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We compute the four-loop corrections to the Higgs-bottom vertex within massless QCD and present
analytic results for all color structures. The infrared poles of the renormalized form factor agree
with the predicted four-loop pattern. Furthermore, we use the results for the Higgs-bottom, photon-
quark, and Higgs-gluon form factors to provide hard matching coefficients in soft-collinear effective
theory up to four-loop accuracy.

I. INTRODUCTION

In the next decade the Higgs boson will play a central role in many of the analyses performed with data taken at
the general purpose experiments ATLAS and CMS at the Large Hadron Collider (LHC) at CERN. Improved analysis
tools will increase the precision of observables, motivating new calculations on the theory side in order to match the
uncertainties of the experiments.

The dominant channel for Higgs boson production is via gluon fusion. Although in the Standard Model (SM)
the contribution from bottom quark annihilation is only at the percent level it might be important in extended
models with an enhanced coupling of the Higgs boson to bottom quarks. In the SM, state-of-the-art for the inclusive
production rate bb — H + X, with X being any hadronic state, is next-to-next-to-next-to-leading order (N3LO) [1, 2]
(see refs. [3-5] for the NNLO corrections). An important ingredient in the analysis of ref. [2] is the three-loop Higgs-
bottom form factor which has been computed in ref. [6] and cross checked in refs. [1, 7]. In this work we provide
results for the four-loop corrections to the Higgs-bottom form factor, which constitutes a building block for the Higgs
boson production cross section and the differential rate of Higgs boson decays to bottom quarks at N4LO.

There are two different ways to view Higgs boson production in bottom-antibottom quark annihilation. In the
so-called five-flavour scheme, the bottom quark is considered as a massless parton which is part of the proton. In
the four-flavour scheme, the first step is the production of two (massive) bottom and antibottom quark pairs via
gluon splitting. Afterwards a bottom and an antibottom quark annihilate to produce the Higgs boson. From the
technical point of view the four-flavour scheme is more involved and, in fact, in this approach only NLO corrections
are available [8-10], which are of the same order in the strong coupling as the N3LO corrections available in the
five-flavour scheme [1, 2.

An attractive framework to describe high-energy cross sections is based on soft-collinear effective theory (SCET) [11-
17], which can be used to separate the various scales present in a process and to perform a resummation of potentially
large logarithms. The matching of SCET to QCD is achieved with the help of so-called hard matching coefficients
which can be extracted from the massless form factors computed in QCD. In this work, we calculate matching
coefficients from results for the four-loop Hbb, v*q¢ and Hgg form factors. An important aspect of this derivation
is an explicit check of the prediction [18-30] for the infrared poles of the renormalized Hbb form factor using recent
results for the four-loop cusp [31-34] and quark collinear [34, 35] anomalous dimensions.

The outline of the paper is as follows. In section II, we discuss the bare Higgs-bottom form factor and present
our result for the four-loop term. For the Higgs-bottom, photon-quark and Higgs-gluon form factors, we discuss the
ultraviolet (UV) renormalization in section III and the infrared (IR) subtractions in section IV. The SCET hard
matching coefficients for all three form factors are presented in section V. We conclude in section VI.
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FIG. 1. Sample Feynman diagrams contributing to the Hbb form factor Fy at the four-loop order. Solid and curly lines represent
massless quarks and gluons, respectively. Both planar and non-planar diagrams contribute.

II. THE Hbb FORM FACTOR AT FOUR LOOPS

We define the Higgs-bottom form factor via

Folq?) = —%Tr (o) | (1)

where I, is the Higgs-bottom vertex function, ¢; and g2 are the incoming quark and antiquark momenta and ¢ = g1 +¢2
is the momentum of the Higgs boson. Sample Feynman diagrams contributing to Fj at the four-loop level are shown
in fig. 1. We employ conventional dimensional regularization to regularize UV and IR divergences, and for the number
of space-time dimensions d we use d = 4 — 2e. Two- and three-loop corrections to Fj have been computed in refs. [306]
and [6], respectively. The extension of the three-loop result up to order €2 and the four-loop results with two and three
closed fermion loops have been computed in [7]. In this work we complete the four-loop corrections by computing the
contributions of all remaining color factors.

The bare form factor is conveniently parametrized in terms of the bare strong coupling constant and the bare
Yukawa coupling yo = my, /v where my o and v are the bare bottom quark mass and Higgs vacuum expectation value.
The perturbative expansion of this bare form factor reads

n>1

where

0
56: (4 67 :755 3
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a? is the bare strong coupling, o the 't Hooft scale, v ~ 0.577216 Euler’s constant, and the —i0 description fixes
the branch cut ambiguity for g2 > 0. We stress that we keep a non-zero bottom mass only in the Yukawa coupling
and treat the bottom quark as a massless particle otherwise. Fb(n) develops poles up to 1/€>". However, non-trivial
information specific to some loop order is contained only in the 1/¢2 poles and higher order € terms. All higher poles,
1/€*,...,1/€3, are fixed from the lower-loop contributions. In fact, the 1/e? poles are determined by the (universal)
cusp anomalous dimension and the 1/e poles are determined by the collinear anomalous dimension.

