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1. Introduction

Automation of QCD computations at NNLO is an ambitious and necessary goal, to achieve
the required degree of accuracy for theoretical predictions. To this end, one needs to overcome
two main bottlenecks: the automation of two-loop corrections and the treatment of infrared (IR)
singularities in full generality. While at NLO there are successful general algorithms, such as
the Frixione-Kunzst-Signer (FKS) [1], Catani-Seymour (CS) [2] and Nagy-Soper [3, 4] subtraction
methods, the complexity of the problem increases at NNLO, where several different methods [5–
17] have been developed, however, so far, without reaching the desired degree of generality and
automation. We present here recent progress towards the automation of the Local Analytic Sector
subtracion [18–20], which attempts to construct a universal local subtraction procedure that is
completely analytic and amenable to efficient numerical implementation.

2. Local Analytic Sector subtraction at NLO

Given a partonic process with incoming momenta p1, p2 and n particles in the final state, the
contribution to the NLO differential cross sections for an IR-safe observable X , can schematically
be written as

dσNLO ´ dσLO

dX
“

ż

dΦn V δXn `

ż

dΦn`1 R δXn`1 `

ż

dΦxx̂
n Cpx, x̂q δXn , (1)

with δXi ” δpX ´ Xiq, Xi standing for the observable computed with i-body kinematics and
ş

dΦxx̂
n ”

ş1
0
dx
x

ş1
0
dx̂
x̂

ş

dΦnpxp1, x̂p2q. The first term is the contribution of the virtual corrections,
containing explicit ε-poles (where d “ 4´2ε the space-time dimensions), the second term is the
phase-space integral in dΦn`1 of the real squared matrix element, which is affected by phase-
space divergences and the last term is the collinear subtraction counterterm stemming from PDF
renormalization for the incoming partons. The IR safety of X allows to adopt a subtraction procedure
consisting of subtracting a counterterm K from R and of adding it back to V , analytically integrated
according to ż

dΦn`1 K δXn “

ż

dΦn I δXn `
ż

dΦxx̂
n Jpx, x̂q δXn , (2)

and rewrite the contribution of the NLO partonic cross section as
dσNLO ´ dσLO

dX
“

ż

dΦn Vsub δ
X
n `

ż

dΦn`1 RX
sub `

ż

dΦxx̂
n Csubpx, x̂q δXn , (3)

where Vsub “ V ` I, RX
sub “ R δX

n`1´K δXn and Csubpx, x̂q “ Cpx, x̂q` Jpx, x̂q are separately finite
in 4 dimensions and free of phase-space divergences. To define the counterterm K , we start with
the partition of the pn`1q-body phase space through the sector functions [1]

Wi j “
σi j

σ
, σi j “

1
ei wi j

, σ “
ÿ

kPF

ÿ

l‰k

σkl , (4)

where F pIq is the set of final-(initial-)state partons and ei “ sqi{s, wi j “ s si j{sqi{sqj , where
q “ p

?
s,~0q is the partonic center-of-mass momentum. By construction the sector functions sum

up to one according to
ř

iPF

ř

j‰iWi j “1. Moreover they vanish in all singular limits, except the
limit Si where particle i becomes soft and the limit Ci j where particles i and j get collinear, so that

R´
ÿ

iPF

ÿ

j‰i

”

Si ` Ci jp1´ Siq

ı

RWi j “
ÿ

iPF

ÿ

j‰i

p1´ Siqp1´ Ci jqRWi j Ñ finite . (5)
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The combination
ř

iPF

ř

j‰irSi ` Ci jp1´ SiqsRWi j is thus a good candidate for the required coun-
terterm K , however it factorizes Born squared matrix elements which carry the proper n-body
kinematics only in the singular limits. We can overcome the problem by mapping the pn ` 1q-body
kinematics into an n-body kinematics and a radiative one, in such a way that the combination R´K
remains finite and the analytical integration of K in the radiative phase space is feasible. To this
end we conveniently use Catani-Seymour mappings tk̄upabcq [2], which naturally induce a simple
factorization of the dΦn`1 phase space. There are three relevant cases:

Final a, b, c: sab “ y s̄ , sac “ zp1´yqs̄ , sbc “ p1´zqp1´yqs̄ , s̄ ” 2k̄pabcq
b

¨ k̄pabcqc ,
ż

dΦn`1pp1, p2q “
ςn`1
ςn

N

ż

dΦ
pabcq
n pp1, p2q s̄

1´ε
ż π

0
dφ sin´2εφ

ż 1

0
dy

ż 1

0
dz

”

yp1´yq2 zp1´zq
ı´ε
p1´yq ,

Final a, b, initial c: sab “ p1´xqs̄ , sac “ z s̄ , sbc “ p1´zqs̄ , s̄ ” 2k̄pabcq
b

