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1 Introduction

Description of hard scattering processes at the LHC relies on QCD perturbation theory. To
arrive at finite predictions for infra-red safe observables, one needs to combine all contributions
to a particular cross section, that are proportional to the strong coupling constant raised to
a certain power, but may differ by the number of final-state partons. This step is non-
trivial as contributions with different partonic multiplicities suffer from infrared and collinear
divergencies that only cancel in the sum [I-3]. One of the several ways to simplify this step
is known as the slicing method where one chooses a kinematic parameter h that distinguishes
contributions with Born kinematics from those with additional final-state partons. Assuming
that h = 0 corresponds to Born kinematics, one then computes the cross section for small
values of h, where the kinematics is very much Born-like, and only soft or collinear final-state
partons can be present in addition to the hard ones that already appear in the Born process.

Since description of soft and collinear emissions is independent of the hard process, it
is not surprising that cross sections at small values of the slicing parameter are computed
by integrating universal functions that describe soft- and collinear limits of squared matrix
elements over phase spaces available to unresolved partons. For certain slicing variables, one
can prove that these integrals factorize into so-called soft, beam and jet functions and, once



these functions are known, singular dependencies of cross sections on h can be reconstructed.
Furthermore, since soft, beam and jet functions separately satisfy renormalization group
equations, they can be used to systematically resum logarithms of certain kinematic variables
to all orders in the strong coupling constant; for the case of N-jettiness, see e.g. Refs. [1—3].
For hadron collisions, the most popular slicing parameters are the transverse momentum
(q1) of the colour-less or massive coloured final-state particles [9—15], and N-jettiness [16—19].
For both of these slicing parameters, the factorization of cross sections in terms of soft, beam
and jet functions is well-understood [9, 22—25]. Perturbative computations of these functions
in case of ¢ -slicing parameter have been performed through N3LO in perturbative QCD
[26-30], whereas for the jettiness variable only beam functions and jet functions are known

at this order [37—13]. Many soft functions for N-jettines observables have been computed at
NNLO QCD [7, 44-50]. However, at N3LO, while various contributions to the zero-jettiness
soft function have been discussed in Refs. [71-51], the complete result is still not available.

In this paper, we analytically compute the one-loop correction to the double-real emission
contribution to the soft function for the zero-jettiness variable, accounting for both gg and
qq soft final-state partons. The result for gg contribution was reported earlier in Ref. [71].
In general, however, given the complexity of any three-loop computation, an independent
calculation of the one-loop correction to double-real contribution to zero-jettiness soft function
is clearly warranted.

The rest of the paper is organized as follows. In Section 2 we define the soft function and
introduce the notations that we use throughout the paper. In Section 3 we explain how the
expression for soft currents is constructed and the integration-by-parts reduction to master
integrals is set up. In Sections 4 and 5 we discuss the various methods we employed to
compute the master integrals. In particular, as we explain in Section 5, we found it useful
to set up and solve systems of differential equations to calculate the most challenging master
integrals. We discuss the computation of the boundary conditions for integrals that appear in
the differential equations in Section 6. We present the result for the one-loop corrections to
double-real emission contributions to the zero-jettiness soft function in Section 7. We conclude
in Section 8. One-loop integrals that we used for the computations reported in this paper are
collected in Appendix A. The list of all master integrals is given in Appendix 3. Results for
all master integrals as well as the expression for the one-loop correction to the double-real
emission contribution to the zero-jettiness soft function in terms of master integrals can be
found in an ancillary file provided with this paper.

2 The zero-jettiness soft function

We begin by defining the zero-jettiness soft function. The zero-jettiness variable in QCD is
a limiting case of the so-called N-jettiness variable [23, 24] which describes hadron collider
processes without hard QCD partons (jets) in the final state, and lepton collider processes in

"More recently, both methods have even been applied in a combined way [20, 21].



which the number of hard final-state jets is exactly two. It is defined as follows

To =) min 3], (2.1)
i=1
where the list v); reads
2p1 - ki 2pa- ki
P = ) ) 2.2
o= {250 2 (2.2

and P is an arbitrary normalization factor.

In Eq. (2.1) n is the total number of unresolved final-state partons that need to be con-
sidered in a particular order of QCD perturbation theory, and p; 2 are the momenta of two
incoming partons that annihilate and produce a color-less final state X, or the momenta of
two hard partons that are produced in a collision of an electron and a positron.

The zero-jettiness soft function is constructed from integrals of soft limits of the (various)
scattering amplitudes squared, at different orders in QCD perturbation theory over phase
spaces of soft partons subject to a jettiness constraint 75 = 7. To be specific, we write the
perturbative expansion of the bare soft function as

S(r) =6(r) + SV (r) + S () + (7)., (2.3)

where S is the contribution to the soft function in i-th order in the perturbative expansion
in QCD.

Computation of S, i =1,2,3, follows same rules as the calculation of the perturbative
expansion of any cross section except that ) all the matrix elements, both real and virtual, are
computed using eikonal Feynman rules for fixed number of hard partons and 4i) phase-space
integration measure contains the zero-jettiness constraint 6(7 — 7g) but no energy-momentum
conserving J-function.

We also note that it is convenient to deal with the case of two hard partons in the
final state, which covers the two-jet production in electron-positron collisions. In principle,
computing the soft function for hadron collisions from the result for eTe™ could have required
a non-trivial analytic continuation. Fortunately, the zero-jettiness case is simple enough so
that this does not happen [51, 55, 56] and the two results are actually the same.

We will now discuss the phase-space integration and fully define the contribution to the
zero-jettiness soft function that we calculate in this paper. We are interested in computing
the one-loop correction to the double-real contribution to the soft function. The double-real
contribution appears for the first time in the calculation of So; hence, the one-loop correction
to it affects S3. Thus, we consider the phase space for two soft particles and use n = 2
in Eq. (2.1). Since the zero-jettiness variable requires us to determine minima of various
scalar products, it is convenient to split the phase space into sectors where these minima are
uniquely determined, and compute contributions of these sectors separately. To this end, we



introduce the Sudakov decomposition of the momenta of two final-state soft partons. We
work in the center of mass frame of two hard partons p; and ps and write

pl =Ent, ph=FEn" (2.4)

We choose n -7 = 2, so that s = 2p; - po = 4E?. We then write

[T @ﬁ“ + K, (2.5)
P2 2 b
and find
2p1 . k‘l == 2Eﬁ2, 2p2 . k‘l == 2EO£Z'. (26)

If we choose P = 2F in the definition of the zero-jettiness variable, we obtain

2
To =Y _ min [{a, 3}]. (2.7)

i=1

There are two minimum conditions we need to resolve; hence, to identify the zero-jettiness
uniquely, we use partition of unity

1=[0(cn — B1) +0(B1 — an)] [0z — B2) + 0(B2 — )] . (2.8)
Combining this with the delta function that ensures a particular value of zero-jettiness, we
write
2
0 (7' — > min H%’ﬁiﬂ) =
i=1
6(1—B1—P2)0 (o1 = P1) 6 (a2 — B2) + 0 (T — a1 — a2) 0 (B1 — ) 0 (B2 — a2) (2.9)

+(r—Pr—a2)0 (a1 —B1)0(Ba —a) + (T —a1—B2) 0 (B1 —a1) 0 (g — B2) . (2.10)

For a particular final state f, the one-loop correction to the double-real contribution to
the soft function is obtained by integrating the product of the tree-level (jo(f )) and and the
one-loop (jl(f )) eikonal currents over the corresponding phase space. Hence, we define

MG (ky, ko, m,71) = 2Re (jf” (n, 7, oy, ko) T (n, 7, ey k:g)) , (2.11)

where the sum over polarizations of the final-state partons is assumed.

The zero-jettiness constraint can be split into the same-hemisphere and the different-
hemispheres contributions, given in Eqgs. (2.9) and ( ), respectively. Although it appears
that four different terms need to be integrated for each of the final states f, we can simplify
the calculation by making use of the symmetries between final-state partons, as well as the
symmetries between two hemispheres, where appropriate. We will also use the fact that soft
eikonal currents are uniform in the soft momenta; this allows us to factor out the dependence



Figure 1. Example diagram which are anti-symmetric under the interchange of quark and anti-quark
momenta.

on the jettiness parameter 7. Hence, we write the one-loop correction to the double real-
emission contribution to the zero-jettiness soft function as

Siewy = 77175 - (SEhv + SHEv) (2.12)
where
sy =S Y /d<1>"” (M (b )+ MO (b )] (2.13a)
(7} spins
Skhv =Y vr > / i [ MO Ry o, ) + MO (g, )] (2.13b)
{7y spins

and vy are factors that are particular to the final state fas we describe below. The two phase
spaces that appear in the above equation read

d®gy = [dk1] [dk2] 6(1 — By — B2) O(a1 — B1) O(ag — B), (2.14a)
d®yy = [dki] [dks] 0(1 — B1 — ag) B — B1) O(B2 — 2), (2.14b)

where [dk;] = d(d_l)ki/(2k§0)(2ﬂ)d_l). Note that, as the consequence of using just the two
phase spaces, we have to compute the interferences of the one-loop and tree eikonal currents
in Eq. ( ) for different assignments of momenta k; 2,n and 7.

We include gluons and ny quarks in our calculation. However, since we use the Feynman
gauge for both virtual and real gluons, we must account for final-state ghosts to remove
contributions of unphysical gluon polarizations from the final result. Hence, we write

Srrv = SgRv + SpRv + SRRV (2.15)

where c¢ is the ghost field. To construct contributions of individual final states to Sggry, we
use vy = 1/2, v = —1 and v, = 1. We also note that further simplifications in Egs. (2.13) are
possible if the matrix elements squared M) are symmetric under the permutations of its
arguments. We find that this is indeed the case for the gluon and ghost final states. However,
it is not the case for the ¢q final state, because diagrams of the type shown in Fig. | are anti-
symmetric under the interchange of the momenta of the soft quark and the soft anti-quark.
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Figure 2. Different contributions to soft amplitude squared

These diagrams lead to the QCD analogy of the charge asymmetry in QED, as was recently
pointed out in Ref. [50].