We generate the Feynman diagrams with Qgraf [37] and employ Form 4 [38] to express the form factor in terms of
unreduced scalar Feynman integrals. For the color algebra we use Color.h [39], which conveniently produces a result
that is valid for a general simple Lie algebra. We find the color structures listed in fig. 1, where Cg is the quadratic
Casimir operator and d%°? is the fully symmetrical tensor originating from the trace over four generators, with
R = F, A for the fundamental and adjoint representation, respectively. Further, Ng the dimension of the fundamental
representation and ny is the number of light quarks. For a SU(N,) gauge group the relevant invariants or color factors



read

Cr = (N2 =1)/(2Ne),

CA = N(;
d%ded%de/NF — (18 _ 6Nc2 + Ng)(ch - 1)/(96N63),
d%dedaAde/NF _ (NCQ _ 1)(Nc2 + 6)/48 (4)

We note that diagrams where the Higgs couples to a closed quark loop do not contribute. This is clear from the fact
that the Yukawa coupling requires a helicity flip and all quarks are massless in our calculation. For the same reason,
there are also no d%°d%° contributions, which are present in the case of the v*qq form factor [40].

The computation of massless four-loop form factor integrals requires advanced techniques both for the reduction to
master integrals but also for the computation of the latter. For the reduction it is essential to have at hand an efficient
program. For our calculation we use Reduze 2 [41] together with the code Finred employing finite field arithmetic
and further techniques from [42-48].

For the master integrals two complementary methods are applied. The first one uses finite master integrals [49-51]
in dy — 2¢ dimensions where dyg = 4,6,... and applies the program HyperInt [52] in cases where the corresponding
Feynman parametric representation can be rendered linearly reducible [53, 54]. In this approach, the actual integration
is applied to individual master integrals. The second method considers all master integrals of a given integral family
at the same time. In a first step one of the massless external legs is made massive. Choosing ¢7 # 0 it is possible to
define x = ¢?/q?, where ¢? is the virtuality of the Higgs boson. Our aim is the computation of the master integrals
for x = 0. On the other hand, for x = 1 the vertex integrals turn into massless two-point functions, which are well
studied in the literature [55, 56]. It is indeed possible to use the powerful method of differential equations [57-62] to
transport the information from x =1 to = 0. For more details on this approach we refer to ref. [31].

We obtain for the bare four-loop form factor
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820 302 5330 25370 159908 1
- *C3C2 + *Cg - ECZ& + =59 G2+ XTT, )] +0(e). (5)

Our result is expressed in terms of regular zeta values (3, (3, (5, {7 and one multiple zeta value

- i mz ~ 0.0377076729848 . (6)

m=1 n=1

As expected for a generic four-loop form factor in QCD, the leading pole is 1/€® and the finite part has transcendental
weight up to 8.

We have performed the following checks on our result in eq. (5) for the bare four-loop form factor Fb(4). First, we
have recalculated the known n? and n3 contributions and found agreement with the results of ref. [7]; all other terms
are new. For the leading color contribution we have performed two independent calculations and verified that the
results agree. Furthermore, we have checked that all poles 1/€%,...,1/e agree with predictions derived from known
anomalous dimensions through to four-loop order and lower loop contributions through to transcendental weight 8.
This is a strong check of our result and a confirmation of the literature expression for the quark collinear anomalous
dimension. Details for this derivation will be given in the sections below. For the sake of completeness, we have also

recalculated the lower loop bare form factors Fb(l), Fb(z)7 Fb(?’) through to weight 8 and found full agreement with the
results of ref. [7]. We also extracted the maximal transcendental weight 8 part and find that it coincides with that
of the v*¢q form factor [40, 63] (and, after modifying the Casimir operators such that quarks and gluons are in the

adjoint color representation, also with that of the Hgg form factor [40, 63]).

III. UV RENORMALIZATION FOR Hbb, v*q§ AND Hgg FORM FACTORS

In this section, we discuss the UV renormalization of different form factors, focusing first on the H bb form factor.
We perform UV renormalization in the MS scheme and replace the bare couplings ag and yg by the renormalized
couplings a and y with

Séﬂgeao = Z.p*a, (7)
Yo = Zmy . (8)
With the g function and the quark anomalous dimension ™
dln Z, 5= 1,
B@) = ~ar g =~ ", )
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V) = = (10)
one has from (7) for the renormalized coupling da/dInpu? = 8 — ae and thus
dIn Z, I6]
=— 11
da a(B — ae)’ (11)
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= — . 12
da B — ae (12)
Solving these differential equations perturbatively results in
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The coefficients of the 8 function read [64, 65]
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and the coefficients of the quark mass anomalous dimension are given by [66, 67]
76” = CF( ) (19)
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In addition to the Hbb form factor (1), we consider also the UV renormalization of the bare form factors for the
v*qq and Hgg vertices

Fq= —mﬂ (2Tl vy) (23)

(162 Guv — QL @20 — Q1w G2,0)
Fy= 1 B2 — Dy o) pa 24
I 2(1— ) g (24)

Here, the projections are applied to the v*qq and Hgg vertex functions I'} and I'}”. The Hgg interaction is taken in
the infinite top-quark-mass limit, where it can be described by the bare effective Lagrangian

A
Lo = —i HF"™ Fy . (25)

The bare form factor F,; depends on the bare coupling )\0, which is renormalized according to

Xo = 2o\, (26)
where the renormalization constant Zy is given to all orders by coefficients of the QCD S-function [68],
1
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(27)



In summary, we arrive at the renormalized form factors for the Hbb, v*qq and H gg vertices, respectively,

Fi =y Z (14 (aZ)" e "L B | = yFpen (28)
n>1
]_-(1;en =1+ Z ((l Za)n e—neL Fq(n) — F;en’ (29)
n>1
Frm=NZx |1+ (aZ,)" e " FM | = AFr, (30)
n>1

where
. —q2 —10

contains the dependence on the renormalization scale.

