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ABSTRACT: We compute, in the framework of renormalon calculus, the O(Aqcp) correc-
tions to the production of ¢ pairs in hadron collisions under the assumption that qg — tt
is the dominant partonic channel. This assumption is not applicable to top quark pair
production at the LHC but it is valid for the Tevatron where collisions of protons and anti-
protons were studied. We show that the linear power correction to the total ¢¢ production
cross section vanishes provided one uses a short-distance scheme for the top quark mass.
We also derive relatively simple formulas for the power corrections to top quark kinematic
distributions. Although small numerically, these power corrections exhibit interesting de-
pendencies on top quark kinematics.
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1 Introduction

Top quark studies play a central role in the current exploration of the Standard Model of
particle physics and in the quest to discover physics beyond it. Of particular interest are
top quark couplings to electroweak gauge bosons and the Higgs boson, as well as its mass
and width [1, 2]. It is well-known that the lifetime of the top quark is so short that the
hadronisation mechanism has no time to set in. As a result, many properties of “free”
top quarks, such as their polarisations and spin correlations, can be accessed by studying
kinematic distributions of their decay products.



Given the very rich research program that can be pursued by studying top quarks,
experimental and theoretical exploration of top quark pair production progressed rapidly
in recent years and reached a very advanced stage [3-12]. In fact, progress in theory and
experiment allows us to study various properties of top quarks with very high precision
making a better understanding of subtle effects desirable and even mandatory in certain
cases.

One important class of such effects are the non-perturbative power corrections. In
the case of top quark pair production, these power corrections are especially important
for the extraction of the top quark mass from the total cross section and from kinematic
distributions [13-23]. Since a sound theoretical understanding of power corrections to top
quark pair production is lacking, it cannot be excluded that such extractions are biased.

A valuable approach to the study of power corrections is the renormalon calculus
in the large—by approximation. It can be applied to processes that, at the Born level,
are described by Feynman diagrams without gluons. The method consists in adding one
soft gluon (virtual or real), dressed with an arbitrary number of quark-anti-quark vacuum
polarisation insertions, to the Born process. The underlying abelianised model corresponds
to QCD in the limit of a large, negative number of quark flavours. In this limit, the theory
remains asymptotically free, and exhibits infrared renormalons. It turns out that the
results in the large-by approximation can be easily obtained from calculations in QCD
where the gluon carries a small mass A. In particular, O(Aqcp) corrections are associated
with corrections of order A to the considered observables. This procedure is well known; for
example, it is reviewed in ref. [24], where many applications are illustrated. Furthermore,
a comprehensive account of the method is given in Appendix B of ref. [25].

In two recent papers [26, 27], some of us have used the renormalon calculus to discuss
linear power corrections to some collider observables. In particular, in ref. [27], the case of
t-channel single top production was considered. This process does not have any gluon at
the Born level and is thus amenable to renormalon calculus. It was found that no linear
power corrections are present in the total inclusive cross section of the t-channel single
top production, provided that the cross section is expressed in terms of a short-distance
mass of the top quark. Furthermore, it was shown that top-quark kinematic distributions
do exhibit linear power corrections, that are easily calculable within the same renormalon
framework.

The goal of this paper is to go one step further in the computation of the linear power
corrections to top quark production in hadron collisions, and to use the renormalon calculus
to study such corrections in the ¢qg — tt partonic channel. We note that this process is
mediated by a gluon exchange at leading order and that such a gluon is highly virtual.
As we explain below, the large virtuality of the gluon allows us to use the Low-Burnett-
Kroll (LBK) theorem [28, 29],! to uniquely reconstruct the first subleading term in the soft
expansion of the qg — tt amplitude, and in this way compute the linear power correction.
On the contrary, the gg — tt channel, which is dominant at the LHC, has on-shell gluons
as external lines, and we will not deal with it in the present work.

'For recent literature on the LBK theorem see ref. [30] and references therein.



The remainder of the paper is organised as follows. In Section 2 we describe the
generalisation of the Low-Burnett-Kroll theorem to processes with arbitrary number of
quarks and anti-quarks as external particles. In Section 3 we discuss aspects of the large-
Ny limit of QCD which concern the presence of a virtual gluon in the Born amplitude. In
Section 4 we explore the structure of cancellations of various O(\) terms and show that
they occur independently for different colour dipoles responsible for soft QCD radiation
and for contributions where the same parton emits and absorbs soft radiation. In Section 5
we continue with the discussion of O()\) corrections to top-quark kinematic distributions.
We apply these general results to the partonic process qg — tt in Section 6, where we also
compute non-perturbative corrections to the top quark pair production in pp collisions. We
conclude in Section 7. The Appendices contain useful technical information and results for
non-perturbative corrections to observables in a general qq — tt + X process.

2 The Low-Burnett-Kroll theorem

The goal of this section is to discuss the Low-Burnett-Kroll theorem for processes with an
arbitrary number of external quarks and anti-quarks that carry non-Abelian charges, and
an arbitrary number of colour-neutral particles. We consider the process

N

2 — Y filp) + X(px), (2.1)

=1

where f;(p;) is a quark or an anti-quark of flavour ¢ with momentum p; and the mass m;,
and X (px) denotes, collectively, a system of colour-neutral particles. We only consider
final-state particles, since amplitudes with initial-state particles can be obtained from our
results by crossing. The total number of colour-charged particles is N and we will use
N4 and Nj to refer to the total number of quarks and anti-quarks, respectively.? With a
slight abuse of notation we will also indicate with NV, N, and Nj the sets of all quark and
anti-quark indices. We stress that gluons cannot appear as external on-shell particles but
virtual gluons can be present as internal lines in the Born amplitude.

2.1 Real emission contribution

We consider the emission of a gluon with momentum k in the process shown in eq. (2.1),

N
o= > filpi) + X(px) + g(k)- (2.2)
i=1

This gluon is considered to be massive, with a tiny mass A. We are interested in a situation
when the emitted gluon is soft and has an energy comparable to its mass.
We extract the gluon polarisation vector e and write the amplitude of the process in
eq. (2.2) as
Areal = €,(c|MPH), (2.3)

2Obviously, colour conservation requires N, = Nj.



N

Figure 1: Leading order and the relevant real-emission contributions to the process @ —
> filpi) + X(px) + g(k). Arrows show directions of outgoing momenta for both quarks
and anti-quarks.

where |c) indicates colour quantum numbers of all particles in eq. (2.1) and a is the gluon
colour index.
Separating the emissions from the external legs and the “structure-dependent” radia-

tion from the internal lines, we write the reduced amplitude M®* as®

u¢i+k+mi

av“ — m .
M = Js Z U(]%)’V d;

iEN,

17 Ni(p1,p2, -, pi + K, ...)
(2.4)

—p. —k+m;
ava(pi) + Mg (P1; - PN K).

+ gs Z Ni(p1,p2, -, pi + k,...) T p
1€Ng
Here, d; = (p;+k)?—m?2, T2 refers to the colour charge of parton i and N;(p1, p2, .., pi+k, ...)
is the Green’s function of the process in eq. (2.1) with an amputated off-shell leg i. The
amplitude Mteg describes the structure-dependent radiation; it is regular in the &k ~ A — 0
limit.

The LBK theorem stems from the observation that one can determine M?é’g at k=0
by requiring that k, M®* = 0. We will apply this observation to eq. (2.4). Before we do
that, it is convenient to rewrite the parts of the amplitude that describe the gluon emissions
from the external legs. Using the Dirac equation, we obtain

.+ + m;
ay" MZ = U; (Jz“ + Sf”) , (2.5)
where o i
Jzu = %7 Sf = O-d. V: (2.6)

with o = 1/2 [y*,~"]. We note that these quantities have the following properties

kyJ' =1, kSt =0. (2.7)

3We will write M®* rather than |M®*#) in what follows to simplify the notations.

“We note that recently the validity of LBK theorem has been questioned in refs. [31-33]. Although
some of the criticism in these references might be justified, we believe that our derivation of the theorem is
consistent and leads to correct results, see Section 4.3 for further discussion of this point.



