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Abstract: We compute mixed QCD-electroweak corrections to the neutral-current Drell-

Yan production of a pair of massless leptons in the high invariant mass region. Our com-

putation is fully differential with respect to the final state particles. At relatively low

values of the dilepton invariant mass, m`` ∼ 200 GeV, we find unexpectedly large mixed

QCD-electroweak corrections at the level of -1%. At higher invariant masses, m`` ∼ 1 TeV,

we observe that these corrections can be well approximated by the product of QCD and

electroweak corrections. Hence, thanks to the well-known Sudakov enhancement of the

latter, they increase at large invariant mass and reach e.g. -3% at m`` = 3 TeV. Finally,

we note that the inclusion of mixed corrections reduces the theoretical uncertainty related

to the choice of electroweak input parameters to below the percent level.
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1 Introduction

The production of lepton pairs in hadron collisions, commonly referred to as the Drell-Yan

(DY) process [1], continues to play an important role in testing the Standard Model (SM)

of particle physics and searching for physics beyond it. In particular, many recent studies

of the DY process [2, 3] have focused on the dilepton high invariant mass region, where

high-precision experimental results are becoming available.

Interest in the high invariant mass region stems from the fact that many extensions

of the SM contain weakly-coupled states which can decay to lepton pairs. Even if such

states are too heavy to be directly produced at the LHC, their presence can still be de-

tected through searches for shape distortions in kinematic distributions of SM signatures.

Such a strategy was explored to improve on the mass reach of direct searches for heavy

neutral gauge bosons in Ref. [4]. More generally, studies of dileptons with high invariant

masses can be used to constrain heavy New Physics in a model-independent way, using

the Standard Model Effective Field Theory (SMEFT) [5, 6]. In particular, the dilepton

invariant mass distribution is affected by SMEFT operators that also impact the so-called
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oblique parameters [7] constrained with a few per mille precision using LEP data [8]. Since

studies of the DY process in the high invariant-mass region are expected to reach only

percent-level precision at the LHC, it may seem surprising that the LHC data could help

to improve constraints on SMEFT operators. However, since such contributions are gener-

ated by dimension-6 operators, they grow quadratically with energy. Effectively, the higher

energy of the LHC compensates for the limited precision, since the enhancement factor for√
s ' 1 TeV is around 150 [9, 10] when compared to studies at

√
s = mZ . Investigations

of dilepton pairs with high invariant mass may also help to elucidate the physical origin

of flavour anomalies [11–14]. Indeed, by looking at the difference between dimuon and

dielectron production at high invariant masses, one can set appropriate bounds on the

corresponding models [15].

To achieve these goals, high-precision theoretical predictions within the SM are needed;

in fact, to constrain the Wilson coefficients of SMEFT operators, percent precision is

required. Since the strong coupling constant αs is about 0.1, QCD corrections have to be

accounted for through, at least, next-to-next-to leading order (NNLO). At this perturbative

order, both inclusive and fully-differential results are available [16–23]. Very recently,

N3LO QCD corrections to DY processes were calculated [24–29] and found to be close to a

percent, motivating their inclusion at this level of precision. In addition to QCD corrections,

electroweak (EW) contributions also need to be accounted for to achieve percent-level

precision. The NLO EW corrections were calculated long ago [30–39], and found to be

small, close to one percent for moderate values of the dilepton invariant mass. However,

it was also found that EW corrections are significantly enhanced at large invariant masses√
s � mZ and can reach tens of percent in this region because of so-called electroweak

Sudakov logarithms [40–43].

The enhancement of EW corrections at large dilepton invariant masses and the fact that

QCD corrections can be as large as twenty percent at
√
s� mZ raise the question of the

magnitude of mixed QCDxEW corrections and make it plausible that these corrections can

reach O(1%) at high invariant masses. If so, they become relevant for the many interesting

phenomenological studies that were mentioned earlier. Although the impact of QCD and

electroweak radiation has been studied using parton showers [44, 45], it is important to

obtain predictions for the exact mixed QCDxEW corrections to the DY process, and their

explicit computation is the goal of this paper.

We note that mixed QCDxEW corrections have already been studied for resonant

production of Z and W bosons [46–51] and were found to be small, close to one per mille.

Although one may think that calculations of these corrections in the resonance and high

invariant mass regions are technically similar, this is actually not the case. Indeed, in the

resonance region, all contributions that connect initial and final states are suppressed by

the ratio of the vector boson width to its mass ΓV /mV ∼ 10−2 and can be neglected [52, 53].

Hence, when computing mixed QCDxEW corrections in such a case, it is sufficient to only

consider corrections to the subprocesses qq̄′ → V and V → `1 ¯̀
2. However, in the high

invariant mass region this is no longer the case and corrections to the full qq̄′ → `1 ¯̀
2

process need to be considered.

This leads to two significant complications with respect to the resonant case. First, one
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has to deal with the full qq̄′ → `1 ¯̀
2 two-loop amplitude and compute Feynman integrals

that include e.g. two-loop four-point functions with various internal and external masses.

Fortunately, the relevant integrals and helicity amplitudes have been computed recently in

Refs. [54–59] and can be used to describe the mixed QCDxEW virtual corrections in the

high invariant mass region. Second, computing fully differential second-order corrections to

the qq̄′ → `1`2 process requires properly extracting soft and collinear singularities arising

from real emission of partons off the initial and final state.

In this paper, we develop the nested soft-collinear subtraction scheme of Ref. [60] to

deal with infrared singularities originating from QCD and EW emissions. In particular,

we extend our previous results [47, 49] to cope with parton radiation off both initial and

final states. This, combined with the availability of the two-loop amplitudes [57], allows

us to obtain mixed QCDxEW corrections to neutral-current DY at high invariant mass

in a robust and efficient way. As a consequence, we are able to perform an in-depth

phenomenological study of high-mass dilepton production at the LHC that accounts for

both NNLO QCD and mixed QCDxEW corrections.

We note that an independent calculation of the mixed QCDxEW corrections to the

production of massive dileptons was performed recently [61].1 In the high invariant-mass

region, Ref. [61] observed percent-level effects. A direct comparison of our results with the

ones in Ref. [61] is not possible because this reference performed studies in the so-called

“bare lepton” setup (i.e. without recombining leptons and photons). However, our analysis

qualitatively confirms these findings.

The rest of the paper is organised as follows. In Section 2 we review the nested soft-

collinear subtraction scheme and explain how to apply it to the computation of mixed

QCDxEW corrections to dilepton production. In Section 3 we provide a brief summary of

the relevant virtual amplitudes and discuss the adaptation of the two-loop amplitudes of

Refs. [56, 57] for our numerical code. Phenomenological results are reported in Section 4.

We conclude in Section 5. Useful formulas are collected in several appendices.

2 Subtraction scheme for mixed QCDxEW corrections

The goal of this section is to review the theoretical framework that we employ for calculating

mixed QCDxEW corrections to the Drell-Yan process. We begin by describing the main

obstacles in performing perturbative computations at higher orders and discuss how these

obstacles manifest themselves when computing mixed QCDxEW corrections.

2.1 General considerations

Higher-order computations in quantum field theory suffer from ultraviolet and infrared

divergences that need to be regularized and extracted. While ultraviolet divergences are

removed once measurable quantities are used as input parameters in perturbative compu-

tations, the situation with infrared divergences is more subtle. Indeed, although these are

1A similar calculation for lepton-neutrino production also exists [62], albeit with approximate virtual

corrections.
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present both in virtual and real corrections to physical observables, they manifest them-

selves in different ways. Virtual corrections to scattering amplitudes contain explicit poles

in ε that arise once the integration over loop momenta is performed.2 On the other hand,

since real emission contributions represent a distinct physical process, they are regular in

the bulk of the phase space, but develop singularities if one or several emitted partons

become soft or collinear to other partons in the process. When integrated over energies

and emission angles of soft and collinear partons, these singularities turn into poles in ε

which cancel against similar poles in virtual corrections for infrared safe observables.

However, the integration over unresolved phase space of soft and collinear partons has

to be performed in a manner that preserves the fully-differential nature of a particular

calculation. This can be achieved in two different ways. One possibility is to restrict such

integrations to regions of phase space where unresolved partons are either soft or collinear,

ensuring that they do not affect the kinematic features of hard observable partons. This

method is usually referred to as slicing. Another option is to subtract suitably-defined

expressions from the full matrix element so that the difference is integrable throughout the

entire phase space. One has then to add back the subtracted terms and ensure that they

are observable-independent, so that they can be integrated to produce explicit poles in ε.

This procedure defines a subtraction scheme which can be used to perform fully-differential

computations at higher orders in perturbation theory. In recent years, both subtraction

and slicing schemes have been developed and used to compute NNLO QCD corrections to

various processes at the LHC and beyond, see e.g. Refs. [63, 64] for a review.

In this paper we use the so-called nested soft-collinear subtraction scheme [60, 65–

67] for NNLO QCD calculations. It is designed by exploiting two properties of scattering

amplitudes. The first one is their factorization in the soft and collinear limits into a product

of universal kernels and lower-multiplicity on-shell amplitudes [68–72]. The second one

is QCD color coherence [73–75], which implies that soft and collinear limits of on-shell

amplitudes are not entangled. One can use these features to set up an iterative subtraction

procedure that starts with the subtraction of soft divergences. To regulate the remaining

collinear singularities, one introduces a partitioning of the phase space to deal with the

minimal number of collinear configurations at a time. This allows one to subtract collinear

divergences in a relatively simple and modular way. This method was developed for NLO

QCD computations in Ref. [76] and then extended to NNLO in Refs. [77, 78].

The nested soft-collinear subtraction scheme can also be used to compute mixed

QCDxEW corrections [47, 49]. In fact, in this case, significant simplifications can be

expected since gluons and photons do not interact with each other. As a result, NNLO

soft limits are described by a product of two NLO eikonal functions and no singularities

are present when a photon and a gluon become collinear to each other. However, triple-

collinear limits remain complicated and their integration over unresolved phase space is

non-trivial. The integration of the triple-collinear subtraction terms for the QCD and

mixed QCDxEW cases was performed in Refs. [67] and [49] respectively.

2For all computations employed in this paper, we use dimensional regularization and work in d = 4− 2ε

space-time dimensions.
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We note that the particular features of mixed QCDxEW corrections to DY production

which can be used to simplify the subtraction of infrared divergences do not depend on

whether the vector boson that decays into a lepton pair is produced on the mass shell or

not. However, computations in the latter case require more care because, since radiation

off initial and final states has to be considered simultaneously, more singular limits need to

be considered with respect to the on-shell case. Nevertheless, this complication does not

affect the overall structure of the subtraction and it can easily be addressed by adapting

singular kernels and phase space partitions used in NNLO QCD computations.

Despite significant similarities between this calculation of mixed QCDxEW corrections

to DY production and the earlier ones with on-shell vector bosons [47, 49], we describe the

subtraction of infrared singularities in detail in this paper, both to make it self-contained

and to highlight the differences with respect to the on-shell case. We do this in the next

two sections, starting with the calculation of QCD and EW corrections at next-to-leading

order and continuing with the discussion of mixed QCDxEW corrections.

2.2 Computation of EW and QCD corrections at next-to-leading order

We begin the discussion of NLO corrections by considering the real emission process

f1(p1) + f2(p2)→ `−(p3) + `+(p4) + f5(p5) , (2.1)

where the label fi = {γ, g, q, q̄} specifies the parton that participates in the hard scattering

and pi is the four-momentum of the parton i. Following Ref. [60] we define the function

FLM(1f1 , 2f2 , 3, 4|5f5) = N
∑

col, pol

∫
dLips34 (2π)d δ(d)

(
p12 −

5∑
j=3

pj

) ∣∣M(p1 . . . p5)
∣∣2 , (2.2)

where p12 = p1 + p2, M is the matrix element of the process in Eq. (2.1), dLips34 is the

Lorentz-invariant phase space of the two leptons and N is a quantity that includes spin-

and color-averaging factors, if required.

The partonic cross section of the process Eq. (2.1) is obtained by integrating Eq. (2.2)

over the phase space of parton f5

2s · dσ̂f1f2r =

∫
[dp5]FLM(1f1 , 2f2 , 3, 4|5f5) ≡

〈
FLM(1f1 , 2f2 , 3, 4|5f5)

〉
, (2.3)

where s = 2p1 ·p2 is the partonic center-of-mass energy squared. In the nested soft-collinear

subtraction framework, the phase space element [dp] is assumed to include an upper bound

on the parton energy Emax [60]

[dp] =
dd−1p

(2π)d−12Ep
θ
(
Emax − Ep

)
. (2.4)

We note that any Emax can be chosen as long as it exceeds the maximal energy that parton

f5 can reach in the process Eq. (2.1). The reason for introducing Emax will become clear

momentarily.
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For the sake of concreteness, we will now focus on NLO electroweak corrections to the

qq̄ production channel; then f1 = q, f2 = q̄ , f5 = γ. The matrix element in Eq. (2.2) devel-

ops singularities when the photon becomes either soft or collinear to one of the four charged

partons; we need to regulate these singularities and extract them without integrating over

resolved parts of the photon’s phase space. To accomplish this, we follow Ref. [60] and

introduce operators S5 and C5i, i = 1, 2, 3, 4, that extract leading singularities of the func-

tion FLM in the soft p5 → 0 and collinear ~p5||~pi limits, respectively. These singular limits

can be written as products of universal functions and lower-multiplicity matrix elements.

More specifically, we have

S5 FLM(1q, 2q̄, 3, 4|5γ) = −2 e2
4∑

j>i=1

λij QiQj
pi · pj

pi · p5 pj · p5
FLM(1q, 2q̄, 3, 4) , (2.5)

where e =
√

4πα is the electric charge of the positron, Qi is the physical electric charge of

parton i in units of the positron charge, and λij is equal to +1 if i, j are both incoming or

outgoing and −1 otherwise. For our process, Q1 = −Q2 = Qq and Q3 = −Q4 = Qe− ≡ Qe.
To describe collinear limits, we need to distinguish between cases where the photon is

collinear to an incoming QCD parton or to an outgoing lepton. The corresponding formulas

read

C5i FLM(1q, 2q̄, 3, 4|5γ) = e2Q2
i

Pqq(z)

pi · p5
·
{
FLM(...z·i... )

z , z = Ei−E5
Ei

, i ∈ {1, 2},
FLM

(
. . . iz . . .

