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The effective electroweak Hamiltonian in the gradient-flow formalism is constructed for the
current-current operators through next-to-next-to-leading order QCD. The results are presented
for two common choices of the operator basis. This paves the way for a consistent matching of per-
turbatively evaluated Wilson coefficients and non-perturbative matrix elements evaluated by lattice
simulations.

INTRODUCTION

The gradient-flow formalism (GFF) [1] offers a promis-
ing solution to the matching of perturbative and non-
perturbative calculations. A potential application is fla-
vor physics, where non-perturbative matrix elements are
typically evaluated using lattice regularization, while the
Wilson coefficients are calculated perturbatively in di-
mensional regularization. The idea is to express the reg-
ular higher-dimensional operators of the effective elec-
troweak Hamiltonian in terms of ultraviolet (UV)-finite
flowed operators. The matching between the regular and
the flowed operators is perturbative and can be absorbed
into flow-time dependent Wilson coefficients. The appli-
cation of this approach to the energy-momentum tensor
through next-to-next-to-leading order (NNLO) QCD [2–
4] has already shown to give competitive results, see e.g.
Refs. [5–7]. More recently, the matching matrix has also
been calculated for the quark dipole operators at next-
to-leading order (NLO) QCD [8], and for the hadronic
vacuum polarization through NNLO QCD [9].

In Ref. [10] the matching matrix for the current-current
operators of the effective electroweak Hamiltonian has
been calculated at NLO QCD in the DR scheme. Here
we present the NNLO expression for this quantity in the
basis defined in Ref. [11] which allows us to adopt the MS

scheme with a fully anti-commuting γ5. We also provide
the results for the non-mixing basis though. This should
open the way to a consistent first-principles calculation
of K- or B-mixing parameters on the basis of the GFF,
for example.

OPERATOR BASIS

The effective electroweak Hamiltonian can be written
schematically as

Heff = −4GF√
2
VCKM

∑
n

CnOn (1)

where GF denotes the Fermi constant, VCKM com-
prises the relevant elements of the Cabbibo-Kobayashi-
Maskawa (CKM) matrix, and Cn are the Wilson coef-
ficients. In this work we focus on the current-current
operators and choose

O1 = −
(
ψ̄1γ

L
µT

aψ2

) (
ψ̄3γ

L
µT

aψ4

)
,

O2 =
(
ψ̄1γ

L
µψ2

) (
ψ̄3γ

L
µψ4

) (2)

as our operator basis [11], where we adopt the Euclidean
metric and use the short-hand notation

γL
µ = γµ

1− γ5

2
. (3)

Our convention for the color generators is

[T a, T b] = fabcT c , Tr(T aT b) = −TRδ
ab , (4)

with fabc real and totally anti-symmetric. Working in
dimensional regularization with D = 4− 2ε, loop correc-
tions lead to contributions which are not proportional to
the operators of Eq. (2). They have to be attributed to
so-called evanescent operators which vanish for D = 4,
but mix with the physical operators at higher orders in
perturbation theory [12]. Following Ref. [11], we choose

O(1)
1 = −

(
ψ̄1γ

L
µνρT

aψ2

) (
ψ̄3γ

L
µνρT

aψ4

)
− 16O1,

O(1)
2 =

(
ψ̄1γ

L
µνρψ2

) (
ψ̄3γ

L
µνρψ4

)
− 16O2 ,

O(2)
1 = −

(
ψ̄1γ

L
µνρστT

aψ2

) (
ψ̄3γ

L
µνρστT

aψ4

)
− 20O(1)

1 − 256O1,

O(2)
2 =

(
ψ̄1γ

L
µνρστψ2

) (
ψ̄3γ

L
µνρστψ4

)
− 20O(1)

2 − 256O2.

(5)

as evanescent operators, where γL
ρµ1···µn

≡ γL
ρ γµ1

· · · γµn
.

We will refer to the basis defined by Eqs. (2) and (5)
as the Chetyrkin-Misiak-Münz (CMM)-basis in what fol-
lows.
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FLOWED OPERATORS

In the GFF, one defines flowed gluon and quark fields
Baµ = Baµ(t) and χ = χ(t) as solutions of the flow equa-
tions [1, 13]

∂tB
a
µ = Dabν Gbνµ + κDabµ ∂νBbν ,

∂tχ = ∆χ− κ∂µBaµT aχ ,

∂tχ̄ = χ̄
←−
∆ + κχ̄∂µB

a
µT

a ,

(6)

with the initial conditions

Baµ(t = 0) = Aaµ , χ(t = 0) = ψ , (7)

where Aaµ and ψ are the regular gluon and quark fields,
respectively, and

Dabµ = δab∂µ − fabcBcµ , ∆ = (∂µ +BaµT
a)2 ,

Gaµν = ∂µB
a
ν − ∂νBaµ + fabcBbµB

c
ν .

