described in Appendix E of Ref. [1].

Although we do not discuss the derivation of the above formulas for the double-
unresolved and single-unresolved cases, we believe it is useful to present them to emphasize
their proximity to similar formulas presented in Ref. [1] for the (gg) unresolved final state.
It is this similarity and the appearance of universal structures that will be key for deriving
formulas for integrated NNLO subtraction terms for processes with an arbitrary number of
jets at hadron colliders, a problem that we would like to investigate in the future.

We continue with the discussion of the real-virtual and double-virtual corrections in
Eq. (4.2), starting from the former. They are analyzed in the same way as the real-emission
contribution at NLO, see Sec. 3. A generic real-virtual contribution reads

Fv{ayng AN AN -]
2sap dorin = ( BV 9 a’ 7 1,2,3 417
Sab ATRY < Nyl x Nyt x Nglx ... >’ n€il23}, (4.17)
where FRry is defined similarly to Fiy in Eq. (2.2). We use damping factors AM™) and write
2505 dopy = > (AM™ Pl [m]), (4.18)
m
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where each Ffé\}’ [m] function depends on a particular potentially-unresolved parton m. We
extract soft and collinear singularities following steps discussed in the NLO calculation,
and obtain

2 dofy =3 [Eg‘g [m]Ry + Eg‘%[m]w] . ne{1,2,3}, (4.19)
m
where
24 v = (ORToA™ Fy [m])

Sl = (SuFidf Inl) + 3 (SaCin A Fi ) 20
1€H
We reiterate that, if parton m is a quark or an antiquark, we drop the corresponding soft
limit Sy, from Eq. (4.20) and replace Sy, with the identity operator.
Finally, we consider the double-virtual corrections. Their IR singularities are univer-
sal [87-89], and the corrections to the Born process Ay are simply given by

A Ao\ — vA
2505 A6 Yy = (F0) = P v - (4.21)

The function Fyvy is defined in a way that is similar to Fyy in Eq. (2.2). The explicit
expression for Eq. (4.21) can be found in Eq. (4.86) in Ref. [1].

At this point, we can combine the single-unresolved and double-unresolved terms in
Egs (4.19) and (4.21), originating from the real-virtual and double-virtual corrections, with
the corresponding single-unresolved and double-unresolved contributions from the double-
real corrections in Eq. (4.10). Together, they should provide a physically-transparent
description of d&f\?&Lo in Eq. (4.2). In the remaining sections of this paper, we discuss
how all these different contributions can be combined and simplified, demonstrate the
cancellation of the infrared poles, and derive compact results for finite remainders.

5 Simplifications of the double-unresolved contributions

The formulas presented in the previous section express the contributions to the NNLO
corrections in terms of soft and collinear operators acting on the functions Fiyg, after
the limits from different partitions and sectors have been combined. The action of these
operators on the Fyy quantities leads to universal structures (eikonal functions, collinear
splitting functions) and reduced matrix elements that do not depend on the momenta of
the unresolved partons. Integrating these universal functions, we obtain 1/e poles that have
to disappear when double-virtual, real-virtual, and double-real contributions as well as the
PDF renormalization are combined. In this section, we simplify the formulas obtained in
the previous sections, focusing on the double-unresolved contributions, which contain the
strongest singularities. This preliminary work will enable us to dramatically simplify the
demonstration of the cancellation of singularities, which we discuss in Sec. 6.

In our analysis below, we follow Ref. [1], where pure gluonic final states were con-
sidered. The terms involving virtual contributions and/or soft limits require only minor
modifications, and we describe these in Sec. 5.1. However, as already seen in Sec. 3, the
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situation is more complex when considering the collinear limits of final states consisting of
quarks and gluons, because certain combinations of such limits have to work in unison to
produce such physical quantities as splitting functions and collinear anomalous dimensions.
We discuss this in Sec. 5.2. Understanding how this happens at NNLO is an important
step required to extend the analysis of Ref. [1] to generic partonic processes.

5.1 Simplifying virtual and soft corrections

In this section, we discuss the soft and virtual contributions. As stated above, these are
very similar to those discussed in Ref. [1]. There, the treatment of the singular triple-color
correlated terms ~ fabch-“T;’T © was performed using generic representations of the color
charges, and thus can be applied verbatim to the present case. We therefore focus on
contributions containing products of the color-charge operators T';-T'; or {T;-T;, T, -T}.
These appear in the double-virtual corrections, in the soft and collinear limits of the real-
virtual corrections, as well as in the double-soft limit and a combination of the single-soft
and hard-collinear limits in the double-real terms.

The expressions for the double-virtual and the soft limit of the real-virtual contri-
butions can be borrowed from Eqs (4.86, 4.102) in Ref. [1] with obvious replacements of
Fiyv and Fyvy functions. This is possible because only an unresolved gluon contributes
to the soft limit in the real-virtual case and because the double-virtual contributions are
described by universal formulas that only depend on the momenta of hard partons, their
color charges, and their collinear anomalous dimensions. The double-soft limit can again
be borrowed from Ref. [1], but we have to supplement that result with the double-soft
contribution from the unresolved ¢'¢’ pair, which was calculated for the nested subtraction
scheme in Ref. [90]. These additional contributions are proportional to ng, so it is easy to
identify and track them. The full result reads

{SumunOumn (Fryi Mg, ng] + neFyyi Mg, ngn]))
Bo

- [as12< Efg@ " <%c1<e> +2es(e) + foesfe) — SmiTi C4<e>> fs@e)] -Fﬁ“ﬁ> (5.1)

+ [045]2 Z < [(SS;W)Z']‘ + (Sgg,T?)ij] (Ti ’ Tj) ’ FI:41\9I> )
(i5)

where we have introduced the shorthand notation
A A A
FL1\5/I[m(Q" ncj’)] = FYn[mg,ng | + FYymg, ng], (5.2)

to denote the ¢'¢’ final state. The constant factors ¢j23 in Eq. (5.1) have already been
presented in Ref. [1] and are reported in Eq. (A.9). The new coefficient
13 125 35
ca(€) = % + <E -3 log 2 — 121og? 2) €, (5.3)
has been extracted from Ref. [90]. Finally, the last line of Eq. (5.1) contains finite remain-
ders arising from the double soft configurations, which are extracted from Ref. [90]. The
explicit expression of (SS;TQ)U and (Sqﬁq?TQ)ij are given in the ancillary file FinalResult.m
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provided with this paper (cf. Table 1). Furthermore, 5y in Eq. (5.1) stands for the leading-
order QCD [-function. In contrast, in Ref. [1], Sy was always assumed to be evaluated
with ny = 0 since only final states with gluons were accounted for in that reference.

Color-correlated terms in the double-unresolved contributions also arise when soft-limit
operators or virtual corrections appear together with the collinear operators. The second
term on the right-hand side of E“Sﬁ [m]ry in Eq. (4.20) is the first example of the latter;
we will refer to it as the hard-collinear limit of the real-virtual contribution. Similarly to
the NLO case, we are only interested in contributions that are relevant for cancelling IR
divergences proportional to the matrix element squared for Ap; this restricts the number
of collinear limits that we have to consider. Indeed, for the initial-state collinear limits,
we only need to account for the splitting a;, —+ m, g* and b, — my ¢*. For the final-state
collinear limits, we need to consider the g* — myiy, ¢* — mgyi,; and ¢* — myi, splittings,
as well as the branching g* — mgyiy and g* — mgi,. The latter splittings are relevant for
the process As, which we will collectively indicate as

Flf\% [mgqn] = Fﬁé{? [mg] + Fﬁé{? [mg]. (5.4)
In full analogy with Ref. [1], we write

Pao 3 (SuCinA™ (Fiit[mg] + Fh [mg] + ne g [y ) )
1€EH

— o2 [Tl () - ) + H(PE o [rv(o) - P + [1v(e) - Fi] & P3|

Lo [(1e(0) - Fili) + +(PE" © Filn, + P, 0 P5")| 59
- [%]2%% [(Ic(e) CFo) + %(ng;“ ® Fhl + Fiyp ® qu;n}}

B [0;2]2 he(e){ [CaTo(2e) +2(Cr — Oa)Tow (20)] - F%)

- [‘;‘f Cihe(e)(Pgy ™" @ Fiy) + Fiy © Pog ).

where he(e) is reported in Eq. (A.10), and Pat®" are the one-loop splitting functions
defined in Eq. (A.31). The collinear operator Ic(2¢) is the generalization of the operator
Ic to the real-virtual case. It is defined as follows

FlL ( 6)

Io(2e) = > (5.6)

4 2e
1€EH

where qujz represents the generalized initial- and final-state one-loop anomalous dimension,
given in Eqgs (A.30), (A.33) and (A.35). We note that if previously-introduced quantities are
written with the subscript n¢, such as fc,nf in Eq. (5.5), only the ng-dependent final-state
contributions should be retained in the corresponding functions.

The last contribution that we need to discuss arises from the action of one single-soft
and one hard-collinear operator on the double-real cross section (see the second and third
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terms on the right-hand side of Eq. (4.12), and the first term on the right-hand side of
Eq. (4.13)). We find

Pay Y [<§m0¢mA<m> <sn (@man“ﬁ [mg, 1] + Fiat[mg, ng] + neFAG Mgz ng]) >
1€H

+ <Sn<§mcimA(mn)®anI:4ﬁ [mg, ng]) >]

:[as12[<fs<e>fc<e>-F§i%>+ (Peer @ [Is(e) - Fg“m+[fs<e>-Ff‘m®P§§n>] (5.7)

[ ] en A A en
o5 Oahe()(Pyg) ™" @ Fiy + Fidy @ Pig ")

0 e (90 ) + 0 ) Tt

1€EHs q 1€EH¢ g

2
O en en
2Cp — CA)Ié‘fo(e)} ) + 2 Oahe (0P @ S + B 0 P

where
L[ oepnn P21 —¢) 4
Oi,q—9q9 = 2_6 [e F(l — 26) i,q—gq — FE q)%gq i (5 8)
O _ — 2nf i 6726Lmax Fz(l — 6) . F(4) .
1,9—q9q % F(l _ 26) 4,999 1,—qq | °

As was pointed out in Ref. [1], one has to be careful with the order of soft and collinear
operators when computing the hard-collinear limits of the double-real contributions. At the
same time, the fact that in the present study we allow for more complex unresolved final
states does not impact the computation significantly. The remaining double-unresolved
terms in Eq. (4.12) and Eq. (4.13) that we have yet to analyze and which contribute to
(’)(6*2) involve two collinear limits; we discuss them in the following section.