)
, z = Ei

Ei+E5
, i ∈ {3, 4},

(2.6)

where Pqq(z) is the color-stripped quark splitting function

Pqq(z) =
1 + z2

1− z − ε(1− z), (2.7)

and the notation z · i in Eq. (2.6) implies that the function FLM has to be computed with

the momentum of the parton i set to zpi.

We can use these soft and collinear operators to construct expressions that are finite

in the corresponding limits. We start with the soft operator S5 and write〈
FLM(1q, 2q̄, 3, 4|5γ)

〉
=
〈
S5 FLM(1q, 2q̄, 3, 4|5γ)

〉
+
〈
[I − S5]FLM(1q, 2q̄, 3, 4|5γ)

〉
, (2.8)

where I is the identity operator. The two terms in Eq. (2.8) have very different properties.

Indeed, according to Eq. (2.5), in the first term of Eq. (2.8) the four-momentum p5 factorizes

from the function FLM. Hence, we can analytically integrate over p5 without affecting the

kinematics of other particles. We note that the integration over the photon energy becomes

UV divergent once the soft limit is taken; this potential divergence is regulated by Emax.

The result of such integration is well-known (see e.g. [65]) and can be written as follows〈
S5 FLM(1q, 2q̄, 3, 4|5γ)

〉
=

− 2[α]

ε2
(
2Emax

)−2ε
4∑

j>i=1

λij QiQj
〈
η−εij F(ηij) FLM(1q, 2q̄, 3, 4)

〉
.

(2.9)
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In Eq. (2.9) we introduced

ηij =
ρij
2

=
1− cos θij

2
, (2.10)

where θij is the relative angle between the directions of partons i and j, and

F(η) =
Γ2(1− ε)
Γ(1− 2ε)

η1+ε
2F1(1, 1, 1− ε; 1− η). (2.11)

We have also introduced the coupling [α], that reads3

[α] =
e2

8π2

(4π)ε

Γ(1− ε) . (2.12)

The second term on the r.h.s. of Eq. (2.8) is regular in the soft p5 → 0 limit but it still

contains collinear singularities that arise when the emitted photon is collinear to quarks or

leptons. Since we would like to deal with one collinear singularity at a time, we introduce

a partition of unity

1 = ω51 + ω52 + ω53 + ω54 , (2.13)

where the partition functions ω5i are designed to have the following property

C5i ω
5j = δij . (2.14)

This implies that the function ω5i[I − S5]FLM(1q, 2q̄, 3, 4|5γ) is only singular in the limit

~p5||~pi, while all other collinear singularities are damped. Our choice of partition functions

reads

ω5i =
1/ρ5i∑4
j=1 1/ρ5j

, (2.15)

with ρij defined in Eq. (2.10). It is straightforward to check that with this choice Eqs. (2.13,

2.14) are satisfied. We can use Eqs. (2.14, 2.15) to extract collinear singularities from the

soft-regulated contribution in Eq. (2.8). We arrive at〈
FLM(1q, 2q̄, 3, 4|5γ)

〉
=
〈
S5 FLM(1q, 2q̄, 3, 4|5γ)

〉
+

4∑
i=1

〈
[I − S5]C5i FLM(1q, 2q̄, 3, 4|5γ)

〉
+
〈
Oγnlo FLM(1q, 2q̄, 3, 4|5γ)

〉
,

(2.16)

where

〈
Oγnlo FLM(1q, 2q̄, 3, 4|5γ)

〉
=
〈
[I − S5]

4∑
i=1

[I − C5i]ω
5iFLM(1q, 2q̄, 3, 4|5γ)

〉
(2.17)

is fully regulated and can be numerically computed in four dimensions with any infrared

safe restriction on the phase space.

3A similar definition is implied, mutatis mutandis, for the strong coupling [αs] in the case of QCD

corrections.
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The only ingredients that we still require to compute the function 〈FLM(1q, 2q̄, 3, 4|5γ)〉
in Eq. (2.16) are the hard-collinear subtraction terms (I−S5)C5iFLM, with i = 1, .., 4. They

were calculated in Refs. [60, 79] and can be borrowed from there. The results read

〈
[1− S5]C5i FLM(1q, 2q̄, 3, 4|5γ)

〉
=

[α]Q2
i

ε

Γ2(1− ε)
Γ(1− 2ε)

(
2Ei
)−2εHCi(Li) , (2.18)

where Li = log (Emax/Ei) and

HCi(Li) =

−
1∫
0

dz
〈
PNLO
qq (z, Li)F

(i)
LM(1q, 2q̄, 3, 4; z)

〉
, i ∈ {1, 2} ,〈

PNLO
qq (Li) FLM(1q, 2q̄, 3, 4)

〉
, i ∈ {3, 4} .

(2.19)

Following Ref. [49] we have used the notation

F
(i)
LM(1q, 2q̄, 3, 4; z) =

{
FLM(z · 1q, 2q̄, 3, 4)/z , i = 1 ,

FLM(1q, z · 2q̄, 3, 4)/z , i = 2 .
(2.20)

The splitting functions PNLO
qq are related to the Altarelli-Parisi splitting functions and their

integrals. Their explicit expressions can be found in Eq. (B.1). It is important to emphasize

that the integration over z in Eq. (2.19) does not introduce additional 1/ε singularities.

The explicit 1/ε poles that appear in Eqs. (2.9, 2.18) have to cancel against similar

poles in the one-loop EW corrections to qq̄ → `+`− and in contributions that describe

collinear renormalization of parton distribution functions (PDFs). Infrared divergences

that appear in one-loop virtual corrections can be written in a process-independent way,

see e.g. [80]. To do so, we introduce the function FLV that describes the contributions of

virtual electroweak corrections to the DY cross section and write

2s · dσ̂qq̄v =
〈
FLV(1q, 2q̄, 3, 4)

〉
=

N
∑

col, pol

∫
dLips34 (2π)d δ(d)

(
p12 −

4∑
j=3

pj

)
2Re

[
M1loop(p1 . . . p4)M†(p1 . . . p4)

]
.

(2.21)

This function can be written as a sum of divergent and finite terms〈
FLV(1q, 2q̄, 3, 4)

〉
= [α] I

(1)
EW 〈FLM(1q, 2q̄, 3, 4)〉+

〈
F fin

LV(1q, 2q̄, 3, 4)
〉
, (2.22)

with Catani’s operator I
(1)
EW defined as follows [80]

I
(1)
EW =

( 1

ε2
+

3

2

1

ε

) 4∑
j>i=1

2 λ̃ij QiQj

(
µ2

sij

)ε
, (2.23)

where sij = 2pi · pj and λ̃ij = cos(πε) if i, j are both incoming or outgoing and λ̃ij = −1

otherwise. We note that the finite remainder of the virtual corrections
〈
F fin

LV(1q, 2q̄, 3, 4)
〉

can only be obtained through a dedicated computation; for the current discussion the only

important point is that it contains no divergences, either explicit or implicit.
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Finally, we note that collinear singularities related to the photon emission by incom-

ing quarks are removed by re-defining parton distribution functions. The corresponding

contribution to the cross section in the MS scheme reads (see e.g. [49])

2s · dσ̂qq̄pdf = [α]
Q2
q

ε

Γ(1− ε)
µ2εeεγE

2∑
i=1

1∫
0

dz P̄AP,0
qq (z)

〈
F

(i)
LM(1q, 2q̄, 3, 4; z)

〉
, (2.24)

where we used the fact that the absolute values of electric charges of the incoming quark

and anti-quark are equal. We also note that P̄AP,0
qq in Eq. (2.24) is the color-stripped

leading order Altarelli-Parisi splitting function; it reads

P̄AP,0
qq (z) = 2D0(z)− (1 + z) +

3

2
δ(1− z) , D0(z) =

[ 1

1− z
]

+
. (2.25)

To compute the NLO EW contribution to the partonic cross section qq̄ → `+`−, we

need to combine Eqs. (2.16, 2.22, 2.24) and expand the result up to O(ε0). Working in the

partonic center-of-mass frame and choosing Emax =
√
s/2, we obtain the following result

2s · dσ̂qq̄nlo,EW =
〈
Oγnlo FLM(1q, 2q̄, 3, 4|5γ)

〉
+
〈
F fin

LV(1q, 2q̄, 3, 4)
〉

+
α

2π

{
Q2
q

2∑
i=1

∫ 1

0
dz
[
P̄AP,0
qq (z) log

( s
µ2

)
+ P

′
qq(z)

]〈
F

(i)
LM(1q, 2q̄, 3, 4; z)

〉
+
〈
GEW FLM(1q, 2q̄, 3, 4)

〉}
,

(2.26)

where we have defined

GEW = Q2
q

2π2

3
+Q2

e

(
13−2π2

3

)
+2QqQe

[
3 log

(η13

η23

)
+2 Li2(1−η13)−2 Li2(1−η23)

]
, (2.27)

and

P
′
qq(z) = 4D1(z) + (1− z)− 2 (1 + z) log(1− z), Dn(z) =

[
lnn(1− z)

1− z

]
+

. (2.28)

We note that in the chosen reference frame, the momentum-conserving delta function

included in FLM(1q, 2q̄, 3, 4) forces η13 = η24 and η23 = η14; we have used this fact to

simplify the appearance of Eq. (2.27).

Before moving to the discussion of NNLO mixed QCDxEW corrections, we note that

NLO QCD corrections to the qq̄ channel can easily be obtained from the above formulas

by replacing electric charges with QCD charges, α → αs, Qe → 0 and Q2
q → CF , and

restricting the collinear subtractions in Oγnlo to incoming partons only. We also note that

the computations described above can easily be extended to other partonic channels and

for this reason we do not consider them here. Their discussion in a similar case can be

found in Ref. [49].
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2.3 Computation of mixed QCDxEW corrections

We continue with mixed QCDxEW corrections and focus on the qq̄ partonic channel.

To obtain a finite partonic cross section in this case, we need to combine the following

contributions

dσ̂qq̄mix = dσ̂qq̄vv + dσ̂qq̄rv,γ + dσ̂qq̄rv,g + dσ̂qq̄rr,gγ + dσ̂qq̄rr,qq̄ + dσ̂qq̄pdf , (2.29)

where dσ̂vv is the double-virtual correction to the elastic process qq̄ → `−`+, dσ̂rv,γ de-

scribes the one-loop QCD correction to the process with an additional photon in the final

state, dσ̂rv,g is the one-loop EW correction to the process with an additional gluon, dσ̂rr,ij

represents the tree-level double-real emission of partons i and j, and dσ̂pdf describes the

collinear renormalization of parton distribution functions.

We note that the singularity structures of the processes qq̄ → `1`2 + gγ and qq̄ →
`1`2 + qq̄ are very different. Indeed, the latter only contains triple-collinear singularities,

which are removed through PDF renormalization. Because of this, we find it convenient

to treat the gγ and qq̄ final states separately. Hence, we write

dσ̂qq̄mix = dσ̂qq̄mix,gγ + dσ̂qq̄mix,qq̄ , (2.30)

with

dσ̂qq̄mix,gγ = dσ̂qq̄vv + dσ̂qq̄rv,γ + dσ̂qq̄rv,g + dσ̂qq̄rr,gγ + dσ̂qq̄pdf,gγ ,

dσ̂qq̄mix,qq̄ = dσ̂qq̄rr,qq̄ + dσ̂qq̄pdf,qq̄ .
(2.31)

In this section, we describe in detail the infrared regularization of dσ̂qq̄mix,gγ . Results for the

much simpler contribution dσ̂qq̄mix,qq̄ are reported in Appendix A.4.

We begin with the analysis of the double-real emission cross section. We write it as

2s · dσ̂qq̄rr,gγ ≡
∫

[dp5][dp6]FLM(1q, 2q̄, 3, 4|5g, 6γ) ≡
〈
FLM(1q, 2q̄, 3, 4|5g, 6γ)

〉
. (2.32)

The phase space elements for the gluon and the photon are defined in Eq. (2.4) and the

meaning of the function FLM should be clear from the discussion in the previous section.

In analogy to the NLO case, we first isolate soft singularities in Eq. (2.32). Since in the

case of mixed QCDxEW corrections they factorize, we can write〈
FLM(1q, 2q̄, 3, 4|5g, 6γ)

〉
=
〈
Sg Sγ FLM(1q, 2q̄, 3, 4|5g, 6γ)

〉
+
〈[

(I − Sg)Sγ + (I − Sγ)Sg
]
FLM(1q, 2q̄, 3, 4|5g, 6γ)

〉
+
〈
(I − Sg) (I − Sγ)FLM(1q, 2q̄, 3, 4|5g, 6γ)

〉
.

(2.33)

In Eq. (2.33), Sg and Sγ are operators that extract the leading soft behavior of the function

FLM in the limits E5 → 0 and E6 → 0 respectively. The first term on the right hand side

of Eq. (2.33) corresponds to the double-soft limit; it is equal to the product of two NLO

soft factors (cf. Eq. (2.9))〈
Sg Sγ FLM(1q, 2q̄, 3, 4|5g, 6γ)

〉
= −4

[αs][α]

ε4
CF
(
2Emax

)−4ε
η−ε12 F(η12)

×
4∑

j>i=1

λij QiQj
〈
η−εij F(ηij)FLM(1q, 2q̄, 3, 4)

〉
.