IV. IR SUBTRACTION FOR Hbb, v'q§ AND Hgg FORM FACTORS

We begin by considering a general UV renormalized scattering amplitude M"™" with IR poles in €. These divergences
shall be absorbed by introducing a quantity Z such that

Mﬁn _ Z—eren’ (32)

where Mf is finite for ¢ — 0. For strongly interacting external states, M™" and M are vectors in color space
and Z is a matrix. Interestingly, the matrix Z exhibits universal, process-independent features, see [69] for a recent
review. Defining the anomalous dimension matrix I" via

dz
dlnp

T(,a) = -Z* (33)

the matrix Z can be expressed as [30]

_ 1t dd 1 [*da" I'(a")
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Expansion in a according to eq. (9),

= Z a" Ty (1), (35)

dr( u, n
F/(a’) - d ln Z a F;L ) (36)

and integration gives [70]
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Through to three loops, the matrices T',, and T/, are known [29, 30, 71-76] in terms of cusp and collinear anomalous
dimensions, depending only on the type of external state. In particular, they contain a sum over so-called dipole



contributions, each of which is generated from color correlations of two external states. Starting at three loops, also
quadrupole contributions involving three or four external partons at a time appear [70, 76-79] through the anomalous
dimension matrix Z. At four loops, structural information about the matrix Z is available [70, 80-82], but its complete
expression is not known yet.

For four loop form factors with only two colored external states, there is only one dipole contribution and the
structure simplifies significantly. In particular, the matrix Z becomes diagonal and, see [30],

Z=272,, (38)
2

I, =-I,In (_qf_zo> ~ Y (39)

Y, = o, (10)

where r = ¢, g denotes the type of external particle and

I"(a) = Y a'T, (41)
(@)=Y amy; (42)

are the cusp and collinear anomalous dimensions, respectively. The coefficients of the cusp anomalous dimension
through to four-loop order are [33, 34]
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where R = F for r = g and R = A for r = g. The collinear anomalous dimensions are known to four-loop order as
well [34, 35], and the coefficients read
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+ nfCFCA< BRI A S e Gl e ) + nfCF<;7C3 T30 g )> (49)
256 33776 1368 4873

Vi =Cp (11760C7 — T68C5C2 + - (3C3 — 2804C5 — "= (5 — 5040 (5 — 240 G3Cz — ~— (3 + 40083 — 900C2 + ?)

3976 8668

634376
(3 — 19525 — TC3C2 + TCQQ — 6520 (3 + 2334 (2

315

512
+ C%CA( — 21840 (7 4 4128 (5Ca + nggg + 6440 (5 +



2085 14204 43976 10708 4192 48680 259324

— T2 ) + CRCE (1722061 — 4208 GsGo — T2 GaGE — TR - TG G+ TGl — TG Ty

-, + B 1 op 0 (- B+ B - R + BRG - TR 4 0+ B0,

4 My NG | 1000, | T B (image + 0maoca — Rycg - B4 Ty

- %% —1792(3(2 + %sz - %C&z - ?Cz + 192) +nsCy (368C§ - 11371354443 + %@ - 532(3(2 - 6?*8@2

— TG+ 322G+ TR ) 4 npCRCA( = TG T - TG+ TGl + T — s+ 3G
1092511 6916 .o 24184

) 3 6088 3584 17164 5 140632 445117 326863)
n _ _ _
972 )+ fCFCA( 9 G+ 315 G+ 27 G 9 CaC2 45 Gt 243 Cs 729 G2+ 1944

+ nfdan(;\lfi%de (BRG+ 5@ - B+ 1806 - 20 - B2+ TG — 3 ) +n3CE (506

~ B - TG - B+ ERG + TR 4 n20rCa (- B+ Boe + R+ G+ G,

— Tooe) TICE (132G + 5 Gt 537G — et ) (50)
for the quark and
p=ei(Z)eo(-3) o
V5 = Ci( — 4¢3 — %QCz + %) +n;Ca (%Cz - %6) +”fCF( - 4)7 (52)
= Ch (26 + Fht+ oG - 26 - TG+ ) i (- G - TR+ AR Ge - )

+ s CaCr( 2@ + 55 G +1G = 22 +nCh (2) +n3Ca (oG — 326 + 20 ) + 130k (2), (53)

g o 2671 896 2212, 5 286, 674696 .5 19232 1588 249448 o | 36380 . 1051411
T4 _CA< 6 o7 3 b T Gl — G o5 2 T or Gt GGt TGt s T2 2