¨ kc ,
ż

dΦn`1pp1, kcq “
ςn`1
ςn

N

ż 1

0
dx

ż

dΦ
pabcq
n pp1, xkcq s̄

1´ε
ż π

0
dφ sin´2ε

ż 1

0
dz rp1´xq zp1´zqs´ε ,

Final a, initial b, c: sab “ p1´xqs̄ , sac “ p1´xqp1´vqs̄ , sbc “ s̄ , s̄ ” 2kb ¨ kc ,
ż

dΦn`1pkb, kcq “
ςn`1
ςn

N

ż 1

0
dx

ż

dΦ
pabcq
n pxkb, kcq s̄

1´ε
ż π

0
dφ sin´2ε

ż 1

0
dv rp1´xq2 vp1´vqs´ε p1´xq ,

where N “ p4πqε´2{
?
π{Γp1{2´ εq and ςm is the combinatorial factors for a phase space with m

final-state particles. To explicitly write the counterterm K , we introduce the barred limits Si, Ci j ,
to be understood as operators which simultaneously extract the relevant singular limits and convey
a specific momentum mapping. Then K and RX

sub are given by

K “
ÿ

iPF

ÿ

j‰i

”

Si ` Ci jp1´Siq

ı

RWi j , RX
sub “ R δXn`1 ´ K δXn . (6)

The definition of the barred limits is not unique and we perform our choice with the goal of a trivial
analytical integration in the radiative phase spaces dΦpabcqrad . Of course also an efficient numerical
integration of RX

sub is desired, therefore we use again the freedom in defining the barred limits to
modulate their behaviour away from the singular region and introduce three parameters α, β, γ ą 0
in analogy with the α parameter in CS or δ and ξ constants in FKS. This can be done without
spoiling the simplicity of the analytical integration, by introducing appropriate damping factors.
Marking with a bar the quantities depending on barred momenta, we define the barred limits as

Si RWi j ” ´ 2N1
ÿ

c‰i

ÿ

d‰i,dăc

"

xαθcPI
dPI
`p1´zqα

„

xαθcPF
dPI

`p1´yqαθcPF
dPF

*

E
piq

cd
B̄picdq
cd

SiWi j ,

Ci j RWi j ”
N1
si j

"

θ jPI
rPI

p1´vqγ

x

´

PpIq
ri jsi

B̄pi jrq`QpIqµν
ri jsi

B̄pi jrqµν

¯

` θ jPI
rPF

p1´zqγ

x

´

PpIq
ri jsi

B̄pir jq`QpIqµν
ri jsi

B̄pir jqµν

¯

`

”

θ jPF
rPI

x β ` θ jPF
rPF

p1´yqβ
ı´

Pi j B̄pi jrq`Qµν
i j B̄pi jrqµν

¯

*

Ci jWi j ,

SiCi jRWi j ” N1 2 Cfj E
piq
jr

!

xα
”

θ jPI
rPI

p1´vqγ`1 B̄pi jrq ` θ jPI
rPF

p1´zqγ´1 B̄pir jq
ı

`p1´zqα
”

θ jPF
rPI

x β ` θ jPF
rPF

p1´yqβ
ı

B̄pi jrq
)

, (7)

where N1 “ 8παSpµ
2eγE {4{πqε and θiPS pS “ I, F q is 0 or 1 for particle i belonging to S or not.

The meaning of the Born squared matrix elements Bcd and Bµν, as well as the expressions for the
soft kernel Epiq

cd
“ I

piq

cd
and the final-state Altarelli-Parisi kernels Pi j , Q µν

i j can be found in [20]. The
initial-state Altarelli-Parisi kernels PpIq

ri jsi
, QpIqµν

ri jsi
read

P
pIq
ab

“ TR

„

1´
2xp1´xq

1´ ε



p f
q
a f

q̄
b
` f

q̄
a f

q
b
q `CF

„

2
x

1´x
` p1´εqp1´xq



p f
q
a ` f

q̄
a q f

g
b

`CF

„

2
1´x

x
` p1´εq x



f
g
a p f

q
b
` f

q̄
b
q ` 2CA

„

x

1´x
`

1´x

x
` xp1´xq



f
g
a f

g
b
,
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Q
pIqµν
ab

“ 2
1´x

x

”

CF p f
q
a f

q̄
b
` f

q̄
a f

q
b
q ´CA f

g
a f

g
b

ı

„

´ gµν`pd´2q
k̃
µ
I k̃

ν
I

k̃2
I



, k̃
µ
I
“

1
sjr

´

sjr k
µ
i ´ sir k

µ
j ´ si jk

µ
r

¯

,

where f ˚i (˚ “ q, q̄, g) is 1 or 0 for particle i being of type ˚ or not. After having subtracted the
counterterm K , we add back its integrated form according to Eq. (2) and get for I and Jpx, x̂q:

No initial-state partons: I “ IF , Jpx, x̂q “ 0,

IF “
αS

2π

"

1
ε2 ΣC B `

1
ε

„

Σγ B `
ÿ

c,d‰c

Lcd Bcd



`

„

Σφ´
ÿ

j

γhc
j L jr



B `
ÿ

c,d‰c

Lcd

„

2´
Lcd

2



Bcd (8)