(2.34)
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The two contributions in the second line of Eq. (2.33) correspond to kinematic config-

urations where either a gluon or a photon is soft. These terms still contain single collinear

singularities that need to be regulated. We follow the discussion in the previous section

and write

〈Sg (I − Sγ)FLM(1q, 2q̄, 3, 4|5g, 6γ)〉 =
2CF [αs]

(
2Emax

)−2ε

ε2

〈
η−ε12 F(η12)

×
[
Oγnlo FLM(1q, 2q̄, 3, 4|6γ) +

[α]

ε

Γ2(1− ε)
Γ(1− 2ε)

4∑
i=1

Q2
i

(
2Ei
)−2ε HCi(Li)

]〉
,

(2.35)

and

〈Sγ (I − Sg)FLM(1q, 2q̄, 3, 4|5g, 6γ)〉 =

− 2 [α]
1

ε2
(
2Emax

)−2ε
〈 4∑
j>i=1

λij QiQj η
−ε
ij F(ηij)

[
Ognlo FLM(1q, 2q̄, 3, 4|5g)

− [αs]
CF
ε

Γ2(1− ε)
Γ(1− 2ε)

2∑
i=1

(
2Ei
)−2ε

1∫
0

dz PNLO
qq (z, Li)F

(i)
LM(1q, 2q̄, 3, 4; z)

]〉
,

(2.36)

whereOgnlo = (I−Sg)(I−Cg1−Cg2). Eqs. (2.35, 2.36) provide formulas for 〈Sg (I−Sγ)FLM〉
and 〈Sγ (I − Sg)FLM〉 with all the 1/ε singularities extracted and no implicitly divergent

contributions left.

We now focus on the term in the last line of Eq. (2.33) which is soft-regulated, but still

contains multiple collinear singularities that need to be isolated. To do this, we partition the

phase space in such a way that for each partition only a subset of kinematic configurations

becomes singular. Using the ηij defined in Eq. (2.10), we construct the partition functions

ωγi,gj =
η−1
gj

2∑
k=1

η−1
gk

×
η−1
γi

4∑
k=1

η−1
γk

, (2.37)

with i ∈ {1, 2, 3, 4} , j ∈ {1, 2}. They clearly add up to unity

1 =
4∑
i=1

2∑
j=1

ωγi,gj . (2.38)

The partition functions ωγi,gj are designed in such a way that ωγi,gj FLM(1, 2, 3, 4|5g, 6γ)

is only singular when the photon becomes collinear to parton i and/or the gluon becomes

collinear to parton j. They also satisfy the further relations

Cgγ,i ω
γi,gi = Cgγ,i , i ∈ {1, 2} ,

CγiCgj ω
γi,gj = CγiCgj , i ∈ {1, 2, 3, 4} , j ∈ {1, 2} ,

(2.39)

where Cgγ,i is the projection operator that describes the triple-collinear limit ~pg||~pγ ||~pi.
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We note that triple-collinear configurations, which correspond to the partition func-

tions ωγ1,g1 and ωγ2,g2 in Eq. (2.38), contain overlapping collinear limits. To disentangle

them, we further split these partitions into sectors [49]

ωγi,gi = ωγi,gi
(
θ

(i)
A + θ

(i)
B

)
≡ ωγi,gi

[
θ
(
ηγi − ηgi

)
+ θ
(
ηgi − ηγi

)]
. (2.40)

We then write the soft-regulated term in Eq. (2.33) as follows〈
(I − Sg) (I − Sγ)FLM(1q, 2q̄, 3, 4|5g, 6γ)

〉
=
〈

(I − Sg) (I − Sγ)
[
ωγ1,g1

(
θ

(1)
A + θ

(1)
B

)
+ ωγ2,g2

(
θ

(2)
A + θ

(2)
B

)
+

4∑
i=1

2∑
j=1
j 6=i

ωγi,gj
]
FLM(1q, 2q̄, 3, 4|5g, 6γ)

〉
, (2.41)

and note that each term that appears on the r.h.s in Eq. (2.41) is singular in one collinear

configuration only. To simplify the analytic computation of the corresponding limits, we

re-write Eq. (2.41) as follows〈
(I − Sg)(I − Sγ)FLM(1q, 2q̄, 3, 4|5g, 6γ)

〉
=

4∑
i=1

〈
(I − Sg)(I − Sγ) Ωqq̄

i FLM(1q, 2q̄, 3, 4|5g, 6γ)
〉
,

(2.42)

where the four operators Ωqq̄
i read

Ω qq̄
1 = (1− Cgγ,1)(1− Cg1)ωγ1,g1 θ

(1)
A + (1− Cgγ,1)(1− Cγ1)ωγ1,g1 θ

(1)
B

+ (1− Cgγ,2)(1− Cg2)ωγ2,g2 θ
(2)
A + (1− Cgγ,2)(1− Cγ2)ωγ2,g2 θ

(2)
B

+ (1− Cg2)(1− Cγ1)ωγ1,g2 + (1− Cg1)(1− Cγ2)ωγ2,g1

+ (1− Cg2)(1− Cγ3)ωγ3,g2 + (1− Cg2)(1− Cγ4)ωγ4,g2

+ (1− Cg1)(1− Cγ3)ωγ3,g1 + (1− Cg1)(1− Cγ4)ωγ4,g1,

Ω qq̄
2 = Cgγ,1(1− Cg1)ωγ1,g1 θ

(1)
A + Cgγ,1(1− Cγ1)ωγ1,g1 θ

(1)
B

+ Cgγ,2(1− Cg2)ωγ2,g2 θ
(2)
A + Cgγ,2(1− Cγ2)ωγ2,g2 θ

(2)
B ,

Ω qq̄
3 = −Cg2Cγ1 ω

γ1,g2 − Cg1Cγ2 ω
γ2,g1 − Cg2Cγ3 ω

γ3,g2

− Cg2Cγ4 ω
γ4,g2 − Cg1Cγ3 ω

γ3,g1 − Cg1Cγ4 ω
γ4,g1 ,

Ω qq̄
4 = Cg1

[
ωγ1,g1 θ

(1)
A + ωγ2,g1 + ωγ3,g1 + ωγ4,g1

]
+ Cg2

[
ωγ2,g2 θ

(2)
A + ωγ1,g2 + ωγ3,g2 + ωγ4,g2

]
+ Cγ1

[
ωγ1,g1 θ

(1)
B + ωγ1,g2

]
+ Cγ2

[
ωγ2,g2 θ

(2)
B + ωγ2,g1

]
+ Cγ3

[
ωγ3,g1 + ωγ3,g2

]
+ Cγ4

[
ωγ4,g2 + ωγ4,g1

]
.

(2.43)

We now discuss the integrated subtraction terms for each of the four operators separately.

The Ωqq̄
1 contribution is fully regulated, i.e. all the soft and collinear limits have been

extracted. Hence, 〈
(I − Sg)(I − Sγ) Ωqq̄

1 FLM(1q, 2q̄, 3, 4|5g, 6γ)
〉

(2.44)
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can be numerically integrated in four space-time dimensions and does not require further

discussion.

The operator Ωqq̄
2 contains all triple-collinear limits. The corresponding integrated

counterterm can be found in Refs. [46, 49, 67] and yields

〈
(I − Sg)(I − Sγ) Ωqq̄

2 FLM(1q, 2q̄, 3, 4|5g, 6γ)
〉

=

− 2[αs][α]Q2
q CF

2∑
i=1

(2Ei)
−4ε

1∫
0

dz P TCqq (z)
〈
F

(i)
LM(1q, 2q̄, 3, 4; z)

〉
,

(2.45)

where the function P TCqq (z) is defined as

P TCqq (z) =
1

ε

[
3

2
(1− z) + z log(z) +

3 + z2

4(1− z) log2(z)

]
+ (1− z)

[
11

2
− 6 log(1− z)

]
− 2π2 z

3
− z

2
log2(z)− 19 + 9z2

12(1− z) log3(z) + 4z Li2(z)

− log(z)

[
z +

π2 (5 + 3z2)

3(1− z) +
2(1 + z2)

1− z Li2(z)

]
(2.46)

+
2(5 + 3z2)

1− z
(
Li3(z)− ζ3

)
+O(ε) .

We continue with the discussion of double-collinear terms which are contained in the

operator Ω qq̄
3 . There are two types of such contributions that need to be considered sepa-

rately: a contribution where a photon and a gluon are emitted by two different initial-state

particles and a contribution where a gluon is emitted by one of the initial-state quarks and

a photon is emitted by one of the final-state leptons. In both cases collinear limits are

described by leading order splitting functions; the main difference between the two cases

is the kinematics of the underlying Born process. We obtain

〈
(I − Sg)(I − Sγ) Ω qq̄

3 FLM(1q, 2q̄, 3, 4|5g, 6γ)
〉

=
[αs][α]CF

ε2

{
− 2Q2

q

(
4E1E2

)−2ε

×
1∫

0

dz1 dz2 P
NLO
qq (z1, L1)PNLO

qq (z2, L2)
〈FLM(z1 · 1q, z2 · 2q̄ · 2, 3, 4)

z1 z2

〉
(2.47)

+ Q2
e

∑
i=1,2
j=3,4

〈(
2Ej

)−2ε
PNLO
qq (Lj)

(
2Ei
)−2ε

1∫
0

dz PNLO
qq (z, Li) F

(i)
LM(1q, 2q̄, 3, 4; z)

〉}
.

Finally we consider the operator Ωqq̄
4 which contains all single-collinear singularities.

It is convenient to split it into two terms

Ω qq̄
4 ≡ Ω qq̄, IS

4 + Ω qq̄, IS×FS
4 , (2.48)
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defined as follows

Ω qq̄, IS
4 = Cg1

[
ωγ1,g1 θ

(1)
A + ωγ2,g1 + Cg2

[
ωγ2,g2 θ

(2)
A + ωγ1,g2

]
+ Cγ1

[
ωγ1,g1 θ

(1)
B + ωγ1,g2

]
+ Cγ2

[
ωγ2,g2 θ

(2)
B + ωγ2,g1

]
,

Ω qq̄, IS×FS
4 = Cg1

[
ωγ3,g1 + ωγ4,g1

]
+ Cg2

[
ωγ3,g2 + ωγ4,g2

]
+ Cγ3

[
ωγ3,g1 + ωγ3,g2

]
+ Cγ4

[
ωγ4,g2 + ωγ4,g1

]
.

(2.49)

The Ω qq̄, IS
4 operator describes the emission of collinear photons and gluons by the incoming

quark and anti-quark. It is important that it contains partitions that only allow for initial

state singularities. For this reason this contribution is closely related to similar contri-

butions studied earlier in the context of NNLO QCD computations. The result can be

extracted from Refs. [60, 66]. After obvious modifications that account for the fact that

we deal with mixed QCDxEW rather than NNLO QCD corrections, we find〈
(I − Sg)(I − Sγ) Ω qq̄, IS

4 FLM(1q, 2q̄, 3, 4|5g, 6γ)
〉

=

− 1

ε

2∑
i=1

〈(
2Ei
)−2ε

1∫
0

dz PNLO
qq (z, Li)

{
[αs]CF Oγnlo

[
∆γi F

(i)
LM(1q, 2q̄, 3, 4|6γ ; z)

]
+ [α]Q2

q Ognlo

[
∆gi F

(i)
LM(1q, 2q̄, 3, 4|5g; z)

]}〉
+ [αs][α]

CF Q
2
q

ε2
Γ(1− ε) Γ(1− 2ε)

Γ(1− 3ε)
(2.50)

×
2∑
i=1

〈(
2Ei
)−4ε

1∫
0

dz
[
PNLO
qq ⊗ PNLO

qq

]
(z, Ei) F

(i)
LM(1q, 2q̄, 3, 4; z)

〉

+ 4
[αs][α]CF Q

2
q

ε2
Γ2(1− ε)
Γ(1− 2ε)

(
2E1

)−2ε(
2E2

)−2ε

×
〈 1∫

0

dz1dz2 P
NLO
qq (z1, L1)PNLO

qq (z2, L2)
FLM(z1 · 1, z2 · 2, 3, 4)

z1z2

〉
.

The convolution
[
PNLO
qq ⊗ PNLO

qq

]
that appears in Eq. (2.50) is defined as

[
PNLO
qq ⊗ PNLO

qq

]
(z, Ei) =

1∫
0

dz1dz2 z
−2ε
1 PNLO

qq (z1, Li)P
NLO
qq (z2, Lizi) δ(z − z1z2) , (2.51)

with Lizi = log (Emax/(ziEi)). The quantities ∆γ(g)i are remnants of the partition functions

and the phase-space measure in relevant collinear limits. They read

∆γi = ω̃γi,gig‖i η−εγi + ω̃γj,gig‖i , ∆gi = ω̃γi,giγ‖i η−εgi + ω̃γi,gjγ‖i , (2.52)

where we have introduced

ω̃γi,gjg‖j ≡ Cgj ω
γi,gj , ω̃γi,gjγ‖i ≡ Cγi ω

γi,gj . (2.53)
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The operator Ω qq̄, IS×FS
4 contains partition functions that only allow for initial-final

state singularities. They can be computed following the steps discussed in the context of

NLO computations in Section 2.2. We find〈
(I − Sg)(I − Sγ)Ω qq̄, IS×FS

4 FLM(1q, 2q̄, 3, 4|5g, 6γ)
〉

=

− [αs]
CF
ε

2∑
i=1

〈
Oγnlo

(
ω̃γ3,gi
g‖i + ω̃γ4,gi

g‖i

) (
2Ei
)−2ε

1∫
0

dz PNLO
qq (z, Li)F

(i)
LM(1q, 2q̄, 3, 4|6γ ; z)

〉

+ [α]
Q2
e

ε

4∑
i=3

〈
Ognlo

(
ω̃γi,g1γ‖i + ω̃γi,g2γ‖i

) (
2Ei
)−2ε

PNLO
qq (Li)FLM(1q, 2q̄, 3, 4|5g)

〉
(2.54)

− 2
[αs][α]CF Q

2
e

ε2
Γ2(1− ε)
Γ(1− 2ε)

×
∑
i=1,2
j=3,4

〈(
2Ei
)−2ε(

2Ej
)−2ε

PNLO
qq (Lj)

1∫
0

dz PNLO
qq (z, Li)F

(i)
LM(1q, 2q̄, 3, 4; z)

〉
.

