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Abstract

We calculate the quarkonic O(a?) massive operator matrix elements AAg,(N), AAg% (N)
and AquS,Q (N) for the twist—2 operators and the associated heavy flavor Wilson coefficients
in polarized deeply inelastic scattering in the region Q% > m? to O(¢) in the case of the
inclusive heavy flavor contributions. The evaluation is performed in Mellin space, without
applying the integration-by-parts method. The result is given in terms of harmonic sums.
This leads to a significant compactification of the operator matrix elements and massive
Wilson coefficients in the region Q? > m? derived previously in [1], which we partly confirm,
and also partly correct. The results allow to determine the heavy flavor Wilson coefficients
for g1(z,Q?) to O(a?) for all but the power suppressed terms oc (m?/Q?)* k > 1. The
results in momentum fraction z-space are also presented. We also discuss the small z
effects in the polarized case. Numerical results are presented. We also compute the gluonic
matching coefficients in the two-mass variable flavor number scheme to O(¢).

Dedicated to the memory of Dieter Robaschik.



1 Introduction

The question of the composition of the nucleon spin in terms of partonic degrees of freedom has
attracted much interest after the initial experimental finding [2] that the polarizations of the
three light quarks alone do not provide the required value of 1/2. Subsequently, the polarized
nucleon structure functions have been measured in great detail by various experiments IB]EI
To determine the different contributions to the nucleon spin, both the flavor dependence as
well as the contribution due to the gluons and angular excitations at virtualities ? in the
perturbative region have to be studied in more detail in the future [7] experimentally. Since
the nucleon spin contributions are related to the first moments of the respective distribution
functions, it is desirable to measure to very small values of x, i.e. to highest possible hadronic
energies, cf. [8]. A detailed treatment of the flavor structure requires the inclusion of heavy
flavor. As in the unpolarized case [9-17] this contribution is driven by the gluon and sea—
quark densities, since the flavor non-singlet contributions contribute from O(a?) only, where
as = a,/(47) is the renormalized coupling constant in the MS scheme. The Wilson coefficients
are known to first order in the whole kinematic range |18 19]E] The photo—production cross
section for polarized scattering has been calculated to next-to-leading order (NLO) in [21]. Very
recently also the NLO corrections for polarized deep—inelastic production of tagged heavy quarks
have been computed in [22], partly numerically, retaining also the power corrections. Previously,
only the deep inelastic scattering cross section in the case Q? > m?, with m the heavy quark
mass, had been calculated in Ref. [1]. Exclusive data on charm—quark pair production in polarized
deep-inelastic scattering are available only in the region of very low photon virtualities [23] at
present. However, the inclusive measurement of the structure functions g;(z, Q?) and go(x, Q?)
contains the heavy flavor contributions for hadronic masses W? > (2m + my)?, with my the
nucleon mass. The scaling violations of the heavy quark contributions to the structure functions
are different from those of the light partons. Therefore one may not model these contributions in
a simple manner changing the number of active massless flavors. Numerical illustrations for the
leading order (LO) contributions were given in [24] using the parton densities [25] ] In Ref. [27]
the LO heavy charm contributions were accounted for in the fit explicitly.

Quantitative comparisons between the results of [9] and [10,|11] show that the approxima-
tion Q% > m? is valid for heavy flavor contributions to the structure function Fy(z,@?) for
Q?/m?210, i.e. Q*222.5 GeV? in the case of charm. A similar approximation should hold in
the case of the polarized structure function g;(z,@*). By comparing the pure singlet contri-
butions in the full and asymptotic kinematics 28], one finds e.g. Q?/m? > 10 at x = 1074,
Q*/m? > 50 at x = 1072 and Q*/m? > 110 at z = 0.5 allowing for a deviation from the exact
two—loop result by 3%.

In the present paper we re-calculate for the first time the heavy flavor contributions to
the longitudinally polarized structure function g (z, @?) analytically to O(a?) in the asymptotic
region Q> > m? and provide various phenomenological illustrations. We will consider the case of
inclusive heavy flavor corrections in the following[] At the time when Ref. [1] was published, the
understanding of polarized processes in D dimensions has still been under development [1,32-36]
and results on the loop level need to be checked.

The contributions to the structure function gy (z, Q?) can be obtained by using the Wandzura—

'For theoretical surveys see [4H6].

2For a fast, precise numerical implementation of the heavy corrections in Mellin space see [20].

30Other polarized parton density parameterizations can be found in Refs. [26].

4Tagged heavy flavor corrections, Ref. [1], can be considered up to two-loop order. Starting with three—loop
order this separation is not possible in the inclusive case [14,29-31].



Wilcezek relation [37] at the level of twist—2 operators [38/39]. The general validity of this relation
was shown in Ref. [38] using the covariant parton model [40]. This also applies to the heavy
flavor contributions [24]. The Wandzura—Wilczek relation holds also in the case of diffractive
scattering |41], for the target mass corrections [42,43] and for non—forward scattering [44].

As has been outlined in Ref. [10] already in the case of the twist—2 contributions, the asymp-
totic heavy flavor corrections factorize into massive operator matrix elements (OMEs) and the
light flavor Wilson coefficients [32] as a consequence of the renormalization group equations.E]

In calculating the polarized heavy flavor Wilson coefficients to O(a?), we proceed in the same
way as was followed in the unpolarized case [11]. Furthermore, we calculate newly the O(e)
terms at this order for the unrenormalized OMEs in the Larin scheme [49]. They contribute to
the O(a?) corrections through renormalization[f] Later on we will translate the two-loop results
into the scheme used in [33,51-54].

The calculation was performed in Mellin space without applying the integration-by-parts
(IBP) method [55] for the Feynman diagrams. This leads to much more compact representations
in terms of harmonic sums [56}57] both for the individual diagrams and the final results. In
the course of the calculation we use representations through Mellin-Barnes integrals [11}/58] and
generalized hypergeometric functions [59)[]

The flavor non—singlet and pure singlet results are known analytically to two—loop order,
including the power corrections [10,28.45], and the asymptotic non—singlet three-loop corrections
have been calculated in [31]. Phenomenological applications were given in [61] in the non-singlet

case. Furthermore the polarized three-loop operator matrix elements AAZE 3 AAPSS’ AAqg:S

and AA .. in the single mass case [62-64] and the OMEs AAqq Q : AAPS (3) AA 5.0 and AA®
in the two-mass case have been computed [63,/65-68].

In the present paper we deal with corrections of a single heavy quark and Ny massless quarks
and also consider the first two-mass contributions, which contribute starting with O(a?). The
paper is organized as follows. In Section 2] we summarize main relations, such as the differential
cross sections for polarized deeply inelastic scattering and the leading order heavy flavor correc-
tions, and give a brief outline on the representation of the asymptotic heavy flavor corrections
at next-to-leading order (NLO). In Section [3| we summarize details of the renormalization of the
massive operator matrix elements. The polarized gluonic and quarkonic massive operator matrix
elements at two—loop order are calculated in Section [4]in the Larin scheme [49] (for other schemes
see [69]). Since the specific prescriptions of 45 and the Levi-Civita pseudo-tensor in D =4 + ¢
dimensions violate Ward—identities, a finite renormalization has to be performed to transform
all related quantities, i.e. the massive operator matrix elements, the massless Wilson coefficients
and the parton distribution functions into the M scheme, cf. [33/[5153]. We describe in detail the
different treatments in Refs. [1,/32,35], in which partly mixed concepts were used, to understand
and correct the final result of the previous calculation [1]. In particular, also a recalculation of
the massless two—loop pure singlet Wilson coefficient is needed for this comparison, cf. Ref. [QS]EI

We checked our results for a number of moments with the help of the Mellin-Barnes method
numerically. The mathematical structure of the results is discussed. Again, it can be represented
in terms of a few basic harmonic sums in a more compact form if compared to the results given

99,Q

5This has been proven analytically in the case of QCD to two-loops by calculating the complete mass depen-
dence for the non-singlet [1,/10L|45] and the pure singlet contributions [28,|46]. Furthermore, it has been proven
for the two-loop QED corrections for eTe™ — v*/Z* [47,48|, where the initial state consist of massive particles.

SFor the calculation of the moments of the unpolarized massive OMEs, see [14,/15]. Corresponding moments
in the case of transversity were obtained in [50] to O(a2), with complete results at O(a?).

"For a survey on other calculation methods see [60].

8Very recently also the three-loop massless polarized Wilson coefficients have been calculated in the Larin
scheme [70].



in Ref. [1]. There are no new sums appearing if compared to the unpolarized calculation given
in [16]. We also specify the 1st moment of the heavy flavor Wilson coefficient. The small
x behaviour of these quantities is of special interest. We discuss it in the context of other
quantities with leading small = singularity at N = 0 to clarify the present status. Numerical
results are presented in Section [5] In Section [ we present also the gluonic 2-loop OMEs, which
contribute in the variable flavor number scheme (VFNS), cf. e.g. [71]. Section [7] contains the
conclusions. In Appendix [A] the results for the individual Feynman diagrams are presented.
Technical details of the calculation are given in Appendix Bl The asymptotic polarized heavy
quark Wilson coefficients are listed both in momentum fraction z—space and Mellin N space in
Appendix , where we also correct results given in Ref. [1].

2 Heavy flavor structure functions in polarized deep—inelastic
scattering

The process of deeply inelastic longitudinally polarized charged lepton scattering off longitudi-

nally (L) or transversely (T) polarized nucleons in the case of single photon exchangeﬂ is given

by
N - "X . (1)

The differential scattering cross sections read

Ao yo’
- L™w, v
drdydd  Q* .

(2)

cf. [39], where x = Q?/2P.q and y = P.q/k.P are the Bjorken variables, P and k are the
incoming nucleon and lepton 4-momenta, ¢ = k — k' is the 4-momentum transfer, Q? = —¢?, 0
the azimuthal angle of the final state lepton, and L*” and W, denote the leptonic and hadronic
tensors. We consider the asymmetries A(z,y,0)rr between the differential cross sections for
opposite nucleon polarization both in the longitudinal and transverse case

3 — 3
d or'r d oL

- (3)

Az, y,0) 0 =
(@9, 00 = o000~ dodydd

which projects onto the polarized parts of both the leptonic and hadronic tensors, LZ‘Z, and W:},.
The hadronic tensor at the level of the twist 7 = 2 contributions is then determined by two
nucleon structure functions

S N(P.gS° — S.qP?)

A _ 2
Wuv = 1€0)0 P—q91($7 Q)+ (P.q)?

g2 (.T, Q2> . (4)
Here S denotes the nucleon spin vector

SL = (07 07 Oa mN)
Sy = mp(0,cos(f),sin(A),0) , (5)
in the longitudinally and transversely polarized cases in the nucleon rest frame, with my the

nucleon mass, 6 a fixed angle in the plane transverse to the proton beam direction, and Eure 18
the Levi-Civita symbol.

9For the scattering cross sections in the case of also electro-weak contributions see Refs. [39,/42].
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One obtains [39,42]]

Alw,y) = 4AQ—Z [(2 _y- chym%) (2, Q) + 4%2 mNg2<x )|, (6)

Ala,y.0.0)r = —8A—\/ mN\/ y - } cos(8 = 6)[yg (2.Q*) + 2ga(a, @)1, (7)

where o = €%/(4r) is the fine structure constant, A the degree of polarization, and s = (P + k).
In the case of A(z,y), the dependence on @ is trivial and has been integrated out. The structure
function g;(z, @?) has the following representation to O(a?),

(l’ Q ) _ 7— 211ght(x Q ) gI:Z,heavy(x7 Q2>7 (8)

where we account for the heavy flavor contributions in the asymptotic region, with [32], Egs. (2.6-
2.8),

Np
1
.CIZ'QI 211ght($,Q2> — g{N_E ez AC?@AZ-FAC;@AG
k=1

rgr Y (2, Q%) = agl (1, Q%) +wgl (1, Q) + wgl P (x, Q), (10)

- ACqNSANS}, (9)

with N = 3[7T] The heavy flavor corrections contain both one and two heavy flavor contributions.
The polarized singlet and non—singlet distribution functions are given by

Np

AT = Y (Afi+Aff), (11)

k=1
N
62 — L 62
Np &
=1

Np

Axs = Z
k=1

and AG denotes the polarized gluon distribution and all parton distributions depend on x, the

factorization scale y? and the number of massless flavors Np, with (1/Nr) vaFl e? = 2/9 for

N = 3. The massless quarkonic Wilson coefficient, AC?, is given by

(Afe+AfR), (12)

ACE = ACP +ACT, (13)

where ACPS contributes from O(a?) onward; ® denotes the Mellin convolution

[A® B|(z / / dxdy §(z — xy) A(x)B(y) . (14)

By using the Mellin transform

M[F(z)](N) = /0 dzzN "1 (2), (15)

0The QED radiative corrections were calculated in Ref. [72] and are contained in the present release of the
code HECTOR |[73].
H1Tn the presence of a finite nucleon mass also the structure function g (z, Q%) has twist—3 contributions, cf. [42].



one obtains
M[[A @ B](2)|(N) = M[A(2)[(N) - M[B(2)](N). (16)

The heavy quark contributions in the asymptotic region are given by the single heavy flavor
corrections to two-loop order, [74] Eq. (2.29)[7]

zg] %z

x s 2 A 7NS Q* mg
5 Zek AL |z, ® AG + ZeALq’l (m,?,?)@)[Afk—kAfk]

2 m2 QQ
AHPS<,—2—Q)®AZ+AH5 (, = )@AG
G G
(17)
with @ = ¢,b. The single mass heavy flavor Wilson coefficients are

ALNS = @?ALNY?, (18)
ALS, = aALY?) (19)
AHPS = a2AHTT®, (20)
AHS, = a,AHY +a?AHP. (21)

The two-mass corrections are given by [65]

o

a:g{ 2Cb($,Q2) — asi/ %AHtWO maSS(Z,Q2,mc,mb)(z)AG (§7Q2> , (22)

with

AH™OTm () = %TZ{(l —22)(e2 +¢€})In (7?:) In (%) — (ez In (%) +efln (2—2))
c b b c

[(3—42)—(1—22)1n<122)]}, (23)

and eg the charge of the heavy quarkm
The massless two loop Wilson coefﬁcients are given in [70}75-79] and the massive Wilson
coeflicients ALZ ALg 1, AH, PS and AH;’l(z) are given in Appendix |C|and AHgsy’l(l) in .
The twist—2 heavy flavor Contmbutlons to the structure function g (z, Q*) are calculated using
the collinear parton model. This is not possible in the case of the structure function gs(z, Q?).
As shown in Ref. [24], for the gluonic contributions the Wandzura-Wilczek relation also holds
for the heavy flavor contributions

G, Q) = g7, Q) + / 0, (24)

12ALqPS contributes only with three—loop order.
13The double-logarithmic two—mass correction to Fy(x, Q?) in [71], Eq. (21), has to be corrected by the factor
—(ec + )



which can be proven in the covariant parton model and derived from the analytic continuation
of the moments obtained in the light cone expansion [241|38,39,42]. Here the twist expansion is
necessary.