We now summarize the steps required to compute the one-loop QCD correction to the
double-real emission contribution to the zero-jettiness soft function. We elaborate on each
of these steps in the remaining sections of the paper. We begin by constructing Born and
one-loop two-parton currents using eikonal Feynman rules,” compute their interferences, sum
over polarizations of all final-state partons, map them onto templates in Fig. 2 and write the
resulting contributions as integrals over phase spaces defined in Eq. ( ). To compute these
integrals we rewrite them as loop-like integrals using reverse unitarity [5%] and use integration-
by-parts technology [59, 60] to express them through a small set of master integrals. However,
the direct application of integration-by-parts methods to integrals with Heaviside functions
is subtle [72]. As follows from Ref. [72], integration-by-parts identities for integrals with 6-
functions contain integrals with some or all #-functions replaced by J-functions. Hence, in
addition to phase spaces shown in Eq. ( ), we will also require integrals over d®%7', AP
and d®§ where the notation should be self-explanatory. We express all required integrals
through master integrals, and then compute them either by performing loop- and phase-space
integrations directly or by setting up and solving differential equations that these integrals
satisfy. In the following sections, we elaborate on each of these steps.

3 Input generation and the reduction to master integrals

Although it is straightforward to construct the input expression for the interference of tree
and one-loop soft currents, it requires significant amount of bookkeeping, especially at N3LO
QCD. Because of that, we developed a tool chain based on the generic representation of
Feynman diagrams that we have to compute. We start with the template shown in Fig.
where we always draw a one-loop amplitude to the left of the cut and the Born amplitude
to the right of the cut. The amplitude to the right of the cut is supposed to be complex-
conjugated but it is simple to perform this operation for Born amplitudes.

20One-loop soft currents for gg and ¢ final states have been computed earlier, see Refs. [75-57]. However,
since we need to integrate these currents over phase space and since this integration is singular, we found it
more convenient to construct the input for these currents ourselves.
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n

To better control the input, we generate the one-loop amplitude and the tree amplitude
separately. We work with Feynman rules adapted to describe the soft limit of QCD. To
this end, in addition to conventional QCD Feynman rules, we include eikonal rules that
parameterize the propagation of a hard parton and its interactions with soft gluons.

To generate Feynman diagrams from QCD Feynman rules supplemented with addi-
tional eikonal lines and their interactions, we developed a custom model file for the package
DIANA [(1] which calls QGRAF [(2] and creates a suitable input for Feynman diagrams that, to-
gether, provide soft currents, both tree and one-loop. Furthermore, as a check, we computed
one-loop and tree two-parton currents starting from diagrams constructed from conventional
QCD Feynman rules and then treating the emitted gluons and quarks, both real and virtual,
in the soft approximation. The obtained expressions for the one-loop and tree amplitudes are
simple enough to construct their interferences and map them onto “loop” diagrams shown in
Fig. 2. This latter step is useful to simplify further calculations that we now describe.

The generated expression for the interference of the one-loop and tree eikonal currents is
clearly the same for nn and nn kinematic configurations. However, since the expression for
the jettiness variable is different in the two cases, delta-functions that ensure that the phase-
space integration is performed at fixed 7 are also different. In the context of reverse unitarity,
these delta-functions are mapped onto propagator-like objects which then induce different
relations between propagators in each of the configurations. Since these linear dependencies
have to be resolved to define unique “loop-integral” families, these families are necessarily
different for nn and nn configurations.

To deal with a large number of integrals, where loop and phase-space integrations are
intertwined in a complex way, it is customary to apply integration-by-parts (IBP) reduction
in the momentum space. In the context of the computation of the zero-jettiness soft function,
the application of the IBP method requires non-standard modifications, as was first pointed
out in Ref. [52]. This happens because the IBP reduction of integrals with theta-functions
forces us to consider inhomogeneous linear relations between integrals. The inhomogeneous
nature of the system of equations that needs to be solved makes it impossible to use any of the
well-tested public codes that are used in large-scale conventional multi-loop computations for
the integral reduction. Because of that, we discuss several reduction-related points below that
are particular to the problem at hand and which were essential for the successful application

3For the sake of definiteness, throughout this paper we consider the hard parton to be a quark that trans-
forms under the fundamental representation of SU(3), although this restriction is immaterial. Furthermore,
in Section 7 we present the result for arbitrary colour charges of two hard emitters provided, of course, that
they are in a colour-singlet state.



of the IBP technology to the computation of one-loop virtual corrections to the double-real
emission contributions to the zero-jettines soft function.

Our starting point is the interference of the one-loop and tree eikonal currents expressed
through a variety of integrals with two theta-functions. We can write integration-by-parts
equations for these integrals, but these equations will contain inhomogeneous terms which are
generated when a derivative with respect to the momentum of one of the soft partons acts on
a f-function. Since our goal is to use this system of equations to express a large number of
the original integrals in terms of a small(er) number of simpler integrals, we need to introduce
criteria to order integrals by their “simplicity”. The most important criterion that we use
for this purpose is the total number of theta-functions in an integral. We will refer to this
parameter as level. We then notice that, since the IBP equations are obtained by computing
exactly one derivative of the integrand, any IBP equation that appears in the calculation, can
be cast into the following form

anIL ZcbIL ]l (3.2)

where integrals on the left-hand side have level L and integrals on the right-hand side have
level L — 1. This observation has to be contrasted with the the result of the full reduction

nL—1

Z ck METR] Z ekt 4 Z 0 MO (3.3)

which implies that an L-level integral will be expressed through master integrals with levels
from L to zero. In writing Eq. (3.3) we have assumed that there are ny master integrals
MZ-L at level L. To order integrals further, we need to elaborate on the relative complexity of
integrals with the same level value.

As we have discussed, in the course of deriving the IBP relations, an integral can move
from an original level to a lower level. When this happens, an additional partial fractioning
is required since delta functions, that appear in the integrands once #-functions are differ-
entiated, are treated as new propagators in the context of reverse unitarity. These new
propagators often depend linearly on the propagators that appear in original integrals and
such linear dependencies have to be resolved before one can proceed with the reduction.

The need to perform partial fractioning for each new IBP equation, except for those that
are generated at the lowest level, is one of the major complications to efficiently setting up
and solving the system of equations in this case, as compared to more conventional cases.
Our strategy was to construct templates to generate IBP equations, perform partial fraction-
ing, and systematically map integrals that only contain linearly-independent propagators on
integral families defined at each level. In spite of the fact that the application of templates to
large intermediate expressions with the goal to identify and classify integrals was crucial for
the success of the reduction procedure, it still proved to be time- and resources-consuming
process.



Similar to conventional cases, there are symmetry relations between integrals, and the
actual reduction can be performed for smaller sets of truly independent integral families.
Symmetries within a given family are based on the invariance of integrals under linear trans-
formations of loop and/or final-state parton momenta but these transformations must be
consistent with constraints imposed by an observable. In the context of loop computations,
such linear transformations are applied to an integral described by a vector of powers of the
propagators I[ni,ng,...] where negative values are used to describe scalar products in nu-
merators. A momentum transformation then leads to a re-shuffling of positive indices and to
momenta shifts in the numerators. The possible shift-identities are universal for all integrals
characterized by the same set propagators in positive and negative powers. Following the
standard terminology, these “sub-families” are referred to as “sectors”. Mapping relations
can be constructed between sectors; these relations have to be ordered to uniquely specify
which sectors are kept and which ones have to mapped.

Mapping rules between integrals can be constructed by using the method first introduced
in Ref. [63]. This method relies on identifying relations between different loop integrals by
bringing their Feynman parameter representations into a unique form so that their similarities
become manifest. To apply it to integrals with delta and theta functions, we first map
all the relevant integrals on to auxiliary loop integrals that contain all propagators of the
original integrals and additional propagators constructed from arguments of each delta and
theta function. To ensure that propagators that originate from delta and theta functions are
not confused with conventional propagators, we add auxiliary masses to each type of new

propagators
1 1

0(A) — m, I(A) — A—img (3.4)

We then search for symmetry relations between different integrals following the procedure
described in Ref. [63].

Following the above remarks, we introduce the global ordering of all sectors that appear
in our problem using the L, Ty, St, 1, tuples, where L is a level, T}, is a unique family label
defined for the level L and S7, 1, is a sector identifier for a given family. Defining the mapping
rules at each level, we construct the final list of tuples which contains unique sectors for which
IBP relations must be constructed and solved. Ordering of tuples in complexity is fixed once
and for all, and it tells us the “correct” order of IBP reductions in each of the unique sectors.

To generate IBP equations we use lists of seed integrals. It is difficult to accurately
predict the maximal powers of the numerators and denominators of these seed integrals that
are required for a successful reduction. We estimate these powers from integrals that appear
in the expression for the soft function and we extend it to include all possible integrals that
appear at the intermediate stages. The IBP reduction starts at the maximal level (L=2 in
our case), where IBP identities are generated starting from the integrals in the seed list. All
integrals that appear when the IBP identities are derived are mapped onto unique sectors.
The same procedure is repeated for all simpler sectors and lower levels, until only L = 0
integrals are added when new IBPs are derived. Level-zero integrals do not contain theta



functions; hence, they can be dealt with using the standard reduction methods implemented
in Kira [64, 65]. To this end, we generate large look-up tables which contain all possible
delta-only integrals that appear as inhomogeneous terms during the reduction.

To solve the constructed system of IBP relations, we start with the simplest sector with
L = 1, where for the first time inhomogeneous L = 0 contributions appear. To deal with
these inhomogeneous equations in a selected sector, we use reduction tables for integrals from
all simpler sectors and construct a linear system readable by Kira where all integrals from
simpler sectors are replaced with the corresponding master integrals.

We note that Kira’s ability to deal with user-defined systems tremendously simplifies and
speeds up the solution of the system of linear equations. Indeed, once the reduction tables
that are needed to replace the integrals from simpler sectors through corresponding master
integrals are provided, Kira can reduce the system to the minimal set of master integrals
in an efficient way using modern approaches to the IBP reduction problem, such as finite
field sampling [66]. Since this strategy assumes that reduction results in a given sector are
re-used in more complex sectors, we prepare reduction tables for all possible integrals in a
particular sector which are limited by some powers of propagators in the denominators and
some powers of irreducible scalar products in the numerators. It is important to note that
when working with sectors at the same level, reductions of integrals in sectors with the same
number of propagators can be done in parallel since they only depend on the reductions in
simpler sectors which are assumed to be already available.

4 The master integrals

Once the reduction problem is solved, master integrals have to be computed. It follows
from the above discussion that their calculation requires integration of one-loop integrals and
various factors that depend on momenta of final state partons, over different phase spaces. We
find that, in total, 61 master integrals need to be computed; they are listed in Appendix 3. All
one-loop integrals, needed to compute the master integrals for the soft function, contain two-,
one- or no eikonal lines. All of them, except the five-point integrals, can be easily expressed
in terms of hypergeometric functions; the results can be found in Appendix A. Furthermore,
there is a large number of master integrals for which integration over phase spaces of two soft
partons can also be performed with a relative ease.