To compute the double-real emission contribution to the partonic cross section dσ̂qq̄rr,gγ we

add Eqs. (2.34-2.36, 2.44, 2.45, 2.47, 2.50, 2.54) and expand in ε. It is straightforward to

do this since there are no implicit singularities left. We do not show such a result here

since it is not very illuminating.

We now proceed with the calculation of real-virtual contributions to mixed QCDxEW

corrections. As we have mentioned earlier, these contributions are generated in two different

ways, either as QCD corrections to the process qq̄ → `−`+ +γ or as electroweak corrections

to the process qq̄ → `−`+ + g. We write

2s ·
∑
f=g,γ

dσ̂qq̄rv,f =
〈
F

(EW)
LRV (1q, 2q̄, 3, 4|5g)

〉
+
〈
F

(QCD)
LRV (1q, 2q̄, 3, 4|5γ)

〉
, (2.55)

where the superscript on the r.h.s. specifies whether the loop correction involves a gluon or

an electroweak boson. Since gluons and photons do not interact with each other, soft limits

of loop corrections are trivial. Collinear limits can be dealt with by adapting analogous

QCD results [60]. At the end, we find

2s ·
∑
f=g,γ

dσ̂qq̄rv,f = 2CF
[αs]

ε2
(
2Emax

)−2ε〈
η−ε12 F(η12)F

(EW)
LV (1q, 2q̄, 3, 4)

〉
− 2

[α]

ε2
(
2Emax

)−2ε
4∑

j>i=1

λij QiQj

〈
η−εij F(ηij)F

(QCD)
LV (1q, 2q̄, 3, 4)

〉

− CF
[αs]

ε

Γ2(1− ε)
Γ(1− 2ε)

2∑
i=1

(2Ei)
−2ε

1∫
0

dz PNLO
qq (z, Li)

〈
F

(i),(EW)
LV (1q, 2q̄, 3, 4; z)

〉
+ 2CF Q

2
q

[αs][α]

ε

Γ4(1− ε) Γ(1 + ε)

Γ(1− 3ε)
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×
2∑
i=1

(2Ei)
−4ε

1∫
0

dz P loop, RV
qq (z)

〈
F

(i)
LM(1q, 2q̄, 3, 4; z)

〉
(2.56)

− [α]

ε
Q2
q

Γ2(1− ε)
Γ(1− 2ε)

2∑
i=1

(2Ei)
−2ε

1∫
0

dz PNLO
qq (z, Li)

〈
F

(i),(QCD)
LV (1q, 2q̄, 3, 4; z)

〉

+
[α]

ε
Q2
e

Γ2(1− ε)
Γ(1− 2ε)

〈 4∑
i=3

(2Ei)
−2ε PNLO

qq (Li)F
(QCD)
LV (1q, 2q̄, 3, 4)

〉
+ 〈Ognlo F

(EW)
LRV (1q, 2q̄, 3, 4|5g)〉+ 〈Oγnlo F

(QCD)
LRV (1q, 2q̄, 3, 4|5γ)〉 ,

where P loop, RV
qq (z) is defined in Eq. (B.7). In Eq. (2.56), we have used the following

parametrization for the explicit infrared 1/ε poles that are present in both QCD and

electroweak virtual amplitudes

〈
F

(X)
LRV(1q, 2q̄, 3, 4|5i)

〉
= [αX ]

〈
I

(1)
X FLM(1q, 2q̄, 3, 4|5i)

〉
+
〈
F

(X), fin
LV (1q, 2q̄, 3, 4|5i)

〉
, (2.57)

where {X,αX , i} = {EW, α, g} for EW and {X,αX , i} = {QCD, αs, γ} for QCD correc-

tions. In Eq. (2.57), F
(X), fin
LV are one-loop finite remainders, I

(1)
EW is the electroweak Catani’s

operator given in Eq. (2.23) and I
(1)
QCD is the QCD one, defined as [80]

I
(1)
QCD = −2CF

(
1

ε2
+

3

2ε

)
cos(πε)

( µ2

s12

)ε
. (2.58)

Next, we consider the double-virtual mixed QCD-electroweak corrections. Their in-

frared singularities can be derived by abelianizing the NNLO QCD case in Ref. [80]. We

find

2s · dσ̂qq̄vv = [αs][α]

[
I

(1)
QCD · I

(1)
EW + 2CF Q

2
q

eε γE

Γ(1− ε)
1

ε

(π2

2
− 6ζ3 −

3

8

)]〈
FLM(1q, 2q̄, 3, 4)

〉
+ [αs]I

(1)
QCD

〈
F

(EW),fin
LV (1q, 2q̄, 3, 4)

〉
+ [α]I

(1)
EW

〈
F

(QCD), fin
LV (1q, 2q̄, 3, 4)

〉
(2.59)

+
〈
F

(QCD×EW),fin
LVV+LV2 (1q, 2q̄, 3, 4)

〉
.

The quantity F
(QCD×EW),fin
LVV+LV2 represents the finite remainder of two- and one-loop virtual

corrections to the process qq̄ → `−`+. It was recently calculated in Ref. [57], and we briefly

discuss its computation in the next section.

The last ingredient that we require to obtain a finite partonic cross section comes from

the renormalization of parton distribution functions. It can be obtained from the results
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reported in Ref. [50]. We find

2s · dσ̂qq̄pdf,gγ = − 2[α][αs]
Γ2(1− ε)
µ4εe2εγE

{
Q2
q CF

2ε2

×
2∑
i=1

1∫
0

dz
[
P̄AP,0
qq ⊗ P̄AP,0

qq

]
(z)
〈
F

(i)
LM(1q, 2q̄, 3, 4; z)

〉

+
Q2
q CF

ε2

1∫
0

dz1 dz2 P̄
AP,0
qq (z1) P̄AP,0

qq (z2)
〈FLM(z1 · 1, z2 · 2, 3, 4)

z1 z2

〉}

+
2s

ε
·
{
CF [αs]

Γ(1− ε)
µ2εeεγE

[
P̄AP,0
qq ⊗ dσ̂qq̄nlo,EW + dσ̂qq̄nlo,EW ⊗ P̄AP,0

qq

]
+Q2

q [α]
Γ(1− ε)
µ2εeεγE

[
P̄AP,0
qq ⊗ dσ̂qq̄nlo,QCD + dσ̂qq̄nlo,QCD ⊗ P̄AP,0

qq

]}

+ [α][αs]
Γ2(1− ε)
µ4εe2εγE

Q2
q CF

ε

2∑
i=1

1∫
0

dz P̄AP,1
qq (z)

〈
F

(i)
LM(1q, 2q̄, 3, 4; z)

〉
,

(2.60)

where the NLO corrections dσ̂qq̄nlo,EW/QCD have been discussed in the previous section. The

explicit expressions for the various Altarelli-Parisi splitting functions and their convolutions

appearing in Eq. (2.60) can be found in Appendix B.

2.4 Analytic results for mixed QCDxEW corrections in the qq̄ channel

Following the discussion in the previous section, we obtain a manifestly finite expression

for the partonic cross section dσ̂qq̄mix,gγ defined in Eq. (2.31). We find it convenient to write

it as a combination of four terms that describe processes with different multiplicities of

resolved final-state particles and/or distinct kinematic configurations. We write

dσ̂qq̄mix,gγ = dσ̂qq̄el,gγ + dσ̂qq̄bt,gγ + dσ̂qq̄Onlo,gγ
+ dσ̂qq̄reg,gγ . (2.61)

For the sake of simplicity, we present results in the center-of-mass frame of the colliding

partons and choose Emax = E1 = E2 ≡ Ec =
√
s/2.

The last term in Eq. (2.61) corresponds to the fully-regulated contribution

2s · dσ̂qq̄reg,gγ =
〈
(I − Sg)(I − Sγ) Ω qq̄

1 FLM(1q, 2q̄, 3, 4|5g, 6γ)
〉
, (2.62)

with Ω qq̄
1 defined in Eq. (2.43). It can be computed numerically in four dimensions without

further ado.

The elastic cross section dσ̂qq̄el,gγ contains all contributions with Born kinematics. It

reads

2s · dσ̂qq̄el,gγ =
〈
F

(QCD×EW),fin
LVV+LV2 (1q, 2q̄, 3, 4)

〉
+ [α]

〈[
GEW + 3Q2

q log
( s
µ2

)]
F

(QCD),fin
LV (1q, 2q̄, 3, 4)

〉
+ [αs]CF

[2

3
π2 + 3 log

( s
µ2

)]〈
F

(EW), fin
LV (1q, 2q̄, 3, 4)

〉
(2.63)
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+ [α] [αs]CF

〈{
Q2
q

[
− 4π4

45
+
(
2π2 + 32ζ3

)
log
( s
µ2

)
+
(

9− 4π2

3

)
log2

( s
µ2

)]
+ GEW

(2π2

3
+ 3 log

( s
µ2

))}
FLM(1q, 2q̄, 3, 4)

〉
,

where the function GEW already appeared at NLO and was defined in Eq. (2.27).

The boosted contribution reads

2s · dσqq̄bt,gγ = [α] [αs] 2CF Q
2
q

×
∫ 1

0
dz1dz2 P̃

NLO
qq (z1, Ec)

〈FLM(z1 · 1, z2 · 2, 3, 4)

z1 z2

〉
P̃NLO
qq (z2, Ec)

+
2∑
i=1

∫ 1

0
dz P̃NLO

qq (z, Ec)

[
[α]Q2

q

〈
F

(i),(QCD), fin
LV (1q, 2q̄, 3, 4; z)

〉
+ [αs]CF

〈
F

(i),(EW),fin
LV (1q, 2q̄, 3, 4; z)

〉]
+ [α]Q2

q

2∑
i=1

∫ 1

0
dz
〈
Ognlo

[
P̃NLO
qq (z, Ec)

+ ω̃γi,giγ‖i log ηi5 P̄
AP,0
qq,R (z)

]
F

(i)
LM(1q, 2q̄, 3, 4|5g; z)

〉
+ [αs]CF

2∑
i=1

∫ 1

0
dz
〈
Oγnlo

[
P̃NLO
qq (z, Ec) (2.64)

+ ω̃γi,gig‖i log ηi5 P̄
AP,0
qq,R (z)

]
F

(i)
LM(1q, 2q̄, 3, 4|5γ ; z)

〉
+ [α] [αs]CF

2∑
i=1

∫ 1

0
dz
〈{

Q2
q P

NNLO
qq (z, Ec) + P̃NLO

qq (z, Ec)

×
[
Q2
e Ge2 + 2QqQe

(
G(1,2)
eq + (−1)i log

(si3
si4

)
log(z)

)]}
F

(i)
LM(1q, 2q̄, 3, 4; z)

〉
.

The Onlo term reads

2s · dσqq̄Onlo,gγ
=
〈
Ognlo F

(EW),fin
LV (1q, 2q̄, 3, 4|5g)

〉
+
〈
Oγnlo F

(QCD),fin
LV (1q, 2q̄, 3, 4|5γ)

〉
(2.65)

+ [α]
〈
Ognlo

[
Q2
q

(
2

3
π2 + 3 log

( s
µ2

))
+ 2QqQeG

(1,2)
eq +Q2

e Ge2
]
FLM(1q, 2q̄, 3, 4|5g)

〉
+ [αs]CF

[ 2

3
π2 + 3 log

( s
µ2

)] 〈
Oγnlo FLM(1q, 2q̄, 3, 4|5γ)

〉
.

Here we have introduced

P̃NLO
qq (z, E) = 4D1(z)− 2(1 + z) log(1− z) + (1− z) + P̄AP,0

qq,R (z) log
(4E2

µ2

)
,

P̄AP,0
qq,R (z) = 2D0(z)− (1 + z) ,

(2.66)
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while PNNLO
qq (z, Ec) is defined in Eq. (B.9). Finally, the functions Geq and Ge2 in Eq. (2.64)

and Eq. (2.65) are given by

G(i,j)
eq = Li2(1− ηi3)− Li2(1− ηi4)− Li2(1− ηj3) + Li2(1− ηj4)

+

[
3

2
− log

(
E3

Ec

)]
log

(
ηi3
ηj3

)
−
[

3

2
− log

(
E4

Ec

)]
log

(
ηi4
ηj4

)
,

Ge2 = 13− 2

3
π2 + log2

(E3

E4

)
+

[
3− 2 log

(E3E4

E2
c

)]
log(η34) + 2Li2(1− η34) .

(2.67)

Similar analytic expressions for all the remaining partonic channels are collected in Ap-

pendix A.

3 Virtual corrections

In the previous section we have described the extraction and cancellation of infrared sin-

gularities in mixed QCDxEW corrections to DY production within the framework of the

nested soft-collinear subtraction scheme. In doing so, we discussed the infrared singularity

structure of virtual corrections but did not explain how to obtain the finite remainders,

cf. Eqs. (2.22, 2.57, 2.59). In this section we briefly outline their computation, focusing

especially on how the two-loop amplitudes presented in Ref. [56, 57] can be adapted to our

subtraction framework and implemented in a numerical code.

The complete calculation of mixed QCDxEW corrections to dilepton production re-

quires the computation of various one- and two-loop contributions. We need one-loop

QCD and electroweak corrections to the partonic process qq̄ → `−`+, one-loop QCD cor-

rections to the process qq̄ → `−`+ + γ and one-loop electroweak corrections to the process

qq̄ → `−`+ + jet (and their crossings), as well as two-loop mixed QCDxEW corrections to

the qq̄ → `−`+ amplitude.

We first discuss one-loop contributions. Using the definition of infrared divergent and

finite contributions described in Section 2.3, we obtain the finite part of the one-loop QCD

correction〈
F

(QCD), fin
LV (1q, 2q̄, 3, 4)

〉
= CQCD

〈
FLM(1q, 2q̄, 3, 4)

〉
, with CQCD = −8CF

αs(µ)

2π
. (3.1)

The one-loop QCD amplitudes for the process qq̄ → `−`+ + γ are obtained from the well-

known QCD amplitudes for the qq̄ → Z+j process [81], which we borrow from MCFM [82].

