
P
o
S
(
R
A
D
C
O
R
2
0
2
3
)
0
4
1

Preparing nonleptonic NNLO B meson decays:
revisiting semileptonic decays

Manuel Egner𝑎
𝑎Institut für Theoretische Teilchenphysik, Karlsruhe Institute of Technology (KIT), Wolfgang-Gaede Straße
1, 76128 Karlsruhe, Germany

E-mail: manuel.egner@kit.edu

The decay of B mesons can be described in the Heavy Quark Expansion as the decay of a free
bottom quark plus corrections which are suppressed by powers of 1/𝑚𝑏. The focus of this
contribution will be on the calculation of the NNLO corrections to semileptonic decays of a free
bottom quark including a non-vanishing charm quark mass. For the semileptonic decays we obtain
an analytic result by solving differential equations and fixing boundary conditions in the limit of a
heavy charm quark. Our analytic expression can be compared to previous known results obtained
via expansions in the mass ratio 𝑚𝑐/𝑚𝑏. In a second approach we calculate precise numerical
expansions of all master integrals with the help of differential equations which can describe the
whole parameter space from 𝑚𝑐/𝑚𝑏 = 1 to 𝑚𝑐/𝑚𝑏 = 0. This calculation serves as a preparation
for the nonleptonic 𝐵-meson decays, where the same techniques as in the semileptonic decays can
be used.
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Semileptonic B meson decays at NNLO

1. Introduction

Lifetimes of 𝐵 mesons can be calculated in Heavy Quark Effective expansion (HQE). In this
effective theory, the decay width of the 𝐵 meson, Γ (𝐵), is decomposed into the decay of a free 𝑏

quark and additional contributions which are suppressed by powers of the heavy quark mass, 𝑚𝑏:

Γ (𝐵) = Γ3 + Γ5
⟨O5⟩
𝑚2

𝑏

+ Γ6
⟨O6⟩
𝑚3

𝑏

+ · · · + 16𝜋2

(
Γ6

⟨Õ6⟩
𝑚3

𝑏

+ Γ7
⟨Õ7⟩
𝑚4

𝑏

+ . . .

)
. (1)

Since the bottom mass 𝑚𝑏 is relatively large compared to the energy scale of the decay, the main
contributions to the decay width is Γ3, the decay width of the free 𝑏 quark. In our work, we calculate
QCD corrections to this quantity for weak decays of 𝐵 mesons with a massive charm quark in the
final state. These decays can be divided into two different decay channels, the semileptonic and
the nonleptonic one. For the semileptonic decay channel, 𝑏 → 𝑐𝑙𝜈̄, QCD corections are known up
to N3LO [1–5]. The higher order results for the semileptonic case are obtained with expansions
around 𝑚𝑐/𝑚𝑏 = 0 [2] and 𝑚𝑐/𝑚𝑏 = 1 [3–5]. Both approaches show very good convergence in the
region of physical charm mass. However, there is no exact analytic solution known in the literature
starting from NNLO. In this contribution we summarize the results of ref.[6] where an exact analytic
solution at NNLO for the dominant contribution to the semileptonic decay width has been obtained.
The nonleptonic decays include the two decay channels 𝑏 → 𝑐𝑢̄𝑑 and 𝑏 → 𝑐𝑐𝑠. The calculation of
these processes is more involved than the semileptonic case. The NLO corrections for both decays
are known [7, 8]. At NNLO, first steps were made in ref.[9], however only one effective operator
has been considered and massless quarks in the final state have been assumed.

The uncertainty contributions on B-meson lifetimes is dominated by the uncertainty induced by
renormalization scale 𝜇. This uncertainty will be reduced once higher order corrections are known.
The methods described below [6] can be used to compute the NNLO corrections to the nonleptonic
decay channels. To prepare for this calculation, we revisit the calculation of the semileptonic decays.