5.2 Soft-regulated double-collinear contributions

In this section, we discuss the double-unresolved terms that originate from collinear limits.
Specifically, we consider the double-collinear limits present in the fourth and fifth terms
on the right-hand side of Eq. (4.12), and in the second and third terms on the right-hand
side of Eq. (4.13).

We begin with the terms that do not involve the Cp, limit. We write

Spc = 28 4w (5.9)

where Edc contains limits where the unresolved partons (mn) become collinear to two
different partons, while in X5, they become collinear to the same parton.” The expressions

5The notation “dc” and “tc” refers to their origin in double-collinear and triple-collinear partitions.
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for these two terms read

_ 1
Sic = Pa, Z <SﬂSijnCimA(mn) (§F124ﬁ [mg, ng] + Ffl\i [mg, ng]
(i)
+ i g gy ng) + e g, 1) + nf Fi g ), “(q"q”)]) > )

1 /— —
SHe = Paa 3 3(SaSmCinCimA™ (Fitlmg, ng] + neFiii[mig,ng]) ) (5.10)
1€EH
1 /—
+Pag D 5 (Sn(CinCim + CimCin) AT (FiAt g, mg] + e AT My )
1€EH

+ anI':AI\?[ [m(q/q/), nq]> > s

where (ij) stands for i,j € H, with ¢ # j. In Eq. (5.10), the function Ff‘l\?[[m(q/q,),n(quqn)]
is defined as

A A A
Fiatlmgays nergn] = Finiimga)s ner] + Fintmga), ngl (5.11)

We start with the discussion of ¥{¢.. Its calculation follows Ref. [1], and the final
expression is equivalent to the product of two NLO-like expressions, since the two collinear
limits Cj and Cj, (with ¢ # j) are completely decoupled from each other. Combining
the expressions that we obtain from the double-collinear limits of each Fiy; function con-
tributing to E ¢ to reconstruct the quark and gluon anomalous dimensions, defined in Eqs
(3.19) and (3.25), respectively, we obtain

2
S = 5 |5 0 (Cunl, - ) + (PE" & Filh o PEP)
(i5)
? (5.12)
FY P e (L B+ (- ) 0 P
1€EH i€H
i#a i#b

We note that the first term contains a factorized contribution of the anomalous dimensions
of partons i and j. To identify the universal operator I¢ and its square, we need to
supplement Eq. (5.12) with ¢ = j double-collinear terms coming from 5.

Although the analysis of X{5, is largely analogous to what was done in Ref. [1], it is
useful to remind the reader that collinear limits for partons emitted off the same line are
intertwined. However, in order to write X! in terms of two factorized anomalous dimen-
sions or two splitting functions convoluted in exactly the same way as in the perturbative
solution of the Altarelli-Parisi equation, it is useful to disentangle them.

We start with the initial-state radiation. In this case, only the terms in the first line on
the right-hand side of XJ5. in Eq. (5.10) give a nonzero contribution, since the remaining
terms would involve an initial-state flavor change, and are thus projected out by Py,.
Therefore, the computation of the double-collinear limit in the case ¢ = a or i = b follows

the procedure described in Ref. [1], except that here we also consider the case where the
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initial-state parton is a gluon. As an example, we consider the function Ff‘l\‘}[ [mg,ny] in
2iS~. Computing the collinear limit explicitly for i = a, we obtain
1
2

2
S Qg en
(SiSuCamCan A™ Fit [my, ny]) = [26]2 [(ngg-Ff}\%>+2<P§g ® (Tag - FY))

(5.13)
+([Par @ PE") @ FHA) + (Goy @ FAD)] -

We note that the first term on the right-hand side of Eq. (5.13) combines with the first term
on the right-hand side of Eq. (5.12) and contributes to the construction of IZ. The second
contribution in Eq. (5.13) combines with the first term in the second line of Eq. (5.12),
leading to the operator I¢ convoluted with P§;". Next, the term involving [P§;" & Pgg"|,
where the ® convolution is defined as

J1(21, E) ® fao(22, E) = /d21d22 f1(21, E) fa(z2, 21E) 0(2z — z122) , (5.14)

is also expected, as it must combine with the contribution []59(2) ® 159(2)] arising from the
PDF renormalization. Finally, the function Gy4 in Eq. (5.13) is similar to the function G;
introduced in Ref. [1]. Here, we define it so that it can also be applied for an initial-state
quark. We then write

Gaa(2,Ei) = (Tia — Tain) P (2, E;) with T.iq = (5.15)

Fi7a ‘ E¢I—>2Ei ’

where (i, ) € {(a,g), (b,q)}. The function in the above equation incorporates the modifi-
cations required by the non-trivial dependence of the double-collinear phase space of two
unresolved partons on their energies.

A similar calculation has to be performed for the final-state splittings but it is slightly
more intricate because, in addition to the phase-space factors that appear in the collinear
limits (discussed above), applying those limits to the damping factors A Jeads to energy
fractions of final-state unresolved partons, and one needs to keep track of them to see
simplified structures appearing in the final result. Although this complication was already
present in the calculation reported in Ref. [1], it becomes more involved in the current case,
as there are now different types of partons in the final state. To illustrate this, we consider
the double-collinear limit

(SuSuCinCin A™ FL [.iy . jmym]), i€ Hy. (5.16)

The action of the first collinear operator clusters partons ¢ and m into a parton [im], while
the second operator combines [im] and n to produce parton [imn]. We find

95 Plimn]fim] (20) Plimi (2m)
PimPin EnEnE [im] E [imn]

CinCim ATV ES [ i, Jm,n] = F[..., [imw],...], (5.17)

where Ejjn) = E; + En and Ejyny = E; + En + E, are the energies of the clustered partons

[im] and [imn], respectively, and we have used
E; Elim)

E.
= , ==, CinCim A = 2 2 = —
Elim) " Bl o Y Bl

, (5.18)

Zm
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in addition to the collinear limits described by the splitting functions Pjy); and Piimgjfim]-

The expression in Eq. (5.17) needs to be integrated over the collinear phase space of the
unresolved partons m,n, and the resolved parton ¢, keeping the sum of the three energies
fixed. We would like to write the result as the product of the splittings I'; o ,s defined
in Eq. (A.19), which will allow us to combine these expressions with those in Eq. (5.12).

This does not happen automatically, because the integration over the variable zy,, which

—2e

describes the internal splitting, introduces an additional factor z,

into the integral over
the external splitting variable z,. Writing this additional factor as

22 =14 (7% - 1), (5.19)

n

and integrating over z,, we can obtain the desired product of generalized anomalous di-
mensions from the first term on the right-hand side in the above equation, and a new
contribution from the second which has a stronger e-suppression. Generalizing the discus-
sion in Ref. [1], we write the double-collinear soft-subtracted limit as

(SuSnCinCimn A™ 2 (... 4, .../ m, n])

2).im] i . . (5.20)
= [as]2< [F[imn},[im]ﬂim F[imn],[imn]ﬂ[im]n + G[imn} f&'gzg’,hm?_,?m}n ] FLK/[I:"" [Zmn]’ ]> ’
where
) ) 2E —2€ F2(1 o ) 2
f(z),[im]—im [imn] € 22
Glimn] | 7(2). imn]— [im}n — K p > (1= 26)} [mx[z‘m}wm@um}) a1
T? '
[im] —2¢Liimn 42 22
- Ompi— =€ ]] [Vﬂz),[z‘mn}»[z’m}n@ im]) = V5(2) firan] > fimjn (L fima)

Definitions relevant for the two equations above are collected in Appendix A.3.1. Note that
we introduced two different functions f(z) and f(z) to describe the weights that appear in
the integrands over energy fractions of the external and internal collinear splittings. Since
these weights arise from the collinear limits of AM™ factors, they are always equal to the
relevant energy fraction z, c.f. Eq. (5.18). However, as we pointed out several times, we
benefit from combining various collinear limits before integrating over energy fractions since
in some cases the weights may disappear. Because of this, we find it convenient to introduce
two different weights f(z), f(z) in the definition of G4, in Eq. (5.21). Additionally, we note
that in the case where the collinear limits in Eq. (5.20) are taken in the order CimCin
instead of C;;Cim, Eq. (5.20) remains valid as long as we exchange m < n.
To account for suitable combinations of the collinear limits, we introduce the shorthand
notation
G; |§,o¢—>ﬁ’y =G; ‘j:i::gﬁ?y + 2n¢ G; ‘z,g—)qq (5.22)

z,a—By
to describe the gluon splittings. Furthermore, using the properties of the generalized quark
anomalous dimensions, we write

1,4—qg (5‘23)

q _ v |74—ag 12999 _
Gl {z,a—)ﬁ’y - GZ {Z,Q’—)B’y + GZ ‘Z,Q’—)B’y = Gl Zya*)BPY ’

where the second equality follows from Eq. (3.20).
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Each contribution to XI5 in Eq. (5.10) can be described using Eq. (5.13) for initial-
state radiation and Eq. (5.20) for final-state radiation. All these terms can then be com-
bined with Eq. (5.12) to obtain the final result for the double-collinear contribution. It
reads

)2
Ypc = [ 2] <{IC + 5 [ Z Tigsgq(Tig — Tig) + Z 2n¢ T g—qq(Tig — Tig)

i€He g i,
+ D (Gillgorgg + 206 Gi|Lg0q) + D (Gillgosag + Gillgrga) Fﬁ‘}\‘)[>
i€Hs, g T,
" ]22 ([P5r @ P @ Fiyy + Fiyy © [P 8 Pan]) (5.24)
+ [2 ]2 (Gyg @ FY% + F4 ® Gog)
2L [P o lo(o) Ff1) + {[Te(0)- FY] @ Pi) + (Pi @ Ky & P