The one-loop electroweak corrections to the processes qq̄ → `−`+ and qq̄ → `−`+ + g are

instead computed using OpenLoops 2 [83–85]. It is simple to obtain the infrared finite

part of all these amplitudes, following the discussion in Section 2.3.

The double-virtual corrections to the process qq̄ → `−`+ are calculated starting from

the two-loop amplitudes presented in Refs. [56, 57]. We note, however, that in that refer-

ence only bosonic contributions to the amplitudes were considered, see middle and right

diagrams in Fig. 1 for examples. Thus, we have calculated the additional terms arising

from closed fermionic loops, see the left diagram in Fig. 1 for an example. We note that

fermionic corrections to dilepton production in both the charged- and neutral-current cases
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Figure 1. Examples of Feynman diagrams that contribute to the two-loop amplitude. Left:

two-loop fermionic non-factorizable corrections, middle: factorizable corrections, right: bosonic

non-factorizable corrections.

were studied earlier in Ref. [86]. We have performed an independent calculation and checked

our analytic results against those in Refs. [86, 87]. We also note that these contributions

are the only ones relevant for the on-shell renormalization of the electroweak coupling α,

and they are the only diagrams that make the extension of the complex mass scheme to

O(ααs) non-trivial, see Ref. [86] for further details.

In our implementation, we find it convenient to separate virtual corrections into a

factorizable and a non-factorizable part. We define the former as the product of the one-

loop EW contribution and the QCD K-factor from Eq. (3.1):〈
F fact

LVV+LV2(1q, 2q̄, 3, 4)
〉
≡ CQCD

〈
F

(EW),fin
LV (1q, 2q̄, 3, 4)

〉
. (3.2)

Also, we separate the non-factorizable contribution into a bosonic part – extracted from

Ref. [57] – and a fermionic part which accounts for closed fermion loops. In summary, we

write the finite two-loop contribution to the cross section as〈
F

(QCD×EW),fin
LVV+LV2 (1q, 2q̄, 3, 4)

〉
=
〈
F fact

LVV+LV2(1q, 2q̄, 3, 4)
〉

+
〈
F non−fact,bos

LVV (1q, 2q̄, 3, 4)
〉

+
〈
F non−fact,ferm

LVV (1q, 2q̄, 3, 4)
〉
.

(3.3)

To avoid confusion, we note that the non-factorizable fermionic term only contains 1PI

contributions similar to the leftmost diagram in Fig. 1. Indeed, it is easy to convince oneself

that all reducible terms involving closed fermion loops are included in the factorizable part.

A representative diagram for each of the three terms on the right-hand side of Eq. (3.3) is

shown in Fig. 1.

The reason for separating the two-loop virtual corrections into factorizable and non-

factorizable parts is that the former should be dominant at high energy since it contains

leading Sudakov logarithms. Indeed, we have checked that the non-factorizable contribu-

tion to the cross section is typically an order of magnitude smaller than the factorizable

one. This happens across the entire phase space that we have investigated. The practical

advantage of this observation is that the non-factorizable contribution – whose numerical

evaluation is CPU expensive – can be determined to a much lower accuracy to obtain the

cross section with a target precision. We also note that the separation of two-loop virtual

corrections shown in Eq. (3.3) allows us to capture the bulk of the contribution coming from

virtual top quarks, as we now explain. Computing such contributions exactly for the full

two-loop amplitude is beyond the reach of current technology. As a consequence, they were
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dropped in Ref. [57]. Here, we neglect them in the finite part of the bosonic non-factorizable

term but include them in all the other contributions. Since bosonic non-factorizable con-

tributions should be subdominant, this approach indeed allows us to capture the leading

top-quark effects in a relatively simple way.

We now discuss how to obtain the bosonic non-factorizable contributions from Ref. [57].

This reference presents the result in terms of infrared subtracted finite helicity remainders,

referred to as “hard functions”. Hard functions that describe O(αiαjs) corrections to the

scattering amplitude are denoted as H(i,j).4 We stress that the H(i,j) finite remainders do

not include contributions arising from closed fermion loops. We also note that in Ref. [57]

wave functions and masses are renormalized in the on-shell scheme but both the QCD and

EW couplings are renormalized in the MS scheme. In contrast, in this paper we renormalize

the EW coupling on-shell, so in principle we should perform a scheme change. However, it

is easy to convince oneself that such a change does not affect the bosonic non-factorizable

contribution. Hence, we can take the amplitudes from Ref. [57] as they are.

To obtain F non−fact,bos
LVV , we first define the non-factorizable hard function

H(1,1)
non−fact = H(1,1) − H

(1,0)H(0,1)

H(0,0)
, (3.4)

and then use it to compute a non-factorizable K-factor

Knon−fact,bos
LVV =

1

2

∑
spin,color

Re
[
H(0,0)∗H(1,1)

non−fact

]
∑

spin,color

|H(0,0)|2
+ ∆H(µ2, s), (3.5)

where

∆H(µ2, s) = Q2
q CF

[
−1

8
+ 29ζ2 − 30ζ3 − 22ζ4 −

(
3

2
− 12ζ2 + 24ζ3

)
log
(µ2

s

)]
. (3.6)

The non-factorizable bosonic contribution to the cross section then reads〈
F non−fact,bos

LVV (1q, 2q̄, 3, 4)
〉

=
αs(µ)

2π

α

2π

〈
Knon−fact,bos

LVV FLM(1q, 2q̄, 3, 4)
〉
. (3.7)

We note that the ∆H term in Eq. (3.6) appears because the definition of the two-loop finite

remainders in Ref. [57] is slightly different from ours, cf. Eq. (2.59). We also note that

the ∆H term is the only source of explicit scale dependence in the double-virtual finite

contribution to the cross section
〈
F

(QCD×EW), fin
LVV+LV2

〉
.

We conclude this section by briefly discussing the numerical implementation of these

results. We have developed an efficient C++ code for the evaluation of the finite remain-

ders of the non-factorizable two-loop bosonic corrections [57]. These are given in terms of

complicated rational functions multiplying Goncharov polylogarithms. We have minimized

the set of rational functions by finding Q-linear relations among them [88–90], performed

a partial fraction decomposition with minimal denominator powers [90] using the pack-

age MultivariateApart [57], and identified common subexpressions to optimize the

4We note that compared to Ref. [57] we have dropped the helicity labels to simplify the notation.
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performance. For the evaluation of the Goncharov polylogarithms we employ the handyG

library [91].5 The total evaluation time of the double-virtual contributions for a single

phase-space point is, on average, about 0.7 s. We have also performed an independent

Mathematica implementation of Eq. (3.7) and found perfect agreement with the C++

result for a random kinematic configuration.

4 Phenomenological results

We are now in position to perform a phenomenological study of dilepton production at

high invariant mass. We begin by specifying the renormalization scheme and the input

parameters. As we have mentioned, wave functions, masses and the electric charge are

renormalized on-shell. The strong coupling and parton distribution functions are instead

renormalized in the MS scheme. We use the so-called Gµ input scheme for the EW parame-

ters. We also employ the complex-mass scheme [95] and its extension to O(ααs) corrections

as described in Ref. [86].

We consider proton-proton collisions at 13.6 TeV center-of-mass energy. We use the

NNPDF31 nnlo as 0118 luxqed [96] parton distribution functions for all computations re-

ported in this paper, including leading and next-to-leading order ones. We use the strong

coupling constant αs as provided by the PDF set; numerically, αs(mZ) = 0.118. In our

numerical code, we have used both the LHAPDF library [97] and Hoppet [98] to deal

with PDFs. For the electroweak input parameters, the following values are used: mZ =

91.1876 GeV, ΓZ = 2.4952 GeV, mW = 80.398 GeV, ΓW = 2.1054 GeV, mH = 125 GeV,

ΓH = 4.165 MeV, mt = 173.2 GeV and GF = 1.16639 · 10−5 GeV−2. With these input

parameters, the fine structure constant reads α = 1/132.277.

We note that since we work with massless leptons, their momenta are not collinear-

safe quantities. For this reason, we cluster photons and leptons into “lepton jets”, often

referred to as “dressed leptons” in the literature, if the separation between leptons and

photons R`γ =
√

(y` − yγ)2 + (ϕ` − ϕ`)2 is smaller than Rcut. We choose Rcut to be

0.1. We recombine momenta in the so-called E scheme, i.e. to obtain the dressed-lepton

momentum we sum the four-momenta of the clustered leptons and photons. For numerical

computations, we take the renormalization scale µR and the factorization scale µF to be

equal, and we choose the invariant mass of the (dressed) dilepton system divided by two

i.e. µF = µR = µ = m``/2 as the central value. Scale uncertainty is estimated by increasing

or decreasing the scale µ by a factor of two.

Following the ATLAS analysis in the high invariant mass region [99], we define the

fiducial region by requiring

m`` > 200 GeV , pT,`± > 30 GeV ,
√
pT,`−pT,`+ > 35 GeV , |y`± | < 2.5 . (4.1)

We note, however, that at variance with Ref. [99] we do not impose asymmetric cuts

on the lepton transverse momenta but we adopt the product cuts recently proposed in

5As a cross-check, we have also used the PolyLogTools package of Ref. [92], which employs GiNaC [93,

94] for the numerical evaluation of Goncharov polylogarithms, to compute the two-loop amplitudes. We

found perfect agreement with the results obtained with handyG.

– 22 –



σ[fb] σ(0,0) δσ(1,0) δσ(0,1) δσ(2,0) δσ(1,1)

qq̄ 1561.42 340.31 −49.907 44.60 −16.80

γγ 59.645 3.166

qg 0.060 −32.66 1.03

qγ −0.305 −0.207

gγ 0.2668

gg 1.934

sum 1621.06 340.37 −47.046 13.88 −15.71

Table 1. Results for fiducial cross sections for central value of the renormalization and factorization

scales µR = µF = m``/2. Contributions are separated by partonic channels. Selection cuts for final-

state leptons and jets are given in Eq. (4.1). Here, δσ(i,j) denotes the correction of relative order

αi
sα

j . We note that the numerical precision on the correction δσ(1,1) is about 1%.

Ref. [100]. We also note that all quantities that appear in Eq. (4.1), are defined in terms

of dressed leptons. This applies to leptons’ transverse momenta and rapidities pT,` and y`,

respectively, as well as to the dilepton invariant mass m``.

To discuss the impact of the various higher-order corrections, we find it convenient

to introduce the following notation for the differential cross section dσ and its integrated

counterpart δσ

dσ =
∑
i,j=0

dσ(i,j) , δσ(i,j) =

∫
dσ(i,j) with σ(0,0) ≡ δσ(0,0) . (4.2)

In the above equation, dσ(0,0) and σ(0,0) represent the LO cross sections while dσ(i,j) and

δσ(i,j) with i, j > 0 stand for contributions to cross sections at order O(αisα
j).

The results for fiducial cross sections are summarized in Table 1. We note that we have

compared NLO QCD and EW results against Sherpa [101] and MoCaNLO+Recola [102–105].

We have found perfect agreement for all the channels listed in Table 1. We observe that

NLO QCD corrections increase the leading-order cross section by about twenty percent,

the NNLO QCD corrections change it by about 0.9%, and the NLO electroweak correc-

tions reduce it by about 3%. We note that numerical results reported in Table 1 are

consistent with expectations based on the magnitude of the respective coupling constants,

although the NNLO QCD corrections are slightly smaller than could have been antici-

pated. In particular, NLO EW corrections are compatible with a naive power counting

δEW ∼ α/ sin2 θW ∼ 0.03, where θW is the weak mixing angle.

An interesting feature of the results shown in Table 1 is that the contribution of the

diphoton channel at leading order, where dileptons are produced directly in collisions of

photon “partons” that originate from the proton, is quite large, about 3.6% of the total

cross section. The reason for this is the enhancement of this contribution by a logarithm

ln(m2
``/p

2
T,`±) ∼ 5. We also note that there is a strong cancellation between this contribu-

tion and the NLO electroweak corrections.
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We observe that the NLO QCD correction does not show the cancellation between qq̄

and qg partonic channels that is observed in the resonant region; in fact, we see that at high

invariant masses, QCD corrections to the qq̄ channel are the dominant ones with the qg

channel playing only a minor role. The picture changes if we consider scales µ = m``/4 or

µ = m``, in which case the contributions of the qg channels are of the same order as the qq̄

ones. At NNLO QCD, there is a strong cancellation between these two partonic channels,

making this correction even smaller than the NLO EW one. This, of course, illustrates the

somewhat unphysical nature of individual partonic channels at higher orders since they

require collinear subtractions to be well-defined.

It follows from Table 1 that mixed QCDxEW corrections are quite large and decrease

the fiducial cross section by about 1%, whereas an estimate based on power counting sug-

gests that O(ααs) corrections should be at the per mille level. In fact, the mixed QCDxEW

corrections are about 30% of the electroweak corrections and larger than the NNLO QCD

ones. These corrections receive the dominant contribution from the qq̄ partonic channel;

all other channels affect the fiducial cross section by a much smaller amount.

It is also instructive to compare the magnitude of the mixed QCDxEW corrections

with the theoretical uncertainty. To estimate it, we increase and decrease the central scale

µ = m``/2 by a factor of two and also choose a different input scheme for the electroweak

parameters. In particular, we consider the so-called α(mZ)-scheme where α(mZ) = 1/128

is an input parameter, and the other input parameters are kept fixed.6 We then take the

envelope of these results as an estimate of the theoretical uncertainty. We find that the

(asymmetric) uncertainty of the leading-order cross section is +12% and −6%. Instead, if

the cross section is computed through NNLO QCD and NLO EW, but the mixed QCDxEW

corrections are neglected, we find

σ(0,0) + δσ(1,0) + δσ(0,1) + δσ(2,0) = 1928.3+1.8%
−0.15% fb. (4.3)

We note that the main source of the theoretical uncertainty in Eq. (4.3) is the input-scheme

change which, however, is reduced from about 6% at leading order to about two percent

when NLO EW contributions are accounted for. The mixed QCD-electroweak corrections

are about −1% and, thus, comparable in size to the theoretical uncertainty in Eq. (4.3).