2. Calculation setup

The calculation is done by using the optical theorem. This leads to two loop diagrams at LO
and therefore four loop diagrams at NNLO. However, only the imaginary part of these diagrams
has to be calculated. The diagrams contributing to this process are generated with QGRAF [10]. We
find 70 diagrams which are then mapped to scalar integral families using tapir [11] and exp [12,
13]. Using Kira [14, 15] we find 129 master integrals we have to calculate. Their calculation is
described in the next section.

3. Calculation of master integrals

In the following, the calculation of the master integrals is outlined. First, we have a closer look
at the 129 master integrals. They can be split into two different classes. The first class contains
all the integrals with cuts through one charm quark, the second class also includes cuts through
three charm quarks. Sample diagrams for these two classes are shown in figure 1. In the following
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Semileptonic B meson decays at NNLO

Figure 1: sample integrals with cuts through one (left) and three (right) charm quarks. Black lines have
bottom quark mass, green lines have charm mass, dahsed lines are massless. The double external lines denote
onshell bottom quarks with momentum 𝑞 where 𝑞2 = 𝑚2

𝑏
. All possible cuts have to go through both dashed

lines.

we show two different approaches to calculate these integrals. In the first approach, only the one-
charm-cut integrals are considered. These are the main contributions to the decay width for the
physical masses of the charm and bottom quarks. In the second approach we perform expansions
around different points with precise numerical coefficients of the integrals. These expansions cover
both, the one-charm and three-charm contributions.

3.1 Analytic calculation

In a first approach we calculate the master integrals analytically by solving the differential
equation obtained with IBP relations. After the variable transformation

𝑚𝑐

𝑚𝑏

=
1 − 𝑡2

1 + 𝑡2
, (2)

we can perform a transformation of the differential equation in 𝑡 into canonical form using CANONICA
[16] and Libra [17]. The solution consists of iterated integrals over the alphabet

1
𝑡
,

1
1 + 𝑡

,
1

1 − 𝑡
,

𝑡

1 + 𝑡2
,

𝑡3

1 + 𝑡4
, (3)

In order to fix the integration constants, boundaries for some of the master integrals are needed.
Here we calculate asymptotic expansions of the master integrals in the limit of a heavy 𝑐-quark,
𝑚𝑐/𝑚𝑏 ≈ 1, using similar techniques as it was done in refs.[3, 4]. Since we are only interested in
the imaginary part of the master integrals, we only calculate the imaginary part of the asymptotic
expansions and therefore only cover the one-charm contribution. The three charm-contribution has
no imaginary part for 𝑚𝑐 → 𝑚𝑏 and is therefore set to zero in this calculation. It would be possible
to include this contribution by also calculating the real part of the integrals. However the real part
is much more involved and therefore not considered here.

3.2 Numerical calculation

In our second approach, we perform a calculation of the master integrals which covers both,
one-charm and three-charm contributions. We do this by using the method developed in refs.[18,
19]. We construct expansions of the master integrals around different kinematic points using
differential equations. To do this, we make an expansion ansatz for the integrals with undetermined
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coefficients. This ansatz is inserted in the differential equations which yields linear equations
between the expansion coefficients. The linear equations can be solved for a small set of master
coefficients using Kira and FireFly [20]. After finding the master coefficients, the expansions are
matched to very precise numerical values of the integrals obtained with AMFlow [21], which allows
us to determine the master coefficients and therefore all of the expansion coefficients numerically.
For different expansion points, we have to use different ansätze. Except for the singular points
0, 1/3, 1, we can use simple Taylor expansions:

𝐼𝑖 (𝜌, 𝜌0) =
𝜖max∑︁
𝑗=𝜖min

𝑗+4∑︁
𝑚=0

𝑛max∑︁
𝑛=0

𝑐 [𝑖, 𝑗 , 𝑚, 𝑛] 𝜖 𝑗 (𝜌0 − 𝜌)𝑛 , (4)

where the coefficients 𝑐 [𝑖, 𝑗 , 𝑚, 𝑛] have both real and imaginary parts. For the expansion around
the three-charm threshhold, 𝜌 = 𝑚𝑐/𝑚𝑏 = 1/3, we use the ansatz