Flnally, we consider those double-collinear terms that involve the operator Chyy, i.e. the
limit where the two unresolved partons m and n become collinear to each other, forming a
clustered parton [mn], which then goes collinear to a hard parton i € H. Such contributions
are found in the fifth term on the right-hand side of Eq. (4.12), and the third term on the
right-hand side of Eq. (4.13). Their computation closely follows the discussion in Ref. [1].
For this reason, we limit ourselves to reporting the final expressions. They read

»)
m|ln
< Cim O [(]1 — 20mnSn )A( )Cmn( fM[mgang] +Fﬂ4M[ Mg ’”é’)])b
ZEH
r ong T

_ [os]? (b:d) (4 i,4—9q Flig=9q ) Ao

L B A IOEDY 5 Z 5 F (5.25)
Zer’q Zer’g
N(bd<’)/2 |: gen®F —|—F ®P()gen]>,
and

Er(fﬁn = Pao Z leln(€)<clmazm A(m)cmn( I:AM[mqa ng| + ”fFﬁAM[ my )ang])>

1€EH
ag)? 2ng P( : 1
— [l j] NGO <[W§Q<LZ)7;€W’ + Q—EH@-,gﬁqq] -Ff‘&> (5.26)
iEHﬂg

() ba) 22 FEff]qu 1 Ao
+ TNSC Z;: Wq (LZ)T + %Hi,q%gq : FLM .
f,q

In the above equations, we have used

’732(11@) = r)/ziyﬂgg(l’l) + 2n¢ 73,2gﬂqq”

with 772(0) =v7%(L; =0),  (5.27)
722([’2) = '73,2(1—>qg(L2) + '73,2(1—>gq = ’Y%,Qq—mg(Ll) )
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and

T2 I2(1—¢)
—2el; 4) —2€eLmax
Hi 99 = eq [e Fz(,qﬁgq - I'(1— 2e) i,q%gq} ) ( )
5.28
T? I2(1—¢)
-2 Li 4 —2 Lmax
Higsqq = 214 eq [e ‘ Fz(,g)eqq —e F(l — 2¢) Fi,g%qq} :

We have now analyzed all the double-unresolved terms in Eq. (4.12) and Eq. (4.13)
which produce singularities of (’)(6*2) or stronger, and have written the corresponding
expressions in terms of the virtual, soft, and collinear operators Iy s.c. In the following
section, we will employ these results to discuss the cancellation of infrared singularities.

6 Cancellation of poles

In this section, we use the results obtained in the previous section to demonstrate the
cancellation of infrared singularities in the NNLO QCD corrections to the process Ag. We
have pointed out in Ref. [1] that this task is simplified significantly if one combines virtual,
soft, and collinear operators Iy, I and I into a single color-correlated quantity It from
Eq. (3.31), which is e-finite. Indeed, identifying this operator in the NNLO contribution
to cross sections allowed us to cancel the poles through 1/¢2 “by eye”. Furthermore,
we observed that combining the highest-order singularities into the It operator in two
subsequent orders of QCD perturbation theory lead to an iterative structure consistent

with the exponentiation
dé ~ <€[QS]IT . FLM> . (6.1)

This, together with the fact that we were able to identify the IT operator for the more
complex process that we consider in this paper (cf. Section 3), suggests that it would be

NNLO ysing the I% and Iy

beneficial to discuss the cancellation of 1/¢ poles by rewriting d&
operators, as far as possible. We discuss this in the following sections, beginning with the

single-unresolved contributions, and then turning to the double-unresolved ones.

6.1 Single-unresolved terms

In this section, we discuss the cancellation of singularities for the single-unresolved con-
tribution, and highlight the need to identify the proper combinations of quark collinear
splittings to simplify the calculation. The relevant expressions can be found in Eqs (4.14),
(4.15), and (4.20). We begin by considering contributions which are proportional to the op-
erator (’)Nr}:o, and first study those terms which do not involve collinear operators, namely
the real-virtual corrections (see Eé‘l{} [m]gy in Eq. (4.20)) and the soft limit of the double-
real ones (see the first terms in Eqs. (4.14) and (4.15)). As before, the unresolved parton
in the former contribution can be either a quark or a gluon, while the pair of unresolved
partons in the latter contribution can be either (mgng) or (mgng). Their sum evaluates to

(05 A™ [Fittmy] + Fitma] + S (OmaFi i Img.ng] + Fitmg.ny])] )

= [as](ORTOA™ [y + Is(Ew)] - Fiytlm,]) (6.2)
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+ [as]<01(\1n£)oA(m) [IV + IS(Emax)] ) Fﬁ41\}1 [mq]> + <01(\1n£)oA( ) (Flg/l' ﬁn[mg] + Féé; ﬁn[ D> )

where Fg}ﬁn [m] is defined analogously to Fiy fn. We note that the Iy and Ig operators in
Eq. (6.2) act on the (N +1) hard partons of functions Ff‘l\}l [mg] and Ff}\}[ [my]. Additionally,
the energy dependencies of the two Ig operators appearing on the right-hand side of the
above equation are different. This is due to the presence of the energy-ordering function
Oumn in the case of the two-gluon unresolved final state, and its absence in the case of the
quark-gluon one. We note that Is(Ey) and Is(Enax) are defined in Eq. (A.38), where in
Is(FEy) the substitution Eyax — Fy is applied.

In order to combine the terms in Eq. (6.2) into It operators, we require collinear
operators Ic. These will arise from the second and the third term in Eq. (4.14) if (mn) €
DS, and from the second and the fourth term in Eq. (4.15) if (mn) € DS. Such terms
originate from different configurations of unresolved partons, but when combined they
produce anomalous dimensions that appear in the collinear operator I¢ for a process Ag
with an additional jet.

To show this, we first write the required contribution for the sum of the gg and ¢'q’
unresolved final states, i.e., for (mn) € DS. The result, which can be easily obtained by
generalizing Eq. (5.3) in Ref. [1], reads

1
PAO<0§‘QO [Z(]l — S2Oun) Cin A™) 4 §A<m>(1 - zsn@mn)cmn} FAt[my, ]
1€EH

n

oA il

[as|(ORTLOA™ (PE™ © Fijtlmg] + Frjilmg] © "))

27’Lf Fi7 q Fi7

+ [as]<0§“BOA<m> (ot - 3 2Ftomat 57 Do ) iy

i€Hs g i€Hs g

We note that the collinear operator I¢(Ey) in the above formula includes the contribution
of the parton m and, similarly to Is(FEy,) discussed above, is computed with the replacement
Erax — En.

For (mn) € DS, we find

Pao Z {< [OgﬁOCim + OI(\I?Ogﬂcin A(mn)FI:Al\‘}[ [myg, ng]> + [os](O N“BOA(m (Conn FA )
1€EH

+ <nf OI(\?EOC@'mA(mn) Fﬁ‘ll\?[ [M(gq)sng) + 1t OI(\InL)oCinA(mn) Fﬁ41\?1 [M(gq)s Mg >}

— [ J( O A™ [PEn @ Fyfifmg] + Fiiimq] @ PE"] ) + [a] <o§‘ﬁoA<m> (6.4)
2ne Ty G T
Al f14,9—qq tLg—g9q \ | Al
X [IC(EmaX) Fyyilmg] + < Z c "‘AZ . ) FLM[mg]} > :
Zer’g Zer’q

Upon comparing Eqs (6.3) and (6.4), it becomes apparent that in their sum, the anomalous
dimensions that do not combine into an I operator cancel. Furthermore, the two collinear
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operators that appear carry the appropriate energy dependence needed to reconstruct
It(FEmax) and I7(Ey).

The remaining 1/¢ divergences that reside in the generalized splitting functions Py
and Pgy" in Eqgs (6.3) and (6.4) are removed by Onp,o-dependent terms that arise when PDF
renormalization is applied to the finite remainder of the NLO cross section. Combining the
two, we arrive at an e-finite expression

0O A [1n(Bw) - i lmg] + T1(Bn) - FiyIm] o
+ Poy© @ it m] + F m] @ PO + By g fmgl + B )] )

In the above equation, Fﬁ4 ![m] is defined in Eq. (3.5), and the generalized collinear splitting
functions P%LO and Pé\IqLO have already appeared in the discussion of the NLO corrections.

The remaining single-unresolved terms can easily be identified as being e-finite. For
example, the fourth and fifth term of Eq. (4.14), which are acted on by the subtraction
operator Ol(\f’fjg, contain a hard-collinear limit that produces a 1/¢ pole, but also a prefactor
of O(e). The same argument applies to the third, fifth, and sixth terms of Eq. (4.15), while
the final two lines of Eq. (4.14) are manifestly e-finite. The manipulations required to
bring such terms to their final form are therefore minimal. The complete expression for

the single-unresolved contribution to d&ﬁﬁmo can be found in Eq. (7.3).

6.2 Double-boosted contribution

Having discussed the treatment of singularities arising in the single-unresolved contribu-
tions, we now turn to those terms in which two partons are unresolved. We find it conve-
nient to organize them according to the number of initial-state partons which are boosted,
and we begin with the double-boosted terms. These arise when soft-subtracted collinear
operators act on both incoming partons, leading to double convolutions of generalized split-
ting functions with Ff}\‘)[ The relevant term appears as the last entry in Eq. (5.24). Further
terms of this type arise from the collinear renormalization of parton distribution functions.

Combining such contributions, we find

2
b _ Lo A =2/ p(0 A 5(0
Xpy = :ﬁ [<ng§n ® Fig @ P§§n> +C <Pg$g) ® Fiy @ Pq(q)>
+ e (P @ Friy @ PE") + e (PER @ iy @ PD))| (6.6)
= o (Pgy© ® Fia © Pag ®) + Oe),
where ¢. = I'(1 — €)/e“"®. To derive the above result, we used the relation between Pg%n,

péoﬁ)’ and PEBLO, which we already presented in Eq. (3.32) in the context of NLO corrections.

