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Abstract

This report summarises recent advances made in the calculation of the
NNLO QCD corrections to the width difference ATy in the B — B, system.
The inclusion of the effects due to current-current operators leads to an
updated prediction of ATy = (0.076 + 0.017) ps~!, which narrows the gap
between theory and experiment.

1 Introduction

The mixing of B, and B, mesons is fully described by the off-diagonal elements of
the self-energy matrix ¥ and a calculation of the corresponding matrix elements
leads to theoretical predictions for the mass difference AM, and the width dif-
ference AL’y of the mass eigenstates. The self-energy is related to the scattering
matrix elements through

. 1
—i(2m)*6W (p; — p;) 0y = m<3i|5|3j>- (1.1)

Within the Wigner-Weisskopf approximation, we can write down the Schrodinger
equation for the two-state system as [1-3]

S50 -+ (30)
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where the Hermitian mass and decay width matrices M and I' can be defined
through > = M — :I". Diagonalising the matrix 3 leads to the eigenstates, By
and By. The width difference between these states is given by

F 2

AT = —2|T'15| cos(¢12) + O < L 2)
| Mg

(1.3)

] T12)”
= |32 — X3;| cos(¢12) + O <|M12|2 ,

where the CP-violating phase ¢, is the phase difference between the phases of
M12 and F12-

2 Calculation overview

The latest update from on the theoretical calculation of AI' from Refs. [1-0] fo-
cused on reducing the perturbative uncertainties in the leading O((Aqcp/ms)°)
terms. This is achieved through a matching calculation of a |[AB| = 2 matrix
element calculated within effective |AB| = 1 and |AB| = 2 theories, where the
high-energy and low-energy effects factorise into the matching coefficients and
the operator matrix elements respectively. To obtain only the leading terms in
Aqep/my, the Heavy Quark Expansion (HQE) is used for the transition operator
on the |[AB| = 2 side, which allows us to expand the operators in Aqcp/my, [7—10].
The matching calculation is done methodically by first calculating the imaginary
part of the B, — B, mixing amplitude in the two effective field theories, renor-
malising the results and then matching the coefficients of the |AB| = 2 operators
to the result from the |[AB| = 1 calculation.

For the calculation on the |AB| = 1 side, we use the Chetyrkin-Misiak-Miinz
(CMM) basis, which is particularly useful for automated calculations in our ap-
plication as it circumvents all of the complications related to 75 in dimensional
regularisation in our case. The Hamiltonian in the CMM basis [17] is given by

AGp &

AB|=1 F * pec * pcu * puc * puu

2B :WZC} (Vi Vi Pi 4+ Va Vi PR + Vi Vi P + Vi Vi )
j=1

. 6 (2.1)
_TQF‘/thZ; (Z Cij + Cng) + Z CEjEj + h.C.,
=3

where Gp is the Fermi constant and V;; are the CKM matrix elements. The
operators P; o are the current-current operators which couple to two up-type
quarks as specified by the superscript. The penguin operators are P3;_g and
the operator Py is the chromomagnetic operator; all operators are defined in
Ref. [17]. The Wilson coeflicients C; have been calculated to three-loop order
in previous works [18-20]. Another issue related to dimensional regularisation
with d = 4 — 2¢ dimensions is the appearance of so-called evanescent operators,
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which are of order e and vanish if four-dimensional Dirac identities are applied.
However, the evanescent operators mix with physical operators and need to be
taken into consideration when renormalising bare amplitudes. Furthermore, if
dimensional regularisation is used for infrared divergences, the coefficients Cf,
enter the calculation, see Sec. 3.

To calculate the width difference AI', the absorptive part of the scattering
matrix element needs to be evaluated, which decomposes into a sum of terms with
different CKM factors. This prompts us to decompose the |AB| = 2 matching
coefficients in an analogous fashion. From these considerations we can write the
off-diagonal matrix element of the decay width in the |AB| =1 theory as

Flg = — Z A )\ﬂ IIIl(Maﬁ), (22)
o,p

where A\, = V. V,;, and in the |AB| = 2 theory as

G2 m2 _ ~ ~ _ A CD

Do = =5 208 S s [H(BIQIB) + HY(BIQs|B)| +0 =2 2.3
1 24W2MB; o [HBIQIB) + I (BIQs|B) | +O (=22 ) (2.3)
where Mp is the mass of the B meson. In the context of the HQE, the matching
coefficients H*® and HS’ are calculated as expansions in z = m2/m2. The

physical operators of the |[AB| = 2 transition operator are given by
Q= (b (1= 5) 5i) by (1 =5) 55) (2.4)
QS = ( ( + ")/5) S]) (b] (1 + ")/5) Si) . (25)