At leading order the heavy flavor Wilson corrections are known in the whole kinematic region,
[18,[19]

AHL) N [5G a2) - (1 - 20 m | L2 (25)
T ) 15
where 8 denotes the center of mass (cms) velocity of the heavy quarks,
d4m?  z
=4/1—- — : 26
5 \/ T (26)

The support of AH 1 (2,m*/Q?) is given by z € [0,1/a], where a = 14 4m?/Q? and m denotes
the heavy quark mass. As it is well know, the first moment of the Wilson coefficient vanishes

1/a m2
/O dzAHY (z@) =0, (27)

which has a phenomenological implication on the heavy flavor contributions to polarized struc-
ture functions, resulting into an oscillatory profile [24]. The unpolarized heavy flavor Wilson
coefficients [9-11] do not obey a relation like but exhibit a rising behaviour towards small
values of z.

The massive contribution to the structure function g;(z, @) at O(as) is given by

2o 0%) = Lot @) [ Can] (=

ax

x m

Q2

At asymptotic values Q? > m? one obtains the leading order heavy flavor Wilson coefficient
y g y

AHSW <z g—j) = 4Ty {(3 —42)+ (22— 1)In (1 ; Z) +(2z-1)In (g;)} (29)

and a = 1. The factor in front of the logarithmic term In(Q?/m?) in is the leading order
polarized splitting function Pq(g)(z)

) AG(z,Q%) . (28)

PO(z) = 8Tp [2* — (1 —2)?] =8Tr[22—1] . (30)

The sum-rule also holds in the asymptotic case extending the range of integration to z € [0, 1],

! as, (1) m?
/0 dzAH, 7 (z, @) =0. (31)

Note that H (11) does not depend on the factorization scale u? due to the absence of collinear
singularities@

As has been shown in Ref. [10] the asymptotic heavy flavor Wilson coefficients obey a factor-
ized form given by certain Mellin—convolutions of the massive OMEs and the massless Wilson

MSometimes it is assumed in the literature that the phase space logarithm In(Q?/m?) would be a collinear
logarithm, and has to be resummed. This, however, is not the case for the differential scattering cross section.
See, however, Section E}



coefficients. The expression at one— and two—loop order in the tagged heavy flavor case were
given in Ref. [10]. In the inclusive case the general structure of the Wilson coefficients is [14]

2 2 2
s (@ B A% a [ K
Athg (ﬁ) - Acsgl)g (F) + AAQQ <_2> ) (32)
2 9
s (@ m*\ s (@ Q ® e
i (?7) = A (u ) +Adg ( ) ® ACy, (u ) AV
2 2
@ [ K ~m (€
+AAggQ (_> Acggl,; <F) ) (33)
2,2 2 2
PS, (2 Q" m _ APS,( Q Ps,2) [ K
s (Gage) = aame (G) 202 (35), 9
2 .2 2 2 2 .2
NS, (2 Q m _ AINS,(2) Q NS,(2) H NS(2),massless Q m
ALgl,q( ) (W’?) - ACgth (M ) +AAqu <m > + ALgug <ﬁ7 F) )
(35)
2 .2 2 2
s (€@ m _ @ (W ~m (@
ALsh(,g) (W’ ?) - AAggQ (_) NFACg(l,; (?) ) (36)
with
m2 Q2
ALNS @) massless —50Q1n< ) [P<0>( ) In (—2) +c§;>q(z)1 (37)
, 112 I ;
and
4
Bo,g = —gTF, (38)

and Ty = 1/2 in SU(N.). Note the difference between the definition of ALY\ in [1] and ,

cf. [45]. Since ALgff) <%> %) ALgNSq(Q) massIess §s finite in D = 4 dimensions [1,45], there is
no finite renormalization for this quantity, and ALgNlS,,’](Q)’mSSIESS_iS a pure bubble correction of the
massless one—loop Wilson coefficient, which is known in the MS scheme too.

The massless Wilson coefficient Aaéi?g (g—j) depends on the factorization scale p?. This

dependence cancels, however, against that of the massive OME in AHgSl(iq).

In measuring the structure functions g;(z, Q?) and go(x,@?) the inclusive relations apply.
Here also heavy flavor corrections with massless di-quark final states and virtual heavy flavor
corrections contribute.lE The massless coefficient functions, related to Ny heavy quarks, are

denoted by
2 2 2
5 (2) 0y (Lo ) s (L) "

where Np, is the number of light flavors. In the following we will consider the case of a single
heavy quark, i.e. Ny = 1.

The representation of the polarized two-loop massless Wilson coefficients in Ref. [32] have
been corrected several times. They are partly given in the Larin scheme and partly in the M
scheme, see also the comment in [1] on the calculation of A oy there. For clear reference we present
the pure singlet and gluonic contributions in the M scheme using harmonic polylogarithms (or

15Tn Ref. [45] it has been shown that, otherwise, the polarized Bjorken sum-rule cannot be obtained.
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alternatively, harmonic sums) in Appendix . The massless flavor non—singlet Wilson coefficient
is the same as for the unpolarized structure function xF3 and it has been calculated in |70,
75] to three-loop order[] The two-loop results were obtained in [70,[76.[77). In [78] it has
been mentioned that the final result on the two—loop massless Wilson coefficients of [32] for g,
have been confirmed in the M scheme. We have checked that our results also agree with the
corresponding FORTRAN program by W.L. van Neerven [79).

In the following, we will use the notation f , Eq. 1) also for the splitting functions and
anomalous dimensions

~

f=f(Np+1) = f(Nr). (40)

The operator matrix elements Ai?s obey the expansion

2 o0
AAGTS (1> = (i|Oli) = 0i + > alAATTY ki=q.g. (41)
K //L b

2
=1

The twist—2 operators Oy form the massive OMEs between partonic states |i), which are related
by collinear factorization to the initial-state nucleon states |N).

The operator matrix elements Ai?s (m?/u?, z) are process independent quantities. They are
calculated from the diagrams in Figures 2-5 of Ref. [11], for the polarized local non—singlet,
singlet and gluon operators

. A,
Oéfﬁl“"w}(x) = NS |Y(x) sy D L D“NE@D(:B) — trace terms, (42)

Olm-tnt(z) = VIS [P(a)ysy" D ... D"¥yp(z)] — trace terms, (43)
O;[“l"'“N}(x) = 2i"?SSp [¢M* Ty (Fg, (x)D"2 .. D' FIN)] —  trace terms . (44)

Here ¢ (x) denotes the quark field, A, the SU(3) (light) flavor matrix, D* the covariant derivative
including the gluon fields, Fig5 the gluon field strength tensor, with a the SU(3). color index.
The trace (Sp) is over color space. The curly brackets {...} in the Lh.s. of Eqs. (4244]) and
the symbol S in the r.h.s. denote symmetrization of all Lorentz indices, which projects onto the
twist—2 operators. The corresponding Feynman rules are obtained by replacing in the quark case

A = s (45)

and turning from the field strength tensor Fj, to its dual by introducing the Levi-Civita symbol
287 in the gluonic case in the unpolarized Feynman rules of the operator insertions given in
Figure 1 of Ref. [11] and Figures 8 and 9 of Ref. [14].

The expansion coefficients of the unrenormalized OMEs Ai’?s’(

Y have the representation

AT = N daalm, (46)

m=—I

In the present calculation we need the following coefficients

Aab)’ =0, Ad))' = Aay)

NS,(2),0 NS, (2) PS,(2),0 PS,(2)
Qg Qg Qg’ AathQ = Aa A - AaQq )

99,Q AQq

16This also holds to three-loop order for the usual case of Nr = 3 massless flavors, but not for more (or less)
massless flavors, resulting into a different d,p. term, despite the first moment of its contribution vanishes.



Bagy" = g, (47)

We also calculate the O(e) terms at two—loop order, denoted by a bar, for use at the three-loop
level.
The massless Wilson coefficients to O(a?) are given by, cf. [80],

Act — Lapoy, (€ + M (48)
g1.9 2 qg 1 u Co1.90
AC® = |IApo Ap© 4 Apo) Lg Apo)] 2 @
g9 g7 a9 [ g’ T qq } - 150 qg’ | 1 112
LApw LA po m 4 Lapo 1 @ (2) 49
+§ g’ T 9= 99 — fo g1g+ q9 g1q Il 112 + Colgo ( )
1 Q? 1 Q?
PS,(2) _ 0 0) 1.2 PS,(1 0) (1 PS,(2
Cor, q( ) = gAPq(g)Apg(q) In (F) AP W+ 2Pg(q) §1)g] In (F - 69179( ) (50)
1 2 1 Q?
NS,(2) _ 0 0 2
Cg1 q( ) = gAPq(q) — ZBOAPQ(Q) hl (ﬁ)
Lapys—o 4 (LA po 1) m (@) L o 51
+ 5 qq + 5 q 50091&1 Cg1 q| 1 112 + Corya” ( )

Here cgk) denotes the contribution to AC’Z-(k) for Q® = u? and f3y is the lowest order expansion
coefficient of the QCD p—function,

11 4
Po = 5 Ca— gNFTF, (52)

with Cy = N.,Cr = (N? — 1)/(2N.) and Nr denotes the number of light quark flavors and

N. = 3 for QCD. ¢ = >;°,(1/1%), k € N,k > 2 denote values of the Riemann (—function at

integer argument and Pi(jPS NS, (k= 1), cé]f)l are the kth order splitting and coefficient functions. For

the different N-dependent functions we use the shorthand notation F(N) = F.
The splitting functions APZ.(JE)(N ) are related to the anomalous dimensions Afyi(f ) by

AP = —Ay, (53)

used in other representations. In the representation in Mellin N space the corresponding quan-
tities depend on nested harmonic sums, Sz, [56},57], which are recursively defined by

N
(sign(a
----- = Z |al|1 a27--~7al(k) 750 =1l,a; € Z\{O} (54)
k=1

At LO and NLO the splitting functions [35,/51-53,|70,81,82] in the M scheme are given bym

2(2 + 3N + 3N?)
N(N +1)

APY = OF[ —851}, (55)

"Here and in the following we drop the factor £[1 — (—1)"] and the integer moments are taken at the odd
integers N > 1. Note the partly different normalizations comparing the splitting functions given in Refs. [35[51}
531701 811/82).
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N -1

APY) = 8TFNFm, (56)

APO = 4C’F%, (57)

APO = {2(24 - Nl(l fvvj 11)1N ) 85 - “Te N, (58)

APDNS - = CFTFNpg{—SSQ + 43051 SN GJS\; éz]f 1+)22ON — 12 } (59)

APOPS — N O *}V?((jlv:i];“\] ), (60)
APY = oty | S 1)%\;(%1 g)iv N ]?;22((]]\\/[111)) S,

N 15?8 + CaTee Lo+ V72 i T;)T —-
+N(16fN)251 - ﬁg\;—]\}; S+ 5t 25_2]] ' o

The first order polarized Wilson coefficients ¢, , and ¢y, 4 for Q? = p? read [19,28,32,[70,(77,(33,(34]

2+ 3N)(3N*—1) 3N?+4+3N -2

(- = _{ 2[5% — 2

o = Cr NN D) T NN T EST ) (62)
N-1 [N-1

) = —ATpN :

Corg d FN(N+1){ N +S1} (63)

The first moment of cgﬁ),q yields —3CF in accordance with the Bjorken sum rule in the massless
case [85] and [86]. The 2nd order contributions were given in [32.[70,/70,(78,79].

3 Renormalization

In the following we briefly summarize the renormalization of the polarized massive operator
matrix elements and Wilson coefficients to O(a?). It has been given for the case of tagged
heavy flavor in Ref. [1},/10]. We will consider, however, the inclusive case since we deal with the
structure function g, (x, @?) and follow Ref. [14]@, where the renormalization has been performed
in the unpolarized case. Since we use the Larin prescription [49], we perform subsequently a
finite renormalization to the M scheme given in Ref. [33|[51H53|, which is the only additional
renormalization step beyond those described in Ref. [14] in the single heavy mass case.
The unrenormalized polarized OMEs obey the series expansion

Ady = o5+ ataA® (64)

k=1

18Note that the renormalization applied in [1,9,/10] is not generally valid in the case of inclusive structure
functions.
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In the renormalized case, the corresponding expansion reads

Adij = 0+ afnAl (65)

k=1

One performs i) the mass renormalization, i) the coupling constant renormalization, i) the
renormalization of the local operators by ultraviolet Z—factors, and for the massless sub—sets of
the diagrams iv) one removes the collinear singularities. By this one obtains the renormalized
OMEs given in [14], Eqs. (4.16, 4.22, 4.35) and the renormalized asymptotic massive Wilson
coefficients in Eqs. (2.11, 2.14, 2.15). These expressions can be written in terms of the anomalous
dimensions, massless Wilson coefficients, the expansion coefficients of the unrenormalized heavy
quark mass, the QCD p-function and the expansion coefficients of the massive OMEs up to
two—loop order.