To show an example of how such computations are performed, consider master integral
defined in Eq. ( ). It reads

d(I)nﬁ
e y ST 11
56 / (k1 - k2) (k2 - n) (k12 - 1) 10111 (4.1)

where k15 = k1 + ko and 0361111 can be found in Appendix A. We write it here one more time
for the ease of reference

Q@2 T(1—e)(1+¢e)]?
o [

21 _
O10111 -

a1B12) 5 Fy <1 +¢e,—¢,1—¢; a2 > , (4.2)

_E —_—
" B2

— 10 —



where Q) = 277/2/T'(n/2) denotes the surface of a unit sphere embedded in n dimensions.

To proceed with the calculation of the integral Is5, we begin by integrating over the
relative azimuthal angle between transverse momenta of the two gluons. Since aq82 > a1
for nn integrals, we find

dQ(d_z) 1 2 oo
= Fi(1.1 1—e,— ). 4.3
/ Q@2 (k- ky)  aify’ ! ( el alﬂ2> (4:3)

The required integral becomes

Q-2 \* I —ara+e)]? [
o= (W) e_w{ e ] / [ deuditess)™
i=1

x 8(1 = B1 — a2)f(ar — B1)0(B2 — aa) (a1 Bra) ™ (auafian) (4.4)
X o FY <1,1—|—€,1—€;a2—51> o F <—€,1+€,1 —€;ﬁ>
a1 P12
We change variables aq — 11, 82 — 19, where
=2 522 (45)
™ 2

and use the d-function to eliminate 8;. We find

3 1
Qd=2) e [T(1—2)0(1 2
156 = 27 <4(7> e_“re |: ( 6) ( + 6):| /drl d?"2 dOéQ
0

27)d-1 5

) ag 172 (1 — ap) 1Byt 142 (4.6)
(1 — a2(1 — 7’1))(042 + (1 — ag)T2)1+€

(1—0[2)7‘2
XoF1 (1,146, 1—¢;rre)oF) | —6,1 46,1 —¢; .
217 ( 172) 2 1< P [ ———

To isolate singularities in this integral, we note that hypergeometric functions in Eq. (1.6)
do not contain isolated singularities. In fact, oF1(1,1 + &,1 — g;r173) ~ 1/(1 — ryrg) and
oF1 (—e,14+¢,1 —¢;(1 — ag)ra/(ag + (1 — ag)re)) has a logarithmic singularity at o = 0. To
isolate non-integrable singularities, we perform partial fractioning of the prefactor in Eq. (1.6)
and find
T17T2
012(1 — 012)(1 — 042(1 — rl))(ag + (1 — Oég)’r'g)
71 9 ro(1 — )3 ri(1 —1rg)3

(4.7)

a l—ay (A—rr)l—a(l—r)) (A —rr)(re+as(l —ry)

If the last two terms in the right hand side of Eq. (1.7) are used instead of the expression in
the left hand side of this equation in Eq. (1.0), integrations over ay and r; 2 can be performed
upon expanding the integrand in € since it does not contain non-integrable singularities. We
use HyperInt [(7] to perform the required integrations.

— 11 —



The second term in the right hand side of Eq. (1.7) has a singularity at ag = 1. However,
ao = 1 is a regular point of the hypergeometric function

_ _ L (I =agr
G(Oég,rg) =9/ < gl+e1—c¢; (a2 n (1 — 042)7‘2)> R (48)

and of an e-dependent term (ag + (1 — ag)r2)~¢ in Eq. (1.6). Hence, focusing on the second
term in Eq. (1.7) and the as-integration we write

dag a; % (1 — ag) ™13
(a2 + (1 — ag)ra)*

das 042_28 G(ag, ) B
T a) 7 {1 e+ 0oy 1] }

The first term in the curly brackets on the right hand side of the above equation can be

G(Oég, 7‘2) =
(4.9)

o O~ _

immediately integrated, and the term in the square brackets expanded in & as it is not
singular at ap = 1. The following integrations over r; » are also not singular and can be easily
performed using HyperInt.

We continue with the discussion of the first term in (1.7). Substituting it into the rest of
Eq. (4.0), changing the integration variable cy — u, where

ro(l —u)

Sioeav (4.10)

and integrating over r1, we obtain the following integral to compute

1

I'(2 + 2¢)
J ~ e /dudrg o S (1 — u) " 3503 (u 4 (1 — ) T HT0E
3+2
0

oF1 (1,-2¢,1 —g5u)3Fy ({1,1 +¢,2+ 2}, {1 —e,3+ 2c};r2).  (4.11)

This integral is divergent at u — 1. To extract this divergence, we note that the following
equation holds

—1-2¢ 52F2(1 B E)

(1 —u)_l_gegFl (1,—26,1 — & U) = (1—U) u W

27 (4.12)

_ (1 _ u)—1—3€ _ (1 _ u)—3sr(2 — 6)

oF (1,1 —26,2 —¢;1 —u).

To prove it, we first use the standard identity that relates hypergeometric functions with
arguments v and 1 — u and, then employ one of the Gauss’ relations

b
oF) (a,b,c;1 —u) =9F; (a—1,b,¢;1 —u) + E(l —u)oFy (a,b+1,c+1;1 —u) (4.13)
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to shift parameters of one of the hypergeometric functions.

When we use Eq. (1.12) in Eq. (1.11) the first two terms on the r.h.s. of Eq. (1.12) can be
integrated over u in terms of hypergeometric functions and, since the remaining integration
over r9 is non-singular, it can be performed expanding the integrand in powers of ¢ and
integrating using HyperInt. The third term on the r.h.s. of Eq. (1.12) does not generate
singularities when integrated over u and ry in Eq. ( ). Thus, we integrate it with the help
of HyperInt after expanding in e.

Finally, putting everything together, we find the following result for the integral defined
in Eq. (1.1)

3
. Q(d_2) —ime 1 1 7'('2
156—21<W> e —€_3+?<_4C3_€+5>

1 2 ot 4072¢3 34r2 197t
“ (=5 REANR R | 6 117¢5 — 200¢5 — —— — —— + 41 4.14
+ < G+ "3 >+ +117¢3 (s 3 T (4.14)
2312(3 60174 533976
202 — — 64 1 4372 — -2 2
+€ <30 a3 643¢3 + 15¢5 + 120 + 437 1340 9]+ 0],

where we performed an expansion in ¢ up to O(e) when weight-six contributions appeared
for the first time. Although the absolute majority of the required integrals can be computed
following similar steps, there are several integrals for which doing this appears to be diffi-

cult. As an example, we consider the integral in Eq. ( ) which we also display here for
convenience
= Otion
Iy = | APy ——— 4.1
In Eq. ( ) 01’12011 is a one-loop four-point function that can be found in Appendix A. It
reads
1.2 d? 1 iQd=2) :
O1ionn :/ a 5 5 = a=T¢
@m)® [1-n] [P)[( = k12)?][(k12 — 1) -] 4(27)

3(1 —e)T?(1 +¢) (4.16)

% €2F(—2€)P(2 + E) (a12ﬂ12)1+8

oFy <1+€,1+E,2+E;1— Lﬁ),

12512
The difficulty with evaluating the integral in Eq. ( ) is related to the appearance of the
invariant mass of the two gluons k%, in the argument of the hypergeometric function in
Eq. (1.16). Since k%, depends on the relative angle between transverse momenta of the
two gluons, the integration over this azimuthal angle becomes very complicated. It is quite
possible that, with some effort, one can find a way to expand this integral in powers of € or
derive a suitable Mellin-Barns representation for this integral, but we decided not to pursue
this effort. Instead, we have opted for constructing a system of differential equations for the
remaining integrals by adding auxiliary parameters to the problem. Below we discuss how
this can be done.
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5 Differential equations for master integrals

In this section we explain how to set up differential equations for master integrals that appear
in the calculation of the one-loop correction to the double-real emission contribution to the
zero-jettiness soft function. The key observation is that we can replace #-functions in all
master integrals that we need to compute with integrals of §-functions that depend on the
argument of the original theta function and an auxiliary parameter. We then use these
parameters to derive and solve the differential equations for descendants of the original master
integrals that contain these modified delta functions.
To illustrate this point further, we consider a 66 integral

s = [ 40335k, ko) (1)
Since this is an nn-integral, it contains a theta function («; — B1). We then use the integral
representation [19]
1
9(041 — ,81) = /dZ (5(&12’ — ,81), (52)
0
and write .
Ips = /dz Jos(2), (5.3)
0
where
Jos(z) = /dq’gﬁs o f(ki, k). (5.4)

The modified phase space in the above equation is defined as
d ELZ; = [dk’l] [dk‘Q] 5(1 — 51 — 52) 5(0[12 — 51) 5(0[2 — 52) (5.5)

Since there is a parameter z in an integral with the d-functions, we can use reverse unitarity to
derive differential equations for Jys(z) integrals. Exactly the same can be done for 86-integrals
where the only difference is that we will have to rewrite each 6-function as an integral of a
d-function so that resulting auxiliary integrals depend on two parameters z; o.

Although §9 integrals are, in principle, simpler, not all of them are simple enough to allow
seamless direct computation. For this reason, it is useful to set up a system of differential
equations also for §J integrals. Since the trick that we used for 5 and 66 integrals cannot
be used for 00 integrals, we need to introduce an auxiliary parameter in a different way.
Specifically, we consider a dé-integral

Tis = [ 4033 flha ko). (5.6)

“See also Section 4.2.2 in Ref. [68].
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and write it as
1

Iss — / dz Jss(2), (5.7)
0
where

Tis(x) = / AR (k1. k) (k2 — ). (5.8)

The parameter x fixes the invariant mass of the two soft gluons [51]. We note that the
integration boundaries in Eq. (5.7) are easily established using the Sudakov parametrization
for the final-state gluons’ momenta. Similarly to the case of z-dependent auxiliary integrals
discussed earlier, it is straightforward to derive differential equations for Jgss(z) using reverse
unitarity.