For an anti-quark, we find a similar equation

_pi_k+mi,y

7 Po; = (=J8" + S v;. (2.8)

We contract eq. (2.4) with k,, use eq. (2.7) and obtain

N
0= 9s Z niMa(pla —Pi T+ ]{77 ) + k,LLMgeg(ph -y PN k)? (29)
=1

where we introduced
Ma = ﬂiT'Z-aNi or Ma = NiTZ’an, (210)
as appropriate for a quark or an anti-quark, and 7; = 1 or —1 if ¢ is a quark or an anti-quark.
Expanding equation (2.9) in Taylor series through linear terms in k, we obtain®

N
0= an '/\/’ia(pla -3 Diy '-7pN)a
i=1
N (2.11)
O = k/" (95 anDz, -A/‘ia(ph -y Piy )pN) + M?eg,‘u,(ph -» PN 0)) )
i=1
where D;,, = 9/9p! and D indicates that the differential operator does not act on the

external spinors that appear in N defined in eq. (2.10).
We also note that at k¥ = 0 the functions M“ can be written as

N = T Mo(p1, p2, -, PN))- (2.12)

where Mg(p1,p2, .., pn) is the amplitude of the process in eq. (2.1) and we have written it
as a vector in colour space.

The first equation in eq. (2.11) is the colour conservation condition. The second equa-
tion has to be satisfied for arbitrary k£ so that

N N
IMEE (DL, - pv; 0)) = —gs D niDINF = —g3 > miDET | Mo). (2.13)
i=1 i=1
Having determined the structure-dependent part of the real-emission amplitude, we
can now write the full amplitude as an expansion in the gluon momentum with O(k°)
accuracy. We obtain

MF =g > (T4 LT [Mo) + g5 Y uSENG + g > NiSto; + O(k),  (2.14)
iEN iE€N, i€Ng

where
Ng:EaNi or Niﬂa, (215)

®Note that our conventions for the colour generators differ from the ones commonly used in the literature.
In this paper, we use (T;)as = tap for outgoing particles and anti-particles and instead absorb the relative
minus signs into the factors 7;.



depending on whether parton 7 is a quark or an anti-quark, and

L' = J'k"D;, — D

1

(2.16)

As the next step, we need to compute the square of the gluon emission amplitude
summed over polarisations and colours of external particles. Working through the first
subleading term in the expansion of the gluon momentum, we find

“ _
MEM* =g2 >~ min (Mol JE Ty TS + Ly uJUTETE + JUTTE Li | Mo)

s (2.17)
g2 37 i ((MGLITETIMo) + (Mol TETEMES) )
,JEN
where
;SN j € N,
MS7H = I=g 7 aq» 218
| 07]> { NJS;L’UJ’ ] c NQ- ( )
We note that
N,;SHu;, j € N,
MS’H — _1 J ‘]7]7 q» 219

because the spin operators defined in eq. (2.6) are anti-hermitian.
We now discuss the various terms that appear in eq. (2.17). The terms in the first line
can be easily simplified if we use the fact that T7'T;* = T{*T7". Then we find

“ _
> min (Mol T T W TET) + Ly JUTETE + JETETH Ly | Mo)

i.jeEN ) ) (2.20)
= > mny (I i+ ' Lig) Fio,
1,JEN
where
F%y = (Mo|T{ TS M), (2.21)

is the colour-correlated matrix element squared of the process in eq. (2.1).

Next, we need to consider the various contributions that depend on the spin operators
S%. As we will see, in this case one should be careful with the relative signs between the
quark and the anti-quark cases. Consider the expression

STt (IMITETE Mo) + (Mo[TATIMGE) ) (2.22)

i€EN,jEN,
To simplify it, we note that we can write a tree-level amplitude as

[Mo) = u;Nj, (2.23)



“factoring out” a spinor u;. Then we find

S mdl ((MEHITTE I Mo) + (Mo|TETY M) )

ZGN?JGN(I

= Y ! (NGNS g + 8, N T TN uy) (2.24)
iEN,jEN,

= > T ([pg, SjuNTETENG)
1€N,jEN,

where p, ; = pj—i—mj is the density matrix associated with the quark j. A similar calculation
for an anti-quark gives

>t (M
iEN,jENg

= > mdl (~0S NI T Nv; + 0N T TINGS v)) (2.25)
i€EN,jENg

TPT? | Mo) + (Mol TPTS M)

=— > T (Ipeg, SiulNITING)
iEN,JEN,
where pg; = pj — mj. Since
05,851 = L} by, (2.26)
regardless of whether the density matrix refers to a quark or an anti-quark, we observe
that egs. (2.24-2.25) combine with the last term of eq. (2.20) into

> i d! Ly Fio- (2.27)
i,jEN

We emphasise that the differential operator Lg in the above equation does act on all p;-

dependent terms in Fﬁ]O without any restrictions.
We conclude that the amplitude squared that describes the emission of soft gluons in
the process @ — > fi(pi)+ X (px) with subleading accuracy in k can be written as follows

1€EN
reall® = —g3 D nan; W} W u i + O(K?). (2:28)
i,jEN

In eq. (2.28) we introduced the generalised current W}* which reads
1
wh=J!'+ iLff, (2.29)

and it is understood that the differential operator L does not act on the eikonal currents
Ji“ but only on the colour-correlated matrix element Fﬁjo

Finally, we note that, for processes with some particles in the initial state, |Aea1|? can
be obtained from our result by crossing. To this end, to describe an initial-state (anti)-
particle i, one starts with eq. (2.28) and inverts the corresponding momentum p; — —p; in
the definitions of J;, D;, L; and d;. In addition, one needs to set n; = —1 if ¢ is an initial-
state quark and 7; = 1 if ¢ is an initial-state anti-quark. This completes the discussion of
the real-emission part.



2.2 Virtual corrections

We need to analyse the virtual corrections in a similar way. The one-loop diagrams that
contribute to the process of eq. (2.1) can be divided into three distinct groups. The first
group includes diagrams where the virtual gluon is not connected to any of the external
lines. The second group comprises all diagrams where the virtual gluon is attached to one
and only one external line. The third group includes diagrams where the virtual gluon
connects two external on-shell lines. These different contributions are shown in Fig. 2.
We will analyse each one of them in turn. We note that we will also have to include the
wave function renormalisation contribution that corresponds to self-energy insertions on
the external lines and account for mass counterterms.

It is straightforward to convince oneself that diagrams of the first group cannot contain
O()) terms. However, this is not the case for the diagrams in the second and third groups.
To analyse the diagrams that belong to the second group, we note that their sum can be
written in the following way

'k —i
) = [ G M) (230)
where
p,k+mi
’MVQ gs Zuz’m - T Ni’ (p17p2>"api+k7"" _k)
1E€ENg l
. (2.31)
- m;
g S N i ] = BT
1€ NG
In the above equation d; = (p; + k)* — m? and N¥(p1,pa, .., pi + k,...| — k) is the Green’s

function that describes the structure-dependent radiation in the process of eq. (2.2) with
the off-shell leg i. A simple power counting shows that, for the purpose of computing O(\)
contributions to the virtual amplitude, the above expression can be simplified to

Mys) = 92> Jip THUNG" (p1, p2, - i ---|0)
1E€ENg

- gs Z J,,LLN plap27 -5 Pisy |0) UiT;‘a + O(k())a
1€ENg

(2.32)

where J! = 2p!'/d; is the eikonal current and it is indicated that we need the function N7
at £ = 0. To compute it, we proceed similarly to what was done in the previous section
and write

9sNGH (P, p2, -, Dy -|0) iy = g5, NG (p1, P2, s iy .| 0) = Mo (p1, P2, ., P [0), (2.33)

for all iy and iz, and with Mt given in eq. (2.13). Using eq. (2.13), we find

(M) = g2 Z nin; Jf Dj T{TS [Mo). (2.34)
,JEN



Figure 2: Loop contributions that need to be considered. The first diagram belongs to
group Vi, while the second and third diagrams belong to groups Vo and V3 respectively
(see text for details).