Yet these expressions are given in the Larin scheme used in the present calculation. The
massless Wilson coefficients to two—loop order transform from the Larin scheme to the M scheme

[33] by

ACETM = MG — 2y, (66)
ACgths Mo Acgl gNS L Z(Sq) gg) NS ACg(})qNS L (67)
ACgl,qPS M ACgl gPS L Zéi),Ps’ (68)
ACgl ,g - ACgl,g ’ (69)
Acsh 9 Acglvg (70)

The relations can also be determined considering the massless physical evolution coefficients
associated to the pair of observables {Fa, Fp} = {g1(x, Q?),dgi(z,Q%)/dIn(Q?)}, cf. Ref. [87,

88]@ One considers the evolution equation

d (Fa\_ 1( Kax Kagp Fa (71)
dt \ Fg 4\ Kpa Kgp Fg )’

with ¢ = —(2/60) In(as(Q?)/as(Q3)). The scheme-invariant singlet evolution coefficients in the
massless case read P

L o 0),(0
1 g — g i | (72)

0
Ky = 49 +49, (73)

50 1 1
i | B + 500 =W | + 5790080

qg

0
Kc(n) =

1
~Bo+ 55 + Vig)

1) (0 1) (0 1 0 b1
75(19)%5(1) +7¢§q)7559) - ’Vtgg)fyéq) Véq)%gg)) foc 19’qu + o 280 (

Ky = + 500821

1
+4(

(1)
7 p , 50
@ 61 (280 + 7D +~9) 1 2sbo =

7(19 0 ’ng

0 0 0
Y9vse = 1)

Kc(lil) — 450€1q—|—7<)+7 + 2By~ (25 _|_7(0) %(12))

qq

19We corrected typos in [87].
20To 1- and 2-loop order they were given in Refs. [84,[89]. Here we drop the A in front of the 7;; and ¢;.
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2
thl) =

(75)

2) (0 1 2 1) _(1 0)_(2
_%gq)%gg) _ %Sq)Vég) 7§q)’7tgg) i ’Yg(ig)VtSq) n %Sg)'Yéq) i Vég)’yrgq)
4 4 4 4 4 4

(1)2 (0) (1) (1) (1) (1) 12 _(0)
c 3c c
45 (_ ,q;gg +c(2) (0)_|_ 1,4 799 _ 9 (12) ()+20(1) 1,0 1,9 799 G Vaq

1,9 Igg 2 9 Tgq 1,9%1,¢7gq 2 2

D) (1)2_(0)

) (o) , €197 2) 1 L ()2 0)2_(0 D ©)  Yag Taq

+Cl,q76(1q) + 9 'Véq (0)2 (_2 1g Vag qu) 7975(79)759)7qq) 9
ag

L2002 L 0o 02 Loz o3} 1 [1o2 o (o>+M
€19 Vgg Vaq “1,97q9 qu 261,9 Vaq 7(0) 2019 Yag Vgq 9
qg9
(1) ), (1)

3 2 g 199 Vaq
—{—cg 2;’7;2)%5(1) + c( ) (1) (0) 2 (12 (0)(0) + 7(2) ©0) _ 20 Cig799 Vag

9799 Vag 201 9 Vaq Vaq a9 Tag T C1.97qq 2
1,1 DL (0)
Yag Y 3 1 1 1 g Jaq
PR S+ Do+ o)) e+ S
qg
(1) DA 0 (1) (©0) (1), (0)
(1) (0 Yaa 1 ( ) 0 C1.gYag Yag' — Yag Yad' + Ci,gVaq
+Bl< Lol Ty~ 500 )+ 27
0)_(0 0)_(0 1 1) _(0 0)_(1
+i 3 (’Ys(iq)'%gg) _ 'Y_csg)%Sq)) + 8, ”Ys(vq)'Y(gg) 4 7§q)7159) ”Yég)”)’tgq) %gg)’)’tgq)
B\ 7PV 2 2 2 2 2
1)2 2 1 12 1 1) (1
8 (50~ 4 (G A )
a9
1 2 357
0 1) (1) (0 1= _(© 0 0 OF1 0) (0
_576(161))) + (0)2 <_261,g%§g)%§q) + 26179 %gq)(_%(ig) + Vtgq))>) 4ﬁ2 (/7911 7119 ’75(79)7¢§q))
Yag
2
26% ) D) 26&) 7(0)
+63 (90)111 - - qu ) (76>
5 (0)
a9 Yag

ﬁ 2
~4fo(cily)” +850c§?;+( (0°)>2 () [-882 = 8501 — 49 — 20019 — 49y
Yag

| = 47990 1 4y D0 g5, v“)] 2(vy))” } 76(0) {clg(16ﬁo +4(79
qg
—A) + eelia (= 168 + (=419 + 499)) + ) (881 + (44(f) — 49)
—4 (C&),) T+ 4 } 22 —4B0 + (=g =75 g; (260 + 759 +750)
—%(’V&,) + 7))+ (77)

The transformation relations for the anomalous dimensions up to three-loop order are given e.g.
in [53], Egs. (19-29). Since the scheme—invariant evolution equations do not affect phase space
logarithms, such as In(Q*/m?), which occur additionally in the heavy flavor Wilson coefficients,
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the massless case is extended to the single mass case by

) = clg—l—Ang, (78)
2 = clg—l—AH +AL19, (79)
o) = e AHDTS, (80)
with [14]
A ~(0) Qz
1) _ Tag )
amf) = By, (m ) o) (51)
o _ A @2 My (@
AHE) = == 890 - 290 + 26 + 46| In” 2 (5
€2 A 2(0 0 0 (2) | %2 A:qu) Q2
+§A%§g) (A%gg) - A%gq) + 250) +Aagy + &g — 9 In m2 Cl q
Q*\
+50,0In <W Ci g (82)
) @\ o
ALY = fugn (=) dll, (83)
1 Q?\ 1 02\ 1
(2),PS ~ (0 0)1,.2 ~(1),PS ~ (0 0 (2) ~(2)
AHy = _gmggm%gg In <ﬁ) — imgg In (W + gmggmgq)@ +apr™ ),
(84)
The double-mass corrections to O(a?) are scheme-invariant, as are AH and ALl , and the
following relations are implied,
(2),PSM ( )P 2),PS
Aag, = Aag)" + 22 (85)
2),M
Aag;); = AaQ) : (86)
Here the functions determining the finite renormalization are, cf. [51],
8C
ny - ___oFF 87
qu N(N + 1)’ ( )
16(3+ N — 5N?) 4V,
QNS — _CpTpN. CaCp| ——=r—
“ag PPN TN (N 11 AP ToNB(V £ 1)
16 8V 1+2N
-5 o 16 S
NN+ 1) 2) N F<N3(N+1)3 M ETRa PR
16 32
———— S+ ————=5_ 88
NN FD TN D 2)’ (88)
8(2+ N)(N? - N —1)
@:PS - — _CpTEN 89
with
Vi = 2N'+4 N +8N?+5N +2, (90)
Vo = 103N* + 140N® + 58N? + 21N + 36, (91)
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cf. [33].

Because of the Ward—Takahashi identity in the flavor non—singlet case, which implies to use
anticommuting 5 along the external massless quark line, one obtains AL{(,?’QNS’M directly. It can
also be extracted from the inclusive full phase space calculation in Ref. [45]. In the pure singlet

case the asymptotic expression can be obtained in a similar manner from a result in [28]. In

both cases only very few Feynman diagrams contribute, unlike the case for AS; and Héf?g.

4 The polarized operator matrix elements

The massless QCD Wilson coefficients for polarized deeply inelastic scattering were calculated
to O(a?) in Ref. [32,/70,/78,/79] in the M scheme. To derive the corresponding heavy flavor Wilson
coeflicients we calculate the corresponding massive operator matrix elements. We use first the
Larin prescription for 7s, [49], which has been applied in the calculation of the massless Wilson
coefficients in 32,70, 78, 79]E-] The Dirac-matrix 5 is represented in D dimensions by

i v g

7= gEme Y (92)
?: v ag

4&75 = Eg/wpaAM’Y ,yp,y . (93)

The Levi-Civita symbol will be contracted later with a second Levi-Civita symbol emerging in
the general expression for the Green’s functions

G2, = AASIS(A )N e 0N (94)
Gl = AARSIAPNT A, (95)

In D dimensions we apply the following relation, [91],
gpypaga)\T’Y = —Det [95] ) /820[7)\77—7/7 ) w=uv,po.

The projectors for the quarkonic and the gluonic OMEs in the Larin scheme read

NG s i(Ap) V!
FGi= =0y 4N.(D —2)(D — 3)
R 5ab 1 .
ab —N—-1_uvpo ab
BG = e g O A (97)

€ uwpatr []257“7”@?] (96)

In its practical application there are further requirements which we will describe in Section

In combining the massless Wilson coefficients with the massive operator matrix elements,
(32H35)), and the parton densities, we obtain the scheme-invariant structure functions provided
that all definitions are carried out in the same scheme.

In the following we will first present the results for the operator matrix elements obtained
in the Larin scheme and then perform the finite renormalization to the M scheme. We will first
derive the unrenormalized operator matrix elements, after the mass renormalization has been
carried out.

21See also footnote 5 in [82], in which the calculation is perform using the CFP method [90).
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4.1 The O(as) operator matrix element

The polarized leading order massive operator matrix element is obtained from diagram in Fig-
ure 2a of Ref. [11], using the Feynman rules [35,/52]. Diagram 2b vanishes. Due to the crossing
relations of the forward Compton amplitude [39] corresponding to the present process the overall
factor

1 N
5[1—(—1) ], NeN,N>1, (98)
is implied, which we drop in the operator matrix elements in the following. To obtain the results
in z—space, the analytic continuation to complex values of N is performed from the odd integers.
For the unrenormalized operator matrix element one obtains to O(e2)

A 1 m?\ 1 20¢G rent] 8(N —1)
AAY T aQ — g [ - S(= I SV
@9 as A e P ; l (2> N(N+1)

m2\ /2 1 G C3 o 8(IV-—-1) 3
= Sl (F) {_E BT ] N1 o)
= 8 <12>£/2 [—laﬁ@)(z\/) + Aab) + eAay) +52Ai(1)} +0(e%) (99)
- e 2 Pt Qg Qg Qg ’
with
€
S. = exp [5 (ve — 111(47?))} (100)

and vz the Euler—-Mascheroni constantﬂ The matrix element is proportional to the leading
order splitting function Pq(g) and one has

1
Ad)(N) = 0, (101)
_ G
Aat(zlg) - Aqu ’ (102)
=) _ Cs
Aa,, = Y qu . (103)
The renormalized one—loop operator matrix element is given by
1, - m?
1) -1\ _ 0
AAY) = AAY) + (27 = —5 AP In (F) , (104)
with
1. -
(Z7 ")y = SE—APq(g) . (105)

Eq. 1.) yields then the corresponding expression of H ( , Q%)

as 1 Q2
AHgy5(2) = [QAPS)(Z) In (m ) + e (2 )} - (106)
At O(as) there is no finite renormalization due to the treatment of 5. In Mellin space one has
AHQQ g1 (V) oc (N —1), (107)

cf. (101} [62)), and the first moment vanishes.

%2Note a misprint in Eq. (51) of Ref. [11] which needs to be corrected. There the exponents of m?/u? should
be /2 in all places. o
23 At the end of the calculation S is set to one, as part of the renormalization in the MS scheme.
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4.2 The O(a?) operator matrix element AAg;

We express the unrenormalized operator matrix element AA(z), after mass renormalization, in
terms of splitting functions and the contributions of O(e, ¢), cf. [14], by

A m2\ [1¢1 .
AAS) = SQ<F> [§{§A7§2)(M§2)_M§?_250_450"9)}

1. . DA . L.
+§{m§;> —20m{ A0} + Aay) - om{” A3 - 524 oG

_(2 1 ~ 1 ~
+e (A“(Q; —om{" A3 — EM&S%,Q@)] (108)

or the corresponding expression in z space. Here the expansion coefficients of the unrenormalized
mass m are given by

m2\ /2
m o= m |1+ as (—2) dmy | +O(a?) (109)
1]
1
m, = —5m§1) + (5m§0) + €5m§1) + 0(£?). (110)
g

After performing charge— and operator renormalization and subtracting the collinear singu-
larities one obtains

i 1 m? A& m?
A 4(2) _ AR ( A~ A~ 2 Yag
Qg {g 7{59)( ’y(gq) - ,yég) - 2ﬁ0 - 4/80,62)} ln (/,L2 ) + 2 ln (?)