To summarize, following the above discussion we conclude that all master integrals that
we require to calculate the one-loop corrections to the double-real emission contribution to
the zero-jettiness soft function can be written in the following way

1 1
% = /d:z: J%(x /d:z: RY(e,z) f(z), (5.9a)
0 0

1
% = /dz JP(2) = [ dz R%(e,2) f%(2), (5.9b)

S

o

1 1 1
7% = /dzl/d22 Jo (21,22) = / /d22 R (€, 21, 22) f%(zl,zg), (5.9¢)
0 0 0

where J&S,%,GG

are the parameter-dependent descendants of the original master integrals
whereas f56796’99 are x-, z- and 21 2-dependent master integrals. The functions R90:00.00 are
the reduction coefficients which arise when J integrals are expressed in terms of f integrals;
they are rational functions of € and z, z or 21 2. Since J integrals do not contain #-functions,
the reduction of J to f , is performed using the standard Kira interface.

As we already mentioned, f integrals satisfy differential equations which can be con-
structed by differentiating w.r.t =, or z, or 21 2, and then reducing new f integrals back to the
original set. We note that the set of f integrals should be large enough so that the system of
differential equations closes.

Once the integral representations of I integrals shown in Eq. (5.9) and the differential
equations for f integrals are derived, we solve these differential equations and determine f
integrals provided that an appropriate set of boundary conditions is known. Since these
integrals are sufficiently complex, we can only compute them expanding in e. We emphasize
that such results for master integrals are valid in the bulk of the corresponding integration
intervals but not at the boundaries where the integrals are singular. For this reason, it is in
general not possible to use the e-expanded results for the master integrals to integrate over
z,z and z1 2 because the corresponding integrals diverge at the integration boundaries.
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To explain how, in spite of this problem, the f integrals are computed and then integrated
over auxiliary parameters, we note that a basis for these integrals can be chosen that brings
the system of differential equations to the so-called e-form [09]. We will refer to this new
basis of f integrals as ¢ integrals.

For integrals that depend on a single variables, Eq. (5.92) and Eq. ( ), the differential
equations in the e-form read

9g
By~

For the case of two variables Eq. (5.9¢) we obtain a system of coupled partial differential

eA(y)g, f=T3. (5.10)

equations

0gwy2) _ 4.

. 0g(y1, z . > .
o (Y1, 92)9(y1,92), 990, 22) =cAa(y1,92)d(y1,92), f=Tg.  (5.11)

0y

We note that we changed variables = y? and z = y? for single-variable integrals and z; = yf
for integrals in (5.9¢) to write the differential equations Egs. ( , ). For all the required
cases the transformation matrices T were found using CANONICA [70].

It turns out that the single-variable differential equations Eq. (5.10) in our case are such
that the general solution expanded in € can be immediately written in terms of harmonic
polylogarithms [71]. For the two-variable case Eq. ( ), the general solution of the system
is expressed through the generalized polylogarithms [72].” To construct particular solutions
we need to determine boundary conditions. We do this by calculating selected integrals
around chosen singular points of the differential equations. To this end, consider a singular
point yg. Since this is a regular-singular point of the relevant systems of differential equations,
the expansion of the integrals around it can be written as follows

g= Uy%yoé’ym (5.12)

where éyo is the vector of constants and the matrix U,_,,, reads

o
Uyogo = D0 =40 D eanly — yo)™ (5.13)
A n=0

All possible values of parameters A\ as well as recursive relations between matriz coefficients
can can be obtained from the differential equations Eq. ( ) which the matrix Uy, sat-
isfies. We note that the rational matrix A in that equation should also be expanded in series
around y = yo. The resulting solutions contain a few constants that need to be determined
separately. To this end, one computes the expansion of the original f integrals at y = yg by
calculating f = Tg. The constants éyo can then be determined from the explicit computa-
tion of a few “branches” of f integrals in the vicinity of y = yg. This step completes the
determination of particular solutions for single-variable integrals f

®We note that the alphabet for this case reads A = {y1,1 £ y1,92, 1 £ y2,y1 £ y2,1 £ y1y2}.
SExpansion of the matrix Uy—y, around a singular point may include logarithms of y —yo. We have found,
empirically, that these logarithms are absent in the considered case.
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Once integrals f are known as an expansion in €, their linear combinations with rational
coefficients need to be integrated over x or z from zero to one, to recover the original master
integrals, c.f. Eq. (5.9). As it turns out, these integrations, are singular at the boundaries.
The singularities can appear both in matrices R and in the integrals f themselves. To
deal with these singularities, we need to construct s-exact approximations to integrands in
Egs. ( ) ) around singular points such that differences between actual and approximate
integrands are integrable in the whole interval [0, 1] for ¢ = 0. Below we explain how this
can be done using the e-expanded solutions in the bulk of the interval provided that they are
known to a sufficiently high e-order.

The challenge is to construct an e-exact solution of the differential equation in the vicinity
of the singular point y = y; from the available e-expanded solution valid at y # y;. This
is is an “inverse” problem to what we did when we constructed particular solutions from
the approximate computation of integrals at y = y9. Hence, if we need to calculate the e-
resummed approximation to the solution of the differential equations at a point y = y1, we
write an Ansatz similar to Egs. ( , ) with yg replaced by y1, expand the approximate
result in € and the exact one in y — 1, and determine the vector of constants éyl. Once this is
accomplished, we can compute the expansion of e-exact integrals in y — y; to any order using
recurrence relations derived from the differential equations, thereby determining the required
subtraction terms.

We now explain how to do this in an efficient way. We start by writing the vector of
unknown constants éyl as

C_;yl = _—1>y1§7 (5.14)

where g is known as an expansion in e. In principle, we can compute the matrix Uy_,,,
following the steps discussed in connection with the evaluation of the matrix U,_,,,. However,
it turns out to be more efficient to derive and solve the differential equation satisfied by Uy__{y .
instead of solving an equation for Uy_,,, and then inverting the matrix. We note that the
equation for the inverse matrix is easily derived from an equation that the matrix U satisfies.

We use these results to enable the calculation of the original master integrals I. Account-

ing for the change of variables z, z — 32, we write
1 1
I= /dy [(2y) RTG— 5] + /dy S. (5.15)
0 0

The subtraction term S removes all singular terms of the expression 2yRT'g in both y — 0
and y — 1 limits; it is obtained from expansions of the corresponding U-matrices around
singular points using representation shown in Eq. ( ). It reads

—

By definition the integration of the first term of Eq. (5.15) converges on the interval y € [0, 1]
and we perform it using the package HyperInt [07].
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The integration of the subtraction term is elementary since it only contain powers of
y and (1 — y). The only difficulty here is a need for a deep expansion of vectors qu_)()
and C_;y_)l in €. However, using procedures explained above it is possible to construct such
expansions provided that solutions to differential equations in an e-expanded form are known
to sufficiently high orders in ¢.

We treat integrals that depend on two integration variables in a similar way, except that
the boundary conditions now are series in two variables. This leads to certain changes in the
described algorithm. We start from the system of differential equations in a canonical form,

- —

0 . 0 .
—W1,y2) = Mig(y1,v2),  5—3W1,y2) = Mag(y1,y2), (5.17)
oy 0y2

where
M; = €A;i(y1,12), (5.18)

and solve the first differential equation. We then find
g=Ub, (5.19)

where b is now a function of the second variable. Substituting Eq. ( ) into the differential
equation for ys, c.f. Eq. ( ), we obtain

9 - . .

—b=U"'[MyU — 9,,U b= M b. (5.20)
y2

By construction, this equation does not depend on y; and, therefore, can be solved following

what has been discussed earlier. Hence, we bring this equation to a canonical form with the

help of an additional transformation b =T’V and write its solution as
V=Vd, (5.21)

where d is a vector of constants. Finally, the solution of the original two-variable system is
written as follows

Fyr,y2) =T Glyry2) = T U(yr,y2) by2) = T U(ys,y2) T' V (y2)d- (5.22)
The constants d can then be determined by comparing the expansion of the integrals f around
chosen singular points with the expansion of matrices on the right hand side of the above
equation. We note that, in variance with two single-variable cases, matrix U(yi,y2) contains
generalized Goncharov polylogarithms, whereas matrix V' depends on harmonic polyloga-
rithms only.

Finally, to construct the subtraction terms which are required to enable integration over
y1,2, we proceed in the same way as in the single-variable case. The difference, however, is that
we need to construct generalized expansions in two variables. Since we need f (y1,y2) integrals
to compute 06 integrals and since these integrals only appear in an nn configuration which is
less singular in comparison to nn, it appears that a fairly small number of such subtraction
terms needs to be constructed. To manipulate and integrate generalized polylogarithms that
depend on two variables, we use their implementation in HyperInt.
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6 Boundary conditions

To compute integrals by solving the differential equations, we require boundary conditions.
The point for which the boundary conditions are calculated is chosen in such a way that
computation of integrals simplifies. To understand for which values of z, z and 22 such
simplifications happen, we need to consider the dependence of phase spaces and various
scalar products on these parameters. The most complicated scalar product is 2k1 ke because
of its dependence on the azimuthal angle between momenta of the two gluons ki . Hence,
an appropriate choice of the kinematic point should simplify this dependence.
We begin with the discussion of dd integrals. In this case, the phase-space reads

do = [dkl] [dk2]5(1 — ,81 - ,82)(5(&1 - ,81)(5(&2 - ,82)(5(2]€1k2 - a:) (61)

Since for §0 integrals
x = 2k1ky = 21 52(1 — cos p12), (6.2)

we can trade the integration over cos 1o for the integration over x. We find

Qd-2) i —1/2—¢ —-1/2—¢
40 = gomr ) N VAR - B) — 2 A, (63
where 24eT(1 — 2¢)
€ — 2
N, = e (6.4)

is the normalization factor.

A convenient point to compute the boundary conditions is * — 1. Indeed, since the
argument of the square root in the above equation needs to be positive, the integration region
over (31 is given by the following equation

1 1
5(1—\/1—x)<51 <§(1+\/1—g;). (6.5)
It follows, that if z is close to one, (31 is approximately 1/2. Since $; = 1/2 is a non-singular
point, computation of master integrals simplifies.

The 64 and 06 integrals are similar. We consider the latter case, as it is more general. We
assume that oy = f1/21 and B2 = as/z2. Using this parameterization, we find the following

expression for 2kq ks
Brag
Z1%9

2k1ky = (1 — 24/z129 cos p12 + 2’12’2) . (66)

This expression simplifies if we consider the limit where both z; and z, become vanishingly
small since the dependence on the azimuthal angle disappears. This simplification allows us
to compute the boundary conditions for master integrals with a relative ease. We also note
that a similar argument applies to 6é-integrals since in that case we obtain 2kiko from the
above equation by setting either z; or zo to 1.