`

„

2Ap2q

α

ÿ

j

CfjL jr ` ΣC Ap2q

α

´

Ap2q

α ´2Ap2q

β

¯

´ΣC Ap3q

α `Σ
hc
γ Ap2q

β



B ` 2Ap2q

α

ÿ

c,d‰c

LcdBcd

*

;

One initial-state parton: I “ IF ` I I , Jpx, x̂q “ J Ipxq δp1´ x̂q ` J Ipx̂q δp1´xq,

I I “
αS

2π
2Cfa

”

´ 2` 2ζ2 ´ Ap2q

α

´

Ap1q

γ ´ Ap2q

β ´ 1
¯

` Ap3q

α

ı

B , (9)

J Ipxq “
αS

2π

"

´

„

1
ε
´Lar



Papxq`Pp1qa pxq`
ˆ

x1`β

1´ x

˙

`

”

γhc
a ´Σ

hc
γ `2pΣC´Cfa q Ap2q

α

ı

´2 Cfa

ˆ

x
1´x

˙

`

Ap1q

γ

` 2 Cfa

„ˆ

x lnp1´xq
1´x

˙

`

`

ˆ

x1`α

1´x

˙

`

´

Ap1q

γ ´Ap2q

α ´1´Lar

¯

*

B ´
αS

2π

ˆ

x1`α

1´x

˙

`

ÿ

jPF

2 LajBaj ;

Two initial-state partons: I “ IF ` I I I , Jpx, x̂q “ J I Ipxq δp1´ x̂q ` J I Ipx̂q δp1´xq,
I I I “

αS

2π

!

`

Cfa`Cfb

˘

”

4pζ2´1q´Ap2q

α

´

2Ap1q

γ ´2Ap2q

β `Ap2q

α

¯

`3Ap3q

α

ı

B ` 4
”

pζ2´1q`Ap3q

α

ı

Bab

)

, (10)

J I Ipxq “
αS

2π

"

´

„

1
ε
´Lar



Papxq`Pp2qa pxq`
ˆ

x1`β

1´x

˙

`

”

γhc
a `γ

hc
b ´Σ

hc
γ ` 2

´

ΣC´Cfa´Cfb

¯

Ap2q

α

ı

` 2Cfa

„

2
ˆ

x lnp1´xq
1´ x

˙

`

´

ˆ

x1`α lnp1´xq
1´ x

˙

`

´

ˆ

x
1´x

˙

`

Ap1q

γ `

ˆ

x1`α

1´x

˙

`

´

Ap1q

γ ´Ap2q

α ´1´Lab

¯

*

B

´
αS

2π

"

2
„ˆ

x1`α lnp1´xq
1´ x

˙

`

`

ˆ

x1`α

1´x

˙

`

´

Ap2q

α `1`Lab

¯



Bab `

ˆ

x1`α

1´x

˙

`

ÿ

jPF

2 LajBaj

*

.

The single pole of Jpx, x̂q is correctly given by the regularized Altarelli-Parisi probabilities (see
Ref. [2]) Pa“ p f qa` f q̄a qpPqq` Pqgq` f ga pPgq` Pggq, cancelling the corresponding one in Cpx, x̂q.
The other shorthand notations are given by

P
pmq
a pxq “ f

g
a

"„

TR

´

x2`p1´xq2
¯

`2CA

ˆ

1´x

x
`xp1´xq

˙

´

m lnp1´xq´A
p1q
γ

¯

`TR 2xp1´xq

*

`p f
q
a ` f

q̄
a qCF

"„

1` p1´ xq2

x
` 1´ x



´

m lnp1´xq´A
p1q
γ

¯

` x

*

, pm “ 1, 2q

Σ
C
“

ÿ

a

C fa , γa “
3
2
CF p f

q
a ` f

q̄
a q `

1
2
β0 f

g
a , Σγ “

ÿ

a

γa , γhc
a “ γa ´ 2C fa , Σ

hc
γ “

ÿ

a

γhc
a ,

φhc
a “

13
3

CF p f
q
a ` f

q̄
a q `

4
3
β0 f

g
a ´

16
3

C fa , Σ
hc
φ “

ÿ

a

φhc
a , φa “ φhc

a `

ˆ

6´
7
2
ζ2

˙

C fa , Σφ “
ÿ

a

φa ,

Li j “ ln
si j

µ2 , A
p1q

ξ “ γE ` Ψ
p0qpξ ` 1q , A

p2q

ξ “ γE ´ 1` Ψp0qpξ ` 2q , A
p3q

ξ “ Ψ
p1qpξ ` 2q ` 1´ ζ2 .

The subtraction procedure at NLO has been implemented in MadNkLO, a Python framework to
automatically generate all ingredients for NLO and NNLO computations. We could check the
efficiency of the cancellation of phase-space singularities up to pp Ñ 3 j and validate the method
with MadGraph5 [21] on physical cross-sections, such as e`e´ Ñ 2 j and pp Ñ Z j.