L. .
+Aag, + 54 (Avag = Mg + 260) (111)

While the leading order anomalous dimensions are scheme-independent, at NLO A%;) is different

in the Larin and M scheme. "

In an earlier version of Ref. [32], Aﬁqg (N) was used as anomalous dimension departing from
the M scheme. Therefore, in Ref. [1] the finite renormalization [51-53] as a corresponding one

in cg)(z), [32], was not used calculating AAS;, and analogously, AA(QZ;’PS. We refer to the
final version of [32] for the two—loop Wilson coefficients in the M scheme and apply the finite

.. (2) (2),PS
renormalizations to AAQg and AAQq )

Comparing to (111f) the unrenormalized two—loop OME Ag;(N ) is given in the Larin scheme
by

S1—8

2
e) _oq2(m\e)
Adgy(N) = S€< 2>{ N(N +1) N2Z(N +1)2

2/ e
N-1 N-1
T ) B — 4 -
* FCA( s N(N+1)Sl+6 N?(N+1)2>]

_ _ 2
TFCF<32 N-1 (N —1)(3N +3N+2)>

1 N -1 N -1 N -1
T 8 - R < S S
Tz FCF( 8N(N+1)52+8N(N+1)Sl N2(N+1)S1
(N —1)(5N* + 10N3 + 8N2 + 7N + 2) N-1
4 T 16—
* N3(N 1 13 IR g

17



g Nl g g NZ1 oo g N1 ¢
NN+1)7? "N(N+1)P T N(N+1)°
32 N® + N* —4N3 + 3N2 — 7N —2
F———5 + 8
N(N +1)? N3(N +1)3

&) —(2)
+Aag, + Aay, 8} ,

with the constant term in ¢

@ _ N-1 3
Aan = CFTF{4m <—453 + Sl + 35152 + 651C2)
_4N4+17N3+43N2+33N+2S .y 3N2 4+ 3N —2
N2(N + 1)2(N +2) N2 (N+1)(N+2)7!
2(N— 1)(3N2+3N+2)§ N3 —2N2 — 22N — 36
N2(N +1)2 2 N2(N +1)(N+2)
B 2P,
NA4(N + 14N +2)

N -1 LIQ(ZL’) 1
+TFCA{43N(N+1) [12M[1+x} (N +1) + 38" — 85,

—Sig) — 95152 — 12515’ — 126(]\[ + 1)C2 - 3<3]

N -1 N2 44N +5
163 + 4 2
N(N + 1)25 - N(N+1)2(N+2)7!
TN3 +24N? + 15N — 16 (N —1)(N +2)
Sy + 8 (o
N2(N + 1)2(N +2) N2(N +1)2

N4 4+ AN3 — N2 — 10N + 2 AP, }

NN T ) 0 MV L DN+ 2)

(112)

(113)

At two—loop order single harmonic sums have to be calculated at N = 0. This is done expressing

them first in terms of Sy, (N), for which then the analytic continuation

Si(N) = (N +1)+ s,

(-1

S(N) = zp(‘H)(N+ D+ G, k>2,

_ =D ) (oL
U ORY (1 2’“‘1)@“’ =2

is used, which suggests the following definition
S:tk(()) =0.
Here, the function G(V) is related to the ¢)—function ¢ (z) = dIn(I'(2))/dz by

= (557) ()]

18

™) = G
SH(N) = (~)¥B(N +1) — In(2),
SNy = & -

(114)
(115)
(116)
(117)
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(118)
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and we use the short-hand notation
BW =pW(N +1), keN, k>0, (120)
above and in the following. The polynomials are

P, = 12N® +52N7 + 60N°® — 25N* —2N? + 3N? + 8N + 4 | (121)
P, = 2N® +10N7 + 22N® + 36 N° + 29N* + 4N® + 33N? + 12N +4 . (122)

The corresponding expression in Eq. (A.2) of Ref. |1] differs by a global minus sign compared to
(113)), which has to be corrected. The linear term in € reads

N -1 4 1 1 8
A = T (1 _ _ _ = _ 52 _Zgi_2
a’Qg FCF{ N(N n 1) < 6527171 85371 882,151 + 354 35381 252 651 351(3

Sp1, 3N’ 43N -2
N2 T N)(N+1)(N +2)

2
—5,5% +2856, — 253,) — 8 (25051 + 557)

3N* + 48N3 4+ 123N? + 98N + 8 4(N —1)
—‘1_2 3 + SlCQ
3N2(N +1)%2(2+ N) N%(N +1)
2(]\7—1)(3]\72+3N+2)<=+ Py S+N3—6N2—22N—3682
3 N2(N +1)2 STNS(N+1B3(N+2)72 " N2(N+1)(N+2)
. P& 2N*—4N® — 3N+ 20N + 12 S Ps
N3(N +1)3 N2(N +1)2(N +2) PUNS(N +1)5(N £ 2)
HTeC &065 A4Sy — 85 51— 8S 9y — 4Ss1 + 23" — 1655,
FUA4 N(N i 1) —-2,1,1 2,1,1 -3,1 —2,2 3,1 3 —2,191

40 1 1
—4B"8, + 83'S, +8B'SZ + 95, + §5351 + §S§ + 59,52 + 65;" + 468" — 26,5,

2657 - N8 -1 ¢) - %(16&2@ F48" 1675,

16 N> + TN? + 8N — 6 2(3N?% — 13) 2(N2 +4N +5) .,
TNV ) P T NN RN 42 T BN(N L 1V 4 2) !

8 2(N —1)(9N +8) 8(N?+3) P

(N + 1)2C251 3 N2(N+1)? G N(N + 1)35 ~ N3(N +1)3(N + 2)52

N*+4+2N3 —5N? — 12N +2 2P; 2Py
NN T2 O MR T NN N 2!

2Py
TNV T+ 1)5(N+2)} ! (123)
and
P; = 3N®+4+30N°+ 107N* + 124N? + 48N? + 20N + 8, (124)
Py = (N—1)(N*4+2N*—-2N? - 7N —2) | (125)
Py = 8N 4+ 24N — 11N® — 160N" — 311N® — 275N° — 111N* — 7N?
+11IN? + 12N + 4, (126)

Ps = N°+18N°+63N" +84N® 4+ 30N* — 64N — 16 , (127)
P, = N°— N*—4N?-3N? 7N -2, (128)
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Py = 2N° 4 10N* +29N? + 64N? + 67N + 8 , (129)
Py = 4N'" 4+ 22N? 4+ 45N®% 4 36N” — 11N® — 15N° + 25N* — 41N?
—21N? — 16N — 4 . (130)

It is useful for the analytic continuation of the respective expressions to the complex plane to
express harmonic sums containing also negative indices by their associated Mellin transforms
referring to Ref. [57], see also [17]. This allows to get rid of factors of (—1)¥, which would occur
otherwise.

The calculation has been performed using FORM [92]. Further mathematical simplifications
were done with the help of MAPLE. The contributions due to the individual diagrams are given in
Appendix [A] In the calculation, extensive use was made of the representation of the Feynman—
parameter integrals in terms of generalized hypergeometric functions [59]. Examples are given
in Appendix [B] The infinite nested harmonic sums, partly weighted with Beta-functions and
binomials, which occur in the present calculation, are similar to those in Ref. |11].

We use

[ M2 (1) - iV 1) = ()Y [0+ 26l (131)
14+ 8
to provide a proper representation for the analytlc contmuatlon The structural relations between
the finite harmonic sums [93| allow to express AaQ , in terms of just two basic Mellin transforms,
which are meromorphic functions in the complex N—plane with poles at the non—positive integers.
They are related to the harmonic sums S; and S_5;. In the present calculation we refrain
from using IBP reduction for the individual diagrams. Due to this and the consequent use of
Mellin—space representations in terms of polynomial-weighted harmonic sums we obtain very
compact results even for the individual diagrams. As in [11], only one more harmonic sum, Ss 1,
occurs, which cancels in the final result. None of the harmonic sums containing the index {—1}
contributes, which has been observed in the case of all known space and time-like single scale
processes up to three-loop orders [29,31,52,/53,93-98], which can be written in terms of harmonic

sums only. All other terms can be expressed by half-integer relations and derivatives w.r.t. IV,
cf. [93].

4.3 The O(a?) operator matrix element Alq\zs,ém

The diagrams for the non-singlet operator matrix element Aqu%Q) are shown in Figure 5 of
Ref. [11]. Due to the Ward-Takahashi identity, it has to be the same as in the unpolarized
case, i.e. one may treat 75 as anticommuting in the present case to obtain the OME in the
M scheme, using the quarkonic projector given in |10]. The asymptotic Wilson coefficient is,
however, different from the unpolarized one, cf. Appendix [C]

The OME reads, |1}/11}/16],

2 2\ ©
ANS,(2) . o[ M (0) ~NS,(1) S,(2) _N
AAqu (Mz’g) = 5 (ﬁ) [ PoA Yaq + A Y449.Q +Aa qu +Aa qu '

(132)

The renormalized OME is given by
NS, (2) m? 1 (0) 1,.2 m? L. (1),NS m? (2),NS 1 (0)
AAqq Q Iu2 = ZﬁonA,yqq ln F —+ §A’qu 111 F + Aaqq — ZﬁO’QA%q CQ.
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(133)
The constant term is given by

8 8 40 3N? +3N +2 224
AanqS,éZ)(N) B TFCF{_§S3 - §C2S1 + —55+2 (o ——51

9 3N(N +1) 27

(134)

+219N6 + 657N° + 1193N* + 763N3 — 40N?2 — 48N + 72
54N3(N +1)3 '

The corresponding expression in [1] is defined without the color factor CrTr. It agrees to the
related quantity in the unpolarized case [10,/11]. The linear term in ¢ is given by

4 4 8 20 20 3N? 4+ 3N +2 112
AT = ToCpd =S4+ =SoCy — =Si(s — —85 — =8 2 —’s
0.0 rCr) g5+ 3520 = gSiG = s = TSt IN(N +1) SIS
3N* £ 6N3 + 47N? 4+ 20N — 12 656 P
(——51 + = (135)
18N2(N + 1)2 81 64SN4(N + 1)

with

Pio = 1551N® +6204N7 + 15338N6 + 17868 N° + 8319N* + 944 N3 + 528 N2 — 144N — 432 ,
(136)

again the same as in the unpolarized case [16]. The OME (133]) in the Larin scheme is given
in [64]. The part of the asymptotic heavy flavor Wilson coefficient corresponding to final heavy
flavor states is, however, the same in the Larin and the M scheme, while that of the massless
quark final state has a finite renormalization, cf. Eq. (323) in Ref. [64].

4.4 The O(a?2) operator matrix element A, S (2)

The operator matrix element Agi’(z) is obtained from diagrams Figure 4 of Ref. [11]. Here the
contribution due to diagram b vanishes. The unrenormalized OME is given by

. 2\ ¢ 1
AAS;,PS,L = 52 (ﬁ) {——A A,y(o T A PS+A QqPSL+A_(2)PSL +0()

112 952
(137)
and the renormalized OME reads
A 2 (O)A (0) 2 1 2 A A
(2),PSL Yag BVgq . o [ T ),PS ),PS,L ’qu ”)’
AAp, =—— 5 In (F) + 2A'yqq In (M ) + Ad Qq + —8 Cg.
(138)

The calculation is first performed in the Larin scheme, using the projector (11), Ref. [52], for
diagrams with external massless quark lines in the polarized case.@

24Before |52] there was still some ambiguity in calculating the polarized pure singlet OME, cf. Section 8.2.3
of [99].
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The next-to-leading order pure singlet anomalous dimension A&éé)’PS is the same in the Larin
and in the M scheme [1,51-53], as well as the asymptotic pure singlet Wilson coefficient. Because

of

AHPSO [ N Q_2 #_2 — AADPS [ A “_2 + AC@)PS (139)
) m27 m2 - Qq ’ m2 q
and
~(2),PS,M _ A A(2),PS,L 2),PS
ACPTPSM = ACPIPST _ 5(2) (140)
one has
AA@PSM (A M_2 — AA@PSL [ M_2 1 ,@.Ps (141)
Qq "m2 /) Qq " m2 “qq :

One obtains the constant term AaS&’PS’L(N )

AgDPSL N +2

aQq (N) = —4TFCFm (N - 1) [2‘92 + CQ] -

AN® — 4N? — 3N — 1
N2(N + 1)2
(142)

The corresponding quantity in Eq. (A.4) of Ref. [1] agrees with (142)) defined without the color

2),PS,L

factor CrTy there. The term AEEQ; (N) is given by

N* 4+ 2N +1 N-1
AT = 8CLTR(N + 2 —(25 ) S . - (35 )
“Qq Pl (N +2) | a1 22+ @) ~ Gy e (BB + G
N® — TN* + 6N% + TN? + 4N + 1 143
AN3(N + 1)

4.5 Discussion

Our results for the massive operator matrix elements agree with those found in Ref. [1]. There
the calculation was performed in z space and the integration-by-parts method was applied.
In Table |1| all functions contributing to in z space are listed. These are 24 functions.
The O(e°) term depends on six harmonic sums. Since the single harmonic sums form one
equivalence class, cf. [93], the result can be expressed by the two sums Sy, S_s; only, by applying
structural relations. Compared to the 24 functions needed in [1], we reached a more compact
representation. The O(e) term depends on the six sums Sy, St01,5-31, S+211. The other sums
can be expressed by structural relations. The O(g°) terms have thus the same complexity as the
two-loop anomalous dimensions, while that of the O(£") terms corresponds to the level observed
for two—loop Wilson coefficients and other hard scattering processes which depend on a single
scale, cf. [94].