6.3 Single-boosted contributions

We continue with the analysis of the single-boosted contributions. It is straightforward
to identify terms proportional to a boost, convoluted with the operators Iy, Is, and I¢
in Egs (5.5), (5.7), and (5.25), respectively, and to combine these into a boost acting on
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the IR-finite operator I7. Similarly, terms proportional to the finite remainder of the one-
loop amplitude Ff\l}) a, i Eq. (5.5) can be combined with terms originating from the PDF
renormalization to obtain an IR-finite result, as happens at NLO. We note that this renders
finite all contributions with color correlations.

We therefore concentrate on the remaining terms proportional to FI:AI\(}[ that cannot
be absorbed in I, and consider those that exhibit (’)(6*3) and (’)(6*2) singularities. We
combine the relevant terms from Eqgs (5.5), (5.7), (5.24), and (5.25), with terms coming
from the renormalizations of the PDFs.% For simplicity, we report below the contribution
associated with the boost of the initial-state parton a4, which reads

[a8]2

S os) = oo ( [Cahe()(PI#= — i) + Gy | @ Fik)

Qs 2 en ~ en _ ~ 5
B ([ P - ey PR - 200B)] o 1)

+ (| [Pgr @ P + 26 [P @ g + 2P © B
+ 2ne ([PER @ P + 26 [P @ P + 2 [P0 @ P )| © FriY) } .

To discuss the 1/e-divergences in Eq. (6.7), we need to expand various quantities that

appear there in powers of €. Using the definitions of nggen and Pan®" in Eqgs (A.18) and

(A.31), respectively, we obtain

Cahe(e) (PLE0 (2, B) — PALE (2, B) ) = 2T2elog(2) () + O(é2), .
€ Gou(z, E) = —2T2€log(2) PO () + O(e%). .

This equation, which is valid for both @ = ¢ and g, implies that, in spite of its appearance,
the first line in Eq. (6.7) is only O(e™1).

To show that the second line in Eq. (6.7) is at most (’)(6*1), it is sufficient to use the
expansions

20 =+ 06, &=1+0(). NI=1100.  (69)
and also (cf. Eq. (A.18))
k),gen A
plEr = PO v o), k=24, (6.10)

which holds for all indices (). Turning to the last two lines in Eq. (6.7), we can use
Egs (6.9) and (6.10) to write

[PET @ PE"] + 22 [P @ PEM] + 2 [PY) @ PP

5(0) = (0 50) = (0 A (0) _ A0
= [P &P —2[PY) & PP+ [ © PY] + 0(e) (6.11)
= 0(e),

5We point out that contributions proportional to one-loop splitting functions that appear in the PDF
renormalization only affect the single 1/e pole, therefore we do not discuss them in this section.
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for any flavour-pair af and ~d. Note that the last step in Eq. (6.11) follows from the fact
that PO is energy-independent, which implies that the ® and ® convolutions are identical
(cf. Eq. (5.14)). We have therefore demonstrated that the single-boosted term in Eq. (6.7)
has at most poles of (’)(e*l), and we will return to the remaining poles of this order at
the end of this section. Moreover, these simple poles do not contain color correlations; all
singularities multiplying products of color charges have already been combined into IT, as
discussed at the beginning of this section.

The contribution with the boost applied to the initial-state parton b, can be obtained
from Eq. (6.7) by replacing ¢ «+» ¢ in the indices of the initial-state splitting functions,
and by removing the final line. This second action is required because, as mentioned
earlier, we do not consider flavor-singlet configurations in this paper. Since the relations in
Egs (6.8), (6.10), and (6.11) are applicable for all values of the indices « and 3, the above
discussion can be repeated verbatim to demonstrate the cancellation of the poles through
0(6_2) for this piece too.

6.4 Unboosted terms

Finally, we consider the unboosted terms. Many of these originate from virtual corrections
and/or a soft gluon emission, and such contributions include color-correlated matrix ele-
ments squared with quadratic T';-T';, triple Z}“J}kaf and quartic {T';-T;, T}, - T} products
of color charges.

We first comment on the triple-color correlators. In Ref. [1], we have shown that they
originate from three distinct sources: i) the soft limit of the real-virtual contributions [91],
ii) commutators of the soft Ig and virtual Iy operators, and iii) double-virtual correc-
tions [87, 88, 92]. All divergent triple-color correlated contributions cancel when terms
from the three sources are combined. Since the calculations in Ref. [1] employed generic
representation of color charges, they can be applied verbatim to the discussion of such
contributions in the NNLO corrections to Ag; hence, we do not discuss them further. The
remaining color-correlated terms arise from various virtual corrections and/or soft limits,
and are captured in the operators Is and Iy in Eqgs (5.1), (5.5), and (5.7).” The terms pro-
portional to the finite remainder of the one-loop amplitude FI:L\‘/Oﬁn can easily be combined
into the finite operator IT. We focus on the remaining terms proportional to FS\‘}I, and
combine these with the collinear operators in Eqs (5.24), (5.25), and (5.26) to reconstruct,
as far as possible, the IR finite operator IT. Again, we discard the terms that lead only
to (’)(e*l) poles for the time being, and write the unboosted contribution as a sum of two
terms

b, b,
S oy = Zhy+ T (612)

The first term on the right-hand side of Eq. (6.12) contains It as well as left-over Ig and
Iy operators (i.e., all color-correlated contributions), while the second term contains left-

over terms arising from collinear limits, and hence no color-correlated matrix elements are

"We also need to include the double-virtual contribution and the soft limit of the real-virtual correction,
the latter of which we borrow from Ref. [1].
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present there. The expression for the first term reads
ub, s 1 2
s = 2 |50+ 510+ )| - )
+ [ 2 [ (@~ 11v(20) + eae)Ts(26) ~ Ts(2e)] - B )

—2e
#2450 00 | 2B/ i) (= 1500 + EE N0 To12) (63
1€EH

+ 218(26)] : F;‘h%> + [a) [CA <016(2€) - AK2(€)> — &K + By csle) — gnme(e)

€

et (20 i)

where d(€) = dq4(€) + 2ng dq(€) (cf. Eqs (A.22) and (A.23)), and the remaining coefficients
are collected in Appendix A.1. The first line of Eq. (6.13) is manifestly finite, with the first
term having the expected form for the exponentiation given in Eq. (6.1). In the second
line, we can use the expansions of ¢ and co, as well as the relation

Is(e) - Is(e) = O(e), (6.14)

to demonstrate that only (’)(e*l) poles are present, and that these are proportional to the
residues of the double poles of Ig and Iy (i.e., sums over Casimir operators), and hence
are not color-correlated. In the third line, the combination of Ig(e), Is(2¢), and the sum
over the Casimirs cancels both the 1/€? and the 1/¢ poles, leaving a finite result. Finally,
it is simple to check that the terms in brackets in the final two lines are O(e), and this
produces a color-uncorrelated simple pole when multiplied by the operator Ig(2¢). We
therefore conclude that the expression in Eq. (6.13) has only 0(6_1) singularities, with all
color-correlated terms being e-finite.
We now move on to the unboosted component arising from collinear limits. It reads

sube _ [i;]QhC<e>cA< 1 (€)= To(2e)] - i) + [Off > <{hc<6>’f@vfz~

1€EH¢
1 ~
| fi | i _ _ )
+ 92 [Gl nfiofig T ¢ Gi z,fi—fiq T cfiriyfi‘)fiq (Fl}fi o Flvfi)] (6.15)
N Bo

22 (4) 22 (4) A
T DPEIT gt Higgi + 1 O T ] - 713',]2-(26)} - Fm%> )

where the H-functions are defined in Eq. (5.28). Moreover, f; labels the flavour of parton
i € Hg, while f; labels the “complementary flavor” of f;. Therefore, if parton i is a gluon,
we have f; = g and f; = ¢, while if parton i is a quark, then f; = ¢ and f; = ¢g. In
Eq. (6.15), ¢, and &; 5, are defined as

{an7 fZ:g7

Cfy =
L,  fi=q,
Pg?ﬁqq Fiﬂgﬁqq (6.16)
X p = (2Cr — CA)igqq + 4ns(Cr — CA)< 9 T of >, fi=g
CACGig—gq> fi=q.
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Furthermore, the o-functions are defined in Eq. (5.8), N and he(e) in Egs (A.7), and

(A.10), respectively, the G-functions in Egs (5.21), (5.22) and (5.23), and the H-functions
in Eq. (5.28).

Eq. (6.15) has two important features. The first one is that it is given by the sum
of contributions over external final-state partons, which suggests a straightforward gener-
alization for even more complex processes than considered here. The second is that the
contributions from each leg can be written using the universal quantities cy, and &; f,.
As we will show below, these features allow for a simple discussion of the cancellation of
1/e poles, at least through (9(6_2), which is quite remarkable given the complexity of the
process considered.

The cancellation of the 1/¢3 pole takes place in a straightforward way. The only term of
order (’)(6*3) is the first on the right-hand side of Eq. (6.15), since both collinear operators
are 0(6_1) (cf. Eq. (A.41)), while all the remaining quantities are (9(60). However, Igl)

and I¢ are related by the equation
18(e) = To(26) + O(&) (6.17)

which immediately ensures the cancellation of the 1/¢ pole.

We move to the 1/¢? pole, distinguishing the case of initial-state radiation from that
of final-state radiation. We begin with the former, which is contained in the first term
on the right-hand side of Eq. (6.15), since the second and third lines pertain to final-state

radiation. The objects describing the contribution of the a and b legs in the operators Igl)

and I correspond to the generalized initial-state anomalous dimensions I‘E?i and I‘il?i,
defined in Eqgs (A.17) and (A.30), respectively. Since we have
r®
Z7fi — Z7fi - b 1
- = 5 + O(e), i€ {a,b}, (6.18)

and also he(e) = 1+ O(e?), we conclude that the 1/€? pole in Eq. (6.15) vanishes for
i € {a,b}.