We will need to compute the interference of the one-loop amplitude with the leading
order amplitude. Using eq. (2.34), we find
o [ d*k i P
(Mol Avy) + (Av, [ Mo) = —g; (27t 52— )2 Z nin; Ji Djpkro- (2.35)
i,jEN

Next, we consider gluon exchanges between two external lines. There are three similar
but distinct cases that need to be studied, namely the exchanges between two quarks, two
anti-quarks and a quark and an anti-quark. We write

'k —i
) = [ Grrre M) (2.36)
where
(Myy) =92 > i (I + 8t (L — D) TET NG (s pi + by pj — Ky )
iq<Jq
+9z Z i (J}' + S)) T Nij (o pi + Ky o0 = ko) (L — 2 4) 0 (2.37)
iQLjQ
g2 > TATING (o pi oy — Ky n) (<L — Bj) vj (=T + 85 vy,
ig<jg

In the above equation, J! and S!" have already been defined and

2pt — kH BV L.
U ST (2.38)
d; d;
with dj_ = (pj — k)% — 'm]2 We expand | My;) through relevant order in k& and find
2
g AV
Mug) =L 7wy (T Ly + I L b D) TETE M)
) #JEN (2.39)
g , )
PO S T (L MG — M)
i£jEN



where AY; = DY — D¥ and we used the fact that I}'(k) = J/'(—k) and Z¥(—k) = —S} (k).
IM@}) is defined similarly to eq. (2.18) with S} being replaced by X}". Next, we need to
compute

(Mo Myy) + (Myg | Mo). (2.40)

The computation is very similar to what has been done for the real-emission contribution.
We recall that the key point is to rewrite the commutators of the spin operators with
the quark and anti-quark density matrices as the derivatives of the density matrices with
respect to the external momenta, and then combine these derivatives with Ai”j acting on

F. We find

(Mo|Myg) + (M Mo)

= 923 S7 winy (2T T+ Tk N+ I Ly = TG | P, 24y
i#£jEN
where
L' = J"¥'D;, — DV, K!=TI"k"D;, + D", (2.42)
so that
[0, S = Li'pi, (5, Byl = Kj by (2.43)

and tilde indicates that these differential operators only act on the density matrices in Fﬁjo
To obtain the final result, we combine eq. (2.41) and eq. (2.34), where in the latter
equation we separate the contributions with ¢ = j from those with ¢ # j. We find
(Mo My, + My,) + (M, + My, [Mo)

_ %

9 Z Titj [2#‘[]}# + Jz‘illj,#kv&;‘/j + IJHLi,u - J{LKJ}#} o

i#JEN (2.44)
.. N

— 92 > mn JI'DjuFio — 9:Cr Y JI'DiuFro,

i#EN =1

where in the last term we used ), T*T = Cp for i € N.
It is convenient to rewrite certain terms that appear in the above expression. First we
note that

Jfljyukvﬁiyj :Ij,uf’? + Ij,uDzH - JZHKJ}# + JiuDj,u- (2.45)
Since Ri,p» + Ki,u = K;, and I_wa + f/i,“ = L;,, we find
JzHIj,ukVAiyj + I;'L‘I:iu“ - Jff(j,u = Ij,uLg - JzHKjvﬂ + Ijﬁqu + JiﬂDj,u- (2-46)

Next, we combine the last two terms from the above equation with the next-to-last term
in eq. (2.44). We find

2
p ) . _ g
ES anj (Ij,qu + I Djy — 2JiuDj:M) o (2.47)
- .
p _ _ g
=5 D mn; (LD = J!'Dj) Fi, = 0.

~10 -



The last step follows from the fact that, to compute the one-loop amplitude, we will have
to integrate eq. (2.47) over k with the weight 1/(k? — A\?), and from the observation that
through leading order in k, I}'(—k) = J}'(k). Hence, we obtain

(Mo My, + Myy) + (My, + My Mo)

2
; 3
=5 > onimy [2JE T+ L — TV ) FiY,
i#EN (2.48)

- gsCFZJ DjuFro-
i=1

It is further convenient to rewrite the last term as follows
N D Fo=Y I (DW - Dw) Flo. (2.49)
i i
Then

- 2 2 2
E JiFLDi»M Fio = E EFLO’ﬁi:pi = E EFLO — C?Z FLQ|/,1 =m;1 (2.50)
. . 7 . (2
1 1 KA

In this equation, the subscripts indicate that the density matrix of a fermion ¢ should be
replaced either with g, or with m; times the identity matrix 1.

Putting everything together and using I} (k) = Jf(—k) and KJ“(k) = —L?(—/@), we
obtain

(Mo My, + Myy) + My, + My, |[Mo) = Z 20 WE (k)W u(—k) Fi
i N
ik (2.51)
e (#DuFio - 2 R0+ 2R
s FZ - t,ul'LO — d LO d LO|p;=m;1 | »

where W# (k) is defined in eq. (2.29). The final result for the O()) contribution that
originates from the one-loop amplitude reads

Ak —i
|MV|2 _gs [/( 4k52 { Z 771"7] W ( k)FL]O

1#jEN

N
2 21n;
- CF E <JfDi,uFLo - EFLO + ng FLO|ﬁi—>mi1> }
i=1 ! '

(2.52)

)

where 7 is an operator that extracts the contribution linear in A from the expression it is
applied to. We have introduced the quantity 7; in the above equation to enable crossing
to the initial state. We define 7; to be equal to n; (—n;) if 7 is in the final (initial) state.
Furthermore, for dipoles involving initial-state particles, we can use the same expression,
eq. (2.52), and we need to apply the same changes as in the real-emission part. This means
that the corresponding momenta should be inverted p; — —p; in the definitions of J;,
D;, L; and d; and the correct n;-values for initial-state quarks and anti-quarks have to be
assigned.

- 11 -



(a) (b)

Figure 3: (a) Leading order diagram and (b) Ny-dependent vacuum polarisation contri-
bution to gg — tt process.

3 Connection to the large-N¢ limit of QCD

There is an important difference between the calculation that we just described and tradi-
tional applications of the renormalon calculus. This difference is related to the fact that,
in the current case, virtual gluons appear already in the tree-level diagrams. This leads
to the appearance of perturbative corrections that scale as O(as(Q)Ny) where @ is the
hard scale of the process, and Ny is the number of massless fermions. These corrections
are peculiar because the relation between renormalon calculus and calculations where the
gluon is assigned a small but non-vanishing mass is derived by considering the Ny — —oo
limit; in this limit the behaviour of the O(a,(Q)Ny) corrections needs to be clarified.

To explain the origin of these corrections, we focus on an example where a top quark
pair is produced in the collision of a massless quark and an anti-quark. At leading order,
there is just one diagram that contributes to this process, it is shown in Fig. 3a. The one-
loop corrections include the vacuum polarisation diagram shown in Fig. 3b which, together
with O(Ny) contribution to the strong coupling renormalisation constant, combine to fix
the scale of oy in the leading order amplitude to the hard scale Q? = (pg+ pq)Q. Moreover,
if we choose the so-called V-scheme to renormalise the strong coupling constant, we can
absorb the entire Ny-dependent vacuum polarisation contribution into the strong coupling
constant [34, 35]. The leading order matrix element then reads

M) = S o) Tulp)] [ T ) (3.1)

We now discuss what happens at NNLO and, as an example, we consider an emission
of a soft gluon in diagrams with the vacuum polarisation insertions. These diagrams are
shown in Fig. 4. The important feature of all these diagrams is that they are hard, in the
sense that the k — 0 limit does not induce additional singularities in the Nj-dependent
parts of the diagrams. Therefore, these diagrams can then be studied following the proof
of the LBK theorem.

It is then straightforward to show that all diagrams similar to the ones displayed in
Fig. 4 can indeed be obtained from the LBK theorem provided that | M) is chosen as
in eq. (3.1). Interestingly, this implies that when the structure-dependent radiation is

- 12 —



q t

Figure 4: Examples of contributions to ¢§ — t¢ which are proportional to O(gsas(Q)Ny).

computed by differentiating the tree-level amplitude as in eq. (2.13), the derivative of the
strong coupling constant in eq. (3.1) also needs to be calculated. However, beyond that,
there seem to be no additional implications for the computation of linear power corrections
related to the presence of off-shell gluons in the leading order matrix elements. It is very
plausible that this result generalises also to higher orders both within and beyond the
large- Ny resummation framework; we will, however, leave an all-orders investigation of
this factorisation to future work.