Let us consider the first moment of the polarized heavy flavor operator matrix elements and
Wilson coefficients in the region Q% > m?. The splitting functions obey

APD(N=1) = 0, (144)

ZNote a typographical error in [28], Eq. (81). There the (5 term shall read —[20(1 — z) + 8(1 + 2)Hp](a,
switching one sign.
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§(1—2) In(2) In*(z) In®(z) In(1 - 2)
In*(1—2) In’(1—2) In(2) In(1 — 2) In(z)In*(1 —2) In*(z)In(1 — 2)
In(1+2) In(z)In(1+2) In?)In(l1+2)  In(z)n*(1+2) Lis(1 — 2)
Liy(—2) In(2)Lig(1 —2) In(1—2)Liy(1 —2)  Lig(1 — 2) Sya(1—2)

Liz(—2) S12(—2) In(z)Liy(—2) In(1 + 2)Lis(—2)

Table 1: Functions contributing to the results in z—space

APOD(N =1) = 28, (145)
APO(N =1) = 0, (146)
APO(N =1) = 6Cp, (147)
APJ(N =1) = 0, (148)
APPW(N =1) = —24TCp, (149)
APRPI(N=1) = 0. (150)

In Table 2 we illustrate the complexity of our results in Mellin—space quoting the harmonic
sums, which contribute to the individual Feynman diagrams, cf. Appendix [A]

H Diagram ‘ S1 ‘ Sa ‘ S3 ‘ Sy ‘ S_o ‘ S_3 ‘ S_y4 ‘ Sa.1 ‘ S 21 ‘ S3.1 ‘ S_31 ‘ S_ 22 ‘ S2.1.1 ‘ S 211 H

A | —+

B e I B ++ - -

C ++ | —+

D | 4+ |+

E | 4+ |+ -+

F el I I e ++ —+

J ++ | -+

L e I B o —+ -

M ++ | -+

N I el e e e e e I I e B B e i
PS ++ | —+

NS -

[= [+ |+ |+ [+ ++ [+ ][+ -+ ++ [+ +]+]+1 +1

Table 2: Complexity of the results in Mellin space. The first + denotes the contribution of the sum to in
O(£%), the second + for the O(e) term and — its absence.

Furthermore one has

Aay)(N=1) = 0, (151)



=(1
Adg)(N=1) = 0, (152)
AaS)(N=1) = 0, (153)
AGo(N=1) = 0, (154)
Aagy (N =1) = 3CFTp, (155)
3
Mgy PN =1) = JCTR(11+46), (156)
NS,
Ao (N =1) = 0, (157)
_NS,
AP (N=1) = 0. (158)
Relations ([144] [150]157|[158) hold due to conservation of the axial vector current.
Since
ACED(Q* />, N=1) = 0 (159)
holds, cf. [32], one also obtains
AHY®(Q*/m*,N=1) = 0 (160)

and the first moment of the gluonic contributions to the structure function g;(x, @*) both for
the heavy and light flavor contributions vanishes, if calculated in the collinear parton model. A
related sum-rule for the gluonic contribution to the photon structure function holds [100].

The first moment of the pure singlet contribution Hy 52 (Q?/m?, z) is given by
Q? 20

We finally consider the small z behaviour of the corrections calculated in the present pa-
perm The leading order small  resummation for the polarized flavor non—singlet and singlet
contributions were studied in [101-106]. Unlike the unpolarized case where the most singular
contributions have poles at N = 1 in the perturbative expansion, the leading poles are situated
at N = 0 in the polarized case. From a theoretical point of view, it is interesting to see to which
series of a formal small x expansion the different coefficients belong, in order to compare with
ab initio calculations of these terms, even though the resummation of these terms alone does
not describe the small z behaviour of the polarized structure functions, since sub—leading terms
turn out to be as important, cf. [102,103].

In the polarized case leading small = terms are of the form

as [a;In’(z)] 4 (162)

for the splitting functions in the M scheme. Only for this case the all order resummation in ag
has been derived so far. As has been pointed out in |[105] the small x behaviour of the massless
Wilson coefficient is found to be less singular by one power in In(z), i.e. the O(a*) coefficient
functions behave at most like

cr(z) o ab I (z) (163)

26For the unpolarized case see [10,[17].
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At leading order in a, the small z asymptotic behaviour of the polarized heavy flavor Wilson
coefficient is given by

AHZW™20(Q? /m?® N) = a,(Q*)Tr [ ;2 +0 ( N)] (164)
AHﬁg’(l)’x*O(QQ/m{x) o« a,(Q*)TrIn(z) . (165)

The leading singularity results from the massless one-loop Wilson coefficient, while the massive
operator matrix element behaves like

AAQ D=2 Im? N) = Tp [—% +0 (1)} In (%) , (166)
AAZWTQ* /m? 1) o« —Trn (gj) (167)

The logarithmic term In(Q?/m?) thus belongs to the less singular series at small .

As it is the case at O(as) the most singular terms at small x for the asymptotic heavy flavor
Wilson coefficient AH, gz (z,Q?) at O(a?) are due to the constant terms in Q2. Here the constant
term in the massive operator matrix element, which is vanishing at O(as), contains a term of
same singularity as the massless Wilson coefficients [32],

AHDEN=0 (gi , N> = { 8—TF (4Ca+3Cp) + O (;3) }
AH@e=0 (Q—Zx> x {%TF (4C4 + 3Cp) In®(z )} (168)

AH}S 20 (%ZN) = {——TFCF+O (]\1[3)}

AH 5270 (gzx> o« a*(Q? ){ 3TFcFln( )} : (169)

The two—loop Wilson coefficients are by one power in In(z) less singular at small z in the non—
singlet case if compared to the singlet case,

ATNS.(2).20 Q* N) = 5 C’ 7.8 oL
91,9 m27 - (Q ) F FN3 + N2 )
a0 [ @
ALgNISq 0 <@,x o —4a*(Q*)CrTrIn*(z) . (170)

Furthermore, one has

:p—)O Q2 2 1
AL®: <WN> - (Q){ TFNFN2}+O(N),

ALR2):a=0 (%2 x) o (Q2) TFNFln( ). (171)

91,9 27

5 Numerical results

In the following we illustrate the heavy flavor contributions to the twist—2 contributions of the
polarized structure functions g1 (2)(z, Q?) numerically "]

2TTo accelerate the numerical calculation we use splines over fine grids in very few cases.
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Figure 1: The NLO massless structure function zg (z, Q?) as a function of = for Q? = 10 GeV? (full line);
100 GeV? (dashed line); 1000 GeV? (dotted line), and 10000 GeV? (dash—dotted line), using the parton
distribution functions of [27].
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Figure 2: The NLO massless structure function xgs(z, @?) as a function of x for Q@ = 10 GeV? (full line);
100 GeV? (dashed line); 1000 GeV? (dotted line), and 10000 GeV? (dash—dotted line), using the parton
distribution functions of [27].

The massless contributions to zg¢!(z, @*) and zgh(z, Q?) are shown in Figures [1| and [2| to NLO.
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In all illustrations we use the parton distribution functions of Ref. and a,(Q?) at NLO and
they are made for contributions to the proton structure functions zg? @) (z,Q%).
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Figure 3: The O(as) charm contribution the polarized structure function g1 (z, Q?) as a function of z for
Q? = 10 GeV? (full line); 100 GeV? (dashed line); 1000 GeV? (dotted line), and 10000 GeV? (dash—dotted
line) for m, = 1.59 GeV and the parton distribution functions [27].

0.0006 ] ] :
0.0004 e Y
- I / "‘ L
'/’ '¢' v
7 o’ f——~ \s
0.0002| o e
o/ .’ /,
’/ "¢' ’/
g 0.0000 agiiae—=™
) prom= =
X
—0.0002!}
—0.0004!
—0.0006!
- 0.001 0.010

X
Figure 4: The O(as) charm contribution the polarized structure function zgs(z,Q?) as a function of x for

Q? = 10 GeV? (full line); 100 GeV? (dashed line); 1000 GeV? (dotted line), and 10000 GeV? (dash—dotted
line) for m, = 1.59 GeV and the parton distribution functions [27].
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In the small x region both structure functions tend to zero because of their principle shapes, which
are similar to the unpolarized non-singlet structure functions. The change of sign in xg,(z, Q?)
is due to the Wandzura-Wilczek relation. In Figure [3] we illustrate the charm contributions to
the structure function xg;(z, Q%) at O(as) for Q% = 10,100, 1000 and 10000 GeV2.
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Figure 5: The O(as) bottom contribution the polarized structure function xg; (z, Q?) as a function of x for

Q% = 10 GeV? (full line); 100 GeV? (dashed line); 1000 GeV? (dotted line), and 10000 GeV? (dash—dotted
line) for my, = 4.78 GeV and the parton distribution functions [27].
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Figure 6: The O(as) bottom contribution the polarized structure function xgs(z, Q?) as a function of z for

Q? = 10 GeV? (full line); 100 GeV? (dashed line); 1000 GeV? (dotted line), and 10000 GeV? (dash—dotted
line) for m;, = 4.78 GeV and the parton distribution functions [27].
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Figure 7: The O(a?) charm contributions to the structure function xg;(x, Q%) for m. = 1.59 GeV as
a function of z for Q% = 10 GeV? (full line); 100 GeV? (dashed line); 1000 GeV? (dotted line), and
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10000 GeV? (dash—dotted line), using the parton distribution functions of .

The values of the charm and bottom quark masses are used in the on—shell scheme with m,

1.59 GeV, [107], and my, = 4.78 GeV, [10§].
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Figure 8: The O(a?) bottom contributions to the structure function zg;(x, Q?) for m; = 4.78 GeV as
a function of z for Q% = 10 GeV? (full line); 100 GeV? (dashed line); 1000 GeV? (dotted line), and
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10000 GeV? (dash—dotted line), using the parton distribution functions of .
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Figure 9: The O(a?) charm contributions to the structure function xgs(x, Q%) for m. = 1.59 GeV as
a function of z for Q% = 10 GeV? (full line); 100 GeV? (dashed line); 1000 GeV? (dotted line), and
10000 GeV? (dash—dotted line), using the parton distribution functions of .
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Figure 10: The O(a?) bottom contributions to the structure function xgs(z, Q%) for my = 4.78 GeV

as a function of = for Q% = 10 GeV? (full line); 100 GeV? (dashed line); 1000 GeV? (dotted line), and
10000 GeV? (dash—dotted line), using the parton distribution functions of [27].
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Figure 11: The O(a2?) two—mass contribution the polarized structure function zg;(z,Q?) as a function
of x for Q% = 10 GeV? (full line); 100 GeV? (dashed line); 1000 GeV? (dotted line), and 10000 GeV?
(dash—dotted line) for m, = 1.59 GeV and my, = 4.78 GeV and the parton distribution functions [27].
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Figure 12: The O(a2?) two—mass contribution the polarized structure function zgs(z,@?) as a function
of x for Q% = 10 GeV? (full line); 100 GeV? (dashed line); 1000 GeV? (dotted line), and 10000 GeV?
(dash—dotted line) for m. = 1.59 GeV and m;, = 4.78 GeV and the parton distribution functions [27].

Figure [4] shows the corresponding contributions for the structure functions zgs(x, @?). The
numerical integrals have been performed using the Fortran code AIND [109]. The contributions
to xg; turn out to be two to three times larger than to zgs.
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In Figures[5|and [6] the corresponding contributions due to bottom quarks are shown. They are
suppressed by a factor of ~ 8 compared with the O(as) terms due to charm quarks. Comparing
Figures 1| and , the O(as) charm contribution is suppressed by about one order of magnitude
compared to the massless case for the structure function zg; (z, Q*) and similarly for the structure
function zgs(z, @*). Yet for future precision measurements, contributions of this kind become
important.

We now turn to the single mass O(a?) contributions. They are shown in Figures [7| and @
for the charm contributions to zg(2)(z, @*) and for those from the bottom quark contributions
to in Figures [§ and [I0] Here we show the combination of the non—singlet and different singlet
contributions. In the large x region the non—singlet contribution dominates, while the singlet
contributions dominate in the lower x region. Towards large values of x the Wandzura—Wilczek
relation implies go(z, Q%) ~ —gi(z,Q*). The bottom quark corrections turn out to be about a
factor of 1.5 to 2 smaller than the charm quark contributions. The corrections of O(a?) are a
factor 2 to 3 smaller than the O(a,) corrections in the case of charm, and similarly for bottom.
Concerning the present illustrations, the corrections for bottom quarks can be trusted only in the
higher Q% region. For the lower range of Q? one would need to consider also power corrections,
which we did not do in the present analysis.

At O(a?) there are also contributions with two heavy quark lines in single graphs, due to
heavy quark polarization insertions in the external gluon line. Their contributions are illustrated
in Figures and . They are smaller in size by factors of 10-20 than the O(ay) charm
contributions.

6 The gluonic OMEs for the variable flavor number scheme

The matching between parton densities at large scales Q% > m? can be performed by using the
variable flavor number scheme, cf. e.g. [71]. Due to the similar size of m. and m; one often has
to decouple both masses at the same time, see Egs. (190{194)) and (196} [197)), cf. [65]. Besides
the OMEs given in Section [4] already the polarized gluonic OMEs Contrlbute which we calculate
in the following. For the unrenormalized operator matrix element AA .0 one obtains

2

e (MY 1 32  16] (2+5N) 1
Mg = Sf(m) (N+2){523N(1+N)+ IN(N + 1)2 3N(N+1)Sl
8(22+ 41N +28N?)  8(2+5N)

2
- 2
2TN(N + 1) NN 02 T AN ) S S 20
N 4(98 + 369N + 408N? + 164N?) [ 4(22+ 41N + 28N?) N 2 g
c SIN(N + 1)t 2TN(N + 1)3 SN(N + 1)
g o 22H5N) o 2 5, 2(245N) o 4
PTON(N 127N ON(N+ 1) TON(N #1277 ON(N +1)7°
4(2+5N) 4 5
- — . 172
(9N(N+1)2 3N(N+1)Sl)<2+ 9N(N+1)C3]}+O(€) (172)
The structure of AA;?’&; is predicted, cf. [14], by
M2\ o[ 2600 s po) 1 @
AAPL — (F) S {— S AP = AP + g + gag, Q} +0(e%), (173)
2 2
@L _ D@\ pyg2 (M 1,z m @ . B0 A po
Al = ——5 AP (?) — AL In (M > taggq + 5 AP (174)
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8 N+2 [ St (245N) ">
CFTF{ SNV D) " (m2> TN+ N T vz | P
8(22 + 41N +28N?)  8(2+5N) 4 )

TV +2) 2TN(N +1)3  9N(N + 1)251 ANV St 5] o

(175)

The unrenormalized OMEs Ajléz’vg))’L are given b
MG, = (’Z—)/Q S (—2570@) exp [ii (3)1 , (176)
s - () s
)
+CrTF <_3N4(fj— ) + 4(NN_2(11>f;)]2\[)C2> + CaTF (WRE]—N)?’