A A
10672040 A eaebea 736 . o 3344 ., 39776 .3 = 2720 1808 o
et ) e (341G 4102656 — GG — TG G TG - 0G0 — G
12512 128 5( 596 .5 148976 5 16066 69502 .5 260822 155273
g 3t0Gt ) +nfCA( o St o Gt 5 G T80 - TG o1 3T T 2
421325 5 o, 5632 .5 8. 1196 .5 | 29606 3023, 903983)
1944 ) +nyCaCr (1‘)2 G+ 355 62 506 —1760sG — T =0 + G+ =G — —5
320 .5 1600 148 1592 685 . d4 d¥ /1216
+ nfCAC%< — 80C§ — ?Qg — T§5 + ?ng + T<3 — 2(2 + E) + nf0%<46) + nf%(ng
A
14464 5 30880 2464 5 2560 448 o o 1024 3128 o 37354
— G = BRG 121666 + G TG - 616+ 1) + 3O (- TG - 266+ T G+ G
13483 611939 5 304 32 128 5 1688 172 1199 9 o 352 676
~ 29 2 1 Trag ) + nfCACF(YQ TGt a5 65 et g ) + nfCF( -yt 27)
b, df 71024 1408 , 256 400 16 15890 f 308
2 Yabed“abed o 3 902  F . 20k 3 200
g N4 ( 5 BT ) + nfCA<135C2 235 T 5192 T Gser ) + nfCF(243> (54)

for the gluon. We note that the exact conventions used above differ slightly from [30], and our notation for the cusp
and collinear anomalous dimensions coincide with that of refs. [34, 35]. In particular, the quantity 77 used here is —2
times the quantity denoted by ~f ; in ref. [30].

With the above, the finite remainders for our form factors are obtained as

Fim =z e, (55)
fin _ r»—1 rren
Fin =z Fren, (56)
fin _ r—1 rren
Fin = 7 Fren, (57)

We stress that the factor Z, is the same for the v*¢g and Hbb form factors. The fact that our explicit four-loop result
for Ffin derived from eq. (5) indeed is finite for € — 0 is a non-trivial check of the pole subtraction framework and
the involved anomalous dimensions.
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Finally, we note that the scheme considered here is a minimal subtraction of just the poles in € for In F**", order-
by-order in the coupling a. While the poles of In F}°" are equal to the poles of In Z, and thus are universal, due to
exponentiation, the poles of F*** at a given loop order are process dependent. In particular, their prediction based
on (37) involves also higher order e contributions from F'*" at lower loops.

V. HARD MATCHING COEFFICIENTS IN SCET FROM Hbb, v*qG, AND Hgg FORM FACTORS

In physical problems with widely separated scales the perturbative expansion can be spoiled since powers of the
coupling are accompanied by powers of logarithms of large scale ratios. In such cases, the large logarithms can
be resummed to all orders in perturbation theory by means of renormalization-group techniques formulated in the
language of effective field theory. For the calculation of cross sections and kinematic distributions in collider physics
the appropriate framework is provided by SCET [11-17], which is used for instance in Drell-Yan and Higgs production
for rapidity [83-90], transverse-momentum [91-98] and thrust distributions [99-101], or for the treatment of threshold
effects in deep-inelastic scattering, see e.g. [102, 103]. For all of these applications, the hard matching coefficients in
SCET are required, which can be extracted from the form factors discussed above.

In dimensionally regularized SCET, the IR divergences in F:*", r = b, q, g, become the UV poles of the bare matching
coefficients. In particular, performing the matching on-shell, loop integrals in SCET are scaleless and vanish, i.e. their
UV and IR poles cancel each other. Furthermore, the IR poles must reproduce those of F°*, and hence we obtain the
renormalized matching coeflicients C” by subtracting the IR poles of F'°" through a multiplicative renormalization
factor, which is precisely the procedure applied in egs. (55)—(57). We can therefore define the SCET hard matching
coefficients C" for r = b, ¢, g and their perturbative expansion according to

ro__ s fin n o
C" = lim F _1+Z:1a cr. (58)

The matching coefficients depend on the renormalization scale y through the renormalized coupling a = a(u?) and
the logarithm L. Results through to three loops are available for r = ¢, g in the literature [104], while to the best of
our knowledge the full Hbb matching coefficient is presented here for the first time (the L-independent part through
to three loops can be found in [87]).

We start with the matching coefficient for the Hbb form factor,

C{’:CF[LQ(—l)Jr(gQ—z)], (59)
cb =2 [L‘*(;) + L2( Gt 2) + L(24<3 - 12@) v (— 2203~ 30Cs + 142 + 6)} 4 CrCa {L‘S(l;) 12 (2<2
) e ) (S e e ) (- 3) 4 () (-
56

-2+ (o 2or )] g

ch=C3 [L6<— é) +L4(%C2 - 1) +L3< —24(3 +12<2) +L2<%§§ +30(3 — 14(y —6) +L(—24o§5 —8(3(2

228 37729 353 575
+ G 200 + 420 - 50) + (16g§ + gy G2 T A24Cs 178302 — TTCE — 654G — -G+ - )}
11 67 55 308 34 943 689 1673
+CrCa [L5(‘ o) (et T) (6 - Te - )+ (- 3G - TGt ey )

12676 1676 3049 893 4820

1660 7012 614 206 .5 5 B B 5
)+( 363 315 %2 5 & o 6362 gt T 7 s

+L(120(5 — 103G + 685 + TC?’ - 7(2 + 5

31819 9335 121 44 1780 44 26 11939
+ ¢ —81)]+C’FC§1[L4<—>+L3(—9§2+ >+L2(—EC22+88§3+3C2— )+L(136§5

81 54 81 162

13900 9644 10289) ( 1136 6152 106 326 10093

88 94, B - 5 106 326 10093 .5 | 107648
TG00 T o Gt et 5 BT g T et Gl e+ G

264515 5964431 2 10 10 50 70 67 725 28
" s @ )} 1 Cr [L5(9> HI(=G) L (Fer )+ (T6 - T+ i) + (56