4 Cancellation of O(\) contributions to the total cross section

In the previous section we computed the next-to-leading soft terms in the radiative cor-
rections to a process involving an arbitrary number of external quarks, anti-quarks and
colour-neutral particles, caused by the production or exchange of a soft massive gluon.
This allows us to calculate the expansion of the cross section in the gluon mass A including
O()) terms. The question that we would like to answer in this section is whether such
terms are present in the total cross section of the qg — tt process.

According to the analysis in the previous section, two types of terms appear in the sum
of the real and virtual contributions. First, there are terms that depend on a particular
colour-correlated amplitude squared Fﬁjo We will refer to such contributions as “dipole”.
Second, there are terms which depend on the leading order amplitude squared Fio mul-
tiplied by the Casimir operator C'r. We will refer to such terms as “monopole”. We will
show that the cancellation of the O(\) terms takes place individually for each of the dipole
and monopole terms, and therefore it is convenient to study them separately.

In this respect, we note that, for processes with massive quarks, the cancellation of the
O()) terms requires us to introduce the renormalisation of the quark mass parameter and
the wave function renormalisation. In addition, it is to be expected that the cancellation
requires us to express the cross section in terms of a mass parameter that is free of O(\)
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terms (see e.g. ref. [27] for a related analysis). Thus, if the calculation is performed in the
on-shell mass scheme, one has to rewrite the leading order cross section in terms of the new
mass parameter. Since all these renormalisation factors and mass shifts are proportional
to the Casimir factor Cf, these contributions will have to be added to the monopole terms
to ensure the cancellation.

In what follows, we will explicitly study the q7 — ¢t + X process. There are six dipoles
(qq, qt, qt, qt, gt and tt), and four monopoles (qq, Gq, tt and tt) to consider. Since ¢ and ¢
are massless, according to ref. [26], the corresponding dipole ¢g and the two monopoles ggq
and g do not produce O(\) terms and can be discarded. We will also make use of the fact
that masses of ¢ and ¢ are identical which allows us to combine the ¢t and ¢t monopoles
into a single contribution. Hence, we write

T [do(qg — tt+ X)) = Tx |:d0'g+ daﬂ +Y 37 [da{gﬁ +da€1f2}

f1=4¢,q fa=t,t (4 1)
+3 7 [dalj;f +dod/ + dogen + damass] ,

f=tf
where in the first line we collected the various dipole contributions and in the second
line the two monopole contributions together with terms generated by the renormalisation
and mass redefinition. We will now proceed with the analysis of the various terms in the
above equation. However, before we dive into this discussion, we will have to describe the
momenta mappings required to enable the integration over the gluon momentum in the
real-emission contributions.

4.1 Momenta mappings
We consider the process q(pq)+3q(pg) — t(q)+t(q;) +X (px)+g(k). To remove the momen-

tum of the gluon from the delta-function that enforces the energy-momentum conservation,
we change the momenta of top quark and anti-quark. Specifically, we write

qt = pr — ak + A(k)p: + B(k)pz,

qr = py — Bk — A(k)pt — B(k)pg,

where two parameters a and [ are k-independent, and A and B are two O(k) functions.

(4.2)

The mapping must satisfy the condition
q + qr + k = pt + pr, (4.3)
which implies
l=a+p. (4.4)
Furthermore, imposing the conditions
pi =} =q; = ¢ =mi, (4.5)
we find the following results

_ami (pik) + B (pepe) (pek)

A=
(pepp)? — mi ’ W)
5 — @) (pek) + 5 m2 (pik)
(pepr)? — mi '
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Using the mapping in eq. (4.2), it is straightforward to find the phase space transfor-
mation. Keeping O(k) contributions and neglecting higher order terms, we obtain

. . d*k
dLips(pq, Pg; 4, 45, px » k) = dLipsLo(pgs Pg: Pes Pr» px)Wé(k2 — A?)x

" (1 | o) (ek) = (k) (o = §) — 2mi (o (i) + 6 (pek))] ) . o

(pep7)? — mi

The momenta mappings shown in eq. (4.2) will have to be applied to the leading order
matrix element squared Fi,o that appears in both the dipole and monopole terms. Working
through the first order in k, we find

Fro(q g) = [1 + (Apy + Bpf — ak”) Dy, — (Apy + Bpf + Bk") Dy | Fro(pr, pp)-  (4.8)

The mappings shown in eq. (4.2) also affect the ¢t and ¢ propagators that appear
explicitly in the eikonal currents. The expansion of these propagators through linear terms
in k is straightforward and we do not present it here.

4.2 Individual dipole and monopole contributions to the tt cross section

In the following, we will discuss the individual dipole and monopole contributions to the
qq — tt + X processes.

4.2.1 The case of the tt dipole

We start by considering the contribution of the ¢t dipole to the cross section. In this case,
we only need to combine the real-emission contribution and the contribution of the virtual
corrections. As explained earlier, no renormalisation contributions need to be added in this
case.

We use eq. (2.28) to write the real-emission contribution in the following way

Tx [dag] = ”ﬂ[gﬁ / dLips(pg, Pg; ¢ 45, Px, k) X
(4.9)
X (2J}' Tz + JI' Ly 4 JE L) Flo(ar ) |-

We then perform the momentum transformation using the formulas in the previous section,
integrate over k with the help of the phase-space integrals collected in Appendix A.1, and
find

Qg T 1

Ty [da“_]:—/dLips Pq> Pg> Pts P PX) X 5o X
ATOR 2 my 1o(Pa, Pa: Pr, P& Px) (pepr — m) (4.10)

X |2m? = 2ppi) + M (piy DY + Pt DY) = (pipe) (e DY + pi DY) | Fllo (e, pi):

We note that this result is obtained for arbitrary o and 3, subject to the constraint a+ 5 =
1. We observe that the dependence on these parameters has disappeared from the final
result.
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The contribution from the virtual corrections can be extracted from the general formula
in eq. (2.52). In this case, no momentum mapping is involved and one can integrate the
relevant expression over the four-momentum of the virtual gluon. The relevant integrals
are collected in Appendix A.2. We find

) . Ak —i
T [dgg;] = ’TA[—gg/dLlpSLo(pq,pq;ptappr)/(27]_)4]<;2_/\2X

x (278 (k) JE (k) + T (k) Loy (k) + Jf (=k) Li (k) Fio (pes pr)

Qg TA 1

= ———— [ dLipspo(pg; Pg; Pt Pt PX) X ———37 X 4.11
27rmt/ LO(q @ ) (Ptpt’—m%) ( )

. {z(zptpt —m?) — m2(py DY + pryDY)

+ (pepi) (pr DY + pi, DY )} Fo (pr, pp).-
Combining the above results for the real and virtual corrections, we obtain
T |doft] + 75 [doff] =o. (4.12)
4.2.2 The case of the tq dipole

We continue with the discussion of the tg dipole. In principle, the calculation is very similar
to the one for the ¢t dipole but there is a subtlety related to the fact that the momentum
mapping, eq. (4.2), involves the momentum of ¢, that does not belong to the tq dipole. The
consequence of this is the appearance of the derivative with respect to the ¢ momentum in
the real-emission contribution. However, such a derivative does not appear in the virtual
correction to the tq dipole because no momentum mapping is required there. Hence, the
minimal requirement for the cancellation of the O(\) corrections to occur in the sum of
the real and virtual contributions to the tg dipole (independently of other dipoles and
monopoles) is the disappearance of the 8Fﬁqo / Gp? term after the integration over k in the
real-emission contribution.