CoTr (_ Co Ry

Rg 4N -1)(2+ N)C:%) n OATF( 4G Ry

16(N —1)(2+ N)
N2(1+ N)?

64
9

64
3N(1+ N)

4R, 16 Ry 80
A, e T ekt S
Cr FN3(1+N>3+CA F<+9N2(1+N)2 951)]

CrTy + T2

+ CyTw (

_AMATH56N) 166
271+ N) "' " 3N(1+ N)

8 16
- 551(2> + TFQ’EQ +e

TLNS(1+ NP T 3NE(1+ N)? 9N2(1 4 N)2
Ry 2(283 4 584N + 328N?) 5 St
TRV + V) 81(1+ N)? YU3(1+N

_20 _ 166 8 2 8
9 G251 + ON(1L+ V) 951C3> +TF27C3]7 (177)

(1
RS

with the polynomials

Ry = 3N*4+6N?+16N? + 13N — 3, (178)
Ry = 3N°+9N° +7N* +3N? + 8N? — 2N — 4, (179)
Ry = 15N +45N° + 374N* 4+ 601N? + 161N? — 24N + 36, (180)
Ry = 3N®4+12N7 4 2080N° 4 5568 N® 4 4602N* 4 1138N® — 3N? — 36 N — 108, (181)
Rs = 13N® 4+ 52N7 +54NS + 4N® 4 13N* 4+ 12N? + 36N + 24, (182)
Rs = 35N'" 4 175N 4 254N® + 62N" + 55N° + 347N° + 384N* + 72N° — 96 N*
—120N — 48, (183)
R; = N°+3N°+5N*+ N3 —8N? 42N +4. (184)

In Eqgs. (172, [177]) we also present the terms of O(e) which are needed in the calculation of the
NNLO contributions, cf. [14]. Furthermore, one has

~ A2\ €
i@ _ (M 2| 1 0) A PO 0
AAJ, = (?) S [2—€2{Apg<q>APq<g> +2B0.q (AP + 25, + 430@)}

*Please note that (177)) replaces Eq. (280) of [110], which contained typographical errors.
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1
%[ AP +45m )5()@} +a§gQ—l—25m1 60@4-60@(2

+e [ Ugg.0 +20mi” Bog + ﬁo QC3H (185)

The renormalized OME AA;?Q is then given by

m

2
AAggQ = —Bonln (F)’ (186)

1 , [ m?
AAR, = < {2600 (ZAPY +28) + APYAPY + 855} In (ﬁ)

1, - m?
—5AP In (?) & 2600 (~APQ +26,) + APOAPY] + a2, (187)

99,Q
AN-1)2+N) .16 16 8 N
= T T2— Tp|l e — = In? | =
Crlr s ey POl sy T3 ) | e
AR; 16, 80 12
—CpTp——— Tp| - 1
Crlrmm s vy T O F( ON?(I+ N2 ' 9 S) " <m2
2R; 4(47 4 56N) Rs
T - Tp—o 1
+CaTr (27N3(1 + N3 27(1+N) Sl) +Cr PN+ N)Y (188)
with
Ry = —15N® —60N" — 82N® — 44N° — 15N* —4N? — 12N — 8. (189)

The following transition rules hold in the two—flavor VENS, cf. [71], to next—to—leading order
in Mellin N space

Afnsi(Np +2,1%) = {1 + a? [AAqu + AAquS’g’b)} }AfNS,i(NFa 1), (190)

AS(Np +2,12) = {1—|—a [A NS(2e) L AAPSR) L AANS(2D) | A gPS (2 ]}
XAE(NF, 2)
+{as(u2)[AA(Ql;) + AAY ﬂ (i )[AA“ + AARY +AAM’}}
xAG(Np, 1), (191)

AG(Np+2,1%) = {1+as( )[AA Q+AAggQ}+a( )[AA Q+AA

+AA§§’,CS)]}AG(NF,AL2) @22) [AAZY + AALD] AS(Np, 1),
(192)

Ao+ Afe| (Ne +2.8%) = 2(u?) AAG I AD(Np, ) + {as<u2>AA8f
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C 1 C
a2 (1) [AA(Q@) + 5045 b)} }AG(NF, 12), (193)

[Afy+ DS (Ve +2,18%) = a2 (4 AAG *Y AS(Np, i) + {asW)AASf)

() [AASY + 58457 }AG(NF, i), (194)
and
Afnsi(Np,p?) = Aqi(p®) + Agi(p?). (195)
The two-mass OMEs read
AAG? = —B oA n (7’;—2) In (7’;—;) : (196)
AAZD = 282 In (%) In (:%) . (197)

Very recently the three-loop corrections to AAS;Q have been completed [111].

7 Conclusions

We calculated the two—loop single and double mass corrections to the polarized twist—2 structure
function g;(x, Q?) in the asymptotic range Q? > m? in analytic form. Those to g»(z,Q?) are
related by the Wandzura—Wilczek relation. The corrections include all but the power contribu-
tions oc (m?/Q*)k, k € N,k > 1. Parts of the results in Ref. [1] were confirmed, and other parts
were corrected. In [1] a series of contributions to the Wilson coefficients of the structure function
g1(z,Q?), like additional terms contributing to the non-singlet Wilson coefficient, AH;Q), and
ALEQ), were left out. Also the two—mass corrections were not considered there. We perform the
calculation of the Feynman diagrams using the hypergeometric method [59] for general values of
the dimensional parameter € in the Larin scheme and transform then to the M scheme and do
not use IBP reduction. In Mellin space one obtains more compact results than in momentum
fraction space. In Ref. [1], 24 Nielsen integrals [112] were needed, whereas the N—space result
depends only on two functions using also structural relations [93]. In the small x region the heavy
flavor contributions are suppressed by at least one power of In(x) if compared to the expected
leading logarithmic behaviour of O((a,In*(z))*) in the massless case. We illustrated the different
contributions to two-loop order for the structure functions zg;(x, Q?) and xgs(x, Q?) in a wide
kinematic range for planning future experiments and possible re-analysis of the existing data.

The contributions calculated in the present paper are of importance for precision measure-
ments of the structure functions g; (z, Q*) and go(z, @?) in future high luminosity measurements,
e.g. at the EIC [7], and associated precision measurements of the strong coupling constant a, [113]
and the charm quark mass |[107]. We also presented the polarized NLO expansion coefficients in
the 2-heavy flavor variable flavor number scheme and the next order terms O(g) needed in the
calculation of the O(a?) massive OMEs.
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A Results for the Individual Diagrams

In this appendix we list the results for the individual diagrams to O(e), prior to renormalization.
The calculation was performed in Feynman gauge. We suppress the argument in Sz(N) = Sz

and the factor
€/2
2 N
c2g2 ™M 1—(-1)
ZCLS S€ <ﬁ> T.
The notation follows Ref. [11], where also the individual diagrams are depicted.

AAQs = TFCF{A[M 4(N —1)

- N2(N+1)

525+ )

g2 | N2(N +1)? N3(N +1)3

1[ (N —1)(2N +1)
g

4P, —4(N —1) ( ) (N —1)(2N + 1)
v [ 2 (25:+¢:)
S N I A ) R VT S E R Gl
2P,
_ 1
v | s
P, = (N—-1)(BN*+2N* —2N? + N+ 1), (199)
P, = 2N"4+10NS 4+ 2IN° + 7TN* —7N® —3N? 4+ N +1. (200)
1[32(N—1) 1| 8(N —1) 16(N? +1)
AAYY = T _—( _1> _—<2_ >_—
b FCF{52[N(N+1) 51 ]+5[N(N+1) 51 =35 N(N+1)2S1
32N A4(N —1) .
1255, — 1 - )
e 3N(N+1)( So1 — 1085 + 35185 + S3 + 651¢s — 66
4(N?—17) 4(N?+1) , N*+2N3+ N2 —2N +1
—— =59 — ——— =57+ 16 S1
N(N +1)2 N(N +1)2 N2(N +1)3
162]\73 +2N?2+1
N(N +1)3
N-—1 4 7 1
+€ m(_gsZ’LI + 853,1 — 1154 + 852,151 + 55351 — 5522 + 52512 + 65%
8 8 N%2+1 2
_§C3 — 6(257 + 2(2512 + 551(3) + m(—&%,l — 2555 — 55% — 451C2>
4 N?2-11 N4+ 2N3 + N2 42N +1 8N(, 8155,
oS3 +4 Sy + -
3N(N +1)2 N2(N +1)3 (N+1)2 N2(N+1)*
N*4+2N3 4 N2 —2N +1 AN* + 8N3 +4N2 42N + 3
TR e ki St +8 O AN TN : (201)
N2(N +1)3 N(N + 1)
Py = 2N° 4+ 6N*+6N°+3N2+8N +2. (202)
1|8N-1 1|  13N*414N3 4+ 2N2 4+ 5N + 2
A% = ppopd L| SN D | L) ISNT 4 LANT 4 274 SN
e2 | N(N +1) 5 N2(N +1)2(N +2)
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A

2N —1) 2P, 2(N —1)
A os ) St (59
N(N + 1)< 052 =) + MNF1EN+2) | ANV 55 = G
_13N4+14N3+2N2+5N+2< +27N3—10N—1S B
N2(N +1)2(N +2) 2 N2(N +1)2 2 N4(N+ 4(N +2)
(203)
P, = 16N®432N° —4N* —44N°® —11N? — 7N — 2, (204)
P, = 32N® 4+ 96NT + 65N — 45N° — 24N* + 19N% + 18N? + 9N + 2 . (205)
09 1 16(N —1)| 1[8N —1) N3 +8N2 —5N — 10
AAY = TrCp 58— .
2IN(N+1)|  e|N(N+1) N(N +1)%(N +2)
2(N—1) ) N3 +6N? — 11N +2 N*+7N3 —9N +6
- L 2] —4
N(N+1) (8251 +20) ) O TN TR £ 2)
+ 1&@25 + 285 4 3555) + SF + 4¢ +6(S)
€3N(N+1) 2,1 3 201 1 3 201
_N3+6N2—11N+2<S 52>_ N3+8N2—5N—1OC
N2(N +1)2 2 N(N + 12N +2) >
N* 4+ 6N3 —5N% —2N +1 4Py
4 - 2
* NZ(N 1 1)° T NNF AN | [ (206)
P; = 2N°+16N*+14N° —21N? — 22N — 8 . (207)
Cuy | 1]=16(N-1)| 1[85 8NN -—1) 2N —2)
AAngT(O ——)—— = 52
2 T {52[ NN+ 1) N NN+ TN
) 9N2 + 7N — 10 g 44N4+7N3+9N2+14N—85 4P;
N(N +1)(N+2)"? N2(N + 1)2(N + 2) 'ON3(N +1)3(N +2)
A4(N —1) 2551 + 51 N -2 s 4 N-1
_ AV =1 9292, ( > _E N
NIT N2 e N SNV 1 2) BT S e ©
L2 13N? + 1IN —14 . 20N®+39N? + 13N +2 N 2PsS,
3N(N+1)(N+2)"° N(N+12(N+2) 2 N2(N+1)3(N+2)
_4AN* 4 3N? +5N? + 14N — 8 2(N —1 2P,
TONT O F S% ¢ ( ) 1CRs 2 . (208)
N2(N +1)2(N +2) N2(N +1)2>° 7 N4(N + 1)4(N +2)
Pr = 2N° —13N* —28N® +4N? + N + 2, (209)
Py = 8N°422N*4+35N% 4+35N2 — 18N — 16 , (210)
Py = 8N"—4NS—26N° 4 34N* + 38N° + 3N? —3N — 2. (211)
Cuy | 1[16(N —1) (2N +1)(N — 1) 8(N —1)

AAP = T ( __)_— - —( )
f “r=5 {5[N(N N2 e e O T N\
2N +3)(7TN + )S (2N+ 1)(N — )S2 2N3+11N2+21N+6S

N2(N+1)2 2 7 N2(N+1)? N2(N +1)3 !
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4(N —1) ) 8(3N +1) 204N? + 7N +1
7 (_9 2 — '/ - =
NI+ 1)( Sz, + 254+ 5 +S2C2> TN EE T3 NN P
(2N +1)(N —1) . 10N + 17N? 4 11N + 2
2 - i —2
RNV r 1) ( 35251 =5 651@) N2(N +1)3 2
IN3 +11N2? + 21N AN* 4 4N® — 13N2 — 33N — 1
- + +65%_4 + 3 33 06 |1 (212)
N2(N +1)3 N2(N +1)4
1|, (N+4H(N-1)| 1 (N +4)(N®+2N +1)
AAY = T S L.
j FCA{a? [ A ET I S N ORI E
(N 4+ 4)(N —1) (N + 4)(4N3 — 4N? — 3N — 1)
4 2 4
H e ( SZ+C2) * (N + 1)4N*
2Py (N +4)(N — 1)
- 4
TN+ 3NN £ 1) (355 +6)
(N 4+4)(N?+2N +1)
it (2% +¢)| ¢ (213)
Py = (N+4)(N° —7N* 46N>+ 7TN? 44N +1) . (214)
AAY — o) 8(2N—1)S 16N3+N2—2N—1 N 1 —2(2N—1)(S +SQ>
e S (N +1)2N? e| N(N+1) 7200
1251 Spn 2N -1 3
- 12 2
NN F1E T MV 17| 3NN+ 1) (12821 + 285 4355 + 57 +65162)
352 TN® —2N? 4+ 4N +4_, 8N*— N +8
+ + S+ )
N(N +1)2 N2(N +1)3 N2(N +1)?
N34+ N2—2N -1 4Py, 2N — 1 5
— — 2 -9 - =
MNF12 2T NNt | NV 1)( S211 2551 = 5
1 9 1 1 1 1 2
252181 = g SaS1 — S5 = 1825 — 5.5} = SShta — 55 — S51G)
125271 + 35251 + S% + 6{281 . P1352
IN(N +1)2 2N3(N +1)3
TN3 —2N? 44N +4 _, 14N*+13N3 + 12N? + 6N + 8 N 2P14C
ON2(N + 1)3 L N2(N +1)* PUN3(N +1)3
AN3 4+ N2—2N —1_ 4N3— N +4 2P
— 21
3 NN +1) “t N%(N +1)2 %t N5(N +1)3| [’ (215)

220

Py = GN+1)(N'+ N3 +2N +1), (216)
Py = 4N"++12NS 4+ 5N° + 4N* — 2N® —10N? —5N — 1, (217)
Pis = 16N° 4+ 21N'+2N? — 36N — 36N — 8 , (218)
Py = (2N+1)(N'+N°+2N +1), (219)

(220)

P = (2N+1)(4N®+ 14N+ 9N® + N° — N* + 6N° + TN? + 4N +1) .
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1
€

N* 4+ 7N3 +3N? + 3N +2
N3(N +1)3

1| 16(N—1)
AAQI — T i D S

4N — 1)

- N2(N +1)?