3. Local Analytic Sector subtraction at NNLO for final-state radiation

Moving to NNLO, we consider a process with n partons in the final state only. In this case, the
NNLO contribution to the differential cross section for an IR-safe observable X reads

4
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dσNNLO ´ dσNLO

dX
“

ż

dΦn VV δXn `

ż

dΦn`1 RV δXn`1 `

ż

dΦn`2 RR δXn`2 , (11)

where RR, RV , andVV are the double-real, real-virtual and double-virtual squared matrix elements
respectively. The sum of these three contributions is finite due to the IR safety of X , but separately
they feature phase-space singularities in the extra real radiations (RR and RV ) and explicit virtual
singularities (RV and VV ). A subtraction procedure at NNLO consists in modifying Eq. (11) by
adding and subtracting appropriate counterterms to get

dσNNLO ´ dσNLO

dX
“

ż

dΦn VVsub δ
X
n `

ż

dΦn`1 RVX
sub `

ż

dΦn`2 RRX
sub , (12)

where the three contributions are separately free of phase-space singularities and of ε poles. Our
first step in setting up the subtracted double real squared matrix element is to make a partition of
the double-real phase space introducing the sector functions

Wi jkl “
σi jkl

σ
, σ “

ÿ

a, b‰a

ÿ

c‰a

ÿ

d‰a,c

σabcd , σabcd “
1

peawabq
α

1
pec`δbceaqwcd

, α ą 1 , (13)

which minimize the number of singular phase-space limits in each sector1:
p1´ Siq

`

1´ Ci j

˘ `

1´ Si j

˘ `

1´ Ci jk

˘ `

1´ SCi jk

˘

RRWi j jk Ñ finite ,
p1´ Siq

`

1´ Ci j

˘

p1´ Sikq
`

1´ Ci jk

˘ `

1´ SCi jk

˘ `

1´ SCki j

˘

RRWi jk j Ñ finite ,
p1´ Siq

`

1´ Ci j

˘

p1´ Sikq
`

1´ Ci jkl

˘

p1´ SCiklq
`

1´ SCki j

˘

RRWi jkl Ñ finite . (14)

Considering that RR “
ř

i, j‰i

ř

k‰i

ř

l‰i,k RR Wi jkl , we can construct the counterterms, in
analogy with the NLO case, by introducing the mappings of the momenta. To this end we choose
nested Catani-Seymour final-state mappings tku Ñ tk̄upabcq Ñ tk̄upabc,def q (see Ref. [20]), which
involve a minimal set of pn ` 2q-momenta and are built in terms of Mandelstam invariants. This
allows to define a subtracted double-real squared matrix element RRX

sub as sum over sectors of
quantities that are finite in the whole pn ` 2q-body phase space. It is also possible to perform the
sum of the sector functions and get the following compact expression for RRX

sub:

RRX
sub “ RR δXn`2 ´ K p1q δXn`1 ´

´

K p2q ` K p12q
¯

δXn , (15)

The counterterm K p1q reads (r ‰ i, j)

K p1q “ ´N1
ÿ

i

ÿ

c‰i

ÿ

d‰i,c

E
piq

cd
R̄picdq
cd

`N1
ÿ

i, jąi

Phc,µν
i jprq

si j
R̄pi jrqµν , (16)

while for K p2q and K p12q we have (r ‰ i, j, k; r 1 ‰ i, j, k, l)

K p2q “
ÿ

i, jąi

N 2
1

2
ÿ

c‰i, j
d‰i, j,c

"

E
piq

cd

„

ÿ

e‰i, j,c,d
f‰i, j,c,d,e

E
pjq

e f
B̄picd, je f q
cdef

`
ÿ

e‰i, j,c,d

4 Epjq
ed

B̄picd, jedq
cded

` 2 Epjq
cd

B̄picd, jcdq
cdcd



` E
pi jq

cd
B̄pi jcdq
cd

*

,

´
ÿ

i, j‰i

ÿ

k‰i
kąj

N 2
1

Phc,µν
jkprq

s jk

"

ÿ

c‰i, j,k,r

„

ÿ

d‰i, j,k,r,c

E
piq

cd

2
B̄pjkr,icdq
µν,cd

` E
piq
cr B̄pjkr,icrqµν,cr



` Cfr jks
ρpCq

jk
E
piq
jr B̄pkr j,i jrqµν

`
ÿ

c‰i, j,k

E
piq
jc

”

ρpCq

jk
B̄pkr j,ic jq
µν,rjksc

` ˜̄B
pkr j,ic jq

µν,rjksc p f qj f q̄
k
´ f q̄j f q

k
q

ı

` p j Ø kq
*

`
ÿ

i, jąi

ÿ

kąj

N 2
1

Phc,µν
i jkprq

s2
i jk

B̄pi jkrqµν `
ÿ

i, jąi

ÿ

k‰j
kąi

ÿ

l‰j
ląk

N 2
1

Phc,µν
i jpr 1q

si j

Phc,ρσ
klpr 1q

skl
B̄pi jr

1,klr 1q
µνρσ , (17)

1 We introduce the uniform limits Sab (where particles a and b become uniformly soft), Cabc (where particles a, b,
c become uniformly collinear), Cabcd (where particles a, b and particles c, d become pairwise uniformly collinear) and
SCabc (where particle a becomes soft at the same rate as particles b and c become collinear).