To understand how this can be arranged, we consider eq. (4.8), which is the only source
of derivatives w.r.t. pf'. Since the coefficient of this derivative is already O(k), we conclude
that the potentially offending term reads

d*k , , )
73\ |:/ W(S(k2 _ )\Q)J#Jq,u(Apt + Bpf + ﬁk )Dt_’y:| Fﬁqo’ (4‘13)

where the two eikonal currents should be taken at leading power. We would like the above
expression to vanish after the integration over k. To see how this can occur, we note that
A and B are linear combinations of a(p:k) and S(pzgk). Since

T [ b0 = X0 ()] =0 (1.19)

we conclude that the non-vanishing contribution in eq. (4.13) is proportional to

d'k
T | o 00k% = N2) Tl Jg (AP} + BpY + BE") Dy, F{b | ~ BV Dg, F{L,  (4.15)
(2m)
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where V" is a non-vanishing vector that arises as the result of the integration over k. Hence,
the only way to remove this term from the real emission contribution to the tq dipole is to
choose a mapping with 5 = 0. It is important to stress that, although choosing g =0 is a
necessary condition, it is not obvious that it is a sufficient one to ensure a cancellation of the
O()) corrections within the tg dipole independently of all other contributions. However,
an explicit calculation shows that this is the case.

To illustrate this point, we choose § = 0 and compute the real-emission contribution
to the tq dipole. Since the J, and L, are defined for the outgoing momenta, we will need
to invert the momentum of the initial-state quark in their definitions. In addition, we need
to set 1, = —1. We then find that

T [dofé’} =T [93 / ALips(pq, Pg; 41> 4> Pxs k) 5 (k* — N?)

(2m)3
< (208 T + Jf'Lgy + JELyy) Lo (ar, q{)]

4.16)
Qg TA . m% (

= —— | dL , P&; Pt P 2— — DY

o e / ipsy.o (Pg, Pg; P> PEs PX )( P + ey

2

m; y y tq
-t DY + DY) | F; , Df).
ptpqpq’y( q t )) .o (Pt Pr)

A straightforward computation of the virtual corrections, using the integrals presented
in Appendix A.2, gives

, k. —i
T [dff%ﬁ]] = ﬁ[—gg/dLlPSLo(anpq;puPE,PX)WM

X (2J5(k)Jtau(_k) + Jq,u(k)Lt,u(_k) + Jt,u(_k)Lq,u(k)) FI%(Pt,Pt’)

= ﬁﬁ /dLlpSLO(pq7Pq§pt7Pf’pX) ( -2+ ﬁ — pep DY
q
m2
+ —Lp(Dy + DY) | Fi (pe, p).
DPtPq
Combining the above results, we find
T |do}?| + 7o [ao] 0. (4.18)

4.2.3 Remaining dipoles

The remaining dipoles tq, t7 and tq can be analysed in the same way as the tq dipole. For
all of them we use the momentum mapping of eq. (4.2). The cancellations of the O())
terms occur independently for each of these dipoles if we choose 5 = 0 for the gt and o = 0
for the ¢t and gt dipoles. This completes the discussion of the cancellation of O()) terms
for all of the dipoles that potentially contribute to the qq — tt + X partonic process.
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4.2.4 The monopole tt + tt contributions

The last contributions that we need to consider are the monopole contributions, related to
the t and ¢ quarks in the final state. In principle, one can design a procedure that deals
with each of them separately but, for simplicity, we will consider both of them at once.
The main difference with respect to the dipole contributions is the need to account for the
renormalisation and to redefine the top quark mass. Hence, the pattern of cancellations
becomes more involved.

The real-emission contribution reads

Tx [dff% + dag} =T\ [ — Cpg? / dLips(pq, pg: @t 45 px 5 k) (' T + JE Tg

+ J{' Ly + J¥Li ) Fro(ar, q;)}

OésCFﬂ')\ 1

= — [ dLipsyo(pg: Pg; Pt, P5, PX) X 757 X 4.19
2 mt/ L0 (P4, Pgi Pr: P ) (ptpf—m%) ( )

[ =14 e Y+ )
— (pepr) (1 + pew DY + pz,, DY )] Fro(pe, pp),

where the dependence on « and 8 has cancelled out.
The virtual corrections evaluate to

T [dott + dolf] = 7| - Org? [ dLips0 28,
A |doy +doy | =/x| — Crys 1PSLOWMX
2 2

2 2
X ( (Jwa + J¢' Dz, — 4, d;) Fro+ dftFLo\pAtzmﬂ — d{FLO’ﬁt:mtl):| (4.20)

OésCFL)\

= om m /dLipSLO [(_2 + pt,uDéj + pﬂuDE)FLO + FLO’ﬁt:mtl - FLO’ﬁg:mtl} .
t

The above results for the real and virtual corrections have to be supplemented with
the renormalisation contributions since they are proportional to the Casimir invariant Cp
and the leading order amplitude squared Fi1,0. The computation is analogous to the single
top production case discussed in ref. [27]. We obtain

sCr mA .
7-)\ [Uren] - a FL /dLlpSLO

. ON | _
3FLo + miTr | pr—pfN
2T my omy

B (4.21)
g ON
+ myTr [pthtf)mJ ] )

where derivatives w.r.t. the mass parameter m; in the last two terms arise because of the
on-shell counterterm mass insertions on the internal lines.

Finally, for the cancellation of the O()) terms, it is necessary to express the cross
section through a short-distance mass parameter. To do this, it is important to recognise
that the dependence of the cross section on the top quark masses arises in two distinct
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ways: 1) through the ezplicit appearance of m; in the matrix elements and 2) through the
implicit dependence of the momenta of the final state particles on m;.

The explicit dependence is accounted for by writing m; = m; + dm; in the function
F1,0 and then expanding in dm; to first order. The corresponding change in the leading

order cross section reads

OF
S0Pl —5m / dLips; o 5 LO

me

=5my / dLipsy,o (Tr [1NpN] + Tr [5;N(-1)N] (4.22)

ON | _ ON
+Tr | o (o N+ Nppe— )| .
8mt Bmt

The change in the cross section due to the dependence of the momenta of the final-
state particles on m; can be computed by redefining the momenta of the top quark and
the anti-top quark as follows

Pt = (1 - ﬁ)ﬁt + K’ﬁ{v pr = (1 - K)ﬁf+ K/ﬁta (423)
where x is O(A). From this, it follows that

P} =mi = p; + 2k (pepr — i) + O(k?). (4.24)

Thus, by choosing
om?

’ 4.25
2 (pupi — ) 2

KR =
the mass-shell condition for p; becomes
2 2

P =1l =m? — dmj. (4.26)

Following the discussion of the momenta mapping of the real-emission contribution in
Section 4.1 and slightly modifying it where necessary, we obtain

dLips (pg. pg; e, pr, px; mi) = dLips (pg, pgs Brs br. px; ) (1= 26+ O (M) . (4.27)

Finally, expanding the leading order amplitude squared, we determine the change of the
cross section due to the implicit mass change

~ : . . 0 0 .
Sommb, = /dhm(---pt,pt,--) {—% — & (P} — ) (3]5? - 815“)] Fro(pt, Pr)
! 4.28
—/dLips( D, PE )W[2+(pupu) (08>]F (pe, pp) (429
Pty Pty - 9 (m% —ptpg) t t 8péb 8p§, LO\Pty Pt)s

where in the last step we relabelled the momenta p; and p; back to p; and p;. While the
short-distance masses can be defined in many different ways [36-40], the guiding principle
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is that they should not contain linear O(Aqcp) terms. Therefore, for our purposes, it is
sufficient to write

~ OéSCF TA
= 1-— — 4.2
e = < 2 mt> (4.29)
so that O O
omy = —my ) L, om? = —2m? P TA (4.30)
2T My 2m my

Combining the different terms, we obtain the change of the cross section due to the
mass shift

OésCFL)\

oro(ms) — oo () = doSPL 4 §oimpl —
Lo(me) — oro (1) S p—

mass mass

/ dLlpSLO X

2
my wo_op _
x 2+ (pf — ) (Do — Dy)] B
[(ptpt — m%) [ (pt pt) ( tp t,u)] LO (4.31)

— [FLolpr=mi1 — FLolpy=mi1]

ON | _ ON
—meTr | p 5N+ Ny —
8mt 8mt

Finally, we use eqgs. (4.19, 4.20, 4.21, 4.31) to compute the various O(\) contributions to
the sum of the ¢t and ¢t monopoles and find that the result vanishes

50?&‘5515 + 502&215 + Tx [Oven] + T {dag + daﬂ + 7T [da% + dag} =0. (4.32)

As we explained earlier, the O()) contribution to g§ — tt + X cross section can be
calculated as a sum of various dipole and monopole terms. In this section we have shown
that, for each of these terms, the O(\) contribution vanishes. Hence, we conclude that
within the renormalon model, there are no O(Aqcp) corrections to top quark pair produc-
tion in hadron collisions provided that the leading partonic process is the ¢q annihilation
channel.