— 19 —



We will now discuss two examples of the boundary integrals. One of the §d-integrals that
we need reads

J(x) = / D (21 ks — ) OL), (6.7)

where the one-loop integral can be found in Appendix A. Using the expression for 0%111017
and the fact that d®§;'0(2k1k2 — x) equals to d® in Eq. (6.1), we find

e NP o914\ .
s =4 ) - (FED)

(6.8)
X /dﬁ (B —=B)—z) V(1= B) 5k (1+e,—6,1—51-8),

where the integration over f is performed on the interval shown in Eq. (6.5).
We then consider the limit x — 1 in which case, as we explained earlier, the integration
over f3 is restricted to § &~ 1/2. It follows that

B 3
lim [(x) ~ 1 (ﬂ) e—iﬂa (P(l - E)P(l + €)>2 Nx

o 4 : (6.9)
where we used
1(1+vI—a)
_1/2-e  P(1/2)T(1/2 — .
b / dB (1 — ) — )77 ~ (/2r)(1(—/5) ) (1- ). (6.10)
11-vI=z)

Finally, we note that all other z-dependent integrals can be studied in a similar fashion.

We continue with the discussion of the boundary conditions for 8- and #6-integrals. We
will only consider one of the 66 integrals since the analysis of the 8 ones is rather similar.
To this end, consider the following integral

O2,1
J99(21,22) = /[dkﬂ[dkg]é(l — ,81 - a2)5(21a1 — 51)5(22,@2 - ag) ¢. (6.11)
2]€1 . kg k12 n
Using the expression for 0%11101 from Appendix A, we write
3

. Q(d_2) —ime P(l B E)P(l + E) 2 2 —& dQS(Odlgm

J@g(Zl,ZQ) =1 <W> e |: - :| /Edazdﬁl(azﬂl) Q(d_2)
X (5(1 — ,81 — a2)5(21a1 — ,81)(5(2252 — 042) 122 (6'12)

BraBrao(l — 2,/Z123 cos p12 + 2122)

X (52&12)_1_82F1 <1 +e,—e,1—¢; 2) .
12
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We observe that at small values of 21> the dependence on cos 12 disappears from the inte-
grand. Hence, the leading asymptotic behavior of Jyg(z1, 22) in the limit 2,5 — 0, follows
from the simplified integral

3
Q(d-2) _[T(1—&)T(1 2
lim Jpg ~ i (7 e T [ (L= +E)} A T Rz, 22),

z1,2—0 4(27T)d_1 e
1 (6.13)

dﬁl 1_51) 1—2&5—2—35 < B . 51Z1 >
/ 1—B1+ Biz) e (B + (1 — Bi)z2) hi(lte-al-e 1-B1+ bz )

0

To integrate over (; in the limit z;2 — 0, we note that three integration region lead to
particular dependencies on zj9; they are 1 ~ 29, 20 < 1 < 1 — 21 and 1 — 21 ~ fy.
Contributions of each of these regions can be calculated independently of each other by
expanding the integral in variables that are small in a particular region and extending the
integration region to ensure that homogeneous scaling of the remaining integral in the small
variable is achieved [73]. Since we are interested in the leading asymptotic in each region,
this is a relatively simple thing to do. Hence, we write

lim Fog(21,22) = Fr + Fpnzy + Fini—z- (6.14)

Z21,2—

The contribution of the “Taylor-expansion” region Frp is computed by setting z;1 = 29 =0
everywhere in the integrand of the function Fpy. We then find

I(—2—3¢)I(—1 — 3¢)
I'(—3 — 6¢) '

FT — /dﬁl(l _ 51)_2_3€ﬁ1_3_3€ —_ (6.15)
0

In the region where 1 ~ z9 the argument of the hypergeometric function is small, O(z221),
so that the hypergeometric function can be Taylor-expanded. Furthermore, to leading order
in 81 ~ 29 < 1, we can replace

1-p1+ bz =1, 1=51—=1, Bi+(1—p51)z — b+ 2. (6.16)

To ensure that the resulting integral scales uniformly with z5, we extend the integration over
(1 to infinity and find

o0

Fpyny = /dﬂl B2 (B 4 22) 7 = 27T T(—1 — 36)T(2 + 3¢). (6.17)
0

Finally, we perform a similar analysis for 81 ~ 1 — z;. The only difference with respect to the
previous case is that the hypergeometric function cannot be simplified since f121/(1 — 1 +
B1z1) ~ O(1) in this region. Hence, changing variables 5 = 1 — &, we write

f 1-2¢ 2
FBINl 21 / é 1+€2F1 (1 +€, —671 — & m) . (618)
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Writing € = 21 (1 — w)/u, we find

o0
Fgini—z = zl_l_?’e/du w1 —u) VB R (146, —6,1 — g5u)
0 (6.19)
! 1+¢

3F2({1 +e,—¢,1 +3€}7{1 —&l +€}; 1)

We note that each of the computed contributions is the leading contribution for a particular
“branch” since each of them involves a dependence on 21 o raised to a particular e-dependent
power and each receives O(z1, z2) corrections. Some of the computed branches can be used
as the boundary conditions for the corresponding integral whereas other follow from the
inhomogeneous (simpler) terms in the corresponding differential equation and can be used
for consistency checks.

The approach described above drastically simplifies the calculation of the required bound-
ary conditions for all integrals except the pentagons, see Egs. (13.0) and ( ). However,
it follows from the differential equations constructed for these master integrals and from the
analysis of their Feynman-parameter representation that no independent boundary conditions
are required for integrals of the five-point functions and the results for them can be obtained
by simply integrating the inhomogeneous terms in the corresponding differential equations.

7 Results

Following the above discussion, we obtain the results for the gluon, ghost and quark-antiquark
contributions to the soft function. We emphasize that the separation of final states into
“gluons” and “ghosts” is unphysical; it is related to the fact that we use —g"” to describe
the density matrix of the final-state gluons. Hence, we only present the result for the correct
combination of gluons and ghosts, and quarks below.

To present the one-loop correction to the double-real emission contribution to the zero-
jettiness soft function, we write

2 5 3
B _ _-1-6 g (4m) (3) (3)
S = (g (S

where g, is the bare QCD coupling constant. We note that we need to compute Sg’}){v 99 and

Sl%%\/, 47 through O(¢) since the e-expansion of the factor 77176 that appears in Eq. (7.1)
generates a single 1/¢ pole

8(7)
6e
Physically, hard emitters can be either in the fundamental or in the adjoint representation

T—1—65 _

(7.2)

of QCD; these cases describe processes with two hard quarks or gluons, respectively. Below

"Separate results for the ghost contribution as well as for the unphysical Feynman-gauge gluon contribution
can be found in an ancillary file provided with this submission.
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we present the result of the calculation of the one-loop correction to the emission of two
partons where color charges of hard emitters are not specified. We find

3 40 88 1 /2144 7672 1 /16448 22072
Séﬁw,gg:CRCi[‘@‘—‘—(W‘ )= (T

et &3 9 81 27
133832 N 1715272 | 14432¢ 267774 641296 N 1288072
e\ 81 81 9 135 729 243
814723 N 143117% B 87212 (3 N 18880¢s [ 2365264 N 89647672
9 135 9 3 2187 729
| T24720¢3 N 511887* N 1216167°¢3 3256005  229231w"
81 81 27 3 17010
17440¢3 16 400 87?1568
— CrC Tr) | — + — + — + ——
3 ) FORCATr) lo5 + 5+ 5+ 7
44432 2 4 2 4
3 N 56m* 7363 c2e 48 56m%  2400¢
243 3 9 b g3 g2
2674 2227176
9 6; — 64800C5 + 280072Cs + ¢ <60000g§ - %) +0 (&%), (7.3)

and

Stirv.aa = Cr Ca (nsTr)

32 16 1 (544 1672 1 /2096 29672
9ed 273 g2

81 27 e\ 243 81
139808 736072 9274 1634224 38236072  43328(3
+ + — 256¢5 — ( = +
729 243 135 2187 729 9
518274 2816m2(¢3  4864(s o | 128 1280 1 /128 642
— — C T D=2
105 g T g ) | HOr TR e g ( 3 27 >

5120+43527r2 104963 <839552 108872 224512C3+11367r4)
729 81 27 2187 27 81 45

64 608 1 (5536 327r2> 1<2432 219272 5248(3)

CrC Te)| — + — + = [ — = -

+CrCr (Tr) o T ors t 2\ 5 9 c\213 T o7 9
352832 632072 N 114880(3  5687* (7722208 24963272 N 812800(3
729 81 27 15 2187 243 81
782871 1568072

g C3+41088<5> +0 (). (7.4)

The label R = F, A in the above formula refers to the SU(3) representation of the hard
emitters; furthermore, Cp = (N2 — 1)/2N,, Ca = N, and Tp = 1/2 are the usual Casimir
invariants of the gauge group SU(N,).

We have checked the above result in several ways. First, we observe that there is no

O(C3,) contribution in ngzv, gg 80d C%n¢Tp contribution in ngzv, g7~ This is the consequence
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of the exponentiation of soft emissions in Abelian gauge theories as follows from considering
R = F case. Next, the complete input for computing tree- and one-loop eikonal currents
was assembled using two different methods. All master integrals as well as some integrals
that appear in the soft function before the reduction to master integrals were computed
numerically and compared with the analytic results. For the numerical evaluation, we used
pySecDec [71] and MB [75] packages.

Finally, our results for gg and cc final states agree with their recent evaluation reported in
Ref. [71]. We note that the result for S%%,, reported in the ancillary file of Ref. [51] appears to
contain irrational numbers of weight seven which are absent in our result. However, all these
weight seven quantities disappear once the result reported in Ref. [51] is carefully simplified.

8 Conclusions

In this article, we described an analytic computation of the one-loop correction to the double-
real emission contribution to the zero-jettiness soft function. Our calculation is based on
reverse unitarity and its modification [52] required to deal with phase-space integrals that
contain Heaviside functions. Our result for gg final state agrees with the recent computation
of the same quantity reported in Ref. [71]. In addition, we also presented the one-loop
correction to the contribution of the ¢g final state to the zero-jettiness soft function.

We explained in detail the way to construct the input for tree- and one-loop two-parton
currents and the organization of the integration-by-parts reduction since publicly available
tools cannot be used for this purpose when Heaviside functions are present. We discussed how
master integrals are calculated; we present results for all of them in an ancillary file provided
with this submission.