506 i [

NIN + 1)t S 3NN 1) (385 +)
N4+ 7N3 +3N2 43N +2 Py

—— 221

N3(N +1)3 N5(N +1)° } ’ (221)

Pig = 6N° +5N*+ N* —13N? —5N — 2, (222)

3N® —10N° — 9N* — 29N? — 18N? — 7N — 2. (223)
1| 8(2N -3) N N34+ N—4| 1| 16(N-1) 2(2N —1)

2| NN+1)' T ON2(N+1)2 N(N+1)"72" N(N+1)

(28:+¢)

~
Il

S2

AAQI = TFCA{
E

202N —3) ,
NN
8(N —1)
m(QSQJ - 573 - 257251> +
28N -9) , 10N -
AN(N+1)7° NN+
N3 —2N?+8N +2 ,
5242
N2(N +1)2 N2(N +1)2
N 2P, 4(N —1)
N2(N +1)* N(N+1)

N3—2N2+8N+2S _42N4+3N3+8N2+N+8
N2(N +1)2 ! N2(N +1)3
4854 2N — 3 .
N(N+1)  3N(N+1) (8t +65162)
11 16(N —1) N3 —10N2 — 20N — 22
1)5251 B N(N+1)2S_2+ N2(N +1)2 5
N3+N—4C 22N4+2N3—4N2—35N—12
2 N2(N + 1)3 !

<—4572,1,1 +25 31 +25 90— S_4+455:5

S(N — 1)
N(N+1)2

2(4N — 3) 2N —1
m&m - m (452,1,1 — 455151 — S2<2> -

1S 1 1282¢, + 1651¢3>

38N — 39 3(10N —-7) , 18N —19
T 6.5+ 5 —
3N(N +1) 8N(N +1) AN(N +1)
N3—38N2—10N—34S N N3 —2N? +8N +2
3N2(N +1)? ° 6N2(N + 1)2
N3 —2N? + 8N +2 2N3+ N —4 8(N? +3)
3 5 S1G+ = 5 2C3+ 3
N2(N +1) 3N2(N +1) N(N+1)
2N* — 18N? —20N2 — 3N + 365 ON* +2N3 —4N2 — 35N — 12
2N2(N +1)3 ? 2N2(N 4 1)3
_2N* 4 3N? 4+ 8N?+ N +38 P Py

N2(N + 1) C2+N2(N+1)481_ N2(N +1)5

—25 381 — 2555, — 25257 — S2G ) + (25721 — 55— 25551)

ON —3
24N(N +1) (3054

N3 +2N? + 4N + 2
N2(N +1)?

Sy 57+ 2 Sa.1

N3 — 18N? + 24N + 2
S3 558
TN (N 1 1) 2t

S_2

St

} , (224)

Py = 4N° +10N* + 11N® —16N? — 19N — 24, (225)
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Py = 4AN°+8N*—10N? + 51N +20 , (226)
Py = 8NO428N° 4+ 42N* + 19N° + 24N? + 13N + 40 . (227)
Furthermore, one has
AAYT = AAY = AAY = AAD = AADI = AADI = AAI = ANAYI = AAYY
g 1 o yo q r T
AAD = ANADI =0 | (228)

In Table [3| we show, for comparison, numerical values for some moments of the diagrams calcu-

lated above.

The non-singlet diagrams are the same as in the unpolarized case, cf. [11,|16]. These sums
were calculated both with the help of integral representations and by applying the package

Sigma, [TT4,[115)].

order 1/e2 1/e 1 £ e
A N=3 -0.22222 006481 —0.13343 —0.15367 —0.06208
N=7 —0.03061 0.00409 —0.01669  —0.01900  —0.00639
B N=3 444444 —1.07407 445579  0.515535 3.13754
N=7 546122 0.74491 6.09646 2.97092 5.35587
C N=3 1.33333  —8.14444  0.13303  —6.55515  —2.64601
N=7 085714 —512329 0.14342 —4.10768 —1.59526
D N=3 266666 —0.02222  2.19940 1.03927 1.69331
N=7 171428 0.85340 1.78773 1.56227 1.80130
E N=3 —2.66667 5 —2.27719  4.89957 0.73208
N=7 —1.71429 297857 —1.3471 2.83548 0.44608
F N=3 0 0.77777  —5.80092  —2.63560 —6.57334
N=7 0 1.40105  —3.54227  —0.78565 —3.72466
L N=3 -9.33333 025000 —8.83933 —3.25228 —6.84460
N=7 —6.73878 —1.86855 —7.09938 —4.56051 —6.501
M N=3 -0.22222 0.71296 —0.41198 0.69938 —0.11618
N=7 —0.03061 0.11324  —0.05861  0.11969  —0.01207
N N=3 -222222 126851 —1.37562  0.69748  —0.36030
N=7 319184 —0.50674 —3.39832 —1.7667  —2.97339

Table 3:  Numerical moments for N = 3,7 for the different contributions in the dimensional parameter
to the diagrams A — N of Ref. [1].

B Representations through generalized hypergeometric series

In the present calculation the Feynman diagrams were evaluated without using the integration-
by-parts method. As an example, we describe in the following the evaluation of a 5—propagator

40



integral emerging in diagram f, see Figure 3, Ref. [11].

it de (Ag)(Ak)N -2
i / / P@* —m*) (@ —p)* =m?)k* —m?)(k —p)* —=m?)*(k —q)*

(229)

The diagram has a 4-dimensional Feynman parameterization over the generalized unit-cube.
After the momentum integrals are carried out one obtains

(Ap N 2F / /// ) €/2 —5/2(1_ >5/2—1
I¢(N) =
r(N) (4m)++e(m2)i— dudzyis 1—utu)—<(z—y)

(zyu + (1 — zu)) ((1 —u)x + uy)N 1] . (230)

It is very useful to apply the following transformations of variables given in Ref. [116],

z(1 —y)
= =100 9
zy Vo=
$/
r = 2+ /—33//, _ ’
Y Y Y Yt o —ay

O(z,y) B 1—2

oay) o' +y —ay’

(231)

which yields

1—SB( ) x
//dxdyfxy xy //dmd Ty — f<y +z — y’m’ ” ’y’>‘ (232)

Similarly, terms of the form (z — y)" can be combined using

T>y: x <y

¥i=x—y, ¥ i=y—x,

I Yy r_ 1- )

Yy = 1_r+uv’ Yy =,

—x+y l1+z—y

r=2+y -2y, r=(1-2")1-1v),

y=01-2)y, y=1-(1-2"y,
I(z,y) I(z,y)

o =1-2a. o =1—2a 233

oy) " o) (239)

leading to, cf. Ref. [116],

/Ol/oldxdyf(x, y)(x — / / da'dy' '™ (1 — ') (f(y/ o — 2y, (1—2))
-D)Yf

(=) =) 1= =a))) . (234)

The substitution (231)) v’ := uz and shifting 2’ — 1 — z , v’ — 1 — u afterwards, yields

(Ap N ZF //// ) €/2 —5/2(1_ )a/2—1
I¢(N) =
r(N) (4m)*+e (m2)i— dudzdyis (1—utu)—<(z—y)




[((1 —u)y + ux) L <(1 —u)x + uy)N_ll . (235)

Now transformation (233)) is used by setting 2z’ := :l:(a: —1vy). Thus

(Ap N 2F / / / / u)—e/QZ—a/Q(l _ Z)a/z—l 1— o
I/(N) =
f( ) (4ﬂ. 4+s m2 1—¢ dUdZdy d:L‘ (1 Y uz)l—e p

(y(l—x)—l—ux) —(y(l—x)—l—x(l—u))N_l— (1—ux’—y’(1—x’)>

N-1

+<1 — ' +uxr’ =y (1— x'))N_1] : (236)

This form allows to perform the g/-integration. Further we set x = 2/, u — 1 — u, giving

(ApN 2P —e/ 5/2(1_2,)5/2 1 N N N N
If(N) = () () SN dudzdx u—i—z—uz)l el CA (1 —u)

+(1 —uz) — (1 —2(1 - u))N]

_ 2Ap)"TT( —¢) [ //dud uT P (L 2) [uN—(l—U)N]

(4m)*te(m?)=eN (u+ 2z —uz)t—=
N .
N (_1)1 u—£/22—5/2<1 _ Z)a/Q—l ) )
T 1 _ ’L:|
+;<z) i (u+2z—uz)t—= [u (1-w)

N iiﬁ?zi(;;()ll__gii{( )( +52N} //du 5/2:;2(_1“—2;)1/21

=1

X [u (- u)’} . (237)

Here also the z—integral was carried out. The latter expression can now be rewritten in terms of
a generalized hypergeometric series [59] by applying

L - / / dyduw(l — w)w?(1 — y)y[l — y(1 — w)]
= B(d+1,c+1) Z%/dw(l—wwkwb

e,d+1,a+1

= B(d+1,c+1)Bla+1,b+1)3F Srdtedtath’

(238)

Here (a), = Hfzo(a + 1) denotes the Pochhammer—Appell symbol and B(a,b) is Euler’s Beta-
function. One thus obtains

_Sg(A)*eX G| 2 [Ny,
Iy(N) = (Am) i (m2)i—< P{ oy }Nsm2 )2{<3>( 1) +‘5J,N}

y rGrg+1-3  BA-51+))
Fj+2—el(G+1+%) J

1_€a%7j+1 .
17]+2_% ,

1}.
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(239)

Note that although is a double sum, the summation parameters and the variable N are not
nested. This expression can be expanded in € and calculated using the sums given in Appendix B
of Ref. [11].

The same kind of transformation was performed to obtain a result for the 5—propagator
integral of diagram n. Although a little more work is needed, it could be treated in a quite
similar manner as diagram f. One of the most important aspects is to write all sums which have
to be introduced in such a way that there is no nesting of summation indexes with N. Note that
in the case of only 3 massive propagators, analytic results for fixed values of N can be obtained
quite easily by choosing the momentum flow in such a way that one momentum follows the
massive propagators. Thus no denominator structure emerges in the parameter integral. One
obtains

B Pk (AgV(Ag — Ak)N-2-
L) = Z/ / D —m?)((g—p>2—m2><<k—q)?—m?)(k—p)%?

_ F((417T_4i / / / / dwdydvdz (1— w)w (1 =)' Py (1 — )

x (1 —w)J(z—v) (y((1 —w)v +wz) + (1 —y) YW=i=2 (240)

Calculating (240|) for arbitrary values of N analytically involves some work, while for fixed values
of N, (240]) decomposes into a finite sum of Beta-functions, which can be handled by MAPLE. The
general N expression reads

- dq dk  (Ag)Nt—(Ak)N-1 1
b = /(QW)D /(QW)D (Ag—AF) (¢?=m?)((g—p)*—m?)(k*—m?)(¢—k —p){k—q)*

(A o) N (e )
B (47)4+e(m?2)1—< {B(N +1 /2,1 /2) ( N2 BN +1.¢/2)

2(IN+1)+¢ NB(N+1,e/2+1) e/2+1,N+1,1
N B(N +2,¢/2) + (—1) NV 3 F, N+2’N+2+€/2,1]>
— /N-1 l = Blk+2,¢/2)B(k+2,N —1—k)
—H( z )(—1)B(l+1—5/2,2—5/2k2 p
_% 3 <Nz_ 1)(—1)lB(Z+1—5/2,2—5/2 kzzoB k;ff/z)
— (N-1 l
+ 2 ( ; )(—1) B(l+1—-¢/2,2—-¢/2)
></O /o drdv (1 — 2)/* 1N -1 (ln(v(l—x)+x)—ln(v(l—m)))} (241)
_ SA(Ap)N? G 1 1 (—=1)N =1
= Gmimay {Z } 1>{g[451<N>+2T]
29L5(N) — So(V) + S2(N) + 2B Jvlis f)(N ) 1o (];(1]% l 0<g>} , (242)
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where

/ / dxdv ( 5/2 LN (In(v(1 — 2) + 2) — In(v(1 — 2)))

_ B(l+¢/2,1)

N 1,1+¢/2,1
52N 5N N(N +1)

N+22+¢/2°

(243)

C The heavy quark O(a?) Wilson coefficients for Q* > m?

In the following we give the representation of the heavy quark two—loop polarized Wilson coef-
ficients for @* > m? in N- and z space and correct some errors in [1]. Furthermore, for the
case of the inclusive heavy flavor corrections, further conceptual changes w.r.t. [1] are necessary.
The structure of the Wilson coefficients has been given in Egs. (32H36]). In Ref. [1] the Wilson
coefficient AL;?;l has not been considered.