4.3 On the validity of the LBK theorem

Recently, in refs. [31-33] objections were raised about the validity of the LBK theorem,
and one may wonder whether these objections have implications for the results reported
in this and earlier (e.g. [27]) papers. As discussed in [31-33], potential problems with
the derivation of the LBK result stem from the need to consider the off-shell extensions of
the Born amplitude, or its extensions to external momenta that do not satisfy momentum
conservation. It is argued in [31-33] that such extensions may lead to ambiguities because
they cannot uniquely follow from amplitudes computed for external on-shell momenta
that satisfy momentum conservation. To illustrate this point, we note that if we replace
(pe+pp)? either with (p, +pg)? or with (2m? + 2p; - p) in the leading order amplitude Fﬁjo,
computations of derivatives of Fﬁjo w.r.t. ¢ or £ momentum will yield different results. It
is therefore important to clarify if and how the uniqueness of the result for the radiative
amplitude is restored.
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To understand this, it is useful to realise that the off-shell continuation problem and
the momentum conservation problem have different origins and resolutions. Let us first
focus on the off-shell continuation. In this case, the final result eq. (2.28) is independent
of any particular off-shell extension of the amplitude squared. To see this, we note that
in eq. (2.28) terms of the form Jij7MFE{) (the JJ terms from now on) as well as terms
of the form JfLi,uFﬁ% (the JL terms) appear. The momenta appearing in the JJ terms
are on shell, so they do not depend upon the off-shell continuation. The JL terms could
in principle be affected by the off-shell continuation, but this is not the case, since the
operators L yield zero when applied to the square of the external momenta,

Efp? = (Ji“k‘”Di,,, — Df)pf ~ JZ-“k P — pf =0. (4.33)

Thus the L derivatives treat the invariants associated with the off-shell extensions of ex-
ternal legs as constants, so that, as far as the derivatives are concerned, working with the
on-shell F1o functions does not affect the result. Therefore, the off-shell continuation of
the truncated Born amplitude is not needed.®

On the contrary, the leading order amplitude with external momenta that do not satisfy
momentum conservation is only introduced for bookkeeping purposes at intermediate steps
in our construction. In fact, we note that in addition to writing the expansion of the
amplitude squared in the small gluon momentum, our computation involves a second step
where we redefine momenta (g; — p; etc.) to ensure the momentum conservation without
the need to account for the gluon momentum and then reexpand the amplitude around
these conserved momenta values. We find that both the JJ and JL terms are affected by
the momentum non-conservation issue but, once F1,o is rewritten in terms of the conserved
momenta, the ambiguities must cancel out. Hence, we conclude that our final result for the
real-emission contribution to the coefficient of the A term, given by the sum of egs. (4.10),
(4.31) and eq. (4.16) with all its variants for tq, tqg and tg dipoles, is not affected by the
issues with the LBK theorem pointed out in refs. [31-33].

In more detail, any possible contribution of an off-shell extension to the on-shell am-
plitude disappears separately in each dipole/monopole. However, the momentum non-
conservation extension is more subtle since it requires adding together different various
dipole/monopole contributions. In a particularly simple case of ete™ — tt, the cancella-
tion is quite evident, since only the ¢t dipole and the ¢ttt monopoles contribute, they have
the same colour factor, and the derivative terms are equal and opposite, so that they cancel
in the sum. The case of ¢qg — tf is more involved. There we verified that the derivative
terms, when acting on the combination (p, + pz)? — (pt + p;)?, sum up to zero, thereby
yielding a further check of the correctness of our procedure.

5This also follows from the fact that when expanding the amplitude in the off-shellness of external legs,
one removes denominators of the eikonal currents and generates terms that are indistinguishable from the
structure-dependent radiation amplitude. Then, the current conservation requirement expresses both the
structure-dependent amplitude and the off-shell terms through derivatives of the on-shell amplitude.
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5 Kinematic distributions

We will now study the kinematic distributions in top quark pair production processes. We
consider an observable X that depends exclusively on the momentum of the top quark

Ox :/da X (pt). (5.1)

To compute the O(\) contribution to Ox, we follow the approach described in the previous
sections and write

Ox = /dULo X (pr) +/d0NLo X(pt)- (5.2)

We can write the NLO contribution to the cross section as the sum of dipoles and monopoles
/dUNLO X(pt) = Z/dffﬁo X(pt), (5.3)
a

where a denotes a particular dipole or the combination of the ¢t and ¢ monopoles. In the
real-emission contribution of each dipole or monopole, we apply the appropriate momentum
mapping defined in Section 4.1 in order to factorise the k integration in the phase space.
The difference with respect to the case of the inclusive cross section is the appearance of
the observable X in the integrand in eq. (5.1). For the real-emission part, we therefore
have that

/daR(qt,...) X(q) = Z/dag"(qt,...)X(pt) —|—Z/dag)(qt,...)8§Z§§t)5(a)pf, (5.4)

where §(®p! is the shift in the top quark momentum given in eq. (4.2). Since §®p!" ~ O(k),
one needs, in the second term, dag)(qt, ...) in the leading soft approximation only. Hence,

we obtain
_ (@ (@) IX(Pt) s(a),
donro X(pr) = [ doyio(pe )X () + Y [ doy(py, ...) o st (5.5)
a a t

where the first term on the right-hand side includes all the terms that contribute to the
calculation of the inclusive cross section for a particular dipole and monopole except for
terms that originate from the mass redefinition.

The mass redefinition terms affect both the leading order cross section as well as the
observable function X (g;) that multiplies it. Redefining the mass, we obtain

Ox = [ dovo Xp)mme + 3 [ aro (o) X0 + [ doiits X (o)
a

(5.6)
aX(pt) mass, U (a) 8X(pt) (a), M
+/dO'LO apé,, 0 Dt +Za:/dO'R (pt,) 8})5’ 1) Dt
where dod) is the change in the cross section due to the mass redefinition and 6™**p; is

the related shift in the top quark momentum. As was shown in the previous sections,

7 [Z [ dolotwn-1 Xm0 + [ dotts x| =0, (5.7
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we conclude that

. 90X 0X
Ox = 00 + / doro 8;5” gmassplt 3 / o (pe. ...) 6}55“5(%5, (5.8)
t a t

where O%(O is the observable X computed at leading order with the short-distance mass.

In what follows, we will discuss the different contributions to the above equation.
We combine the term that originates from the mass shift with the ¢t and ¢f monopole
contributions. The general expression for (5(a)pf in eq. (4.2) involves the parameters o and
B, and we will specify our choices for them when we discuss the individual dipole and
monopole contributions.

Monopoles tt + tt

In this case, we do not need to choose particular values for o and 3, and we use the phase-
space integrals in Appendix A.1 in order to integrate over the gluon momentum k. We also
combine the mass-redefinition contribution with those of the tt 4+ £ monopoles.” We find

0X ox
7;\[/dULO (pt) §masspf + /dUgHﬁ)(pt,---)W(S(tHR)pf

op!’ op!’
pt pt (59)
_ aCpmA /da 0X(pt)
N 2T my Lo oplf Pt
Dipole tt
For this dipole, we also do not need to specify the a and 3 values. We find
0X
t - (5.10)
_ a7 / ot 0X () [ 2(eepo) ((eepi) pif — mi pf)
27 my KO opf! (pepp)? — mi .