Finally, we briefly comment on what remains to be done to complete the analytic calcu-
lation of the zero-jettiness soft function. The most non-trivial contribution that still needs
to be calculated is the part of the triple-real emission contribution that describes the kine-
matic configuration where two gluons are radiated into one hemisphere and the third gluon —
into the opposite hemisphere. We are quite confident that methods employed in Ref. [53] to
compute the same-hemisphere triple-real contribution to the soft function can be successfully
adapted to this case as well, and we look forward to addressing this challenge.
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A One-loop integrals
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where kij =k; + k?j.
For the calculations described in this paper, we need a number of loop integrals. The
results that we have relied upon are given below.
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where Q) = 277/2/T'(n/2).

B List of master integrals

To present a list of master integrals, we define

11[C,P,{F,n1,...,nX},a,{b1,b2,b3},{ct,c2,c3}] =

/ A9 Fouyony
(y o) - )P (ke - )P (g - ) (o =) (ke - )2 (g - )

where we will use the notation w(A) = nn and w(B) = ni below. The complete list of master
integrals reads

II[A,dd,{B1,1,1,1,1},0,{0,0,0},{0,0,0}] :/dcbglglljilll, (B.1)
II[A,dd,{P12,0,1,0,1,0},0,{0,0,0},{0,0,0}]1 = /d@g’g‘@éﬁ)w, (B.2)
II[A,dd,{P12,0,1,1,1,1},0,{0,0,0},{0,0,0}] :/d@%@éﬁll, (B.3)
II[A,dd,{P12,1,1,0,1,1},0,{0,0,0},{0,0,0}] :/d(I){;’g‘O}ﬁ)ll, (B.4)
11[A,dd,{P12,1,1,0,1,1},0,{0,0,0},{1,0,0}] :/%Oil;o” (B.5)
II[A,dd,{P12,1,1,1,1,1},0,{0,0,0},{0,0,0}] = /d@gg@}ﬁu, (B.6)
II[A,dd,{P21,1,0,1,0,1},0,{0,0,0},{0,0,0}1 = /d@?f@fblwl, (B.7)
II[A,dd,{P21,1,0,1,1,1},0,{0,0,0},{0,0,0}] :/dcbg’g‘Of’Ollll, (B.8)
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I1[A,td,{P12,0,1,0,1,0},0,{0,0,0},{0,0,1}] :/
II[A,td,{P12,0,1,0,1,0},O,{0,0,0},{l,0,0}]:/
II[A,td,{P12,0,1,0,1,0},0,{1,0,0},{0,0,1}]:/
II[A,td,{PlQ,O,1,0,1,0},1,{0,1,1},{0,0,1}]:/
II[A,td,{PlQ,O,1,0,1,0},1,{1,0,1},{0,0,1}]:/
II[A,td,{PlQ,O,1,0,1,0},1,{1,1,0},{0,0,1}]:/
II[A,td,{PlQ,O,1,1,1,1},0,{0,0,0},{0,0,1}]:/
II[A,td,{P12,0,1,1,1,1},0,{1,0,0},{0,0,1}]:/
I1[A,td,{P12,1,0,1,0,1},0,{0,0,0},{0,0,1}] :/
I1[A,td,{P12,1,0,1,0,1},1,{0,0,0},{0,0,1}] :/
II[A,td,{P12,1,0,1,0,1},1,{1,0,0},{0,1,1}]:/
II[A,td,{P12,1,0,1,0,1},1,{1,0,0},{1,0,1}]:/
II[A,td,{PlQ,1,0,1,0,1},1,{1,0,0},{1,1,0}]:/
I1[A,td,{P12,1,0,1,0,1},1,{2,0,0},{0,0,1}] :/
II[A,td,{P12,1,0,1,1,1},0,{0,0,0},{0,0,1}]:/

II[A,td,{P12,1,0,1,1,1},1,{1,0,0},{0,0,1}]:/

II[A,td,{P12,1,1,0,1,1},0,{0,0,0},{0,0,0}]:/
II[A,td,{P12,1,1,0,1,1},0,{0,0,0},{0,0,1}]:/

II[A,td,{P12,1,1,0,1,1},1,{0,0,0},{1,0,0}]:/
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II[A,td,{PlQ,l,1,0,1,1},1,{1,0,0},{0,0,0}]:/
II[A,td,{PlQ,1,1,1,0,1},1,{0,0,0},{0,0,0}]Z/
II[A,td,{PlQ,1,1,1,0,1},1,{0,0,0},{0,0,1}]Z/
II[A,td,{PlQ,l,1,1,0,1},1,{1,0,0},{0,0,0}]:/
II[A,td,{PlQ,l,1,1,0,1},1,{1,0,0},{0,0,1}]:/
II[A,td,{PlQ,1,1,1,1,0},0,{0,0,0},{0,0,1}]:/
II[A,td,{PlQ,1,1,1,1,O},O,{l,O,O},{O,O,l}]Z/
II[A,td,{P21,0,1,1,1,1},0,{0,0,0},{0,0,0}]Z/
II[A,td,{P21,0,1,1,1,1},0,{0,0,0},{0,0,1}]Z/
II[A,td,{PQl,1,O,1,0,1},0,{0,0,0},{0,0,1}]Z/
II[A,td,{PQl,l,O,l,O,1},1,{0,0,0},{0,0,0}]:/
II[A,td,{PQl,l,O,l,l,1},1,{0,0,0},{0,0,0}]:/

II[A,td,{P21,1,0,1,1,1},1,{0,0,0},{0,0,1}]:/

nnN1,2
d®55 Orion

(kl . kg)(k)l . n)’
nn 172
dq)% O11101

(k1 - ko)
nn 172
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nn 172
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d®35 Oiion

(k1 - k2)(ky - n) (k2 -
nneN1,2
AP35 Q11110

(k12 - 1)
1,2
dq>ggl011110

(kl . n)(k:12 . ﬁ)’
d‘I’%LO(Z)illlp
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d®55 O
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A5 Olo111
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II[A,td,{P21,1,1,1,0,1},0,{0,0,0},{0,0,0}] = /dwgzg%fm’

II[A,td,{PQl,l,l,l,O,1},1,{0,0,0},{1,0,0}]:/
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II[B,tt,{PlQ,O,1,0,1,0},0,{0,0,1},{0,0,1}]:/

II[B,tt,{PlQ,O,1,0,1,0},0,{0,0,1},{1,0,0}]:/
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nn 1,2
d(I)% O01010

I1[B,tt,{P12,0,1,0,1,0},0,{0,1,0},{1,0,0}] :/W’
2-M)(K1-N

AP O
II(8B,tt,{P12,1,0,1,0,1},1,{0,0,0},{0,0,0}] :/M7
(k1 - k2)
dq>nﬁ0172
11[B,tt,{P12,1,1,0,1,1},1,{0,0,0},{0,0,0}] :/M
(k1 - k2)
depr O
I1[B,tt,{P12,1,1,0,1,1},1,{0,1,0},{1,0,0}] :/ 00 Fiionn
{ PA0 L0 1,000 = G ) (k- 7)
dq’ggO%fml
II[B,tt,{P12,1,1,1,0,1},1,{0,0,1},{0,0,0}] = ’
[B,%t,{ },1,{0,0,1},{0,0,0}] /(k1-k2)(k12-n)
AR O
II[B,tt,{P12,1,1,1,1,0},0,{0,0,1},{0,0,1}] :/ ASIVRIUIN
(k12 - n) (k12 - n)
A O,
II[B,tt,{P21,0,1,1,1,1},0,{0,0,1},{0,0,0}] :/M
(k12 - n)
depr O,
II[B,tt,{P21,1,0,1,0,1},1,{0,0,0},{0,0,0}] :/M
(k1 - ko)
dq;gg@%blml
II[B,tt,{P21,1,0,1,0,1},1,{0,0,1},{0,0,0}] = ’
[ { bt b . /(kl'k2)(k12‘n)
dopr Oy
II[B,tt,{P21,1,0,1,1,1},1,{0,1,0},{0,0,1}] :/ 66 10111 .
{ B A0 L0100 = [ G ks ) (hrz - )
AR O
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depr O,
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(k1 - ko)
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II[B,tt,{P21,1,1,1,1,0},0,{0,0,1},{0,0,1}] :/ ASHTRUIN
12N 12N
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I1[B,tt,{P21,1,1,1,1,0},0,{0,0,1},{1,0,0}] :/m’
12 N)(F1 "N

II[B,tt,{P21,1,1,1,1,1},0,{0,0,0},{0,0,0}] :/dq)%O%ilm-

References

[1] F. Bloch and A. Nordsieck, Note on the Radiation Field of the electron,
Phys. Rev. 52 (1937) 54.

[2] T. Kinoshita, Mass singularities of Feynman amplitudes, J. Math. Phys. 3 (1962) 650.

[3] T. D. Lee and M. Nauenberg, Degenerate Systems and Mass Singularities,
Phys. Rev. 133 (1964) B1549.

— 929 —

(B.47)
(B.48)
(B.49)
(B.50)
(B.51)
(B.52)
(B.53)
(B.54)
(B.55)
(B.56)
(B.57)
(B.58)
(B.59)

(B.60)

(B.61)


https://doi.org/10.1103/PhysRev.52.54
https://doi.org/10.1063/1.1724268
https://doi.org/10.1103/PhysRev.133.B1549

[4]

[17]

[18]

[19]

[20]

S. Alioli, C. W. Bauer, C. Berggren, F. J. Tackmann and J. R. Walsh, Drell-Yan production at
NNLL’+NNLO matched to parton showers, Phys. Rev. D 92 (2015) 094020 [1508.01475].

S. Alioli, A. Broggio, A. Gavardi, S. Kallweit, M. A. Lim, R. Nagar et al., Resummed
predictions for hadronic Higgs boson decays, JHEP 04 (2021) 254 [2009.13533].

T. T. Jouttenus, I. W. Stewart, F. J. Tackmann and W. J. Waalewijn, Jet mass spectra in
Higgs boson plus one jet at next-to-next-to-leading logarithmic order,
Phys. Rev. D 88 (2013) 054031 [1302.0846].

S. Alioli, A. Broggio and M. A. Lim, Zero-jettiness resummation for top-quark pair production
at the LHC, 2111.03632.

S. Alioli, G. Bell, G. Billis, A. Broggio, B. Dehnadi, M. A. Lim et al., N3LL resummation of
one-jettiness for Z-boson plus jet production at hadron colliders, 2312 .06496.