Next, we consider the final-state radiation, that is, ¢ € H¢, where the second and third
lines in Eq. (6.15) also contribute. The cancellation mechanism for the final-state gluon
and quark legs is entirely analogous. In this case, the cancellation of the 1/¢? pole does not
occur immediately by inspection, but still follows from elementary algebraic manipulations.
To see this, it is sufficient to expand the anomalous dimensions in Eq. (5.27) and Eq. (A.20)

in powers of €, obtaining

oo
Em X
) = S k= (). (6.19)
pe

Furthermore, a similar expansion for the one-loop anomalous dimension contained in F}Li
(cf. Egs (A.33 — A.34)) reads
2

€7 COS|\Te >
(L) = ~ BT ety = S AL e, (6.20)
z m=0
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where C, = 2Cp — Cy if z = (9 — ¢q) and C, = Cy otherwise. We then observe that only
the coeflicients with m = 0,1 contribute to the cancellation of the poles. For instance, in
the case of the quark leg, we can use the expansions

0 = 520(L) + ¢ (O (L) ~ kL O (L) + O(€)

i,T

1L 1L,(0) 1L,(1) 7 AL(0) 2 (6:21)
Tl =3O @) + e (v (L) = 4L O (L) + 0()
and noticing that vgk’(o)(Ll-) = 7}}’(0) (L;) = v; + 2T2L;, obtain
r4  piL C
%9 — _%q — _A 247(1) L) — 1L7(1) .
(0 (g2 - 28) = L@ - L]+, 622)

where L; = log(2F;/p). Similarly, we expand the remaining objects on the right-hand side
of Eq. (6.15), and we find

Ca
o= D[, 280, 21079, + 00,
(3 _ 2 427(1) 227(1)
Gi icvfz'—>fi9 =T i |:727fi_>fig(Li) a Vz,fiﬁfig(Li)} +0(e), (6.23)

Hp g0 = Ce 250, ~ 2] + 0.

while all remaining quantities can be approximated as ﬁ’“(o). Thus, Eq. (6.15) reduces to
a simple expression involving coefficients ﬁ’“(m), 7§2’(m), and %%L,(m) with m = 0,1, which
vanishes at 0(6_2). We observe that the same argument can be repeated for the gluon leg.

Before concluding this section, we briefly discuss the simple poles present in the single-
boosted and unboosted double-unresolved contributions, which have been omitted from
the preceding discussions. Similar to the all-gluon case in Ref. [1], their cancellation is
difficult to trace by eye, but is entirely straightforward to achieve using computer algebra.
We stress that our ability to absorb the many 1/e poles into finite structures, such as Ir,
simplifies the analysis of the simple poles dramatically, since it reduces the bulk of it to a
discussion of independent pole cancellations for each of the external legs.

To cancel the simple poles, we require the integrated triple-collinear subtraction terms,
which we take from Ref. [93]. However, we need to slightly modify the results of this
reference for two reasons. The first is to take into account the damping factors, which in
Ref. [1] were simplified by the symmetry of the final state. The second is that the calculation
in Ref. [93] assumed that all potentially-unresolved final-state partons are energy-ordered,
whereas we impose this ordering only for final states that admit a singular double-soft
limit, and do not require it for e.g. (mgny). The changes are relatively minor, as they
affect only the strongly-ordered collinear limits. We include updated expressions for the
integrated triple-collinear subtraction terms in the ancillary file UsefulFunctions.m (see
the last four rows of Table 2).

Upon making these changes and including all sources of simple poles, we are able to
confirm the cancellation of all poles, and hence obtain a finite remainder which we present
in the following section.
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7 Finite remainder of the NINLO contribution to the cross section

The goal of this section is to present the expression for d&E{ONLO in Eq. (4.2) which is free of
infrared singularities and, therefore, can be computed numerically. The main motivations
for showing such a result are its compactness and iterative structure, as well as its prox-
imity to the all-gluon case presented in Ref. [1]. These features, together with the rather
general nature of the discussion in the preceding sections, give us confidence that a similar
expression for arbitrary processes at hadron colliders can be derived in the near future.

To present the result, we split donnpo into fully-resolved, single-unresolved, and
double-unresolved contributions, and write

250 A63%10 = 25ab[dog + dogy + dop?] - (7.1)

The first term on the right-hand side of (7.1) is the finite, fully-regulated contribution. It

corresponds to
6
2ap A07R = D D Pa Sieh[(min) ke (72)
n=4 (mn)

where the quantity E“éﬁ[(mn)]RR is defined in Eq. (4.11).
The second term on the right-hand side of Eq. (7.1) is the finite remainder of the
single-unresolved contribution. We write is as the sum of four contributions

4
~ fin, (2
250650 = > PayZer 4, (7.3)

=1
where
n, a, a,na Na ~
55 o = fou] (OB o (152 AR & £ ]
+ ol ( O ™ tos (52 ) A [ ml @ £P1) D (OMB L™ (7.9
1€EH

x log (B%) A [(; 4+ 2T2Li(Ew)) Febtlmg] + (3 + 2T7L0) Fiii[my] ] )

fin, i, ini i
Sa e = =Y [as]<(9§{78 Wl 108 <4(1_7m77)> A |y, Fihifm,
1€EH mm (75)

(o + 2T Fil ] ).

fin,(3 [Oés] 1,01 v v
ESU( )|Ao = Z ﬁ%g <OI(\1n£)o W:nlu:: (riry +g" )A(m)Ffﬁ,W[ng

< 2
i€EH (76)
[Oés] 22,r O(m) mi,niA(m)F,Al
+ Z 9 WJ_,g < NLO wm”n LM [mg]> ’
ieH
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fin,
St W4, = (081 A™ (Fay g lmg] + Fit galmg]))
+ [asl(OF 0 A I (Ew) - FA mg] + 1 (Bmax) - Ff3img]]) (7.7)
+ [as] (O o A™ [PREO @ Fgl[m]]) + s ( O A™ [Fgh [m] @ PA-C] ).

The definitions of quantities that appear in the above formulas can be found in Eqs (4.14)
and (4.15), as well as in Sec. 6.1. Here, we note that the objects 73_2,54 and %2_2,7; are given in
Eq. (A.27), and their expressions are reported in the ancillary file FinalResult.m provided
with this paper, see Table 1. The quantity I%O) is the (’)(60) expansion coefficient of the
IR-finite operator It(e); it can be found in Eq. (A.45). The splitting functions ]50(2 are
defined in Eq. (A.13), while the splitting functions PYL© are reported in FinalResult.m,
see Table 1. Finally, we remind the reader that the argument Ey, in L;(Ey) and L}O)(Em)
indicates that E.,.x must be replaced with FEy,.

The third term on the right-hand side of Eq. (7.1) corresponds to the finite remainder of
the double-unresolved contribution. It is convenient to write it as the sum of the following

quantities
~Ag _ 1~A0,db ~Ap,sb,a ~Ap,sb,b ~Ag,el
dofyy, = dopy ™ +dopy " +dehy T +dopy (7.8)
where d&é%’db contains all the double-boosted contributions, d&é%’Sb’a and d&é%’Sb’b contain

all the contributions that are single-boosted on leg a and leg b, respectively, and d&é%’el

contains all the elastic contributions with the kinematics of the Born process. We present
each contribution separately, using several functions that we collect in FinalResult.m.

The double-boosted contribution is described by the very simple expression (see Eq. (6.6))
2505 A5V 1, = ) (PAO @ FG @ PNO) . (7.9)

Expressions for the single-boosted contributions, related to the emissions off the incoming
partons a and b, are slightly more complex. We write them as

250 Aoty = o | (Poy© @ [15 - Fiji)) + (Poy @ [Wal - Fig])

(7.10)
+ (PI0 @ Fry) + (PN © Fi, )|
and
250 o7y = os)? [([1) - Frlg] @ PYEO) + (™ Fels] @ PY) _—

A NNLO A NLO
+ <FL1\9I ® qu > + <FLVO,ﬁn ® qu >] :

The partition-dependent operators W;”n’ﬁn, with ¢ = a,b, are given below in Eq. (7.15).
Furthermore, PYY and the NNLO splitting functions PaNé\ILO are also reported in the an-

cillary file FinalResult.m (cf. Table 1).
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Table 1: List of functions collected in the ancillary file FinalResult.m. The first column

provides the names of the functions; the second specifies the index range i, j; the third indi-

cates the equation where they appear; the fourth provides their names in FinalResult.m.

For brevity, in the second block of the table, Pj
the gg or qq splittings, call Pgg. . .

[z,En] or Pqq. ..

and 73(1'('1'

are encoded in P;;. To extract
[z,En].

Functions collected in the ancillary file FinalResult.m

Function Interval of i,j Ref. Name in the ancillary file
Integrals in spin-correlations
ekt / Eq. (A.27) ygPerp
*yf’gr / Eq. (A.27) YgPerpR
50 / Eq. (7.12) dzero
550 / (7.12) dPerpzero
Splitting functions
PNLO (2 E) i€{a,b} Eqs (7.7, 7.9 - 7.11) PxxNLO [z ,En]
PV (2, E;) i € {a,b} Egs (7.10, 7.11) PxxW[z,En]
PINLO (2 E;) i € {a,b} Eqgs (7.10, 7.11) PxxNNLO [z, En]
FElastic functions
'y;/V’g%gg L)) 1€ Heyg Eq. (7.12) YWgT0gg [En]
'y;/};%qg L)) 1€ Heyg Eq. (7.12) YWqT0qg [En]
DR (Ey) i €{a,b} Eq. (7.14) DgISR[En]
DR (E;) i €{a,b} Eq. (7.14) DqISR[En]
DiSR(E;) i € Mg Eq. (7.14) DgFSR [En]
DiSR(E;) i € Hey Eq. (7.14) DQFSR [En]
Double-soft finite remainders
(Sg;Tg)” i,jEH, i#] Eq. (7.12) SggT2finl[i, ]
(Sqﬁ;TQ) i,jEH, i#] Eq. (7.12) SqqbT2fin[i,j]
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Finally, the elastic contribution reads

25 A630 0 = [0 ( (I + I + ] - Fidd)

tri unc
[0 3 ([0 W 4 5O WIS L OWO | FAT)
1€EH
Oés Z < Sgg T2 + nf(sqq T2)Z_]:| (T - T ) Fffll\%>
(i5)