As alluded to previously, the low—energy and high-energy physics factorise with
the matching coefficients H** and H containing the perturbative high-energy
physics that is the main goal of the theoretical calculation described here. The
low-energy behaviour captured in the operator matrix elements of the physical
operators needs to be extracted from either QCD sum rules [21-28] or lattice
QCD calculations [29,30] and is used as an input in the prediction of AT

3 Dimensional regularisation and evanescent op-
erators

In dimensional regularisation we regularise ultraviolet (UV) poles by choosing
the dimension to be d = 4 — 2¢ where ¢ is a small parameter that is set to zero
in the renormalised amplitudes. Evanescent operators are operators which are
of order € and vanish in four dimensions due to four-dimensional identities of
the Dirac algebra, e.g. Chisholm identities as well as Fierz identities. However,
their Wilson coefficients mix with the physical operators and consequently they
become important in the renormalisation procedure.
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An additional complication arises when infrared (IR) poles are also regularised
with € = eyy = €r, which means that IR poles and finite terms from evanescent
operators remain after renormalisation and only cancel in the matching between
the |JAB| = 1 and |AB| = 2 sides. Moreover, lower orders in oy need to be cal-
culated to higher orders in € to extract all required matching coefficients because
the matching equation contains IR poles. To obtain NNLO matching coefficients,
we need to match up to O(e') for NLO and up to O(€?) for LO.

The |AB| = 2 basis contains a peculiar operator which arises from a linear
combination of physical operators and whose evanescent piece needs to be men-
tioned. In addition to the vector and pseudoscalar operators @ and Qg defined
above, we have the corresponding operators with different colour structures,

= (0" (1 =5) 55) (bjyu (1 —5) 1) (3.1)
QS = (Z_)z (1 + 75) Si> (l_)J (1 + ’y5) Sj) .

The operators Q and @ are equal in four dimensions due to a Fierz identity; thus
their difference is evanescent, i.e. of order e. However, there is another linear
relation between the physical operators, which leads to

Ry = %Q + Qs + Qs, (3.3)

an operator whose matrix element <RO>(O) is Aqcp/my, suppressed in our process
[31]. However, this operator also has an evanescent part which is unsuppressed.
Hence, the operator needs to be properly renormalised and in particular its e-
finite renormalisation constants, which are needed to remove any dependence of
the physical amplitude on the evanescent parts, have to be implemented.

4 Technical details on the calculation

The kinematics of the calculation are such that the external quarks are on-shell
with pf = m for the bottom quark while p, = 0 is chosen for the massless
strange quark. Internal up and down quarks are also taken as massless while the
charm quark is given a mass m... Diagrams for the calculation are generated using

QGRAF [32]. For the insertion of Feynman rules and identification of topologies,
tapir [33] and exp [34,35] are employed and the integrals are reduced with the
integration by parts technique using FIRE [30] or Kira [37,38]. Since only the

imaginary part of the integrals is relevant to the calculation of AI', only those
master integrals which have a physical cut will contribute, i.e. all masters where
all cuts go through a bottom quark line can be discarded. The resulting master
integrals can finally be evaluated using HyperInt [39)].

The update on the theoretical calculation in Refs. [1-0] makes use of the fact
that the numerical results converge quickly in an expansion in z = m?/m} and
the NNLO QCD corrections are evaluated to O(z) by expanding naively in m..
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Contribution Previous results Refs. [1-0]

Py x Py g 2 loops, z-exact, ng-part only [10,41] 2 loops, O(z), full
Py x Py 2 loops, z-exact, ng-part only [10,11] 2 loops, O(z), full
P; ¢ x Ps_g 1 loop, z-exact, full [31] 2 loops, O(z), full
Py ¢ x Py 1 loop, z-exact, ng-part only [10,41] 2 loops, O(z), full
Py x P 1 loop, z-exact, ng-part only [10,41] 2 loops, O(z), full
Py X Py 3 loops, O(y/z), ng-part only [10,11] 3 loops, O(z), full

Table 1: Updated contributions to the theoretical value of AT". “Full” contributions refers to
the fact that both the fermionic and non-fermionic pieces have been calculated.