1458 26244 162
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832 880 1415 416 61 11996 6131 35875 4
St e ) (e - The - G TG - TG 972)] +nsCpCa [L (3)

1727 724 3272 7499 476

+1 (56 f@)H?(fsm @+—)+L(%<2+f<37—<2—@) (=56 +366- 154

2 2 ) e [1(- 2) () ¢ (S ) (4 B )

729 13122

188 212 2072
+ ( 135C2 - @C:s 7(2 + 6561)] (61)

- [LS( )L (—gGtg) + L7 (126 —6G) + I (— 5B — 15G+ TG +3) + L¥ (240G +8CaGe - 2 G3

37729 353 575
20 (s — 42(y + 50) 12 (272(3 — P03 — 424Cs — 466 CaCo + 149 CF + 654G + 2o — —) + L(5880§7
11386 1382 2208
— 624C5Cy — 74342 —1872¢F — 22 — 20405 + 08 Cao — 402G + 2348 G — 608G + —) ( -2,
7508687 12321 31403
— 17920503 + 840 CFCo — ~ oo Co = G — 4448 G5 + —Cng + 20405 + =G+ 13323 (5 + 20230

+ 7263 oo s + "2, —m)}wLCFCA[ﬂ( (e - D)+ (— G+ 2o+ ) + 14 (26

+ %CS - @Cz - 2186%) + L3( —120¢5 + 58C3C2 — ﬂ(z - wé}, + %Cz - ﬁ) + L2( - @% 7341457@
+ 13556C5 + @C:s@ - %Cz 1131243 63148(2 + 2;932) + L( — 10920 (7 + 2184 (5C2 + %@)Cz + @%
+ SRR — 5880 Gy — 304 oo + 251839531 G+ TG+ T = 200 ) 4 (= S + 3696 sy — oG
N 5??(2);2 (h g UIST L 83, l0THOL Cz om0 (2 4 11347582067 (3 3007 LA 32(5);’5163 ol — 38176824079 %
B 522231<3 B 492111215<2 N 28?515201)} orte {L(j(mz) L”( - Zi;)) N L4(g§2 B %Cg B @42 2223)
+ 12 ( -6 - Brae+ TG+ Bl - T - ) (BB g + B g - B - B
- G = TR+ B - D) L(s610Gr — 1968 GG — 2 GeE - B - o + TG
ML 28;09533 a4 20;2;88 - 9713558801 Gt 65271685727) N (1046 Cos — 5100CoCs + 222820, — 38427928577 ¢
10?205 G 9115861 Gl + 6445541 ¢+ 69;87 2 112233 o 122515655 ¢l 522;81662059 % 29;13;;31 G
N 2722;11183 - 52§322207)} o {L5(1237301> N Lzl(gC B %) (484C2 B %Cs B 694CZ 822;8)
iy (4 o 5100058 ' @ 132G 2 By 26390 . @ G 11269718689) (7 4515211 - % oo
2066 206003+ 15059 02 229246532 G 9529765 G- @ ol — % 2 2L 132;261 G 27;3:65)
( 1431061 Cs, AT % Gent 101253735%79 ot 251841499 o 1056 ¢ — 2i2588 ¢sc2 — 701202821 - 20202067859 %
B 97382647037 - 441120885 oot 188416037 3 81124153843 - 1422;1;;31@ 393?;33173)] d%bi:riabcd {LQ (96 @ 1o 1954 g
- @% - *C?, + 32(2) + L(1742C7 +512(5¢2 — C3C2 - @Cg + 1??2442 - @% — 896 (3C2 + 112(2 - %C:s
08 12 ) (260G 5 — 5092056 — 1663 — 4956275664‘2 — 1928 Gy — o oG+ e GaC o e
L+ 76985532C2 65546€5 n @C?,@ n @@ 112346C3 n %@ 3 1588)} g [L7( ) +L6<g>
+L5(—§ 2_7>+L4(_g<3+ 5., _%)+ ( 169CZ @C B 1342@ 1433)+L2( 10924C5
- @CSCQ + %Cz 14624C3 + @Cz 119172259) (@C:s 3120758C2 + @Cs + @Cséb - 8402C2 42656C3
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B % ot 4673291) ( 2013, % CsCr— 7i§7 (2 — @ - 1%3? - 7019807 G — 7288111 Gl t 438211043 2
s i 1 ) (- s ) o (- B 52
+ LS( - *Cz 020 TGt @Cz + %) +I? (%Cs + @CsCz - %Cg 9183128 Gz — 407820910 G 7;232?)
N L( B @ - 1564 C2 B % s — 1028702 Cala t 174704576 - 642244357 G 20174955863 - 1818;1421681) (_ 1219
114Gy 4+ 1993 e, CQ 9446 Cs 1846 Cg 45995 954 153;;63 Calo — 3334(;7582 2 12568230217 G- 1415011937265 G