(I B ) + (Fial )+ (B )

(7.12)

In the first line of Eq. (7.12), we have the combination of quartic and double color-correlated

contributions in Ifi a triple color-correlated component I&?, and a color-uncorrelated part
Ifin ~ The first of these is particularly simple, and reads

= ~ (1) + k19 + 5, [Iél + I — 21V 4 —I( Y4210 10g2

1
2 247V

1975 17¢3 2

2
(=1) 2 ™
+ I <4Lmaxlog2 —6log”2 — 5 ) ] —i—CA[ N < 08 1 3" log2> (7.13)

2
(0) (-n\ (7 131 23 /(0 -0\ _ 331 (-1
+ (1 + 2L I§) ( 5~ 5 ) | TR | (IS + 2L I ) Y,

where K is defined in Eq. (A.8), and Ién), Tén), I\(,n), Ién) are the coeflicients of the n-th
power in the e-expansion of the corresponding operators (cf. Appendix A.4). We note
that Eq. (7.13) generalizes Eq. (I.8) in Ref. [1], which was computed for the process
q¢ — X + Ny g with ny = 0, to the more general case of the Ay process in Eq. (2.1),
where terms proportional to ny have also been included. The definition of the operator
Iﬁn

tri»

Eq. (I.9) of Ref. [1]. It contains the most complicated functions appearing in the final

which contains triple color-correlated components, remains identical to the one in

result, namely classical and generalized polylogarithms (GPLs) up to weight three, whose
arguments can be algebraic functions of the kinematic variables. The operator Ifi" col-
lects color-uncorrelated contributions. We write it as the sum of two terms, one that only
depends on the color charges of each external parton, and another, named Dy, (E;), whose
functional form depends on the type of parton and whether it is in the initial or the final

state. We write

22 131 22 935 9607 11
Ifin — g T2 _ = — 1 L2 — (4 —— — —log®2
unc o { |:< 18 > max <3 394 3 og
7

N 1433 117r los 2 19974 217r2+ 143 72 10?2
108 LT 0 T 32 36 3 )%

23 8 746 4 22 67
Tal( 22 - Zlog2 ) L2 23— — 4+ —log??2 " )log?2
+ ng R[(g 3 og > hax Cg 31 +3 og —i—( 3 27) og

(7.14)
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where the functions Dy, are reported in the ancillary file FinalResult.m, see Table 1.8

The function Ifn.

Eq. (I.12) therein).
In the second line of Eq. (7.12), we have 6y, = 1 if i € H; and 6y, = 0 otherwise.

The quantities 5(0) oL (0), and 'yzv}}i Sfig

dependent operators VVZ”n fin Wm”n’ﬁn, Wlsi) are defined as’

1

in Eq. (7.14) is a generalization of a similar quantity in Ref. [1] (see

reported in FinalResult.m, while the partition-

3
ﬁn dQ .
il Cin [1080m/2) LA o] (7, )
(kD) PkmPlm
dQ(3 4 -
m||n fin _ Cim |:10 <1 Mim ) Pkl w:nmﬁ,rr:l:| (T, -T). (7.15)
(k1) — Thim /) Pkm Plm
(&) — Q(3 mz,ni Wo.v uv Mg,
Wet = “in|[n (riry +4") (T, -Ty),
ket (1 - o) (100 + T2

where a light-like vector n!' is defined through the equation p!' = E;n!, and (kl) means
k,l € H, with k # [. The term in the third line of Eq. (7.12) refers to the finite remainder
of the double-soft integrated subtraction term (cf. Eq. (5.1)), and it can be extracted from
Ref. [90]. The explicit expressions of (Sg;TQ) and (Sﬁ(;TQ)ij, which are functions of 7;;, are
given in FinalResult.m, see Table 1. Finally, F Ao and F{;l\‘} an are the process-dependent

LV2 fi
finite remainders of the one-loop squared and two- loop virtual amplitudes, respectively.

8 Conclusions

In this paper we discussed the calculation of the integrated NNLO QCD subtraction terms
for the process gg — X + N4 g+ ¢, where the number of hard gluons NN, is a parameter and
X is an arbitrary colorless final state. We worked in the context of the nested soft-collinear
subtraction scheme [17] and followed closely a similar study of the all-gluon final state
reported in Ref. [1].

We have found that the approach described in Ref. [1] is sufficiently robust, and can be
applied to a complex final state that contains both quarks and gluons. In doing so, we have
seen that physical quantities such as collinear anomalous dimensions arise when different
singular configurations are properly combined before the subtraction terms are integrated
over the unresolved phase space — a feature that is important for making computations not
only more feasible but also physically transparent. Finally, since i) soft limits at NNLO
depend only on the color charges of hard partons, ii) the collinear singularities factorize on
the external parton legs and iii) an improved understanding of the interplay of the different
collinear limits has been achieved in this paper, we believe that it should be straightforward
to extend these results to processes with an arbitrary number of jets at a hadron collider.

8In Table 1, we label these functions as D}?R and DRSR if they refer to initial-state radiation or final-state
radiation, respectively.

9We note that the cancellation of poles, discussed in the previous two sections, occurs independently of
the exact expressions of the partition functions, provided they obey certain defining conditions, specified in
e.g. Ref. [1].
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A Collection of relevant constant, functions and operators

In this Appendix, we collect and define quantities that are used in the main text of this pa-
per. We supplement the material presented here with an ancillary file, UsefulFunctions.m,
which contains the e-series expansions of the functions listed in Table 2. To simplify various

formulas, we use the following notation

1—=z2

~ 2F; Eax 2E max
Li:log< Z), Li:10g< a>, Lmaleog< a).
ju E; Iz

Table 2: List of functions collected in the ancillary file UsefulFunctions.m. The
first column provides the names of the functions; the second specifies the index range
1; the third indicates the equation where they appear; the fourth provides their names
in UsefulFunctions.m. For brevity, Py, Pyg, Pyq, and Py, are encoded in Py. To ex-
tract a specific configuration — e.g., the fifth row — call Pqqlz,k,En], Pqglz,k,En], etc.
This convention applies to all splittings in the second and third blocks of the table. For
final-state anomalous dimensions, replace wTOxy with qTOqg, qTOgq, gT0qq, or gTOgg to
find the corresponding functions in UsefulFunctions.m. The last four functions refer to
triple-collinear contributions; for further details, see the two paragraphs below Eq. (6.23).

z=1-12z, Dn(Z):[wL’

(A1)

Functions collected in the ancillary file UsefulFunctions.m

Function Interval of i Ref. Name in the ancillary file

Integrals in spin-correlations

dg(e) / Eq. (A.22) g el
dq(€) / Eq. (A.22) 8q el
55 (e) / Eq. (A.22) dgPerp [€]
57 (¢) / Eq. (A.22) dqPerp [€]
Tree-level splitting functions
P (2, B) i € {a,b} Eq. (A.15) Pxy[z,k,En]
pkeen . B i € {a,b} Eq. (A.18) PxyGEN [z,k,En]
One-loop splitting functions
P (2) i€ {a,b} / PAPggOneL [z]
pq(;)&(z) i € {a,b} / PAPqqOneLns [z]
Pg};i(z) i € {a,b} Eq. (A.28) PxyOneLISR[z]
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P;;(z) 1 € Hs Eq. (A.34) PxyOneLFSR[z]
P%I?;(z, E;) i € {a,b} Eq. (A.28) PxyOneL [z,En]
P%;j’gen(z, E;) i € {a,b} Eq. (A.31) PxyOneLGEN [z,En]

Tree-level anomalous dimensions

FZ(-Z) i € {a,b} Eq. (A.17) IgISR[k,En]
" i€ {a,b} Eq. (A.17) TqISR[k,En]
yzlfﬂ_,w(Li) 1€ Hy Eq. (A.20) ywTOxy [n,k,En]
Eil)}_my i€ Hs Eq. (A.19) I'wTOxy [k ,En]
r i€ Hy Eq. (A.21) T'gFSR[k,En]
r" i€ Hy Eq. (A.21) TqFSR[k,En]
One-loop anomalous dimensions
I’Z{I; i € {a,b} Eq. (A.30) ['OneLgISR[En]
rit i € {a,b} Eq. (A.30) ['OneLqISR[En]
A2t (L) i€ Hs Eq. (A.34) YOneLwTOxy [En]
Filfgu_my i€ Hs Eq. (A.33) ['OneLwTO0xy [En]
rt i€ Hs Eq. (A.35) I'OneLgFSR[En]
rit i€ Hs Eq. (A.35) I'OneLqFSR[En]
Triple-collinear splitting functions
TCER(z, E;) i€ {a,b} / TCgISR[z,En]
TCER(2, Ey) i€ {a,b} / TCqISR[z,En]
TCHR(E)) i€ Hey / TCgFSR [En]
TCIS™(E;) i € Hiy, / TCQFSR [En]

A.1 Useful constants

This section generalizes Appendix A.1 of Ref. [1] where many useful constants have been
defined. We denote the color-charge operators with T';. Squares of these operators are the
Casimir operators of the corresponding representations of the QCD gauge group SU(3), i.e.

7212 = Nl T =Cy =N, (A.2)
qg — +tqg— “YF— 2Nc ) g — YA = V¢, .
where N, is the number of colors. Quark and gluon anomalous dimensions read
3 11 2
Vg = §CF, Y=g Ca — gTRnf, (A.3)
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where T = 1/2, and ny is the number of massless quark flavors.
The strong coupling is renormalized in the MS scheme. The relation between the bare

and renormalized coupling constants reads

as(w) o | (as()Y (B B ;
— 2o Po _ 21 A4
gs b= Is Se:u' [ o € + o €2 %€ + O(as) ( )
where Se = (47) €8, and
11 2 17 5
Bo = ECA - gTRnh pr = gci - gCATRnf — CpTRrny . (A.5)

We note that, at leading order, the gluon anomalous dimension and the coefficient of the
QCD S-function coincide, v4 = 9. Furthermore, it is convenient to define the following
quantity

as(p) e (A.6)

related to the coupling constant.
In the main body of this paper, we have used e-dependent constants

['(1—¢)D(1 + 2¢) w2

(bd) _
N, Tt o 1+3e+0( ),
(14 26)0(1 — 2¢) 1
_ o2 _ L2/ 2 2 3
Nijjn(€) =2 T ori o = L+2€log2 + o (m* +4log®2) + O(e), (A7)
_ _ 2(1 _
Ny(e) = A —eI'1—2¢)  2I7(1—¢) 14 0(63) ’

I'(1 — 3¢) I'(1 —2e¢)
(1 + 26)3(1 — 2¢)
I'(1-=3e)I(1+¢e)I?(1—¢)

which originate from the definition of certain angular integrals.