5
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K p12q “ ´N 2
1

ÿ

i, j‰i

ÿ

c‰i, j
d‰i, j,c

"

E
piq

cd

„

ÿ

e‰i, j,c,d

ˆ

1
2

ÿ

f‰i, j,c,d,e

Ē
pjqpicdq

e f
B̄picd, je f q
cdef

` Ē
pjqpicdq

ed
B̄picd, jedq
cded

˙

`
ÿ

e‰i, j,c,d

Ē
pjqpidcq

ed
B̄pidc, jedq
cded

` Ē
pjqpicdq

cd

´

B̄picd, jcdq
cdcd

` CAB̄picd, jcdq
cd

¯



´CA

´

E
piq
jc Ē

pjqpic jq

cd
B̄pic j,c jdq
cd

` E
piq

jd
Ē
pjqpi jdq

cd
B̄pi jd,c jdq
cd

¯

*

`N 2
1

ÿ

i, j‰i

ÿ

k‰i
kąj

#

ÿ

c‰i, j,k
d‰i, j,k,c

E
piq

cd

P̄picdqhc,µν
jkprq

2 s̄picdq
jk

B̄picd, jkrq
µν,cd

` Cfr jks
ρpCq

rjks
E
piq

jk

P̄pi jkqhc,µν
jkprq

2 s̄pi jkq
jk

B̄pi jk, jkrqµν

´ Cfr jks
ρpCq

jk
E
piq
jr

«

P̄pi jrqhc,µν
jkprq

2 s̄pi jrq
jk

´

B̄pi jr, jkrqµν ´ B̄pi jr,kr jqµν

¯

`
P̄pir jqhc,µν
jkprq

2 s̄pir jq
jk

´

B̄pir j, jkrqµν ´ B̄pir j,kr jqµν

¯

ff

`
ÿ

c‰i, j,k

E
piq
jc

P̄pi jcqhc,µν
jkprq

2 s̄pi jcq
jk

”

ρpCq

jk
B̄pi jc,kr jq
µν,rjksc

` ˜̄Bpi jc,kr jq
µν,rjksc

p f qj f q̄
k
´ f q̄j f q

k
q

ı

`
ÿ

c‰i, j,k

E
piq
jc

P̄pic jqhc,µν
jkprq

2 s̄pic jq
jk

”

ρpCq

jk
B̄pic j,kr jq
µν,rjksc

` ˜̄Bpic j,kr jq
µν,rjksc

p f qj f q̄
k
´ f q̄j f q

k
q

ı

` p j Ø kq

+

`N 2
1

ÿ

i, jąi

#

ÿ

c‰i, j

ÿ

d‰i, j,c

«

P hc
i jprq

si j
Ē
pjqpi jrq

cd
`

Qµν

i jprq

si j

˜

k̄pi jrqc,µ

s̄pi jrqjc

´
k̄pi jrq
d,µ

s̄pi jrq
jd

¸̃

k̄pi jrqc,ν

s̄pi jrqjc

´
k̄pi jrq
d,ν

s̄pi jrq
jd

¸ff

B̄pi jr, jcdq
cd

`
Phc,µν
i jprq

si j

ÿ

k‰i, j

«

ÿ

c‰i, j,k,r
d‰i, j,k,r,c

Ē
pkqpi jrq

cd
B̄pi jr,kcdq
µν,cd

`
ÿ

c‰i, j,k,r

2 Ēpkqpi jrqcr B̄pi jr,kcrqµν,cr `
ÿ

c‰i, j,k

2 Ēpkqpi jrqjc B̄pi jr,kc jqµν, jc

ff

´
ÿ

kąj

P hc
i jprq

si j

P̄pi jrqhc,µν
jkprq

s̄pi jrq
jk

B̄pi jr, jkrqµν ´
ÿ

k‰i, j

ÿ

l‰i, j,k
ląk

Phc,µν
i jpr 1q

P̄pi jr
1qhc,ρσ

klpr 1q

s̄pi jr
1q

kl

B̄pi jr
1,klr 1q

µνρσ

+

, (18)

with ρpCq

ab
“

C frabs
`C fa´C fb

C frabs

and ρpCq

rabs
“

C frabs
´C fa´C fb

C frabs

. The soft and hard-collinear kernels are

E
pi jq
cd

“ I
pi jq
cd

´
1
2
I
pi jq
cc ´

1
2
I
pi jq
dd

, P
hc,µν
i jprq

“ P
µν
i j,F

ˆ

sir

sri jsr

˙

` si j

”

2C fj E
piq
jr ` 2C fi E

p jq
ir

ı

gµν ,

P
hc,µν
i jkprq

“ ´

!