Upon including them, the central value of the fiducial cross section and its uncertainty

decrease. We obtain

σQCD×EW ≡ σ(0,0) + δσ(1,0) + δσ(0,1) + δσ(2,0) + δσ(1,1) = 1912.6+0.65%
−0% fb. (4.4)

The main reason behind the reduction of uncertainty with respect to Eq. (4.3) is that now

the mixed QCDxEW corrections remove a large source of input-scheme dependence coming

from the NLO QCD contribution.7 We note that the above error estimates do not include

uncertainties from PDFs, which are known to be significant. Indeed, the uncertainty on

the qq̄ luminosity ranges from about 2% for m`` . 1 TeV to about ∼ 5% for m`` ∼ 2 TeV.

6For a comprehensive discussion of electroweak input schemes see Ref. [106].
7Indeed, we note that the pure EW scheme uncertainty is reduced from about 1% to about 0.5% after

the inclusion of mixed corrections.
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σ [fb] σ(0,0) δσ(1,0) δσ(0,1) δσ(2,0) δσ(1,1) δσ
(1,1)
fact. σQCD×EW

Φ(1) 1169.8 254.3 −30.98 10.18 −10.74 −6.734 1392.6+0.75%
−0%

Φ(2) 368.29 71.91 −11.891 2.85 −4.05 −2.321 427.1+0.41%
−0.02%

Φ(3) 82.08 14.31 −4.094 0.691 −1.01 −0.7137 91.98+0.22%
−0.14%

Φ(4) × 10 9.107 1.577 −1.124 0.146 −0.206 −0.1946 9.500+0%
−0.97%

Table 2. Fiducial cross sections in the invariant mass windows specified through Eq. (4.5). We

show the LO predictions, σ(0,0) and the higher-order ones, δσ(i,j). In order to improve readability,

we multiply the fiducial cross sections in the Φ(4) phase space by a factor 10. In the next-to-last

column we quote the result of the factorized approximation defined in Eq. (4.6). In the last column

we show our best predictions obtained by including all the higher-order corrections considered in

this paper, cf. Eq. (4.4).

It is well-known that at high invariant masses, EW corrections are dominated by the

universal Sudakov logarithms. This implies that the mixed QCD-electroweak corrections

should be well described by the product of QCD and electroweak corrections, at least

inasmuch as the leading logarithms are concerned. Although it is not clear when this

“factorized” approximation becomes a good representation of the full result, it is easy

to check its efficacy by comparing exact and approximate results for mixed QCDxEW

corrections at various values of m``. To this end, we consider four invariant-mass windows

defined as follows

Φ(1) : 200 GeV < m`` < 300 GeV,

Φ(2) : 300 GeV < m`` < 500 GeV,

Φ(3) : 500 GeV < m`` < 1.5 TeV,

Φ(4) : 1.5 TeV < m`` <∞.

(4.5)

For each of these windows, we apply the m``-independent kinematic cuts described in

Eq. (4.1). To compare the quality of the factorized approximation in each of the four mass

regions, we define approximate mixed corrections as follows

δσ
(1,1)
fact = δ

(1,0)
NLO δ

(0,1)
NLO σ(0,0), (4.6)

where

δ
(1,0)
NLO =

δσ(1,0)

σ(0,0)
, δ

(0,1)
NLO =

δσ(0,1)

σ(0,0)
. (4.7)

The approximate mixed corrections are compared to their exact counterparts in Table 2.

We find that δσ
(1,1)
fact captures the main features of the mixed corrections but underesti-

mates them for lower invariant masses. At high invariant masses m`` > 1 TeV the situ-

ation changes and the quality of the factorized approximation improves. For the highest

invariant-mass window the factorized approximation captures more than 90% of the ex-

act result. This behavior is not surprising since, as we already mentioned, the factorized

approximation correctly reproduces the leading Sudakov logarithms that are expected to
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Figure 2. Dilepton invariant mass distribution for the Drell-Yan process pp → `−`+ at the 13.6

TeV LHC. The upper pane shows our best prediction for dσ which included NLO QCD, NNLO

QCD, NLO EW, and mixed QCDxEW corrections. The middle pane shows the ratio of the NLO

EW and mixed QCDxEW corrections to the full NLO QCD result. The lower pane shows the ratio

of mixed QCDxEW corrections to a result which includes both QCD and EW NLO corrections.

The left plot shows results in the range 200 GeV < m`` < 1 TeV, the right plot shows the range

1 TeV < m`` < 3 TeV. See text for details.

provide the dominant contribution at large invariant masses. In this table, we also show our

predictions for the quantity σQCD×EW defined in Eq. (4.4), i.e. including NLO QCD, NLO

EW, NNLO QCD and mixed QCDxEW corrections, in the four invariant mass windows.

We observe that the theoretical uncertainty, estimated by a simultaneous variation of scales

and input scheme, is below the percent level across the different windows considered.

We now turn to the discussion of kinematic distributions. The dilepton invariant mass

case is shown in Fig. 2. There, the distributions in the upper panes include all corrections

considered in this paper

dσQCD×EW = dσ(0,0) + dσ(1,0) + dσ(0,1) + dσ(2,0) + dσ(1,1), (4.8)

the middle panes show the impact of the NLO EW and mixed QCDxEW corrections on

the results computed through NLO QCD, and the lower panes show the impact of the

mixed QCDxEW corrections on cross sections computed through NLO QCD and NLO

EW accuracy. To this end, we define the following quantities

R
(0,1)
QCD =

dσ(0,0) + dσ(1,0) + dσ(0,1)

dσ(0,0) + dσ(1,0)
, R

(1,1)
QCD =

dσ(0,0) + dσ(1,0) + dσ(0,1) + dσ(1,1)

dσ(0,0) + dσ(1,0)
, (4.9)
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R
(1,1)
QCD+EW = R

(1,1)
QCD/R

(0,1)
QCD =

dσ(0,0) + dσ(1,0) + dσ(0,1) + dσ(1,1)

dσ(0,0) + dσ(1,0) + dσ(0,1)
, (4.10)

and plot them in Fig. 2 as a function of the dilepton invariant mass. It follows from

Fig. 2 that NLO EW corrections grow from O(−2%) at m`` = 200 GeV to O(−15%)

at 3 TeV, and that the mixed QCDxEW corrections follow the shape of the NLO EW

ones. Nevertheless, RQCDxEW is not entirely flat over the range of invariant masses that we

consider; indeed, the magnitude of QCDxEW corrections slowly increases from O(1.5%)

at m`` ≈ 200 GeV to O(3%) at m`` ≈ 3 TeV. These results are consistent with those

presented in Table 2 and are indicative of the presence of Sudakov logarithms in the virtual

EW corrections, as mentioned previously. We note that the small dip in the middle pane

at m`` ≈ 340 GeV originates from the tt̄ thresholds in closed fermion loops that modify

the propagators of the electroweak bosons.

While the magnitude of mixed QCD-electroweak corrections at large invariant masses

is fairly easy to understand, their size at lower values of m`` is more puzzling as they

seem to be enhanced relative to naive expectations. Indeed, it follows both from Table 1

and Table 2 that mixed QCDxEW corrections are only three times smaller than the EW

corrections themselves and it is unclear why this is the case, given that one does not expect

large Sudakov logarithms at such energy scales. However, one should also keep in mind that

the NLO QCD corrections to the leading-order cross section are twenty percent whereas the

mixed QCDxEW corrections are thirty percent of the NLO EW contribution which implies

that the difference is not too large. Hence, it can also be that these fairly large effects at

small invariant masses are just the result of a numerical interplay of various contributions

and that the observed enhancement is more or less accidental.

We continue with the discussion of other observables. In Fig. 3 we show the transverse

momentum distribution of the positively-charged lepton. Since at leading order the lepton

transverse momentum pT,` is always smaller than m``/2, there is a correlation between

the pT,` and the m`` distributions. Indeed, it follows from Fig. 3 that corrections to the

transverse momentum distribution are similar to the ones to the m`` distribution, in that

NLO EW corrections are negative and quite large, while the relative QCDxEW corrections

are unusually large at low values of pT,`, which give the largest contribution to the fiducial

cross section. Mixed QCDxEW corrections largely follow the pattern of the NLO EW

corrections. Nevertheless, the impact of the QCDxEW corrections does become slightly

more important at higher values of pT,`, amounting to around -3% on top of the NLO QCD

and EW result at pT,` = 500 GeV.

Another interesting class of observables are rapidity and angular distributions. In left

panes of Fig. 4 we show the rapidity of the dilepton system. We observe that both the

NLO EW corrections and the mixed QCDxEW corrections are fairly flat over the considered

rapidity range and amount to O(−3%) and O(−1%), respectively. As the fiducial cross

sections are dominated by low values of m`` ≈ 200 GeV, the corrections that we see in the

rapidity distribution correspond to those shown in Table 1.

Angular distributions can be used to analyze the structure of the currents that facil-

itate the transition from quarks to leptons both within and beyond the Standard Model.

Although these angular distributions can be computed in full generality, it is simpler to
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Figure 3. Transverse momentum distribution of the positively charged lepton. See the caption in

Fig. 2 and the text for details.

discuss an integrated quantity – the forward-backward asymmetry of a lepton relative to

the direction of an incoming quark. A convenient variable that allows one to study such

an asymmetry is the Collins-Soper angle [107], defined as follows

cos θ∗ =
p+
`−p
−
`+
− p−

`−p
+
`+

m``

√
m2
`` + p2

``,⊥

× sgn(p``,z) . (4.11)

In Eq. (4.11), p±i = Ei ± pz,i and p`` = p`− + p`+ . We show the cos θ∗ distribution for

events in the fiducial volume Eq. (4.1) in the right panel of Fig. 4. Similar to the dilepton

rapidity distribution, both the NLO EW and mixed QCDxEW corrections to the Collins-

Soper angle are fairly flat and are comparable to corrections to the fiducial cross section,

cf. Table 1.

It is clear from Fig. 4 that the distribution of the Collins-Soper angle is not symmetric

and that there are more events with cos θ∗ > 0 than with cos θ∗ < 0. To quantify this

effect, we consider the forward-backward asymmetry

AFB =
σF − σB
σF + σB

, (4.12)

where

σF =

1∫
0

d cos θ∗
dσ(pp→ `−`+)

d cos θ∗
, σB =

0∫
−1

d cos θ∗
dσ(pp→ `−`+)

d cos θ∗
. (4.13)
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Figure 4. Distributions of the rapidity of the dilepton system and the cosine of the Collins-Soper

angle. See the caption in Fig. 2 and the text for details.

We calculate the forward-backward asymmetry for the fiducial phase space defined in

Eq. (4.1) including all corrections computed in this paper and find

AFB = 0.1580+0.15%
−0.07% , (4.14)

where the uncertainties are estimated from a simultaneous scale and input-scheme varia-

tions as described above. Omitting the mixed QCDxEW corrections changes the prediction

in Eq. (4.14) by about 2 per mille which is again comparable with the uncertainty on the

central value.

It is well-known that the forward-backward asymmetry increases with the invariant

mass of dileptons. For this reason, it is instructive to study the forward-backward asym-

metry and mixed QCD-electroweak corrections to it in the four m`` windows defined in

Eq. (4.5). The results are shown in Table 3. There we display predictions for the forward-

backward asymmetry that include all corrections considered in this paper (AFB) as well

as the prediction for the forward-backward asymmetry without the mixed QCDxEW cor-

rection (ÃFB). We observe that the mixed QCDxEW corrections impact the value of AFB

below the percent level in the lower invariant mass windows, and reach −1.3% at high m``.

Such percent-level shifts above m`` ∼ TeV should become observable at the high-luminosity

LHC, provided that systematic uncertainties can be controlled.
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ÃFB AFB

Φ(1) 0.1442+0.05%
−0.31% 0.1440+0.11%

−0.09%

Φ(2) 0.1852+0.08%
−0.40% 0.1847+0.10%

−0.19%

Φ(3) 0.2401+0.13%
−0.64% 0.2388+0.06%

−0.47%

Φ(4) 0.3070+0.49%
−1.5% 0.3031+0.19%

−1.2%

Table 3. Forward-backward asymmetry in the invariant mass windows specified through Eq. (4.5).

We label as ÃFB the predictions including the LO contribution and higher order corrections from

NLO-QCD, NLO-EW and NNLO-QCD, whereas AFB further includes the mixed QCDxEW cor-

rection computed here.

5 Conclusions

We presented a computation of mixed QCD-electroweak corrections to the production of

dilepton pairs in proton-proton collisions, pp→ `−`+, focusing on the high-invariant mass

region. We have used the two-loop amplitudes computed in Ref. [57] and the nested soft-

collinear subtraction scheme [60] to extract and regulate the real-emission contributions.

Our results are fully differential with respect to the kinematics of resolved final-state par-

ticles and can be used to compute any infrared safe observable.

We applied our result to the study of high-mass dilepton production at the 13.6 TeV

LHC. We presented results for fiducial cross sections and distributions defined by kinematic

cuts applied to final-state leptons in typical experimental analyses. We have selected the

high-mass region by requiring that the dilepton invariant mass is larger than 200 GeV.

With these cuts, the mixed QCDxEW corrections amount to about −1% of the LO cross

section. They are therefore larger than what could have been expected based on the

magnitudes of the coupling constants. In fact, in this setup they are larger than the NNLO

QCD ones. The remaining uncertainty coming from scale and input-scheme variation is

reduced to the sub-percent level.