Ns(é),d) — 92

=1+ 2elog2+ §62(7T2 + 61og? 2) + (’)(63) ,

Singular parts of double-virtual amplitudes, written in Ref. [87], require the following

67 2 10
K= (-—”—) Ca — —Trns,

quantities

18 6 9

e VEL(1 — 2¢) w2, T 4 4
=" =14+ — = , A.
e + 4GS+ O (A.8)
. T(1—e) w2
Cszw_l‘i‘ﬁﬁ +O( )

To parametrize integrated double-soft contributions, we have introduced

232 217 137
61(6):1—|— (ﬂ-———> €2+ <W—710g2—2210g 2—|— C3> s

(A.9)
c3(€) = 4log 2 + 8elog? 2,

13 125
cy(e) = -5 + (ﬁ - —10g2 — 121og? 2)
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Pi - Pm Z | ZPlim]

Figure 1: Graphical representation of the convention adopted for collinear factorization.

ISR: Cim A™

The top figure describes the final-state splitting process [im|* — i(z) + m(Z), where z =
1—FEn/ Elim), and z = 1 — z. The bottom figure corresponds to the initial-state splitting
process i — [im]* + m, with z = 1 — Ey,/E;. We note that in the case of FSR, the action
of Cim on AM produces an extra factor of z, which does not occur in ISR.

We emphasize that the above expressions are exact and do not contain higher powers of
€. To describe soft and collinear limits of the real-virtual contributions, it is convenient to
define the following quantities

314621 —¢) w2

Ak (e) = T(1+20)02(1 —26) Lol (A.10)
201 _ € € |
he(e) = r (1F(12_)I;)(€1) 9, O(e?).

A.2 Tree-level, one-loop and Altarelli-Parisi splitting functions

Consider the final-state splitting process [im|* — i(z) + m(1 — z), where ¢ and m are two
partons with flavors f; and fn, respectively. The variable z = 1 — Ey/FEj;y represents
the energy fraction carried by parton 7 in the collinear splitting, while parton m takes the
energy fraction 1 —z. As for [im], it is the clustered “mother” parton. We denote the spin-
averaged final-state splitting functions as Py, r,(2) (cf. Figure 1, above). These functions
read

S
Rk —€e(1-2)

Pyq(z) = Cr 1—> )

Pyy(2) =Cp M - ez} = P(1—-2),

z

(A.11)

[ 22(1—2)
Pye(z) =Tr _1 - 17_6} )

1—
Pyy(2) = 2C L%Z + 72 +2(1 - z)] .

Next, we consider the initial-state splitting process i — [im]* 4+ m, where i is now the
incoming parton, [im] is the parton that enters the hard scattering, and m is an outgoing
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parton. The variable z corresponds to z = 1 — Ey/E;. In this case, we denote the initial-
state splitting function, averaged over initial-state color and polarizations, as P[im]i,i(z)
(cf. Figure 1, below). These functions are related to the splittings in Eq. (A.11) by the
following relations

Pygi(2) = qq(l/z) Pye(2)

Pyai(z) = [2 o ] 0(1/2) = Pyg(2) | (A.12)
-

— o) o
Prgi(2) = [2“ N D) opy(1/2) = Poylo),
Pygi(2) = gg(l/z) Pyg(2) .

We observe that the notation just described for initial- and final-state splittings, and
illustrated in Figure 1, applies to all tree-level and one-loop splittings used in this article.
Therefore, it must be applied to all functions defined in the remainder of this appendix, as
well as those collected in FinalResult.m (cf. Table 1) and UsefulFunctions.m (cf. Table
2).

Finally, we report the conventional leading-order Altarelli-Parisi splitting functions
that we use throughout the paper. They read [94]

PO(z) = Cp [QDO(Z) —(1+2)+ ;5(1 _ z)} ,

PO(2) = Ty [(1 — )2+ z2] : (A.13)
e

PO (z) = 2C [Do(z) +2(1—2)+ % — 2} + Bod(1 — z).

We also require the one-loop Altarelli-Parisi splitting functions; they can be found in
Sec. 4.3 of Ref. [94]. They are also given in the ancillary file UsefulFunctions.m, see Table
2. We point out that, for the gq splitting, we need the non-singlet splitting function from
which the analog of the interference contribution of identical quarks has been subtracted.

A.3 Generalized splitting functions and anomalous dimensions
A.3.1 Tree-level

Phase-space remnants and damping factors introduce additional factors to integrands over
splitting functions that we require. For this reason, it is convenient to define generalized
splitting functions and their integrals.

For the initial-state splitting where parton m becomes collinear to an initial-state
parton a of flavor f,, the following integral appears

1
E ke ; dz (1 — z)kaPf[am]fmi(z) F(z). (A.14)
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The initial-state splitting functions P,s; are given in Eq. (A.12), and the function F(z)
typically contains the relevant matrix element squared. Such integrals may contain infrared
divergences which need to be extracted. To facilitate this, we define a new splitting function

1— e*keLa

< —k
Pz Ba) = 8o (1= 2) Py 1a(2)| = 207,07, T

Fo———0(1—2). (A15)

Here, S, = 1— 8., where S, subtracts the soft singularity at z = 1. The relevant powers of
phase-space factors (1 — z) ™€ are k = 2 at NLO, and k = 4 at NNLO. Explicit expressions
(k)

for the functions Paﬁ in Eq. (A.15) are provided in the ancillary file UsefulFunctions.m,
see Table 2. We note that we omit the superscript for £ = 2 when writing the generalized
splitting functions and their integrals to simplify the notation. Furthermore, we point out
that functions Pékﬁ)(z, E,) in Eq. (A.15) are, in fact, energy-independent if o # S.

For the manipulations described in the main body of the paper, it is convenient to

rewrite the generalized splitting functions as follows

9B, \"% T2(1 — )13 n
1(35) Faseg] PG E) =10 0 - 9+ P B (A10)

p I'(1 = 2¢)
with
() B oot
e = (2 S Lol o

Here, P(g%) are the Altarelli-Parisi splitting functions given in Eq. (A.13), while Pé%)’ﬁn(z)
corresponds to the e-expansion of —Pékﬁ) (z, E, = 0) starting with O(e). Explicit expressions
for quantities that appear in Eqs (A.17) and (A.18) are provided in UsefulFunctions.m,
see Table 2

We continue with the discussion of the final-state splittings. Then, if the final-state
parton m becomes collinear to the final-state parton ¢ of flavour f;, the generalized final-

state anomalous dimension reads

2e 12
(k) 2F; (1 - e) ok
Fl fzm —fifm |: ( 7 > m ’yzyf[zm]*)flfm (L ) (A19)

where

1
7 g(z )f[zm]ﬁfzfm(L ) /O dZS |: (1 - Z)_keg(z) Pf[im]fi(z)
9 1— —kelL;
+ 25f[im]fi Tf[im] Tg(l) .

(A.20)

The splitting functions P, can be found in Eq. (A.11), while the explicit expressions for
the quantities defined in Eqs (A.19) and (A.20) are provided in UsefulFunctions.m, see
Table 2
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Finally, we define “physical” combinations of quark and gluon collinear anomalous

dimensions
r®) _p® 4 p®) 8 —p® oy opr®) (A.21)

1,9 1,9—q9 1,9—9q "’ g9 — T 4,999 1,999’

which appear in the operators Ic and It.

A.3.2 Spin-correlations

To describe the spin-correlated contributions arising from sectors ) and 09, we require
the following integrals

(b,d) rde 2 Fmax ¢
N€ Emax dE —2€ T
i) = e / i [ el = o)) [Pam(2) € P ()]
max [mn} —
(A.22)
NE(bvd)EanaX 2Emax dE 5 9%
e = e [ T a1 - a2 pA ),

max [mn} 1- 5

where £ = Fax /E[mn], m can be either a quark or a gluon, and the transversal splitting
functions are defined as follows

Po(z) =4CA(1—€)z(1—2),  Py"(z) =2Ca z(1 — 2)(1 — 2¢),

. 1—2¢ (A.23)
P;&(z) = —4Tr 2(1 — 2), P;;I’ (2) = —2TRg z(1 — 2) T

The e-expansions of the d-integrals in Eq. (A.22) are reported in UsefulFunctions.m, see
Table 2. Note that we combine the gluon and quark components as

d(€) = dg(€) + 2ns d4(e), 5t (e) = 5;(6) + 2n¢ 6;(6) . (A.24)

Additionally, we find it convenient to introduce the following notation for the integrals

1 pL (Z) 1 PJ"T(Z)
22 _ gm 22,r _ gm
YL g—mn = —/0 dz B —/0 dz — (A.25)

where (mn) = (gg) or (¢q). “Physical” combinations of anomalous dimensions are defined

as follows:
22,r 22,r 22,r
Vg =000 T 200 Vg 0z Vg = Vigogg T2V saq- (A.26)
In the € = 0 limit, they read
22 2 22,1 1
Vi = —35(Ca = 20TR), iy = —5(Ca —2mTw), (A.27)

and are reported in FinalResult.m, see Table 1.
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A.3.3 One-loop

Similar to the discussion of the generalized tree-level splitting functions and anomalous
dimensions in Sec. A.3.1, we need to define generalized splitting functions for the one-loop
case. For the initial state splitting, when a parton m becomes collinear to an initial-state
parton a with flavor f,, we define

k €
P}a’m (2 By = 8. (1= 2)FPIE - (2)
1—e —(2+k)eLq (A28)

2
+ 25f[am]faCATf[am] Wﬂ' COt(T(E)(S(l — Z) .