Pi jk ´ s2
i jk

”

C fk

´

4C fk E
piq
kr
E
p jq
kr
´ E

pi jq
kr

¯

` piØ kq ` pj Ø kq
ı)

gµν `Q
µν
i jk

,

where Ipi jq
cd

, Pi jk and Qµν
i jk

have been computed in [22] and can be found written in our notation
in [20] (as can Bcdef ). We notice the appearance of B̃cd “ f gc A

p0q˚
n T̃c¨TdA

p0q
n with pT̃ AqBC “ dABC ,

where Ap0qn is the Born amplitude. As explained in [20], nested Catani-Seymour mappings lead
to a natural factorization of the pn ` 2q-body phase space in an pn ` 1q-body phase space times a
single radiation phase space, and in an n-body phase space times a double radiation phase space.
These properties allow to analytically integrate K p1q and K p12q in the single radiation phase space
and K p2q in the double radiation phase space, following the techniques explained in [20], and thus
to compute I p1q, I p12q and I p2q defined by
ż

dΦǹ 1Ip1q ”
ż

dΦǹ 2 Kp1q,
ż

dΦnIp2q ”
ż

dΦǹ 2 Kp2q,
ż

dΦǹ 1Ip12q ”

ż

dΦǹ 2 Kp12q. (19)

After subtracting K p1q, K p2q, K p12q to RR and adding them back in their integrated versions I p1q,
I p2q, I p12q, the NNLO contribution to the differential cross section reads

dσNNLO´dσNLO

dX
“

ż

dΦn

”

VV`Ip2q
ı

δXn `

ż

dΦn`1

”́

RV`Ip1q
¯

δXn`1`Ip12qδXn

ı

`

ż

dΦn`2 RRX
sub , (20)
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where RRX
sub, given in Eq. (15), is free of phase-space singularities and can be safely integrated in

four dimensions. The integrand of the dΦn`1 phase-space integral still features explicit ε poles as
well as phase-space singularities, but the following properties hold:

RV ` I p1q is free of ε poles ; I p1q δXn`1 ` I p12q δXn is phase-space finite . (21)

Thanks to these properties of I p1q and I p12q, it is evident that, to get a subtracted real-virtual
squared matrix element RVX

sub, free of ε poles and finite in the whole phase space, we can subtract
a real-virtual counterterm KpRVq to

`

RV ` I p1q
˘

δX
n`1 ` I p12q δXn , which must satisfy

KpRVq ` I p12q is free of ε poles ; RV δXn`1 ´ KpRVq δXn is phase-space finite . (22)

In analogy with the NLO counterterm K , we take KpRVq of the form

KpRVq ”
ÿ

i, j‰i

!”

Si ` Ci j

´

1´ Si

¯ ı

RVWi j ` ∆i j

)

, (23)

where we have introduced a shift ∆i j which is finite under Si, Ci j and cancels the remaining poles,
so that the conditions (22) are satisfied. We can thus define RVX

sub as

RVX
sub “

´

RV ` I p1q
¯

δXn`1 `
´

I p12q ´ KpRVq
¯

δXn , (24)

where, after summing up the sector functions, we get for I p1q and I p12q´KpRVq (r ‰ i, j; r 1 ‰ i, j, k)2:

I p1q “
αs

2π

„

ΣC

ε2 R`
1
ε

ˆ

Σγ R`
ÿ

c,d‰c

LcdRcd

˙

`

ˆ

Σφ´
ÿ

j

γhc
j L jr

˙

R`
ÿ

c,d‰c

Lcd

ˆ

2´
Lcd

2

˙

Rcd



, (25)

Ip12q´KpRVq“ 4 α2
S

ÿ

i,c‰i
d‰i,c

E
piq

cd

"

2π
αS

V̄ picdqfin,cd `
ÿ

e‰i
f‰i,e

ˆ

Le f ´
L2
e f

4

˙

B̄picdq
cdef

` 2
ÿ

e‰i,d

ˆ

Led´
L2
ed

4

˙

”

B̄picdq
cded

´ B̄pidcq
cded

ı

`
ÿ

e‰i,d

ln2 s̄picdq
de

sde
B̄picdq
cded

´
1
2

ln2 s̄picdq
cd

scd
B̄picdq
cdcd

´ 2π
ÿ

e‰i,c,d

ln
sidsie
µ2 sde

B̄picdq
cde

`

„ ˆ

6´
7
2
ζ2

˙

`

ΣC`2Cfd´2Cfc

˘

`
ÿ

j

`

φhc
j ´ γhc

j L jr

˘

`CA

ˆ

6´ ζ2 ´ ln
sic
scd

ln
sid
scd

´ 2 ln
sicsid
µ2scd

˙

B̄picdq
cd

*

` 4α2
S

ÿ

i, j‰i

`

φhc
j ´γ

hc
j L jr

˘

„

ÿ

c‰i, j

E
piq
c j

´

B̄pic jqc j ´ B̄pi jcqc j

¯

`
ÿ

c‰i, j,r

E
piq
cr

´

B̄picrqcr ´ B̄pircqcr

¯



` 4α2
S

ÿ

i, jąi

Phc,µν
i jprq

si j

"