For even higher invariant masses, above 1 TeV, the mixed corrections become even

larger and appear to be driven by Sudakov logarithms. For this reason, the exact mixed

QCDxEW corrections can be reliably approximated by a product of NLO QCD and EW

contributions. We have checked that this factorized approximation reproduces the size of

mixed corrections at m`` ∼ 1 TeV to within thirty percent and the accuracy of this approx-

imation increases at higher invariant masses. We have also found that mixed QCDxEW

corrections may affect the forward-backward asymmetry in the process pp → `−`+ at the

percent level for dilepton invariant masses above 1 TeV. This region is especially interest-

ing for searching for New Physics effects in dilepton production. Hopefully, measurements

with such a precision can be performed at the HL-LHC.
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A Analytic results for mixed QCDxEW corrections for other partonic

channels

A.1 The gq̄ and qg channels

In this section we present the finite partonic cross sections for the gq̄(gq) and qg(q̄g)

channels. For the sake of simplicity we only present results for the gq̄(gq) case, results

for the qg(q̄g) channel can be obtained with straightforward modifications that will be

mentioned below. Similar to the qq̄ channel (see Sec. 2.4), we isolate four different structures

dσ̂gq̄nnlo = dσ̂gq̄bt + dσ̂gq̄Onlo
+ dσ̂gq̄reg. (A.1)

The regulated term reads

2s · dσ̂gq̄reg = 〈(I − S6) Ωgq̄FLM(1g, 2q̄, 3`− , 4`+ , 5q̄, 6γ)〉 , (A.2)

with

Ωgq̄ = (1− C56,1)ω65 θ̃A + (1− C56,1)(1− C56)ω65 θ̃B

+ (1− C56,1)(1− C51)ω65 θ̃C + (1− C56,1)(1− C56)ω65 θ̃D

+
4∑
i=2

(1− C51)(1− C6i)ω
6i,

(A.3)

and
θ̃A = θ

(
η16 <

η15

2

)
θ̃B = θ

(η15

2
< η16 < η15

)
θ̃C = θ

(
η15 <

η16

2

)
θ̃D = θ

(η16

2
< η15 < η16

)
.

(A.4)

In Eq. (A.3) we have also introduced the damping factors

ω6i =
1/η6i∑5
a=2 1/η6a

. (A.5)

We note that Eq. (A.3) is finite, and can be evaluated numerically.

The other contributions are reported below assuming Emax = E1 = E2 ≡ Ec. We have

2s · dσ̂gq̄bt = [α] [αs]TRQ
2
q

∫ 1

0
dz1dz2 P̃

NLO
q̄g (z1, Ec)

×
〈FLM(z1 · 1q, z2 · 2q̄, 3, 4))

z1 z2

〉
P̃NLO
qq (z2, Ec)

+ [αs]TR

∫ 1

0
dz P̃NLO

q̄g (z, Ec)
〈F (EW),fin

LV (z · 1q, 2q̄, 3, 4)

z

〉
+ [α][αs]TR

∫ 1

0
dz
〈[
P̃NLO
q̄g (z, Ec)

(
2QeQq G

(1,2)
eq

− log
(s13

s14

)
log(z) +Q2

e Ge2
)

+Q2
q P

NNLO
q̄g (z, Ec)

]
× FLM(z · 1q, 2q̄, 3, 4)

z

〉
,

(A.6)
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where PNNLO
q̄g (z, Ec) is reported in Eq. (B.10). The Onlo term reads

2s · dσ̂gq̄Onlo
=
〈
Oq̄nlo F

(EW), fin
LV (1g, 2q̄, 3, 4|5q̄)

〉
+ [α]

〈
Oq̄nlo

[
Q2
q

(
G

(5,2)
q2
−
(3

2
− 2 log

(E5

Ec

))
log
( η51

1− η51

))
+ Q2

e Ge2 + 2QeQq

(
G(5,2)
eq − log

(E5

Ec

)
log
(s35

s45

))]
× FLM(1g, 2q̄, 3, 4|5q̄)

〉
(A.7)

+ [α]Q2
q

∫ 1

0
dz P̃NLO

qq (z, Ec)
〈
Oq̄nlo

FLM(1g, z · 2q̄, 3, 4|5q̄)
z

〉
+ [αs]TR

∫ 1

0
dz
〈
Oγnlo

[
P̃NLO
q̄g (z, Ec) + ω̃65

5‖1 log
(η16

2

)
P̄AP,0
q̄g (z)

]
× FLM(z · 1q, 2q̄, 3, 4|6γ)

z

〉
.

Here, Oq̄nlo = 1 − C15, Oγnlo is defined in Eq. (2.17) and ω̃65
5‖1 = C51 ω

65. The relevant

splitting functions are

P̃NLO
q̄g (z, Ec) = 2P̄AP,0

q̄g (z) log(1− z) + 2z(1− z) + P̄AP,0
q̄g (z) log

(4E2
c

µ2

)
,

P̄AP,0
q̄g (z) = (1− z)2 + z2 .

(A.8)

Finally, we have

G
(i,j)
q2

=
13

2
− π2 + 2Li2

(
1− ηij

)
+ log2

(Ei
Ec

)
+

3

2
log
(E2

c

µ2

)
+

(
3− 2 log

(Ei
Ec

))
log
(
4 ηij

)
.

(A.9)

The functions Ge2 and Geq have already been defined for the qq̄ channel in Eq. (2.67).

In Eqs. (A.6)–(A.7) we define Qq as minus the electric charge of the initial state anti-

quark, i.e. Qq = {−1/3, 2/3} for the down and up quarks respectively. In order to obtain

the results for the gq channel it is sufficient to flip the sign of the quark electric charge,

i.e. Qq → −Qq, and apply the replacement q̄ → q inside the relevant matrix elements. As

for the qg channel one can start from Eqs. (A.6)–(A.7) and follow a simple set of rules. In

practice, for Eq. (A.6) it is enough to consider

FLM(V)(z · 1q, 2q̄)→ FLM(V)(1q, z · 2q̄), P̃NLO
ij (z1, Ec)↔ P̃NLO

ij (z2, Ec), s1k → s2k,

whereas for Eq. (A.7), one has

FLM(V)(z · 1q, 2q̄)→ FLM(V)(1q, z · 2q̄), FLM(V)(1g, z · 2q̄)→ FLM(V)(z · 1q, 2g),
G

(5,2)
q2
→ G

(5,1)
q2

, ηk1 → ηk2 , ω̃65
5‖1 → ω̃65

5‖2 .
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A.2 The γq̄ and qγ channels

The partonic channels induced by photon-(anti)quark scattering receive contributions from

two different configurations: one where an intermediate Z/γ decays into leptons, and one

where the leptons are produced directly from the initial state photon. The IR structure of

the first configuration is similar to the gq(q̄) case. We then expect the final formulas to be

similar to Eqs. (A.6)–(A.7), upon setting Qe → 0, TR → NcCF , and replacing the gluon

with the photon in all the relevant matrix elements. The contribution of the direct lepton

production results in additional terms proportional to Born- and NLO-level boosted matrix

elements. For the sake of simplicity we focus on the γ(1)q̄(2) → `−`+g(5)q̄(6) process. In

order to disentangle all the relevant collinear singularities, we introduce the partition

1 = ω51,61 + ω52,62 + ω52,61 + ω51,62 , (A.10)

where the definition of the ω5i,6j functions can be found in Ref. [60]. We then write the

final result as

dσ̂γq̄nnlo = dσ̂γq̄bt + dσ̂γq̄Onlo
+ dσ̂γq̄reg . (A.11)

The regulated contribution reads

2s · dσ̂γq̄reg = 〈(1− S5)Ωγq̄FLM(1γ , 2q̄, 3`− , 4`+ , 5g, 6q̄)〉 , (A.12)

with

Ω γq̄ = (1− C56,1)(1− C61)ω51,61 θ̃A + (1− C56,1)(1− C56)ω51,61 θ̃B

+ (1− C56,1)ω51,61 θ̃C + (1− C56,1)(1− C56)ω51,61 θ̃D

+ (1− C56,2)ω52,62 θ̃A + (1− C56,2)(1− C56)ω52,62 θ̃B

+ (1− C56,2)(1− C52)ω52,62 θ̃C + (1− C56,2)(1− C56)ω52,62 θ̃D

+ ω51,62 + (1− C52)(1− C61)ω52,61 ,

(A.13)

and θ̃I defined in Eq. (A.4).

The boost contribution reads

2s · dσ̂γq̄bt = [α] [αs]Q
2
q NcCF

∫ 1

0
dz1dz2 P̃

NLO
q̄g (z1, Ec)

×
〈FLM(z1 · 1q, z2 · 2q̄, 3, 4))

z1 z2

〉
P̃NLO
qq (z2, Ec)

+ [α]Q2
q Nc

∫ 1

0
dz P̃NLO

q̄g (z, Ec)
〈F (QCD), fin

LV (z · 1q, 2q̄, 3, 4)

z

〉
+ [α] [αs]Q

2
q CF

∫ 1

0
dz

[
Nc P

NNLO, s
γq̄ (z, Ec)

〈FLM (z · 1q, 2q̄, 3, 4)

z

〉
+ PNNLO, t

γq̄ (z, Ec)
〈FLM(1γ , z · 2γ , 3, 4)

z

〉]
,

(A.14)

where the first term in squared brackets is the same as for the gq̄ channel, i.e. PNNLO, s
γq̄ =

PNNLO
q̄g , while PNNLO, t

γq̄ stems from the direct lepton production and is reported in Eq. (B.11).
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The Onlo contributions is

2s · dσ̂γq̄Onlo
=
〈
Oq̄nlo F

(QCD), fin
LV (1γ , 2q̄, 3, 4|6q̄)

〉
+ [αs]CF

〈
Oq̄nlo

[
G

(6,2)
q2
−

2∑
i=1

(
3

2
− 2 log

(E6

Ec

))
log
( ηi6

1− ηi6

)
ω̃5i,6i

5‖6

]
× FLM(1γ , 2q̄, 3, 4|6q̄)

〉
+ [α]Q2

q Nc

∫ 1

0
dz
〈
Ognlo

[
P̃NLO
q̄g (z, Ec)

+ ω̃51,61
6‖1 log

(η51

2

)
P̄AP,0
gq̄ (z)

] FLM(z · 1q, 2q̄, 3, 4|5g)
z

〉
+ [αs]CF

∫ 1

0
dz
〈
Oq̄nlo

[
P̃NLO
qq (z, Ec)

+ ω̃52,62
5‖2 log

(η62

2

)
P̄AP,0
qq,R (z)

]FLM(1γ , z · 2q̄, 3, 4|6q̄)
z

〉
,

(A.15)

where we have introduced P̃NLO
q̄g and P̄AP,0

q̄g in Eq. (A.8), G
(6,2)
q2

in Eq. (A.9), and P̄AP,0
qq,R in

Eq. (2.66). One can obtain results for the γq, qγ and q̄γ channels following the discussion

at the end of Sec. A.1.

A.3 The γg and gγ channels

The NNLO corrections to the cross sections in the γg and gγ partonic channels are af-

fected only by collinear singularities that cancel upon combining real corrections and PDF

renormalization. In order to regularize real radiations, we introduce the same phase space

partition as in Eq. (A.10). The subtraction then proceeds as usual. The final result for the

γg channel can be cast in the following form

dσ̂γgnnlo = dσ̂γgbt + dσ̂γgOnlo
+ dσ̂γgreg . (A.16)

The regulated part reads

2s · dσ̂γgreg = 〈ΩγgFLM(1γ , 2g, 3`− , 4`− , 5q, 6q̄)〉 , (A.17)

where

Ωγg = (1− C51 − C61)ω51,61

+ (1− C56,2) (1− C62)ω52,62 θ̃A + (1− C56,2)(1− C52)ω52,62 θ̃C

+ (1− C62) (1− C51)ω51,62 + (1− C61) (1− C52)ω52,61

+ (1− C56,2)ω52,62 θ̃B + (1− C56,2)ω52,62 θ̃D ,

(A.18)

with w5i,6j and θ̃ as in Sec. A.2.
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The other relevant definitions are

2s · dσ̂γgbt = [α] [αs]Q
2
q TRNc

∫ 1

0
dz1dz2 P̃

NLO
q̄g (z1, Ec) P̃

NLO
q̄g (z2, Ec)

×
[〈FLM(z1 · 1q, z2 · 2q̄, 3, 4))

z1 z2

〉
+
〈FLM(z1 · 1q̄, z2 · 2q, 3, 4))

z1 z2

〉]
+ [α] [αs]Q

2
q TR

∫ 1

0
dz PNNLO

γg (z, Ec)
〈FLM(1γ , z · 2γ , 3, 4)

z

〉
,

2s · dσ̂γgOnlo
= [α]Q2

q Nc

∫ 1

0
dz P̃NLO

q̄g (z, Ec)

×
[〈
Oqnlo

FLM(z · 1q, 2g, 3, 4|5q)
z

〉
+
〈
Oq̄nlo

FLM(z · 1q̄, 2g, 3, 4|6q̄)
z

〉]
+ [αs]TR

∫ 1

0
dz
〈
Oq̄nlo

[
P̃NLO
q̄g (z, Ec)+

+ ω̃52,62
6‖2 log

(η52

2

)
P̄AP,0
gq̄ (z)

] FLM(1γ , z · 2q, 3, 4|5q)
z

〉
+ [αs]TR

∫ 1

0
dz
〈
Oq̄nlo

[
P̃NLO
q̄g (z, Ec)+

+ ω̃52,62
5‖2 log

(η62

2

)
P̄AP,0
gq̄ (z)

] FLM(1γ , z · 2q̄, 3, 4|6q̄)
z

〉
,

(A.19)

where PNNLO
γg (z, Ec) is defined in Eq. (B.12). One can deduce the result for the gγ channel

by taking Eq. (A.19) and swapping the indices 1 and 2.