This is only valid for the diagrams which do not contain a closed charm loop,
but those contributions have already been calculated in previous works [0, 41].
Combining these results, the contributions to AI' have been updated with the
operators and loop orders as shown in Tab. 1.

5 Results

With the results in Refs. [1-0], A" has now been updated to include the NNLO
QCD corrections stemming from diagrams with two insertions of the current-
current operators on the |AB| = 1 side. Contributions from penguin operators
and the chromomagnetic operator are also updated to higher accuracy than in
previous calculations. One detail that has a large impact on the numerical result
and in particular the renormalisation scale dependence is the choice of the mass
scheme. Due to the renormalon ambiguity in the on-shell mass definition [12], a
better convergence behaviour is achieved through converting the on-shell, i.e. pole
mass ratio z = (mP°°/mP°*)? in the matching coefficients to the corresponding
ratio in the MS scheme, Z = (7,/m,)?. In addition to this, there is also another
factor of m? in Eq. (2.3) multiplying AT. In a first step one usually employs a
pole mass, but subsequently trades it for an MS or the potential-subtracted (PS)
mass [13], which have better infrared properties. All three choices have been
considered to estimate the renormalisation scale dependence of the NNLO result.

To further improve the numerical accuracy of the result, it is helpful to con-
sider the ratio AT'/AM. In this ratio the dependence on |V,| drops out and most
of the dependence on the bag parameters is also removed. Since AM is already
known to NNLO in QCD [11], AT'/AM can also be calculated to NNLO. The
results for the phenomenologically interesting ratio in the different mass schemes
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of the overall m? factor are given by

AA]\FjS e (3.79 85 ot 8%ty £ 011, & 0781/, 00515, ) x 107,
(5.1)

AL\ (433 183,.,,, 7000 0,125, % 0781, % 0,055,500 ) 1077
AM, |55 —0.44scale —0-19scale,1/m;, BBg 1/my, input )
(5.2)

i (420036, 70 0,125, % 0.781 /3, £ 0.05550 ) X 1077
AM, | g —0.39scale —0.19scale,1/m,, BBs 1/me input ’
(5.3)

where the subscripts on the uncertainties indicate their origin [5]. The scale de-

pendence refers to the remaining dependence on the renormalisation scale for
the leading and sub-leading terms in Aqcp/my respectively. The biggest contri-
bution labelled with 1/m,; stems from the uncertainty on the hadronic matrix
elements of Aqgcp/my, operators. The uncertainties of the bag parameters B and
Bg also give a significant contribution and all other uncertainties of numerical
input parameters are included in the input uncertainty.

The renormalisation scale dependence from which the scale errors of the lead-
ing term in Aqep/my are determined is shown in Fig. 1. It is reassuring to observe
that the renormalisation scale dependence is indeed improved by the inclusion of
the NNLO corrections stemming from current-current operators. Moreover, it is
clear from the plot that the pole scheme leads to inaccurate results due to its
large deviation from the other two schemes. This feature is commonly observed
and conventionally ascribed to the renormalon problem of the pole mass [15, 16].

Using the experimental value for AM, [17],
AME® = (17.7656 %+ 0.0057) ps*, (5.4)
the theoretical prediction for Al'y is updated to be
AT™ = (0.076 + 0.017) ps . (5.5)

Note that only the MS and PS results were used to obtain this final number.
Comparing this result to the experimental value [18],

AT (0.084 + 0.005) ps™*, (5.6)

we conclude that the theoretical uncertainty is about three times as large as the
experimental one.

6 Conclusion

The first step towards a NNLO calculation of the QCD corrections to Al'y has
now been completed. The theoretical predictions agree well with the experimental

6
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Figure 1: The renormalisation scale dependence of AI'/AM in the B-B system as calculated
in Ref. [5]. Note that the renormalisation scale of the matching calculation, pi, is varied
simultaneously with the renormalisation scales of the MS bottom and charm masses, 1, and
e respectively. Since the focus is on the leading terms in Aqep/myp, only the renormalisation
scale of those terms is varied while the scale of the 1/my terms is kept fixed.

measurements within the respective uncertainties. Calculations to further reduce
the theoretical uncertainties are already underway and are aiming to improve the
accuracy by including higher-order terms in z as well as the penguin operator
contributions at NNLO.
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