S. Catani and M. Grazzini, An NNLO subtraction formalism in hadron collisions and its
application to Higgs boson production at the LHC, Phys. Rev. Lett. 98 (2007) 222002
[hep-ph/0703012)].

R. Bonciani, S. Catani, M. Grazzini, H. Sargsyan and A. Torre, The qr subtraction method for
top quark production at hadron colliders, Eur. Phys. J. C'75 (2015) 581 [1508.03585].

M. Grazzini, S. Kallweit and M. Wiesemann, Fully differential NNLO computations with
MATRIX, Eur. Phys. J. C'78 (2018) 537 [1711.06631].

S. Catani, S. Devoto, M. Grazzini, S. Kallweit, J. Mazzitelli and H. Sargsyan, Top-quark pair
hadroproduction at next-to-next-to-leading order in QCD, Phys. Rev. D 99 (2019) 051501
[1901.04005].

S. Kallweit, V. Sotnikov and M. Wiesemann, Triphoton production at hadron colliders in NNLO
QCD, Phys. Lett. B 812 (2021) 136013 [2010.04681].

S. Catani, S. Devoto, M. Grazzini, S. Kallweit and J. Mazzitelli, Bottom-quark production at
hadron colliders: fully differential predictions in NNLO QCD, JHEP 03 (2021) 029
[2010.11906].

S. Catani, S. Devoto, M. Grazzini, S. Kallweit, J. Mazzitelli and C. Savoini, Higgs Boson
Production in Association with a Top-Antitop Quark Pair in Next-to-Next-to-Leading Order
QCD, Phys. Rev. Lett. 130 (2023) 111902 [2210.07846].

R. Boughezal, C. Focke, X. Liu and F. Petriello, W-boson production in association with a jet
at next-to-next-to-leading order in perturbative QCD, Phys. Rev. Lett. 115 (2015) 062002
[1504.02131].

J. Gaunt, M. Stahlhofen, F. J. Tackmann and J. R. Walsh, N-jettiness Subtractions for NNLO
QCD Calculations, JHEP 09 (2015) 058 [1505.04794].

R. Boughezal, C. Focke, W. Giele, X. Liu and F. Petriello, Higgs boson production in association
with a jet at NNLO using jettiness subtraction, Phys. Lett. B 748 (2015) 5 [1505.03893].

R. Boughezal, J. M. Campbell, R. K. Ellis, C. Focke, W. Giele, X. Liu et al., Color singlet
production at NNLO in MCFM, Eur. Phys. J. C'77 (2017) 7 [1605.08011].

J. Campbell and T. Neumann, Third order QCD predictions for fiducial W-boson production,
JHEP 11 (2023) 127 [2308.15382].

— 30 —


https://doi.org/10.1103/PhysRevD.92.094020
https://arxiv.org/abs/1508.01475
https://doi.org/10.1007/JHEP04(2021)254
https://arxiv.org/abs/2009.13533
https://doi.org/10.1103/PhysRevD.88.054031
https://arxiv.org/abs/1302.0846
https://arxiv.org/abs/2111.03632
https://arxiv.org/abs/2312.06496
https://doi.org/10.1103/PhysRevLett.98.222002
https://arxiv.org/abs/hep-ph/0703012
https://doi.org/10.1140/epjc/s10052-015-3793-y
https://arxiv.org/abs/1508.03585
https://doi.org/10.1140/epjc/s10052-018-5771-7
https://arxiv.org/abs/1711.06631
https://doi.org/10.1103/PhysRevD.99.051501
https://arxiv.org/abs/1901.04005
https://doi.org/10.1016/j.physletb.2020.136013
https://arxiv.org/abs/2010.04681
https://doi.org/10.1007/JHEP03(2021)029
https://arxiv.org/abs/2010.11906
https://doi.org/10.1103/PhysRevLett.130.111902
https://arxiv.org/abs/2210.07846
https://doi.org/10.1103/PhysRevLett.115.062002
https://arxiv.org/abs/1504.02131
https://doi.org/10.1007/JHEP09(2015)058
https://arxiv.org/abs/1505.04794
https://doi.org/10.1016/j.physletb.2015.06.055
https://arxiv.org/abs/1505.03893
https://doi.org/10.1140/epjc/s10052-016-4558-y
https://arxiv.org/abs/1605.08011
https://doi.org/10.1007/JHEP11(2023)127
https://arxiv.org/abs/2308.15382

[21] T. Neumann and J. Campbell, Fiducial Drell-Yan production at the LHC improved by
transverse-momentum resummation at N4LLp+NSLO, Phys. Rev. D 107 (2023) LO11506
[2207.07056].

[22] S. Catani, L. Cieri, G. Ferrera, D. de Florian and M. Grazzini, Vector boson production at
hadron colliders: a fully exclusive QCD calculation at NNLO,
Phys. Rev. Lett. 103 (2009) 082001 [0903.2120].

[23] 1. W. Stewart, F. J. Tackmann and W. J. Waalewijn, Factorization at the LHC: From PDFs to
Initial State Jets, Phys. Rev. D 81 (2010) 094035 [0910.0467].

[24] 1. W. Stewart, F. J. Tackmann and W. J. Waalewijn, N-Jettiness: An Inclusive Event Shape to
Veto Jets, Phys. Rev. Lett. 105 (2010) 092002 [1004.2489].

[25] T. Becher and M. Neubert, Drell-Yan Production at Small g7, Transverse Parton Distributions
and the Collinear Anomaly, Fur. Phys. J. C'71 (2011) 1665 [1007 .4005].

[26] S. Catani and M. Grazzini, Higgs Boson Production at Hadron Colliders: Hard-Collinear
Coefficients at the NNLO, Eur. Phys. J. C' 72 (2012) 2013 [1106.4652).

[27] S. Catani, L. Cieri, D. de Florian, G. Ferrera and M. Grazzini, Vector boson production at
hadron colliders: hard-collinear coefficients at the NNLO, Eur. Phys. J. C' 72 (2012) 2195
[1209.0158].

[28] T. Gehrmann, T. Lubbert and L. L. Yang, Transverse parton distribution functions at
next-to-next-to-leading order: the quark-to-quark case, Phys. Rev. Lett. 109 (2012) 242003
[1209.0682].

[29] T. Gehrmann, T. Luebbert and L. L. Yang, Calculation of the transverse parton distribution
functions at next-to-next-to-leading order, JIIEP 06 (2014) 155 [1403.6451].

[30] Y. Li and H. X. Zhu, Bootstrapping Rapidity Anomalous Dimensions for Transverse-Momentum
Resummation, Phys. Rev. Lett. 118 (2017) 022004 [1604.01404].

[31] M. G. Echevarria, I. Scimemi and A. Vladimirov, Unpolarized Transverse Momentum
Dependent Parton Distribution and Fragmentation Functions at next-to-next-to-leading order,
JHEP 09 (2016) 004 [1604.07869].

[32] M.-X. Luo, X. Wang, X. Xu, L. L. Yang, T.-Z. Yang and H. X. Zhu, Transverse Parton
Distribution and Fragmentation Functions at NNLO: the Quark Case, JHEP 10 (2019) 083
[1908.03831].

[33] M.-X. Luo, T.-Z. Yang, H. X. Zhu and Y. J. Zhu, Transverse Parton Distribution and
Fragmentation Functions at NNLO: the Gluon Case, JHEP 01 (2020) 040 [1909.13820].

[34] D. Gutierrez-Reyes, S. Leal-Gomez, I. Scimemi and A. Vladimirov, Linearly polarized gluons at
next-to-next-to leading order and the Higgs transverse momentum distribution,
JHEP 11 (2019) 121 [1907.03780).

[35] M.-x. Luo, T.-Z. Yang, H. X. Zhu and Y. J. Zhu, Quark Transverse Parton Distribution at the
Next-to-Next-to-Next-to-Leading Order, Phys. Rev. Lett. 124 (2020) 092001 [1912.05778].

[36] M. A. Ebert, B. Mistlberger and G. Vita, Transverse momentum dependent PDFs at N°LO,
JHEP 09 (2020) 146 [2006.05329].

— 31 —


https://doi.org/10.1103/PhysRevD.107.L011506
https://arxiv.org/abs/2207.07056
https://doi.org/10.1103/PhysRevLett.103.082001
https://arxiv.org/abs/0903.2120
https://doi.org/10.1103/PhysRevD.81.094035
https://arxiv.org/abs/0910.0467
https://doi.org/10.1103/PhysRevLett.105.092002
https://arxiv.org/abs/1004.2489
https://doi.org/10.1140/epjc/s10052-011-1665-7
https://arxiv.org/abs/1007.4005
https://doi.org/10.1140/epjc/s10052-012-2013-2
https://arxiv.org/abs/1106.4652
https://doi.org/10.1140/epjc/s10052-012-2195-7
https://arxiv.org/abs/1209.0158
https://doi.org/10.1103/PhysRevLett.109.242003
https://arxiv.org/abs/1209.0682
https://doi.org/10.1007/JHEP06(2014)155
https://arxiv.org/abs/1403.6451
https://doi.org/10.1103/PhysRevLett.118.022004
https://arxiv.org/abs/1604.01404
https://doi.org/10.1007/JHEP09(2016)004
https://arxiv.org/abs/1604.07869
https://doi.org/10.1007/JHEP10(2019)083
https://arxiv.org/abs/1908.03831
https://doi.org/10.1007/JHEP01(2020)040
https://arxiv.org/abs/1909.13820
https://doi.org/10.1007/JHEP11(2019)121
https://arxiv.org/abs/1907.03780
https://doi.org/10.1103/PhysRevLett.124.092001
https://arxiv.org/abs/1912.05778
https://doi.org/10.1007/JHEP09(2020)146
https://arxiv.org/abs/2006.05329

[37] J. Gaunt, M. Stahlhofen and F. J. Tackmann, The Gluon Beam Function at Two Loops,
JHEP 08 (2014) 020 [1405.1044].

[38] J. R. Gaunt, M. Stahlhofen and F. J. Tackmann, The Quark Beam Function at Two Loops,
JHEP 04 (2014) 113 [1401.5478].

[39] R. Boughezal, F. Petriello, U. Schubert and H. Xing, Spin-dependent quark beam function at
NNLO, Phys. Rev. D 96 (2017) 034001 [1704.05457].

[40] R. Briiser, Z. L. Liu and M. Stahlhofen, Three-Loop Quark Jet Function,
Phys. Rev. Lett. 121 (2018) 072003 [1804.09722).