756958495 121 1831 356 8693 700
+ )} +n,f0FC% [Ls( ) +L4( —Set )+ (- BErsG- e - 20 ) + (TG

419904 45

—8GG — oG - 80G + DG+ S ) + (@@, G -G+ Gh+ =G+ 2

292(12370 <2 1210136061485) (1971241 <7 127 Cg CQ 6904 C <2 n @ <3 1;;2;1 4_2 _ 23;2348053 Cs _ 7?3:5 CS Cz 125049013 C22
e, o ) B () (S B

= s 640G — T G TG+ G — 256 ) + (— 12006 + BGG — G - TEG + TR

101938C5 @43@ B 7C2 18202C 18251 . 34388)] e {LG( ) +L5< g) +L4( ot ;1%)
+ L3(@C3 - %@ + %) (?22@ 1;324@3 + %@ - 41537112025) + L( - %45 - 57678@42 - %Cz
kT N WUTH RN R w
)] vt () 1l 9) (- o e 38 2B - 90

22323) L( _ @CE) + C3§2 n 31454C _ 1780168 Cs 322;13 CQ _ 81213606545> ( 622 Cg + 1163554 <2 1?2?445
o | [ ) e (3) (- R 2
+12(56+ %) (-G - HG - e )+ (— Gt 5+ G+ Gt G

2;2(1))} (62)

In the case of the v*qg form factor, the lower-loop results can be found in [104] and we use the same normalization

here. The four-loop result can be extracted from Fq(4) in ref. [63] and reads

Ci _OF|:L8< )+L7( )+L6(—%Cz+§) +L5<12C3— 2@— %) +L4(—%<2 —87(3-&-42@—!-%)

B 207 1019 37729 5081
+ I3 (240§5 +8(3(2 — 10 U2 432205 — 228 (o — —) + L2 (272§3 630 S — 13845 — 562(3Ca + C - (3
. 16603 17455 1028 30587 21837
CRa —) + L(5880<;7 — 624 (5Co — ——GaG — 182405 — T (F 413025 + 1818(3@ — =G HTT0G
13895 23995 2208 7508687 20919
-G - B 4 (- B — 10266 + 810 GG — Tt i — G - 2696 CoGa + c3<2 + 50722
563503 44977 19375 5 120505, | 26749 153365) 5 7( 1 ) ( 365 )
* 7630 G+ 565 T 1930GC + o 8t T ] +CrCa {L 18 ¢~ 35
8389 12 3820 . 581 . 472609 5449
+ L5( —13(3 — *CQ + ﬁ) + L4(*C2 T 8T 122 T o ) + L3( —120(5 +58C3C2 — 7(2 — 15423
36677 ) ( 2168 7447 17876 . 8125, 14629 258667 . 2084963, 1547747)
+ 0G4 101 ) + L2 (- BEG + TG+ oG+ ToGale — Ton G G — e G — e
2471 14864 3707 30476 18757 1313227 608191
+ L( 10920 G7 + 2184 o + 25 Go3 + —4‘3 o5 — T — e + G — G
676297 46493 8536 506012 474205 37975 113287
+ G2+ 7) + (— ?C5,3 + 3696 (5C3 — C3C2 + s G+ 5 St (52 — (383
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— s504¢2 20317388057 3 322217 ot 787613 Cala— 3222333 - 28§§81 o 6512;43 G 1111;;89 )} e Yer [ 6 (28412>

+00(26-2) + 1 (B¢ - %Cs — G+ B L (— 1366 — GG + oG+ TG - TG

B 13;;;;1;01) iy ( 4178 2y 322;6 @ @ G — @ (aly — LIBT5 Cz 3 20:;230 - 2523231 ot 7211055995617)

+ L(8610 (7 — 1968 (52 — 31?(3(2 - @43 42?6(2 + @Ce) + 16429C3C2 - 398817049C2 21435407C3 - 213221942

B 40;18;229) N (1046 Coos — 5104CsCs + 24208 24208 5. 3857928577 o 24?237 - @ ot 645519 G2+ 1022996 2
103553 .5 1113539 20087587 95100011 .5 51597389 2779278167 9643400117

T o 2T a6 ST G2+ 5g150 62 ~ o016 O3 102976 %2 T 539808 )}

+CpCh {Lf’(f’f;) (@c ) A (HE- e - e+ ) + 121G + TG - TR

—132GsG — 2+ B - BB, - B (- B+ o - TG+ B0G + 2R
101905<5 B @C?)Cz B 36947<2 B 852;177<3 17;91:1))12<2 11227042817) ( 14161 LY 21577C5C3 3 %Cg G

10233079 616417 19823 845393 o 8189719 .5 8979437 720313 283307
T 15750 G+ T4z o7~ 397CsC2 45 (a3 — 108 & 11340 G 3240 & 108 (362 1620 G

dabcddabcd

e e )|« S o 4 ) i
512056 — 23 — PG+ T — TG — 896 Gao + 1 — G — 506 496 ) + (200G — 502G
—16¢3C — ToOE 3818 r — ool + e T3+ B - R TG+ 23
gy 0, 150)] [y( () 0 (Y ¢ (g g
n Lg( 169C2 + %CS _ @CQ o %) + LQ( %CS . @C?,Cz + 22?37C2 4986197C3 153321421 C2 _ 12228)
+L(FE -G+ TG+ 566 - G - TG - e+ ) + (e - S GG
__7i§7<3<2 —'§9§2C3 22?;743 __105'1)215C5 113617CSC§'+ 3€iii?343 8iii?7<3_+ liiiﬁfléé-— liii2?5)}
+nC3Ca [LG( DV (—fe+ D)+ (Be-te - B+ (- B - B + B
n 50;)20983) s (%Cs n @CSCQ + %CQ 124628 Cg _ 1714550811(:2 3929632945457) ( _ @CS 1564 Cg _ @CE)