In the following we set both the factorization and renormalization scales py?> = @Q?. Thus
the asymptotic heavy flavor Wilson coefficients depend on the logarithms In(Q?/mg) only, with
mg = Mg O My,

The massive asymptotic polarized flavor non-singlet Wilson coefficient [1], Eq. (B.4), reads

2 2 2
" m?2 31—z m?

1 2 1
T R (§ln(1—z)——61n(z) 58>—z+6

»(5)

1—21\3 3 9
1 1 4
;:ZZ —ngg(l—Z)——Cz—glﬂ( )1ﬂ(1—z)+§1n2(1—2)

+4 In*(z )—59—8111(1—2)—#%111( )+ 32579] —(2-62)In(1—2)

—|—<%—10z> ln(z)%—?—wz}. (244)

In Ref. [1] the higher functions are expressed in terms of polylogarithms [117] and Nielsen-
integrals [112]. They obey the following integral representations

S, (z) = (<n1_n1ﬂ;p, / L () P (1 — 2) (245)
Li,(z) = S,-

In Eq. the variable z obeys 2z € [0,Q?*/(m? + Q?) < 1], since only real heavy quark
production has been considered in [1]. Approaching the region z ~ 1 the +-prescription has to
be used, and z € [0,1]. Furthermore, a soft and virtual term has to be added, cf. [1]. This is
not the complete result, however, since a term containing other virtual initial state corrections
with massless quark final states is yet missing [45,/61] and the foregoing result still violates the
polarized Bjorken sum rule, since there is a logarithmic correction in the limit Q? > m?. To
obtain the correct expression one has to consider the inclusive heavy flavor Wilson coefficient

44



for a structure function, cf. [45, 61]@ In particular, its first moment does not yield the correct
result for the Bjorken sum rule. Relations of this kind are used in the tagged flavor case, see
also [22]. They do not apply to the structure functions. The polarized flavor non—singlet Wilson
coefficient is given in the MS scheme due to the Ward-Takahashi [118] identity, which can be
used since the local operator is located on the massless fermion line.

o 2 2 2+ 3N + 3N? 2T
ALNS(2MS [ ar Q _ T __1 Q — 2 =
" m? Criry =3\ 52 ( INOL+N) Sl) Tlov vy

80 . 16 0?2 T o7,
Pg 22 ] _
T T 52) " ( ) TN L NP ( 2TN2(1+ N)2

8¢\ g 2( — 6+ 29N + 29N?) ” 2( — 2+ 35N + 35N?)
! IN(1+ N) ! 3N(1+N) ?
8 112 16
—55'? - 753 + 352,1}7 (247)
with
T, = —3N*—6N?®—47N? — 20N + 12, (248)
T, = 57N*+96N* +65N* — 10N — 24, (249)
T3 = 359N* +772N? + 335N? + 30N + 72, (250)
Ty = T95N® 4+ 2043N° +2075N* + 517N% — 298 N? + 156 N + 216. (251)

The first moment of yields 8a2CrT for u? = @Q? in accordance with the polarized Bjorken
sum rule [85] for a single quark flavor, shifting Np — Np + 1 in the limit Q* > m?. For a
detailed discussion of the finite mass effects see Ref. [45].

The corresponding expression in z space are represented using harmonic polylogarithms [119],
which are the iterative integrals over the alphabet

1 1 1
{fO Z7.f1 1_Zaf1 1+Z}’ ( )
and are given by
dy
Hya(2) = ” w(y)Hz(y), Hp=1, ba; €{0,1,—1}. (253)
0

In the following we use the shorthand notation Hz(z) = Ha.

One obtains
s [ @ 1 Q* 718 16 Q*
AL Sl CrTr 1--13 111 - + = 27 9 (5 + 3H0) In 3

268 116 16 8 16 ”
+

“—Hy+8H; +—H HoH H? Hyi — —
+9 0o+ +91+301+3 +301 Cz

291t is very well possible that different analysis programmes still refer to the results of Ref. [1], which has to be
corrected.
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Q? 2 Q? 265

—%(1 + 2) In® <%Z> — ;7(47 +218z) + (—2(11,2 —1)

2
—2(1 + Z)H0> In (%) - 2(13 +282)Hy — 4(1 + 2)H}

+ (—2(5 +142) — 2(1 + Z)Ho) Hy — %(1 +2) [HY +2Ho,1 — 4G }

(254)

The corresponding expression in the Larin scheme is given in [64]. Here the +-distribution is
defined by

1 1
| deli@oe = [ d:lr) - flgta) (255)
0 0
The Mellin convolution of the different contributions in (254]) are defined by [120]

(12) oot - [4fS o (2) o] o0 [l o0
51— @9(:) = 9(2) (257)

raese = [ 2i(2) o) (258)

Y )

In the pure singlet case one obtains in Mellin space for the massive Wilson coefficient in the
Larin scheme

N (N7 Q_Z) _ CFTF{_4(N —DE+N) (Q?) ~8(2+ N)(1+2N + N9)

N2(1+4 N)? m? N3(1+ N)?
0 8T AN —1)(2+N)
8(2+ N)(2+ N — N? + 2N9)
N3(1+ N)3

X [812 — 352] + Sl

64
(N - 1)N(1+N)(2+N)S2}’ (259)

Ts = 3N®+10N7 — N® —22N° — 14N* — 18N?® — 30N? + 8. (260)

The corresponding result in z space reads

AHPS @)L (z %Z) = CFTF{— [20(1 — 2) + 8(1 + z) Hy| In® (QZ) +8[(1 — 2) — (1 — 32)H,

—(1+ 2)HZ]In (%) + 5;;2(1 —z)+ (?(2 —z)—32(1+ Z)C2> Hy
32(1 + 2)3

8 16
——, HaHo+ 5(21 +22°)H + ?(1 + 2)Hi +8(1 — 2)
z
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x (11 + 10Ho)Hy + 20(1 — 2)H} — 16[(1 — 32) — 2(1 + z)Ho| Ho 1

32(1 + 2)?
+%H071 — 16(1 + z)(ZHO,O,l — (1 + Z)HO,LI)
32 ,
—?(9—324—2 )G+ 16(1 4 2)¢3 ¢, (261)

which agrees with Eq. (B.3) of Ref. [1]. For the pure singlet Wilson coefficient HQPCSI’(Q) there is
no finite transformation to the M scheme at O(a?) since the correction to the massive OME and
the massless Wilson coefficient compensate each other.

The gluonic Wilson coefficient AH%’;Q) is given by

2
5,(2) Q7N _

2(N —1)(2+3N +3N?%)  §(N -1)S,

N2(1+ N)? N(1+N)

C16(N—1)  8(N-1)S 5 [ Q? AN - 1Ty
oalr ~mar e T vaem | (™ ) T T T esa s v
(N —=1)(1657 —165,) 4(N—-1)(—6— N +3N?)S, o | 16(N —1)2
N(1+ N) N2(14 N)2 F13N2(1+ N)
16(N —1)S; 8T, (N —1)(85% + 85, + 165_,)
v | T CaTF -
3N(1+N) N3(1+ N)3 N(1+N)

325, Q? 48,Ty 165, T}3
NAE Ve } i (ﬁ) AT SR NPEEN) T NI NP+ V)
B 8714 N (N —1)(32515; — 16551)

(N —1)N4(1+ N)4(2+ N)2 N(1+N)
4(12— N+ N? +2N*)S7  8(—2+3N +3N?)S;

N2(1+ N)(2+ N) N(1+N)(2+N)

N 16T 325, _8(N—-2)(3+N)S_3
(N—1)NA+N)2+N)? 2+N)°2 NI+N)2+N)

N(I+N)2+N) NOA+N)2+N)>

C16(2+ N+ N?)S,,  24(2+ N+ N?) ]

QSlzTg QSQTlo 451T12
+CrTr TN FNPQLN) NI LNPREN) | M+ NP2+ N)
ATys N-1 )
- 1
TINC DN+ NP2+ N2 NI+ N) (=857 4855 +165.)
16(24+ N +N?)S;  (16(10+ N + N?) 1285, g
N(I+N)(2+N) (N-1)(2+N)?2 NQOA+N)2+N)) 72

(262)

6453 12855 48(2+ N + N?)
NI+ N2+ N)  NI+MeIN) N+ Nerv®|
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with

Ts = N*+3N3—4N? —8N —4,
T, = 2N*— N3 —24N? — 17N + 28,
Ty = 4N*+5N34+3N? —4N — 4,
Ty = 9N* +6N> —35N? — 16N + 20,

Two = 11N*+42N? +47N? + 32N + 12,

Tiy = N+ N*—4N34+3N? —7N -2,

Tis = 2N 4+5N° —22N* —95N3 — 114N? — 24N + 16,

Ti3 = 2NS+4+5N5 —3N* —7N34+2N? — 11N -8,

Ty = NWY4+3N?—15N% —56N7 —8N°® + 90N° 4+ 60N* + 67N> + 86N>

—12N — 24,

Tis = 5N 4+ 23N° + 31N8 — N” 4+ 54N6 + 268 N° + 342N* + 98 N3 — 60 N2

—8N + 16.

The rightmost pole in (262]) is located at N = 1, as expected. In z space it reads

2
s@ (. Q@7 _
AHQQ (Z, W) =

16
{—Tﬁg(—l +22) + CaTp [48(—1 + 2) — 16(1 + 2) Ho + 8(—1 + 22) H, |
1

36(—3 +42)

+CpTr(6+ (—1+22)( — 4H, — 8H)) } In (Q—Q) + {T;%

m2
16 16
(=1 +22) <§Ho + ng)

x(—16H_1Ho — 8H{ + 16Ho 1) + 8(1 + 82)Hy — 32(—1 + 2) H;

+ CaTp | —8(—12 + 112) + (1 + 22)

—8(—1+22)Hi — 16¢2 | + CpTp |4(—17 + 132) + (=1 + 22) (8H{ + 32Ho H,

+16H] — 8Ho 1) 4 16(—3 + 22)Ho + 4(—17 + 20z) Hy — 24(—1 + 2z)g2] }

2

2
8
X In <7:CEL—) + CATF{—g(—lol + 1042) + (1 + 22)(16H,1H0,1 - 16H071?,1

—16H_11) + (=1 +22)( — 16HoH; + 16H Hy 1) + 3(194 — 163z + 62%) Ho

16(2+ 3z + 922 + 112%) H_1 H,
a 3z

2
+162*H?  Hy + (5(126 — 48z + 412%)

8
—4(—=3—-62+ 222)H1) Hi + S8+ 42)H§ + 4(43 — 53z + 22°) Hy

—4( =53+ 56z + 2*) HoHy + 4(3 — 62 + 22°) HyH, + 2(19 — 24z + 2°) H7

+4( =19+ 282 + 22°) Hyy — 8( — 7 — 10z + 22°) HyHo 1 + (—32,22}1_1

48

N DO
D O
-~ W

N DN
D D
S Ot
N’ N e e e e N N

N NN DN
N O O O
S © o
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16(2 + 32 4 92 + 112%)
T 3z

+22°)Hoo1 — 8( — 3 — 62 + 22%) Hop 1 + 48H 11 + 322°Hy 1,1

+8(—3—6z+ 222)H0> Ho 1 +8(—9— 10z

4
+<—§(114 — 84z +472%) —32(2+ 2)Ho — 16(—1+ z)*H; + 16( — 1 — 2z

20
+22)H_1> G—-8(—1—-10z+ 422)g3} + CFTF{—K(—QO +17z)
8 8
+(—142z)( - gHS — 16HoH{ — 8H; — 16HHo 1 + 24Ho11) — 5( — 46

16(4 + 1227 + 132°)
3z

+53z + 62°) Hy + H_1Hy—32(1 + 2)*H?  H,

4
+ (—5( — 27+ 6z + 232%) + 16(1 + z)2H_1> Hi —A(— A7+ 41z + 42%) Hy

+8(8 — 14z + 2°) HoH, — 162°Hy Hy — 2( — 33 + 40z + 22°) Hf — 16( — 6 + 2°)
16(4 + 1222 + 132%)

—32(—1 ’H,
3z ( +Z> 0

><]—-[O,1 + 32(_1 + Z)QH()HOJ + (—
+64(1 + z)ZH_1> Ho_1 —32(=14 2)*Hop1 + 32(1 — 62 + 2°) Hop,—1

8
—64(1 + 2)*Ho 1,1 + (—( — 60 + 422 + 292%) + (—1 + 22)(32H, + 16H,)

3
+3222Hy — 32(1 + z)QH_1> G+ 8(1+ 142+ 822)(3}. (273)
To compare with the representation of Hg’g@) (2) in [1], Eq. (B.2), we use the relation
i [i52] - [E] = - s - gt i

3
X (Ho,l + Hyp 1 — 5@) — Ho1,1(2) — Hop,—1(2)

7
_HO,fl,l(Z) — H0,71,71<Z) -+ ZC?’ (274)

The expressions corresponding to Eqs. (262, 273) in Ref. [1] do not agree with our results.

Our result differs by
2 2

16 (N—1) [30:Tp
3N(N+1)| N
from that in Eq. (B.2) of Ref. [1]. The renormalization formulae in [1] are different from those
in [14], which fully refer to the MS scheme for charge renormalization, being related to the O(T3)
terms.
Finally, the Wilson coefficient AL;Q) reads

2 2
@y @\_16 N—-1 », | N—-1 @
AL (N, m2> SN | N + S| (=) (276)

_T}Q«“
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It is a gluonic single heavy quark correction to virtual photon—gluon fusion with Np massless
final state quarks. In z space one has

@ (. @ 16, Q*
AL, 5os )= ?TF [4z —3+4 (22 — 1)(Ho + Hy)|In 3 (277)
Furthermore, the two-mass corrections contribute. Both the latter contributions have not
been considered in [1].
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