[41] M. A. Ebert, B. Mistlberger and G. Vita, Collinear expansion for color singlet cross sections,
JHEP 09 (2020) 181 [2006.03055].

[42] M. A. Ebert, B. Mistlberger and G. Vita, N-jettiness beam functions at N°LO,
JHEP 09 (2020) 143 [2006.03056].

[43] D. Baranowski, A. Behring, K. Melnikov, L. Tancredi and C. Wever, Beam functions for
N-jettiness at N>LO in perturbative QCD, JHEP 02 (2023) 073 [2211.05722].

[44] R. Kelley, M. D. Schwartz, R. M. Schabinger and H. X. Zhu, The two-loop hemisphere soft
function, Phys. Rev. D 84 (2011) 045022 [1105.3676].

[45] P. F. Monni, T. Gehrmann and G. Luisoni, Two-Loop Soft Corrections and Resummation of the
Thrust Distribution in the Dijet Region, JHEP 08 (2011) 010 [1105.4560].

[46] R. Boughezal, X. Liu and F. Petriello, N-jettiness soft function at next-to-next-to-leading order,
Phys. Rev. D 91 (2015) 094035 [1504.02540].

[47] H. T. Li and J. Wang, Next-to-Next-to-Leading Order N-Jettiness Soft Function for One
Massive Colored Particle Production at Hadron Colliders, JHEP 02 (2017) 002 [1611.02749].

[48] J. M. Campbell, R. K. Ellis, R. Mondini and C. Williams, The NNLO QCD soft function for
1-jettiness, Fur. Phys. J. C 78 (2018) 234 [1711.09984].

[49] D. Baranowski, NNLO zero-jettiness beam and soft functions to higher orders in the
dimensional-reqularization parameter e, Fur. Phys. J. C' 80 (2020) 523 [2004.03285].

[50] G. Bell, B. Dehnadi, T. Mohrmann and R. Rahn, The NNLO soft function for N-jettiness in
hadronic collisions, 2312.11626.

[61] W. Chen, F. Feng, Y. Jia and X. Liu, Double-real-virtual and double-virtual-real corrections to
the three-loop thrust soft function, JHEP 22 (2020) 094 [2206.12323].

[52] D. Baranowski, M. Delto, K. Melnikov and C.-Y. Wang, On phase-space integrals with
Heawiside functions, JHEP 02 (2022) 081 [2111.13594).

[63] D. Baranowski, M. Delto, K. Melnikov and C.-Y. Wang, Same-hemisphere three-gluon-emission
contribution to the zero-jettiness soft function at N3LO QCD, Phys. Rev. D 106 (2022) 014004
[2204.09459].

[5
[55] Y. J. Zhu, Double soft current at one-loop in QCD, 2009.08919.

4] G. Vita, N>LO Power Corrections for 0-jettiness Subtractions With Fiducial Cuts, 2401.03017.

[56] S. Catani and L. Cieri, Multiple soft radiation at one-loop order and the emission of a soft
quark—antiquark pair, Fur. Phys. J. C' 82 (2022) 97 [2108.13309)].

— 32 —


https://doi.org/10.1007/JHEP08(2014)020
https://arxiv.org/abs/1405.1044
https://doi.org/10.1007/JHEP04(2014)113
https://arxiv.org/abs/1401.5478
https://doi.org/10.1103/PhysRevD.96.034001
https://arxiv.org/abs/1704.05457
https://doi.org/10.1103/PhysRevLett.121.072003
https://arxiv.org/abs/1804.09722
https://doi.org/10.1007/JHEP09(2020)181
https://arxiv.org/abs/2006.03055
https://doi.org/10.1007/JHEP09(2020)143
https://arxiv.org/abs/2006.03056
https://doi.org/10.1007/JHEP02(2023)073
https://arxiv.org/abs/2211.05722
https://doi.org/10.1103/PhysRevD.84.045022
https://arxiv.org/abs/1105.3676
https://doi.org/10.1007/JHEP08(2011)010
https://arxiv.org/abs/1105.4560
https://doi.org/10.1103/PhysRevD.91.094035
https://arxiv.org/abs/1504.02540
https://doi.org/10.1007/JHEP02(2017)002
https://arxiv.org/abs/1611.02749
https://doi.org/10.1140/epjc/s10052-018-5732-1
https://arxiv.org/abs/1711.09984
https://doi.org/10.1140/epjc/s10052-020-8047-y
https://arxiv.org/abs/2004.03285
https://arxiv.org/abs/2312.11626
https://doi.org/10.1007/JHEP12(2022)094
https://arxiv.org/abs/2206.12323
https://doi.org/10.1007/JHEP02(2022)081
https://arxiv.org/abs/2111.13594
https://doi.org/10.1103/PhysRevD.106.014004
https://arxiv.org/abs/2204.09459
https://arxiv.org/abs/2401.03017
https://arxiv.org/abs/2009.08919
https://doi.org/10.1140/epjc/s10052-022-10001-z
https://arxiv.org/abs/2108.13309

[57]

[58]

[59]

[60]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

[73]

[74]

[75]

M. Czakon, F. Eschment and T. Schellenberger, Revisiting the double-soft asymptotics of
one-loop amplitudes in massless QCD, JHEP 04 (2023) 065 [2211.06465].

C. Anastasiou and K. Melnikov, Higgs boson production at hadron colliders in NNLO QCD,
Nucl. Phys. B 646 (2002) 220 [hep-ph/0207004].

F. V. Tkachov, A theorem on analytical calculability of 4-loop renormalization group functions,
Phys. Lett. B 100 (1981) 65.

K. G. Chetyrkin and F. V. Tkachov, Integration by Parts: The Algorithm to Calculate beta
Functions in 4 Loops, Nucl. Phys. B 192 (1981) 159.

M. Tentyukov and J. Fleischer, A Feynman diagram analyzer DIANA,
Comput. Phys. Commun. 132 (2000) 124 [hep-ph/9904258].

P. Nogueira, Automatic Feynman Graph Generation, J. Comput. Phys. 105 (1993) 279.

A. Pak, The Toolbox of modern multi-loop calculations: novel analytic and semi-analytic
techniques, J. Phys. Conf. Ser. 368 (2012) 012049 [1111.0868].

P. Maierhofer, J. Usovitsch and P. Uwer, Kira—A Feynman integral reduction program,
Comput. Phys. Commun. 230 (2018) 99 [1705.05610].

J. Klappert, F. Lange, P. Maierhofer and J. Usovitsch, Integral reduction with Kira 2.0 and
finite field methods, Comput. Phys. Commun. 266 (2021) 108024 [2008.06494].

J. Klappert and F. Lange, Reconstructing rational functions with FireFly,
Comput. Phys. Commun. 247 (2020) 106951 [1904.00009].

E. Panzer, Algorithms for the symbolic integration of hyperlogarithms with applications to
Feynman integrals, Comput. Phys. Commun. 188 (2015) 148 [1403.3385].

R. Angeles-Martinez, M. Czakon and S. Sapeta, NNLO soft function for top quark pair
production at small transverse momentum, JIEP 10 (2018) 201 [1809.01459].

J. M. Henn, Multiloop integrals in dimensional regularization made simple,
Phys. Rev. Lett. 110 (2013) 251601 [1304.1806].

C. Meyer, Algorithmic transformation of multi-loop master integrals to a canonical basis with
CANONICA, Comput. Phys. Commun. 222 (2018) 295 [1705.06252].

E. Remiddi and J. A. M. Vermaseren, Harmonic polylogarithms,
Int. J. Mod. Phys. A 15 (2000) 725 [hep-ph/9905237].

A. B. Goncharov, Multiple polylogarithms, cyclotomy and modular complezes,

Math. Res. Lett. 5 (1998) 497 [1105.2076].

M. Beneke and V. A. Smirnov, Asymptotic expansion of Feynman integrals near threshold,
Nucl. Phys. B 522 (1998) 321 [hep-ph/9711391].

G. Heinrich, S. P. Jones, M. Kerner, V. Magerya, A. Olsson and J. Schlenk, Numerical
scattering amplitudes with pySecDec, Comput. Phys. Commun. 295 (2024) 108956
[2305 . 19768].

M. Czakon, Automatized analytic continuation of Mellin-Barnes integrals,
Comput. Phys. Commun. 175 (2006) 559 [hep-ph/0511200].

— 33 —


https://doi.org/10.1007/JHEP04(2023)065
https://arxiv.org/abs/2211.06465
https://doi.org/10.1016/S0550-3213(02)00837-4
https://arxiv.org/abs/hep-ph/0207004
https://doi.org/10.1016/0370-2693(81)90288-4
https://doi.org/10.1016/0550-3213(81)90199-1
https://doi.org/10.1016/S0010-4655(00)00147-8
https://arxiv.org/abs/hep-ph/9904258
https://doi.org/10.1006/jcph.1993.1074
https://doi.org/10.1088/1742-6596/368/1/012049
https://arxiv.org/abs/1111.0868
https://doi.org/10.1016/j.cpc.2018.04.012
https://arxiv.org/abs/1705.05610
https://doi.org/10.1016/j.cpc.2021.108024
https://arxiv.org/abs/2008.06494
https://doi.org/10.1016/j.cpc.2019.106951
https://arxiv.org/abs/1904.00009
https://doi.org/10.1016/j.cpc.2014.10.019
https://arxiv.org/abs/1403.3385
https://doi.org/10.1007/JHEP10(2018)201
https://arxiv.org/abs/1809.01459
https://doi.org/10.1103/PhysRevLett.110.251601
https://arxiv.org/abs/1304.1806
https://doi.org/10.1016/j.cpc.2017.09.014
https://arxiv.org/abs/1705.06252
https://doi.org/10.1142/S0217751X00000367
https://arxiv.org/abs/hep-ph/9905237
https://doi.org/10.4310/MRL.1998.v5.n4.a7
https://arxiv.org/abs/1105.2076
https://doi.org/10.1016/S0550-3213(98)00138-2
https://arxiv.org/abs/hep-ph/9711391
https://doi.org/10.1016/j.cpc.2023.108956
https://arxiv.org/abs/2305.19768
https://doi.org/10.1016/j.cpc.2006.07.002
https://arxiv.org/abs/hep-ph/0511200

	Introduction
	The zero-jettiness soft function
	Input generation and the reduction to master integrals
	The master integrals
	Differential equations for master integrals
	Boundary conditions
	Results
	Conclusions
	One-loop integrals
	List of master integrals