1729730 <3<2 224304566 C22 _ 2231;1;161 C3 5'711356873 CQ 2012;’:;0699> ( _ %C7 1114 <5C2 n 1549534 CBCQ 10904 43

?gi CQ 44981C5 n 189565 <3C2 _ 63376649539 C22 i 25;;3271 CS _ 5412%159877617C2 n 213179’79’7()2429):| + nfCFC,24 |:L5( 14251)

1460 88 356 25553 700 208 15914
+L4( - *C2 + 7) + L?’( - T5§22 +88(3 — 5762~ 7) + LZ(*Cs —8(3C2 — *Cz 962 (3 + C2

27
N 54;44391) N L( 11865 22224 34 @ L. @ Calo t @ Cz 831677 812(118303 G 66f186769435> (1971241 G
B g CsCo— % e @ 24 31415384701 G- 38362245013 G — 9%21 Cala b 315649099 - 40§g§§99 - 21222;51 G
+ 53;3333365)} + nfd%bj;j%’” (R0t Ya-a) + (G G - 0 a6 - 2
- @Cza %@ - 192) + ( —1240¢7 + %CsCz - 3??(3@ + @Cg + 41230@ 95098(5 + 2 CsCz + @Cz
1324714C3 - 21566C2 + 3190)} + nqwCFd%;i%bc [ <@C5 + Cz - BC?, —80C2 — 32) + L( —640(5 — %422

11536 1280 1408 25808 10160 2672 1392
112G+ 2006 +96 ) + (T5Gr + oGsCo + TpoGaG — 612 — TG+ TG — G — G
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- ?Cza — 1376 (o — 70940)] + nquAd%;i%bc [L(m;OCS + 1?76(22 - 12%(3 —880(2 — 352) + ( - 13272@
—1840(5C2 — %C:s@g - ?Qg - 5293;1548 ¢ - 11;4()(5 + %C{ﬁ@ - 4329548 ¢+ 12268 3+ 39344@ + 20384)}

+n2C% {Lfi(:l) + L5( - %) + L4(%°<2 + %) + L%%g‘g - 26- %) + LQ(%CS — G+ G
) - T ) (s sy
g g ], [5(2) 14 32) + (-
P ) (B S, ) (oo Mg, e e e
o) (gt T, s, sorom)

+ gy d%;i%bc [L( -G - 2E+ R 100G o) + (G G+ B - e+ 53
~ma - 50 - B agee |- ) 1 () ¢ (- - )+ 22 (R + )

+L( - G -G —G - D) 4 (— G+ 566+ e G+ gl oG+ 1§§i§21)} (63)

Finally, we consider the Hgg case. The lower-loop results can be found in [104] as well, and we find from the Hgg
form factor Fg(4) in ref. [63]

oy =cs|p () + () + 22 (G- Bog) + 28~ G+ B = ) 4 1 (S - e - S + 2T
+ L3< —16C5 — 4§6C3C2 - %@2 - 62#(3 + %Cz + 397120933) + LZ(%@Q + %CS - %Q + %C?)@ - %Cg
n 3;227 C3 767128957C2 _ 15695162144) n L( _ %C’r _ %ngb _ %ng% 4143 C?? _ 169447547C§, _ 6327710 C5 n 2629783 ngz
+ 354500548 422 17§i§79 43 _ 19?2;1542 _ 3922(1)46159) ( B %C&g 4 @CSCB n %<§<2 T 4;§§g§9 Cé B 224;339 C7
S Ml Ay e, T, s

bed jabed
51??2;2267)] s ;Viic {Lz (o6¢t + 508 = 200 - 26 +926) + L(17m2G + 512656 — 22 GaE

~ TR G TG — 1168GG — 12 G — G+ 382G + 1) + (200G — 50925 — 16¢Cs
_ 496766 6776 2992 31588 .o 1073972 24616 68410

6752
525 G- T<7 — 5016 (5C2 + TCSC% +— ¢+ v 3 — 6460 (5 + TCS@ 0 2+ TCB

4682, 1310 sl 1 of 43 s 4 379) 4<_§ 739 %>
G2 9)]+nfCA[L< 9>+L( 81)+L< 9C2+ +L 9<3+54C2+486

27 45
5 (323 3028 64 426073 808 178 1202 2594 368554 13093133
L3<72f7 64, ) Lz(ii _ 178 1202 o | 2594, _ )
+ 45 G 81 Shs 3 G ass ) T 9 G 9 Caba + 15 G+ 9 G 729 G 26244
5726 7241 1028 104077 5 445903 645433 347217971 8390
L( g2y e T MO _ ) (— 8390
T Gt g6t 57 6+ 5 GG 105 %2 a3 BT T 2t 300m 5 7

991 2120 . 5 32425 o 702253 3 566977 67831 2333729 .5 9686917 113944685
g6l = 5086 — 558 T Therg @2 510 %5 T T1az 392 T g160 2 o113 Toa076 o2