Dipole tq

To compute the contribution of this dipole, we take a mapping with « =1 and § = 0. We
then find

(tq) 0X (pr) (tq), .1t Qg TA / g 0X (pe) 0 Qm%
; do R Pty --- —0 q p = — do 0O 2[7 — p“ . 5.11
g [/ (pe: ) op)f ! 27 my L op)} ! (ptpg) ™ ? ( )

Remaining dipoles

In a similar fashion, by choosing corresponding values for o and 3, one can easily derive
similar expressions for the other dipoles,

(tq) 0X (pt) (tq), 1 Qg TA t§ 0X (pt) u Qm% u
d o =——|[d —2 - 5.12
7?\[ / or (pts---) apl Dt Sy 710 ool Dy + owd) pg ), (5.12)

"We remark that for an observable which depends only on p;, the inclusion of # dipole can in principle

be avoided. If one uses the alternative treatment of the self-energy contributions to £ monopole (see Section
7 in ref. [27]), this monopole does not contribute.
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_ aX _
ﬁ[/dagq)(pt,...) agft)a(t@pg} —0, (5.13)
t
& 0X .
ﬁ[/dagq)(pt,...) 8;5t>5(tq>p4 =0. (5.14)
t

Linear shift in the observable distributions

We now combine the results derived for the individual dipoles and monopoles. It is easy to
see that for processes that have the same colour structure as qq — tt, we can express the
colour-correlated cross section through combinations of Casimir invariants and the leading
order cross section. We then find

doto = C* doro, (5.15)
where coefficients C* are dipole-specific colour factors. They read

ot = % = O, C = Cp —Cu/2,

tqg _ G _ tq _ g _ _ (5.16)
C"=C""=2CF—Cy/2, C"1'=C" =2CF — Cy,

Using these colour factors, we write the expression for the observable in the following
way

Qs T 8X(pt)
Ox = /dJLo [X(ptﬂmﬁmt + Dy (; c* lﬁ) 8})#] ) (5.17)

where the momenta [, can be extracted from the results derived in the previous subsection,

-1} for (a) = (tt + £f),
2(pepe) ((pepr) P — mi pf) / ((pepe)® —mi) ,  for (a) = (1),

le = 20} — 2m p [ (Pipy), for (a) = (tq). (5.18)
—2pi 4 2mi vl / (pepg), for (a) = (tq),
0, for (a) = (tq) and (¢q).

It is clear that the above result can be written as the shift in the argument of the
function X. We find

g
Ox = /dULo X (pt + o za:Ca 5pt,a> , (5.19)

where
Opta = ™ lq- (5.20)
me
In a similar fashion, one can derive the corresponding expressions for observables that
depend on the momentum of the anti-top. We provide the complete expressions in Ap-

pendix B.
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Figure 5: Plot of oxp [p: ] /pe | as function of 7. The global factor of as/(27) 7A/m; has
been set to one.

6 Applications to simple kinematic distributions

In this section we compute the linear power corrections to three simple observables — the top
quark transverse momentum, the top quark rapidity and the ¢t invariant mass — focusing on
the process qq — tt with no additional colour-neutral particles in the final state. Complete
formulas for other processes e.g. q7 — tt + X and eTe™ — tt + X are given in Appendix
B.

The well-known expressions for the top quark transverse momentum, its rapidity in
the partonic center-of-mass frame and the t¢ invariant mass read

L. pgpt
Py = \/W, ye =5 quat’ sit = (pe + 7). (6.1)
q

M v Hov
V4 pk
g = TP ER g, (6.2)
PqPg

where

Applying the formalism of Section 5 and defining 7 = 4m?/s;;, we find

5NP [pu_] _%7‘(‘7)\ (2CF *CAT)

pe, 2mmy 2(1—71) (6:3)
_ Qs A 5 T2-1) .
ONp [Yt] =5 my [(30,4 8CF) T cosh”yy — (Ca — 2CF) =7 sinh (Qyt)] ,  (6.4)

O [511] _ % TA [QC’F (1—-7)—Cy7cosh(2y:) + (3C4 — 8CF) 7sinh (23/0} (6.5)
Sf 21 my
Interestingly, these shifts exhibit non-trivial dependencies on the QCD colour factors
and on the kinematics of the underlying qq — tt process. To visualise them, we display the
shifts in Figs. 5 - 7. We observe that the transverse momentum shift is large and negative
around the partonic threshold and that the sign is driven by the non-Abelian Casimir C4.
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Figure 6: Plots of dxp [y] as function of 7 and cos@ (see text for details). The global
factor of as/(2m) mA/m; has been set to one. The orange lines indicate the intersection
with the plane of vanishing shift.

Figure 7: Plot of dnp [s47] /ss shift as function of 7 and cosf (see text for details). The
global factor of a,/(27) m\/m; has been set to one. In the plot, we have added a trans-
parent plane of vanishing shift. The orange lines indicate the intersection with the plane
of vanishing shift.

The transverse momentum shift changes the sign at

Ca
=2 — 6.6
\/g mt 2CF ) ( )
which, numerically, is O(20) GeV above the t¢ threshold. At larger invariant masses, the
non-perturbative shift is dominated by the “Abelian” contribution proportional to Cp.
The shifts in y; and s,; depend on both the invariant mass of the ¢t pair and the rapidity
of the top quark. Since we work in the partonic center-of-mass frame, it is convenient to

express the rapidity of the top quark through the scattering angle 6 of ¢ relative to g using

1 1++1—7cosf
yt = - log . (6.7)
2 1—+1—7cos@
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Hence, to visualise the shifts in y; and sz, we use two-dimensional plots in 7 and cos 6, see
Figs. 6 - 7.

A peculiar feature of these shifts is that they induce forward-backward asymmetry
in ¢t production. This is obvious from the presence of sinh(2y;) terms in egs. (6.4, 6.5).
Moreover, these 1;-odd shifts are again enhanced in the threshold region. To see this, we
expand eq. (6.4) around threshold, 7 = 1, and find

_a,mh (Ca=20)
2rmy  2(1—1)
Comparing this shift with the shift of p;; in the threshold region, we observe that the

lim dxply:] = Yt (6.8)
T—1

relative shifts are, in fact, identical and determined by the same colour factors involving
both C'r and Cjy,
) )
lim NP [yt] — lim NP [pt L]
T—1 yt T—1 ptL

In contrast to this, the relative shift for the ¢¢ invariant mass in the threshold region is

. (6.9)

constant and involves only the non-Abelian colour factor,

Sxp [5: A
lim NP 1311 asCamh (6.10)
T—1 StF 2T my

In the opposite 7 = 0 limit which correspond to the high-energy regime, we note that,
while the shift in y; vanishes, the relative shifts of p; | and s;7 are purely “Abelian” and
can be related to the shift in the mass redefinition as follows

onplmi] _ o Onelpe] Ly Oxelsi] _ osCrmh (6.11)

mye T—0 Dt 2 70 Sti 2 my ’

We have also computed the non-perturbative shifts for basic top-quark kinematic dis-
tributions in the pp — tf process at the Tevatron; the results are shown in Fig. 8. To
assign a numerical value to the product of as and the gluon mass A, we assume that the
non-perturbative shift in the value of the top quark pole mass is 200 MeV [41-43]. Then,

using eq. (4.29) we obtain
s\ = 04 GV _ 0.3 GeV. (6.12)
Cr

Furthermore, we employ the central value of the NNPDF31 _lo_as_ 0118 parton distribution
function [44], take m; = 172.5 GeV and set the factorisation and the renormalisation scales
to pr = pr = mye.®

We observe (c.f. Fig. 8) that non-perturbative corrections in p; | and s;; distributions
can be significant in the corresponding threshold regions. Although in p;; distribution
large effects are confined to a region which ends about 5 GeV above the p; | -threshold,
for the t¢ invariant mass distribution O(1%) effects appear in a broader interval of the
invariant masses that extends to about 450 GeV. Non-perturbative corrections to the
rapidity distribution are small at central rapidities but become larger at |y;| > 1.5 where
the leading order rapidity distribution starts to decrease rapidly.

8The numerical value of the top quark mass is chosen for the illustration purposes only. In principle,
as we mentioned several times in the text, we must use a short-distance top quark mass to ensure that
O(Aqcp) corrections to the total cross section vanish.
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Figure 8: Non-perturbative shifts in top quark transverse momentum, lab-frame rapidity
and tt invariant mass distributions at the Tevatron for the qg — tt process. The center-of-
mass energy is set to /s = 1.8 TeV. The upper pane shows the leading order distribution.
The lower pane shows the ratio doxp/dopo = [doro(v + dunp) — dopo(v)]/doro for an
observable v affected by a non-perturbative shift dunp. See text for details.