´
2π
αS

V̄ pi jrqfin,µν `
ÿ

c‰i, j

„

ln2
s̄pi jrqjc

sri jsr
B̄pi jrq
µν,ri jsc

´ 2
ÿ

d‰i, j,c

ˆ

Lcd´
1
4

L2
cd

˙

B̄pi jrq
µν,cd



´
ÿ

c‰i, j,r

„

ln2 s̄pi jrqcr

scr
B̄pi jrqµν,cr `

ρpCq

i j

2
Li jcr B̄pjriq

µν,ri jsc
`
ρpCq

ji

2
L jicr B̄pir jq

µν,ri jsc



`
1
2

„

ÿ

c‰i, j

f̃ qq̄
i j L̃

ir
jc

˜̄Bpir jq
µν,ri jsc

`

´

2γhc
i Lir´Cfri js

ρpCq

i j

`

4Lir´L2
ir

˘

¯

B̄pi jrqµν `piØ jq


´

„ˆ

6´
7
2
ζ2

˙

´

ΣC´Cfri js
ρpCq

ri js

¯

` Σhc
φ ` Cfri js

ρpCq

ri js

2
`

4Li j´L2
i j

˘



B̄pi jrqµν

*

´ 4α2
S

ÿ

i, jąi

"„

2 Cfj Cfri js
E
piq
jr ln2 s jr

sri jsr
B̄pi jrq`piØ jq



`

rP hc,µν
fin,i j

si j
B̄pi jrqµν ´

ÿ

p‰i, j

Phc,µν
i jpr 1q

si j
γhc
p Lpr 1 B̄pi jr

1q
µν

*

,

2 We used the shorthand notations Li j cr “2 ln sic
sir

”

2´Lic`ln
´

s̄
p jr iq
ic {s̄

p jr iq
ir

ı̄

and L̃ir
jc“2L j c

”

2´L j c`ln
´

s̄
pir jq
j c {µ2

ı̄

.
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where Bcde is the completely antisymmetric tripole Born squared matrix element and rP hc,µν
fin,i j the

finite part of the hard-collinear kernel rP hc,µν
i j “´gµν

“

rPi j´si j
`

2Cfj
rI
piq
jr `2Cfi

rI
pjq
ir

˘‰

`rQµν
i j, where rPi j , rQ

µν
i j ,

rI
piq
jr have been computed in [23] and can be found in [20]. We perform the integration of KpRVq in
the radiation phase space following again the techniques of [20] and compute IpRVq defined as

ż

dΦn IpRVq ”

ż

dΦn`1 KpRVq . (26)

Adding back IpRVq to VV ` I p2q, we can complete the subtraction procedure and get3

VVX
sub “

´

VV ` I p2q ` IpRVq
¯

δXn , I p2q ` IpRVq “ Ip2`RVq
poles ` Ip2`RVq

fin , (27)

Ip2`RVq
poles “

ˆ

αs

2π

˙2" 1
ε4

1
2
Σ

2
C

B `
1
ε3 ΣC

„ˆ

Σγ ´
3
8
β0

˙

B `
ÿ

c,d‰c

Lcd Bcd



(28)

`
1
ε2

„ˆ

pγ
p2q
K

16
ΣC`

`

2Σγ´ β0
˘Σγ

4

˙

B `
ÿ

c,d‰c

Lcd

4

ˆ

`

4Σγ´ β0
˘

Bcd `
ÿ

e, f‰e

Le f Bcdef

˙

`
1
ε

„
ř

aγ
p2q
a

2
B `

pγ
p2q
K

8
ÿ

c,d‰c

Lcd Bcd



`

ˆ

2π
αs

˙„ˆ

ΣC

ε2 `
Σγ

ε

˙

V `
1
ε

ÿ

c,d‰c

Lcd Vcd

*

,

Ip2`RVq
fin “

ˆ

αs

2π

˙2" „

Ip0q`
ÿ

j

Ip1qj L jr`
ÿ

j

Ip2qj L2
jr`

1
2
ÿ

j,l‰j

γhc
j γhc

l L jr 1 Llr 1



B `
ÿ

j

”

Ip0qjr `Ip1qjr L jr

ı

Bjr

´ 2p1´ζ2q
ÿ

j,c‰j,r

γhc
j p2´LcrqBcr ` π

ÿ

c,d‰c
e‰c,d

„

ln
sce
sde

L2
cd`

1
3

ln3 sce
sde
`2Li3

ˆ

´
sce
sde

˙

Bcde

`
ÿ

c,d‰c

Lcd

„ ˆ

20
9
´ 2ζ2 ´

7
2
ζ3

˙

CA `
31
9
β0 ` 2 Σφ ` 8

`

1´ ζ2
˘

Cfd

´

ˆ

CA

3
´
ζ2
2

CA`
β0
12
p11`Lcdq`

Σφ

2

˙

Lcd ´
1
2
`

4´Lcd

˘

ÿ

j

γhc
j L jr



Bcd

`
ÿ

c,d‰c

”