20463665839 5 23 16 728 3239 968 56
- )} +npC3Cr [LS(?,) 1126 - D)+ (- G+ o6 - ) + 12— TG+ S6G

839808 27 9
64 .o 9776 1817 33560 2 3824 .3 2228 3016 331 o 50758 9706
+ G- ARG - S+ S+ L(00G + S - B - T Gh + G - TG+ G
7284955 230 1787 32254 143197 78590 44839 .o 8317937

16003 230 44 N 3 3
T Toaa )+( = 7t G562 1543<2 3 G+ 945 Gt 36 T & Cs62 510 92 T o O3
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293267 573672965 7 116 160 4480 74
T 3888 G2 — 46656 )} +1;CaC {Lg(s) + L7 (24“5 — 148Gs — 7) + L( —40¢5 — 7C§ T3 G+ EG
8084 6827 9580 39328 5 92317 193 700879
— =5 G — 4G *ﬂ) (*TC7*300C5C2+12C3422*368C§*W@* oGt Gl -5+ G
217 1156175 169 dabed qabed 320 64
~ 35t e )} +nsC3 [L( - 69) + (3360{7 — 2940 (5 — 156 (3 + 2)] + nf% L2(7g5 +5G
608 7232 15440 1232 21248 608 2464
- 64§2) + L(?Cg — EC% i C5 + 608C3C2 + T5C22 + 9 CB — 32 <2 - ?) + (?4_7 + 1824(5(2
1088, .o 15700 ., 245536 .3 108692 1544 35108 .5 89932 9580 6944)
3 6362 3 63 o 2t g Gt 5 G2 5 o Bt ot }

9 ol 6/ 8 5 34 A 22 1589 37908 602 34133 of 752 .5 3904
*”fCA[L (5) T 2°( 1) T (- 3o~ 3) (G e+ o) (- 1mG - 5n

e IR T R O I DRI G
S+ et S+ MG R+ S [ esce 1)+ (-
+20) L (3G - G+ G+ ) FL(192G + GG+ oG TG — S G - )
b (o - g BT e, Ty T g, S0 1)
+ L( —320(5 + 304¢3 — 37) + (%g‘% + %@ + %@ + %Cg(z - %243 —1592(3 + %Cg + 3;12’7)}

abed jabed
2dF dF

+nf NA
5(16 @) 2(_ 6, 80, 13985) (@ 5 2084 64 199244) (_ 194 124
+L (27<2+ aa3) T L 3<3 27<2 29 ) T L 45<2 T Cs + 81<2+ 2187 55T 3 CsG2

944 17818 9430 8399887 f 8 32 52 32 224 40 2936
G5 - G+ —5C— )] +n;CF{L3(9)+L2<3C33)+L(45422 (3= 595G+ )

704 1o 2 384 .o . 9008 3 5 4 420
(= st2a+ YY) 4 (1263 - so0 s+ 2063 150 — 09) | | 28— 55) + 2 ()

405 243 729 52488 3 27
640 64 112 .o 4060 64 233953
+(27<5_9<342+45<2+ 27<3+3<2_ 972 )} (64)

In Cf and C{, d%¥¢ is the fully symmetrical tensor originating from the trace over three generators, N4 is the dimension
of the adjoint representation, and ng, = > o Qg /Qq is the charge-weighted sum over the quark flavours normalized
to the charge of the external quark, see refs. [40, 63] for details.

Taking d/dInu of eqgs. (55)—(57) and using the IR structure presented in egs. (34)—(40) one can derive a renor-
malization group equation (RGE) for the hard matching coefficients, which is used to resum logarithms of disparate
scales in the SCET framework. The RGE assumes the expected generic form (see e.g. [105-107])

acm
dlnp

I'(a)L—~"(a) —2G"| C". (65)

For a given particle species and color representation the RGE consists of two universal terms related to the renor-
malization properties of the SCET current, of which the cusp anomalous dimension I'" controls the leading Sudakov
double logarithms, while the collinear anomalous dimension ~" is responsible for resumming single logarithms. The
third term G, which also governs the single-logarithmic evolution, is related to the anomalous dimension of the
QCD current and therefore is non-universal. We get G¢ = 0 since the vector current is conserved, while for the
scalar current this piece reads G® = —(dInZ,,)/(dlnu?) = ™. For the gluonic case we find quite analogously
G9 = —(dIn Zy)/(dInp?) = ad(B/a)/da. We checked explicitly that all our matching coefficients satisfy (65) through
to four-loop order.

VI. CONCLUSIONS

In this paper we computed the four-loop corrections to the Hbb vertex in massless QCD. Our main result is the
analytic expression for the bare form factor presented in eq. (5). After renormalization of the strong coupling constant
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and the Higgs-bottom Yukawa coupling, the infrared poles agree with the form predicted in the literature and confirm
previous results for the cusp and quark collinear anomalous dimensions. In addition to the new results for the Higgs-
bottom form factor, we considered the previously published four-loop results for the bare photon-quark and Higg-gluon
form factors. For all three cases, we employed Z factors to minimally subtract the IR poles from the renormalized
form factors, extracted the finite SCET hard matching coefficients, and presented the analytic four-loop results. Our
results are available in plain text format in the ancillary files on arXiv.
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