7 Conclusions

In this paper we computed linear non-perturbative O(Aqcp) corrections to top quark pair
production in hadron collisions under the assumption that ¢g — ¢t is the dominant par-
tonic channel. Our starting point is the renormalon model. Traditionally, the renormalon
calculus is used to compute linear power corrections to processes without gluons at the tree
level, which is clearly not the case for the #¢ production in hadron collisions. However, we
have argued that, for quark initiated partonic processes, i.e. for qg — tt, the renormalon
calculus is still applicable, because of the large virtuality of the gluon in the Born diagram.

We have shown how to compute the linear power corrections efficiently using a gener-
alisation of the Low-Burnett-Kroll theorem to processes with colour charges. In this case,
the first subleading soft corrections can be written in terms of colour-correlated matrix
elements, in a form that exhibits the dipole structure typical of soft radiation. We have
further shown that, for inclusive total cross sections expressed through a short-distance
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top quark mass, the O(Aqcp) contributions vanish and, if a proper mapping of momenta
is chosen, this occurs separately for each of the colour dipoles.

Finally, we studied the non-perturbative corrections to kinematic distributions that
depend on the momenta of the top and anti-top quarks. Our formalism allows us to compute
them in a straightforward manner. Although these are not particularly large numerically,
they exhibit interesting dependencies on the kinematics of the Born process and on the
QCD colour factors. For example, the relative correction to the transverse momentum
distribution of the top, p:,, is large and negative close to the t¢ threshold, where the
sign is driven by the non-Abelian colour factor C4. However, the sign changes at /s; =
2my¢ \/C4/(2CF) which is about 20 GeV above the ¢t threshold. Furthermore, the O(Aqcp)
corrections to the top quark rapidity distribution induce forward-backward asymmetry,
which is particularly enhanced in the threshold region. Hence, it appears from our analysis
that even for a relatively simple 2 — 2 process that we consider here, the renormalon model
predicts interesting kinematic dependencies of non-perturbative power suppressed effects
that relate to such fundamental properties of QCD as gluon self-interactions.

As the last observation, we notice that both in the single top production case discussed
in ref. [27] and in the present case, no linear power corrections are present in the inclusive
total cross section if one uses a short-distance mass scheme. Although the full analysis of
hadronic ¢ production that incorporates the gg partonic channel remains an outstanding
task, these persistent cancellations hint at the possibility that this property holds in general.
Assuming that this is the case, this would imply that one of the short-distance mass schemes
[36—40] is preferable for computing the total cross section, and, if a heavy quark mass
parameter is extracted from the cross-section measurement, the quoted result should be
one of the short-distance masses.
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A Loop and real-emission integrals required for computing linear power
corrections

In this Appendix we give the results for the phase-space and loop integrals that occur in
the real emission and virtual contributions respectively. In order to present the results in
a compact form, we make use of the variable

5= (QJT)Q?TZ. (A1)
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A.1 Real emission integrals

The phase-space integrals required for computing the real-emission contribution to top
quark pair production read”

n= [ kw0 ] =2, (A2)

L=T / gff;wkz ) (2;’;)2} _ -;j,,;? o, (A.3)

o= T3 [ [ st ) o] = 2 (= 2t ). (A4)

Iy =", _/éjf)?ﬁJr(kQ—)\Q) (2ptk]§!(L2lef) :—g W(p?"‘pf)’ (A.5)
- )

= | Gt =) Gt | = 16 G o
- 4 " 2

o= [ oo =) G o] = $m (P~ Gy %) A
- )

=T / (;17rl;i’>5+(k2 -9 (2ptk)2/\(—2qu)] - _% (ptlpq)’ (48)
R ) 2

s =T / ((;7:{:)555*(]{2 =X (2ptk)(/\—2qu)2} - _156 (pj;tq)Q' (49)

A.2 Loop integrals
The required loop integrals read

=" ‘/ (gjrl;‘* (k2 - A2) <2plth - _g’ A0
r 4

=T _‘i/ ((217:;4 (k2 - 2?) <2ptk>k<#—2ptk>} - gw wh=pi), D
r 4 2

=T __i/ ((217:)1 (? i A?) (2pek) ?—21%16)2] - _166(20751%‘)1771?' S
r 4 u 2

Vi=T __i/ ((217:;4 (k2 i A?) (QPtkl;(?quJ - _g (Pt;q) (pf B (;:Z‘I) pZ) B
- A )

Vo= [ [ oy | = 15 S
r 4 2 2

o= [ [ G )~ 15 19)

B Observables for a more general process of qq — tt + X

In this Appendix we give the relevant expressions for observables in a more general setting
qq — tt+ X and also briefly discuss the case for eTe™ — tt + X. In the presence of X, the
symmetry between t and ¢ breaks down and, hence, we need to consider this case explicitly.

9We only display O(\) contributions to these integrals.
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For observables depending on the ¢ momentum, we acquire the shifts

—p, for (a) = (tt + tt),
2(ppp) ((pepe) P5 — mi pt') / ((pep)® —mt) ,  for (a) = (tt),
I =< —2pt + 2m3 ply / (ppy), for (a) = (Iq), (B.1)
2pf — 2m3 ply /(pepg), for (a) = (1),
0, for (a) = (tq) and (¢q).

Using this, for general observables that depend on both momenta p;, p; and the top mass
my, the linear shift reads

= A X (pe. pr.m?
TAlOx] = a—% doro KZ oo lg) 9X(pe, pr, mi)
a

27 opy!
2 2 (B.2)
7 aX(ptapfa mt) aX(ptapfamt)
au _ i S22 ki
+ (; C la) apg my 8mt .

In the following, we consider the same observables as in Section 6 for q7 — tt + X,
where s = (p; + pg)? # sig = (pt + p;)>. We will give the split-down for the different
monopole and dipole contributions and only explicitly insert the colour coefficients for the
monopoles, the remaining coefficients can be extracted from eq. (5.16). The definitions for
pz, and y; follow the equivalent definitions for p; | and y; in eq. (6.1) respectively, but with
p¢ replaced by pr instead.

The shift in the transverse momenta for the top and anti-top read,

onelpen) _os ™A gy L ot (o) 4 ot (9

Pt o ms
) ) (B.3)
Lot 8(pep) (M3 (papr) (Pgpe) + mi (papi) (Pgpt) — 2(pgpt) (Pape) (Pev7))
(s — 4m3) sz (m(pgpg) — 2(pgpe) (Papi)) ’
onp [pri] _as mA Cr(=1) + C"(2) + 1 (—2)
Py 2m my
; ; (B.4)
Lot 8(pep) (M7 (pgp7) (Ppe) + M7 (Pgpe) (Pape) — 2(Pgpi) (PapE) (D7)
(s — 4m3) syz (m2(pgpg) — 2(pepi) (Papi))
For the rapidity of the top and anti-top, we have that
g TA z 4m? F F =Di
Sp [yr] =22 ™A | ot t(pt];t) (pqpt B pqpt>
21 my (si7 —4m?) sz \ PPt Dapt
(B.5)
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Qs A 4m? - ~
oxp [yi] =2 12 [Ct(( mi (pepy) (pqpt_pqpt)

2m my St — 4m%) Stz \PqPt  DPqPt (B.6)
L cia ( m; (Pgpq) ) L ( m; (Pgpq) )
(pgp) (Pgp7) (pgp) (Pgps)
The shift in the invariant mass of the ¢t pair reads,
Qg 7T/\ . 9
NP [s47] = 2y Cr (—2s47) + C" (45,7 — 8my)

+CM <4ptpt Am} ptpq) +Ct ( Apep; + 4m2ptpq> (B.7)

PtDq btDPq

+ < 4dppr + 4m2ptpq> oL <4p D — 4m,52ptpq> ] .
PiPq PiPq

For processes of type ete™ — tt + X and the same observables, we can make use of

the same expressions above but now need to adjust only for the colour coefficients as

clt = ¢ = ¢ = Oy, Cl=C"=CM=C"= (B.8)
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