´ 2` ζ2 ` 2 ζ3 ´
5
4
ζ4 ` 2

`

1´ ζ3
˘

Lcd

ı

Bcdcd

`
ÿ

c,d‰c

Lcd

„

`

1´ ζ2
˘

ÿ

e‰d

Led Bcded `
ÿ

e, f‰e

Le f

ˆ

1´
1
2

Lcd`
1
16

LcdLe f

˙

Bcdef

*

`

ˆ

αs

2π

˙" „

Σφ ´
ÿ

j

γhc
j L jr



V fin `
ÿ

c,d‰c

Lcd

ˆ

2´
1
2

Lcd

˙

V fin
cd

*

, (29)

where the anomalous dimensions pγp2qK and γp2qa read

pγ
p2q
K “

ˆ

8
3
´4ζ2

˙

C
A
`

10
3
β0 , γ

p2q
a “ p f

q
a ` f

q̄
a qCF

„ˆ

3
8
´3ζ2 ` 6ζ3

˙

CF `

ˆ

41
36
´

13
2
ζ3

˙

C
A
`

ˆ

65
72
`

3
4
ζ2

˙

β0



` f
g
a

"

C
A

„

´
11
4

CF ´

ˆ

1
9
`

1
2
ζ3

˙

C
A



`β0

„

3
4
CF `

ˆ

16
9
´

1
4
ζ2

˙

C
A

*

.

3 The coefficients Ip0q, Ip1qj , I
p2q
j , I

p0q
jr , I

p1q
jr are given by (with Ng and Nq the number of gluons and quarks respectively):

Ip0q
“ N2

qC
2
F

„ 101
8
´

141
8
ζ2`

245
16

ζ4



` NqCF

„

CF

ˆ 53
32
´

57
8
ζ2`

1
2
ζ3`

21
4
ζ4

˙

`C
A

ˆ 677
432

`
5
3
ζ2´

25
2
ζ3`

47
8
ζ4

˙

`β0

ˆ 5669
864

´
85
24
ζ2´

11
12
ζ3

̇

` NgNqCF

„

C
A

ˆ 13
3
´

125
6
ζ2`

245
8
ζ4

˙

` β0

ˆ 77
12
´

53
12
ζ2

˙

` N2
g

„

C2
A

ˆ 20
9
´

13
3
ζ2 `

245
16

ζ4

˙

` β2
0

ˆ 73
72
´

1
8
ζ2

˙

`C
A
β0

ˆ

´
1
9
´

11
3
ζ2

˙

` Ng

„

CF C
A

ˆ

´
737
48
`11ζ3

˙

`CF β0

ˆ 67
16
´3ζ3

˙

` β2
0

ˆ 73
72
´

3
8
ζ2

˙

`C2
A

ˆ

´
4289
216

`
15
2
ζ2´14ζ3`

89
8
ζ4

˙

`C
A
β0

ˆ 647
54
´

53
8
ζ2´

11
12
ζ3

˙

,

I
p1q

j
“ p f

q
j
`f

q̄
j
qCF

„

NqCF

ˆ 5
2
´

7
4
ζ2

˙

`NgCA

ˆ 1
3
´

7
4
ζ2

˙

`
2
3
Ngβ0´CF

ˆ 3
8
`4ζ2´2ζ3

˙

`C
A

ˆ 25
12
´3ζ2`3ζ3

˙

`β0

ˆ 1
24
`ζ2

̇

` f
g
j

„

NqCF C
A

`

10´7ζ2
˘

´ NqCF β0

ˆ 5
2
´

7
4
ζ2

˙

` NgC
2
A

ˆ 4
3
´7ζ2

˙

` NgCA
β0

ˆ 7
3
`

7
4
ζ2

˙

´
2
3
pNg ` 1qβ2

0 `
11
4
CF C

A
´

3
4
CF β0 `C2

A

ˆ 28
3
´

23
2
ζ2`5ζ3

˙

´C
A
β0

ˆ 2
3
´

5
2
ζ2

˙

,

I
p2q

j
“

1
8
`

15CA ´ 7 β0 ´ 15
˘

C fj
´

1
4
`

5CA ´ 2 β0
˘

γj ` 2 ζ2 C
2
fj
,

I
p0q

jr
“

`

´1`3ζ2´2ζ3
˘

CA´
1
2
`

13`10ζ2`2ζ3
˘

C fj
`
`

5`2ζ3
˘

γj , I
p1q

jr
“

`

1´ζ2
˘

CA`
1
2
`

4`7ζ2
˘

C fj
´
`

2`ζ2
˘

γj .
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The pole part Ip2`RVq
poles exactly cancels not only the poles of VV , but also the finite contributions

coming from linear and quadratic terms in the ε expansion of V and Vcd, whose knowledge is not
necessary in a universal subtraction scheme, as pointed out in [24].

4. Summary

We have presented the latest developments of the Local Analytic Sector subtraction. The
method takes advantage of the partition of the phase space through sector functions and allows
to easily identify counterterms by using the known singular limits of squared matrix elements,
accompanied by proper mappings of momenta. We have shown that the method can be applied
to initial- and final-state radiation at NLO in the massless case, producing a local subtraction
procedure for generic processes. The main achievement of the method is its application at NNLO
in the massless case, where we could derive a universal subtraction formula for final-state radiation,
completely analytic and suitable for direct implementation in any numerical code.
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