A.4 The qq̄ → `−`+qq̄ and qq channels

The qq̄ → `−`+qq̄ and qq → `−`+qq partonic processes are only affected by triple collinear

singularities, that are compensated by the PDF renormalization contribution. The phase

space partition that we choose for both channels reads

1 = w51,61 + w52,62 =
η52

η51 + η52
+

η51

η51 + η52
. (A.20)

For both channels we write

dσ̂qqnnlo = dσ̂qqbt + dσ̂qqreg, dσ̂qq̄nnlo,qq̄ = dσ̂qq̄bt,qq̄ + dσ̂qq̄reg,qq̄ . (A.21)

In the qq̄ → `−`+qq̄ channel we have

2s · dσ̂qq̄reg,qq̄ =

〈
2∑
i=1

(1− C56,i)ω
5i,6iFLM(1q, 2q̄, 3`− , 4`+ , 5q, 6q̄)

〉
, (A.22)

and

2s · dσ̂qq̄bt,qq̄ = [α] [αs] 2Q2
q CF

∫ 1

0
dz PNNLO

qq̄→qq̄ (z, Ec)

×
[〈FLM(z · 1q, 2q̄, 3, 4)

z

〉
+
〈FLM(1q, z · 2q̄, 3, 4)

z

〉]
,

(A.23)
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with PNNLO
qq̄→qq̄ defined in Eq. (B.13).

For the qq → `−`+qq channel, we have instead

2s · dσ̂qqreg =
〈[

(1− C56,1)ω51,61 + ω52,62
]
FLM(1q, 2q, 3`− , 4`+ , 5q, 6q)

〉
, (A.24)

and

2s · dσ̂qqbt = [α] [αs] 2Q2
q CF

∫ 1

0
dz PNNLO

qq→qq (z, Ec)
〈FLM(z · 1q̄, 2q, 3, 4)

z

〉
, (A.25)

with PNNLO
qq→qq given in Eq. (B.14).
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B Splitting functions

In this section we collect the splitting functions that we have introduced in the main text.

We begin by defining the functions that describe the hard-collinear integrated counterterm.

For initial state and final state emission we have, respectively,

PNLO
qq (z, Li) =

[
(1− z)−2εPqq(z) +

1

ε
e−2εLi δ(1− z)

]
,

PNLO
qq (Li) = γ22

ee +
1

ε

(
1− e−2εLi

)
,

(B.1)

where

γ22
ee = −

∫ 1

0
dz

{[
z(1− z)

]−2ε
Pqq
(
z
)
− 2

(1− z)−2ε

1− z

}
. (B.2)

The LO Altarelli-Parisi splitting functions we have used are

P̄AP,0
qq (z) = 2D0(z)− (1 + z) +

3

2
δ(1− z) ,

P̄AP,0
q̄g (z) = (1− z)2 + z2 ,

P̄AP,0
qγ (z) =

1 + (1− z)2

z
,

(B.3)

where the regular part of P̄AP,0
qq is equal to

P̄AP,0
qq,R (z) = 2D0(z)− (1 + z) . (B.4)

In order to describe the single-collinear limits of the qq̄ → `−`+(gγ) we compute[
P̄AP,0
qq ⊗ P̄AP,0

qq

]
(z) = 6D0(z) + 8D1(z) +

(9

4
− 2π2

3

)
δ(1− z)−

(
3z2 + 1

)
log(z)

1− z
− z − 4(z + 1) log(1− z)− 5 .

(B.5)

At one-loop level, the Altarelli-Parisi splitting function for process q → qg reads

P̄AP,1
qq (z) =3− 2z + 2

[
1− 1 + z2

1− z log(1− z)
]

log z +
1 + 3z2

2(1− z) log2 z

+
2(1 + z2)

1− z Li2(1− z) + δ(1− z)
(

3

8
− π2

2
+ 6ζ3

)
.

(B.6)

The real-virtual splitting is

P loop, RV
qq (z) =

1

ε

1 + z2

1− z log z

− 1 + z2

1− z
(

Li2(1− z) + 3 log(1− z) log z
)
− z

2
− (1− z) log z

−
[

1

2

(
1 + z − 3z log(1− z)

)
− (1− z)

(
3 log(1− z) log z

+ Li2(1− z)
)
− 1

2

1 + z2

1− z
(

9 log2(1− z) log z

+ 6 log(1− z) Li2(1− z)− 2Li3(1− z)
)]
ε+O(ε2) .

(B.7)
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To express the finite contributions to the qq̄ → `−`+(γg) channel partonic cross sections

we have introduced the NLO splitting function

P̃NLO
qq (z, Ec) = 4D1(z)− 2(1 + z) log(1− z) + (1− z)

+ 2 log
(2Ec
µ

)(
2D0(z)− (1 + z)

)
.

(B.8)

The finite contributions to the different partonic channels depend on collinear functions

that multiply boosted matrix elements. For the qq̄ → `−`+(γg) channel we have

PNNLO
qq (z, Ec) = D0(z)

[
48 log2

(2Ec
µ

)
− 16

3
log3(z) + 32ζ3

]
+ log

(2Ec
µ

)[
48D1(z)

− 8(z + 1)Li2(z)− 8(z2 + 1)Li2(1− z)
z − 1

− 20z +
4

3
π2(z + 1) + 24

]
− 16(−2D1(z) + z + 2) log2

(2Ec
µ

)
+D2(z)

(
48 log

(2Ec
µ

)
− 16 log(z)

)
+ log2(z)

[
− 8D1(z) + 2(z + 1) log

(2Ec
µ

)
− z + 2

]
+ 16D3(z) + log(1− z)

[
− log(z)

1− z
(

8(z2 + 1) log
(2Ec
µ

)
− 2(5z2 + 2z + 5)

)
− 16(z + 1) log2

(2Ec
µ

)
− 16(z + 2) log

(2Ec
µ

)
− 6(z2 + 1)Li2(1− z)

z − 1
− 8(z + 1)Li2(z)− 9z +

4

3
π2(z + 1) (B.9)

+ 4(z + 1) log2(z) + 12
]

+ log(z)
[4(3z2 + 1) log2

(
2Ec
µ

)
z − 1

−
8(z2 + z + 1) log

(
2Ec
µ

)
z − 1

− 4(z2 + 1)Li2(z)

z − 1
+
π2(8z2 + 8)

3− 3z
− 9z + 5

]
+ log2(1− z)

[
− 24(z + 1) log

(2Ec
µ

)
+

(5z2 + 13) log(z)

1− z + 4(z − 1)
]

+
(10− 6z2)Li3(1− z)

z − 1
+

4(3z2 + 5)Li3(z)

z − 1
+ (2− 2z)Li2(1− z)

+ 4(z − 1)Li2(z)− 4(7z2 + 1)ζ3

z − 1
+

(13z2 + 47) log3(z)

6− 6z
− 10

3
π2(z − 1)

+ 2(8z − 9)− 8(z + 1) log3(1− z) .

When discussing the finite remainders for the gq̄ and qg channels we introduced

PNNLO
q̄g (z, Ec) = log

(2Ec
µ

)[
(8z − 4)Li2(z) +

4

3
π2(z − 1)2 + z(30z − 41)

+
(
12(z − 1)z + 6

)
log2(1− z) + (1− 2z) log2(z)

− (8(z − 2)z + 2) log(1− z) + (20(z − 1)z

− (8(z − 1)z + 4) log(1− z) + 3) log(z) + 16

]
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+ log2
(2Ec
µ

)[
4z(3z − 2)− (8z2 − 4z + 2) log(z) (B.10)

+ (8(z − 1)z + 4) log(1− z) + 5

]
+
(
2(9− 5z)z − 9

)
Li3(1− z)

+
(
2(9− 7z)z − 9

)
Li3(z)− 49z2 + Li2(z)

((
2(z − 1)z + 1

)
log(z)

− (2(z − 5)z + 5) log(1− z) + 3
)

+ log3(z)

[
7z2

3
− 5z

2
+

5

4

]
+ log2(z)

[
z2 − z

2
−
(

5(z − 1)z +
5

2

)
log(1− z)− 3

8

]
+ log(z)

[
35z

4
+

4

3
π2(2(z − 1)z + 1)−

(
(z − 5)z +

5

2

)
log2(1− z)

+ (14(z − 1)z + 6) log(1− z)− 8z2 + 1

]
+ log(1− z)

[
44z2 + π2

(
z2 − 7z

3
+

7

6

)
− 109z

2
+ 16

]
+ 8(2(z − 1)z + 1)ζ3 + (4z(4z − 5) + 10)ζ3 +

255z

4

+
1

12
π2
(
2z(9z − 13) + 11

)
+

11

6

(
2(z − 1)z + 1

)
log3(1− z)

+
(
(21− 17z)z − 7

)
log2(1− z)− 69

4
,

To present the results for the γq̄ and qγ channels we have defined the function

PNNLO, t
γq̄ (z, Ec) = log

(2Ec
µ

)[
4(z − 2)Li2(z) + π2

(
− 2z − 8

3z
+ 4
)
− 4z +

10

z

+ 6
(
z +

2

z
− 2
)

log2(1− z) + (2− z) log2(z)

+
(
− 8z − 12

z
+ 20

)
log(1− z) + (5z + 8) log(z)− 15

]
+ log2

(2Ec
µ

)[
− z +

(
4z +

8

z
− 8
)

log(1− z) + (4− 2z) log(z) + 4

]
− (5z + 8)Li2(z) + 4(z − 2)Li3(1− z) + (2z − 4)Li3(z) (B.11)

+
(

6z +
16

z
− 12

)
ζ3 +

9π2z

4
− 29z

4
+

5π2

2z
− 27

z
− 11π2

6
+

73

2

+
log(1− z)

6z

[
24(z − 2)z Li2(z)− 3z(3z + 46)− 2π2

(
7(z − 2)z + 10

)
+ 108

]
+

13
(
(z − 2)z + 2

)
log3(1− z)

6z
+

1

12
(2− z) log3(z)

+
1

4

(
− 27z − 42

z
+ 58

)
log2(1− z) +

(17z

8
+

5

2

)
log2(z)

+
(1

4
(5z − 3) + 2(z − 2) log2(1− z)

)
log(z) .
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For the γg and gγ channels we need

PNNLO
γg (z, Ec) = log(1− z)

[
− 16(z + 1)Li2(z)− 8(z − 1)

(
4z2 + 7z + 4

)
3z

log
(2Ec
µ

)
+

4

9z

(
38z3 + 6π2z(z + 1)) + 39z2 − 57z − 20

)]
+ Li2(z)

[
4(3z + 1)− 16(z + 1) log

(2Ec
µ

)]
− 16(z + 1)Li3(1− z)

− 8(z + 1)Li3(z)− 4(z − 1)
(
4z2 + 7z + 4

)
3z

log2
(2Ec
µ

)
+

4

9z

(
38z3 + 6π2z(z + 1) + 39z2 − 57z − 20

)
log
(2Ec
µ

)
(B.12)

+ log2(z)
[
4(z + 1) log

(2Ec
µ

)
+

1

2
(−11z − 5)

]
+ log(z)

[
8(z + 1) log2

(2Ec
µ

)
− 4(3z + 1)

(2Ec
µ

)
+ 2(3z + 1)

− 8(z + 1) log2(1− z)
]
− 4(z − 1)

(
4z2 + 7z + 4

)
log2(1− z)

3z

+ 8(z + 1)ζ3 +
1

3
(z + 1) log3(z) +

2

27z

(
12π2(z3 − 1)− 211z3

− 18π2z(z + 1)− 420z2 + 528z + 103
)
.

Finally, we report the collinear functions appearing in the final results for the qq̄ →
`−`+(qq̄) and qq → `−`+(qq) channels. We define respectively

PNNLO
qq̄→qq̄ (z, Ec) =

1 + z2

1− z

[
log
(2Ec
µ

)(
4Li2(z)− 2 log2(z) + 4 log(1− z) log(z)− 2π2

3

)
+ 6Li3(1− z) + 8Li3(−z) + 9Li3(z) + 4Li2(z) log(1− z)

− log(z)

(
4Li2(−z) + 3Li2(z)− 4 log2(1− z) +

2π2

3

)
− 7

6
log3(z)− 1

2
log(1− z) log2(z)− 2

3
π2 log(1− z)

]
(B.13)

+

(
(10− 4z2) log(z)

z − 1
+ 2(7z − 8)

)
log
(2Ec
µ

)
+

(z2 + 6z − 13) Li2(z)

z − 1

+ 4(z + 1)Li2(−z) +
z2(6ζ3 + 7)− 6z + 6ζ3 − 1

2(z − 1)
+
π2
(
z2 − 6z + 11

)
6(z − 1)

−
(
4z2 + 12z − 25

)
log2(z)

4(z − 1)
+ 2(7z − 8) log(1− z)−

(
13z2 + 19z

− 8(z2 − 1) log(z + 1) + 6(z − 1)2 log(1− z)− 22
) log(z)

2(z − 1)
,

and

PNNLO
qq→qq (z, Ec) = log

(2Ec
µ

)[1 + z2

1 + z

(
− 8Li2(−z) + 2 log2(z)− 8 log(z + 1) log(z)

)
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− 2π2
(
z2 + 1

)
3(z + 1)

− 8(z − 1) + 4(z + 1) log(z)

]
+

1 + z2

1 + z

[
− 4Li3(1− z2) + 8Li3(1− z)− 18Li3(−z)− 8Li3(z)

− 12Li3

( z

z + 1

)
+ log(z)

(
2Li2(−z) + 2Li2(z)− 6 log2(z + 1)

)
− 8 log(1− z)

(
Li2(−z) + log(z) log(z + 1)

)
+

7 log3(z)

6

+ 2 log3(z + 1)− log(z + 1) log2(z)− π2 log(z + 1)

]
(B.14)

− 6(z + 1)Li2(−z)− 2(z + 3)Li2(z) +
5(z2 + 1)ζ3

z + 1

+

(
2π2(z2 + 1)

3(z + 1)
+

1

2
(11z + 19)− 6(z + 1) log(z + 1)

)
log(z)

− 2 log(1− z)
(
π2(z2 + 1)

3(z + 1)
+ 4(z − 1)− (z − 1) log(z)

)
+

1

6
π2(3− z)− 15(z − 1)

2
+ 2(z + 2) log2(z) .
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