The splitting functions Polfﬁi can be obtained from Refs [95-97], and they are collected in

UsefulFunctions.m, see Table 2. In analogy with Eq. (A.16), we find it convenient to

()1L

rewrite the splitting function P, as follows

€ 2F, —2e F2(1—6) k (k),1L k). 1L (k),1L,gen
C_xK 2 ) F(l—QG)} Pas (2 Fa) =T 0apd(1=2) 4+ Pog” (2, ), (A.29)

where C, = 2CFr — Cj if aff = gq, and C, = Cx otherwise. Furthermore, we define

2B, \ *I2(1—¢)1" 1 — e~ (2Hk)ela cos( €)
rk)IL — e o+ 272 A.
= [(50) o] et 4w
—2€ T2 k
(k),1L,gen _ 2F, “(1-¢) O] (k) 1L,fin
Pas (2, Eq) = [( p > (1= 2¢) [ P g (2) +€P, (2 )}. (A.31)
(k) 1L fin .
In Eq. (A.31), P, "(2) corresponds to the e-expansion of
€ (k)
e na

starting from O(e). Note that, although the above definitions are provided for any value of
k, we set k = 2 in the real-virtual contributions. The explicit expression of the functions
in Egs (A.28), (A.30), (A.31), with k& = 2, are provided in UsefulFunctions.m, sec Table
2.

If the unresolved final-state parton m goes collinear to a final-state parton, say i of
flavor f;, the generalized final-state anomalous dimensions read

N\"2€ 1271 _ k 2
(k),1L <2EZ> r=1 e)] €% cos(Te)  3(k+1),1L (L), (A.33)

va[zm]%fzfm -

where C, = 2Cf — Cy for the g — ¢g splitting, and C, = Ca otherwise. The one-loop

((k)+f1[) ?if i that appear in Eq. (A.33) are defined as

anomalous dimensions 7y

1
k-+1),1L e _
T L) = = [ 4B [0 =) ) PR ()

1— 67(2+k)6Li T
— 26 + CAT? 1).
Jrim) fi AL frim (2 + k) €2 sin(ﬂe)g( )

(A.34)
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The quantities defined in Eqs (A.33) and (A.34), with n = 3 and k = 2, are provided
in UsefulFunctions.m, together with the one-loop final-state splitting functions Polfé (see
Table 2). We note that, similar to the expressions in Eq. (A.21), we define the one-loop
case as follows

i =rk.  +I

L L L
,q—qyg i,q—9q > Fl{g =T + 2T (A.35)

i,9—99 ,9—qq
A.4 Definitions and relevant properties of I-operators

In Ref. [1], we have introduced virtual, soft, and collinear operators, and we employ similar
operators in this paper as well. The virtual operator is defined as

Fv(e) =Ta(e) + Th(e), (A.36)

where [87]

T 1 Vismg(e) Mz ‘ TN € sin, TzQ Vi
11(6) = 5 Z T2 TZ . T_] <ﬂ> c Aij 5 % g(E) = —+ : . (A37)
i) '

In Eq. (A.37), 7; are the anomalous dimensions that can be found in (A.3), the sum goes
over the unordered pairs of external particles 4, j with ¢ # j, and \;; are constants which
are equal to 1 if both ¢ and j are incoming or outgoing, and to 0 otherwise. The soft
operators which appear in the double-real and in the real-virtual corrections read

(QEmaX/:“)_25

Is(e)=——5—— > n Ky (Ti - Ty),
(i5)
(A.38)
7 (2Em X/M)iélE —2¢ 7>
Is(2¢) = —&T > 0Ky (Ti - Ty),
(i5)
where 7;; = (1 — cos 6;;)/2, and
I'?(1—e¢
ij = %n}fezﬂ(l, L1l—e1—=mn;),
(1 —2¢) (A.39)
ij = mmj oF1(1+el4el—¢€l—mn;).
A useful relation between Ig and fg is
I5(2€) = Is(2€) + O(e) . (A.40)

The Laurent expansions of Iy (¢), Is(e), and Is(2¢) can be found in Appendix A.5 of Ref. [1].
The collinear operators which appear in the double-real and in the real-virtual correc-

tions read, respectively,

(®) o 7 Tij
I () = Z ck/2)’ Ic(2¢) = Z o (A.41)
1€H i€H
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where generalized initial- and final-state anomalous dimensions are given in Eqs (A.17) and
(A.19) for Iék), and in Egs (A.30) and (A.33) for Ic. We note that the following relations
hold

Io(2e) = Io(26) + O(%), 15 (e) = Io(26) + O(Y) . (A.42)

Finally, the e-finite operator It is defined as follows
It(€e) = Iv(e) + Is(e) + Ic(e) . (A.43)

Its expansion in powers of € reads

Ir(e) = > ey, (A.44)

n=0

where the n = 0,1 coefficients are given by

0 1 27
10— (E;m . T;) [ <2Lmax + 5 log 77w> togmij = 5L <L“ ! F)
ij

L > oo 72 =~ 220 _22,(1)\ O A
+Lia(1 = i) + A5 | + D T7 2Lf — —(2Lm —% )F (A.45)
i€H 4

— 2<LZ2 +2L;L; + zi%)%{f} ;

7

1 2
= Z(Tz . Tj) |:6(L?J + 10g3 nij) + 2Lr2nax IOg 77ij — EAULU
(i5)
1 . .
+ (Lmax — 5 10g(1 — ?7@])> 10g2 Mij =+ 2Lmax L12(1 — 77ij) — L13(nij)
2

T
(L5 - zj)] +> T?{ - gLf’naX + G L — 3G (A46)
1€EH

— L13(1 — ’I’]ij)

2T2

~ 2 4] 4 ~ ~
+ |:<2L22 . %)7222,(0) _ 2Lz%22 (1) + %227(2):| ;Qf + |:§L? + 4L22Ll' + 4LZ,LZZ

2 ™\1,;
21 2 e o).

To write the above equations, we have used

1 ifi e Hs ~
O, = { Oy, =1— 0y, , (A.47)

0 otherwise,

together with the expansion coefficients of the collinear anomalous dimensions %-22(14),

defined as

(e o]

V(L) =Y (L), i=g.. (A.48)
n=0

We note that in Eqs (A.45) and (A.46), the dependence of the coefficients ~;
logarithms L; is not shown explicitly.

22,(n) on the
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A.5 Double-unresolved contributions

In this section, we define the double-unresolved terms in Eqgs (4.12) and (4.13) which were
left unspecified in the main body of the paper. These contributions are at most of (’)(e*l).
We start from Eq. (4.12), which refers to the (mn) € DS case (cf. Eq. (4.7)). We write!”

Eﬁ%’re“[(mn) € DS|rr = Erdc Ula, + EDU|An + EDU|An + Z EDU |An ) (A.49)
i=1
with
1 —€
Zi6 14, = 5 ([201/2)7 = 1] S(m, 1) CnCimA ™ Fiki [m,n]) (A.50)
i€EH
E](D2€J|v'4n = <§m“§“92A(mn) @man}& [m’ Il]> ) (A51)
(bd)
S5uln = D [08] =5 (St Cims) B /1)~ Oy [V omn (7477 + )
1€EH
s 8| A ER (] (A.52)
n F 1 — 26 2 —
o = - [(ﬁ) - 1] S (BaCinCinA™ O Fiimnl).  (A53)
(i)
S an = 32 ([0im/2) ¢ = 1] CimSn(SnCin ™M ATy Febim,n]) ), (A54)
1€EH
fin,(3 I'(1—2e
EDU()’An:[ﬁ_ :|< m,n [chnczm‘i‘z 77211/2 z ]
1€EH
x A frAn [ n]> : (A.55)
fin, (4 2F —de 6
BB, = o 2 (o) (22 ) T v ), (A.56)
1€EH
n Emax e i
St |4, = ] 03 () <T) > (W F) - (A.57)

1€EH
The terms in Egs (A.50 — A.52) are O (e '), whereas the terms in Eqs (A.53 — A.57) are
e-finite. In Eqgs (A.50) and (A.55), the operator S(m,n) is defined as

Sn(1 — SnOnm) + SuSmOnm, if (mn) = (gg),
1, if (mn) = (¢ii) -

In Eq. (A.51), the operator € is the triple-collinear operator defined in Eq. (D.6) of
Ref. [1]. The triple-collinear splittings are reported in UsefulFunctions.m, see Table 2

S(m,n) = { (A.58)

1°The numbering scheme for contributions to £puy|a, and »hn |4,. is kept consistent with the definitions
introduced in Ref. [1].
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In Eq. (A.52), we used 0y = n;;/(1 — 77@'3) the anomalous dimensions 2> g—smn a0d ngr_mm
defined in Eq. (A.25), and the vector 4" specified in Appendix E of Ref. [1]. The quantities
Sm(€) and 6. () appearing in Eqs (A.56 — A.57) are defined in Eq. (A.22), while the two
partition-dependent operators V\/m”n fin and W( D are defined in Eq. (7.15).

For the double-unresolved terms appearing in Eq. (4.13), which refers to (mn) € DS
case, we write

Spy" ! (mn) € DSJrr = X554, + S5gla, + > Shi 4, (A.59)
1=1,3
where
Si6la. = 5 Z( [2(7i0/2) ¢ — 1] S (CinCin + CinCim) AT Ffyi[m, ]}, (A.60)
lGH
S50l 4, = (Sa2A™ FAL [m,n]) | (A.61)
fin I'(1 — 2¢ 2 _
St 4, =— Kﬁ) — 1] > (SnCinCimA™ Fyyim, n]), (A.62)
(i)
fin, I'(1 —2e¢
Spu L4, = [ﬁ } < [ S CinCim+ 3 (1n/2)"
(25) 1EH
+ C@mcm):| A(mn) F[fll\r/i [m’ Il]> . (A.63)

The terms in Eqs (A.60 — A.61) are O(e '), and those in Eqs (A.62 — A.63) are e-finite.
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