𝐼𝑖 (𝜌, 𝜌0) =
𝜖max∑︁
𝑗=𝜖min

𝑗+4∑︁
𝑚=0

𝑛max∑︁
𝑛=0

𝑐 [𝑖, 𝑗 , 𝑚, 𝑛] 𝜖 𝑗 (𝜌 − 𝜌0)𝑛 log𝑚 (𝜌 − 𝜌0) , (5)

with 𝜌0 = 1/3. When crossing the three-charm threshhold at 𝜌 = 1/3 from 𝜌 > 1/3 to 𝜌 < 1/3,
the argument of the logarithm gets negative and produces an additional imaginary part, which
corresponds to the three-charm contribution. In our calculation we also allow for square roots of
(𝜌 − 𝜌0) which appear in similar calculations for two-particle threshholds. However, they are not
found for three-particle threshold, see ref.[6] for details.
For the expansions around 𝜌 = 0, we use the same ansatz as given in equation (5) with 𝜌0 = 0, for
the expansion around 𝜌 = 1, the ansatz has to be modified by replacing (𝜌 − 𝜌0) with (𝜌0 − 𝜌),
where 𝜌0 = 1.

4. Results

Our analytic result can be compared to the known expansions around 𝑚𝑐/𝑚𝑏 ≈ 0 [2] and
𝑚𝑐/𝑚𝑏 ≈ 1 [3] by expanding the iterated integrals in the corresponding limits. In the limit
𝑚𝑐/𝑚𝑏 → 1, we find perfect agreement with the literature. In the limit 𝑚𝑐/𝑚𝑏 → 0 the expansion
of our analytic result can not reproduce the result in result in ref.[2] since we do not include the
three-charm contribution. However, we can separate the one-charm and three-charm contributions
by taking the difference. This is shown in figure 2. The quantities shown in this figure are defined
by

Γ (𝐵 → 𝑋𝑐𝑙𝜈) =
𝐴ew𝐺

2
𝐹
|𝑉𝑐𝑏 |2 𝑚5

𝑏

192𝜋3

[
𝑋0 +

∑︁
𝑛>0

(𝛼𝑠

𝜋

)𝑛
𝑋𝑛

]
+ O

(
Λ2

QCD

𝑚2
𝑏

)
,

where the NNLO correction is divided into two parts

𝑋2 = 𝑋1𝑐
2 + 𝑋3𝑐

2 ,

which correspond to the contributions with one and three charm quarks in the final state. One can
see that both contributions are divergent in the limit 𝑚𝑐/𝑚𝑏 → 0 but the total decay width is finite.
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Figure 2: One-charm and three-charm contributions to the decay width in the limit 𝑚𝑐/𝑚𝑏 → 0.

It is also important to note, that the three-charm contribution becomes very small in the region
of physical charm mass, 𝑚𝑐/𝑚𝑏 ∈ [0.2, 0.3] and is therefore not relevant for phenomenological
analysis. For example, at 𝑚𝑐/𝑚𝑏 = 0.2, the branching ratio is Γ (𝑏 → 𝑐𝑐𝑐𝑙𝜈̄) = 4 · 10−8.
With the numerical approach, we can reproduce the analytic expansion coefficients of the result
in ref.[2] with 8 significant digits up to the order 𝜌5. This accuracy is obtained by starting the
"expand and match" method at 𝑚𝑐/𝑚𝑏 = 1/2, crossing the three particle threshold before matching
to the expansion around zero. The accuracy can be improved significantly by matching directly to
AMFlow results close to 𝑚𝑐/𝑚𝑏 = 0, for example 𝑚𝑐/𝑚𝑏 = 1/100. In this case we can reproduce
the coefficients of the expansion with 50 digits.
The calculation shown here serves as preparation for the computation of nonleptonic decay rates
of 𝐵-mesons at NNLO. In these cases the techniques used in the literature for the semileptonic
decays to obtain expansions are either not applicable or very challenging. However, it should be
straightforward to apply our ansatz with the "expand and match" method to this problem.
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