(8)

The parameter κ is arbitrary and drops out of physical
quantities; we will set κ = 1 in our calculation, because
this choice reduces the size of the intermediate algebraic
expressions.

Our practical implementation of the GFF in pertur-
bation theory follows the strategy developed in Ref. [14]
and further detailed in Ref. [15]. On the one hand, it
amounts to generalizing the regular QCD Feynman rules
by adding flow-time dependent exponentials to the prop-
agators. The flow equations, Eq. (6), are taken into ac-
count with the help of Lagrange multiplier fields which
are represented by so-called “flow lines” in the Feynman
diagrams. They couple to the (flowed) quark and gluon
fields at “flowed vertices”, which involve integrations over
flow-time parameters.

While the flowed gluon field Baµ does not require renor-
malization [1, 14], the flowed quark fields χ have to
be renormalized [13]. The non-minimal renormalization
constant Z̊χ for the flowed quark fields χ is defined by
the all-order condition [3]

Z̊χ〈χ̄
←→
/D χ〉0

∣∣∣∣
m=0

≡ − 2nc

(4πt)2
,

←→
D µ = ∂µ−

←−
∂µ + 2BaµT

a ,

(9)

where 〈·〉0 denotes the vacuum expectation value (VEV).
The two-loop result for Z̊χ can be found in Ref. [15].

The flowed operators are then defined by replacing the

spinors ψi by renormalized flowed spinors Z̊
1/2
χ χi in the

regular operators, i.e.

Õ1 = −Z̊2
χ

(
χ̄1γ

L
µT

aχ2

) (
χ̄3γ

L
µT

aχ4

)
,

Õ2 = Z̊2
χ

(
χ̄1γ

L
µχ2

) (
χ̄3γ

L
µχ4

)
,

(10)

and analogously for the evanescent operators. Due to
the damping character of the flow time t > 0, matrix el-
ements of the flowed operators are UV finite after renor-
malization of the strong coupling and the quark masses.
The flowed evanescent operators are of O(ε) and could be
neglected altogether. However, we prefer to keep them
in our formalism.

SMALL-FLOW-TIME EXPANSION

In the limit t→ 0, the flowed operators behave as [14](
Õ(t)

Ẽ(t)

)
� ζB(t)

(
O
E

)
, (11)

where we use the notation

O = (O1,O2)T ≡ (O(0)
1 ,O(0)

2 )T ,

E = (O(1)
1 ,O(1)

2 ,O(2)
1 ,O(2)

2 )T ,
(12)

and analogously for the flowed operators. Here and in
what follows, the superscript “B” marks a “bare” quan-
tity which will undergo renormalization. The symbol � is
used to indicate that terms of O(t) are neglected. It will
be convenient to adopt the block-notation of Eq. (11) also
for matrices. For example, for the renormalized matching
matrix we write

ζ(t) =

(
ζOO(t) ζOE(t)
ζEO(t) ζEE(t)

)
, (13)

where the 2×2-submatrix ζOO concerns only the physical
operators.

Since matrix elements of the bare operators are diver-
gent while those of flowed operators are finite, the bare
matching matrix ζB(t) is divergent as D → 4. However,
one may define renormalized operators whose matrix el-
ements are finite:(

O
E

)R

= Z

(
O
E

)
≡
(
ZOO ZOE
ZEO ZEE

)(
O
E

)
, (14)

where Z is the corresponding renormalization matrix. It
is common to define all its entries in the MS scheme, ex-
cept for the submatrix ZEO, whose finite part is cho-
sen such that physical matrix elements 〈·〉 of evanes-
cent operators vanish to all orders in perturbation the-
ory [12, 16, 17]:

〈ER〉 = ZEO〈O〉+ ZEE〈E〉
!
= O(ε) . (15)

Inserting Eq. (14) into Eq. (11), it follows that

ζ(t) = ζB(t)Z−1 =

(
ζOO(t) ζOE(t)
ζEO(t) ζEE(t)

)
(16)

is finite at D = 4. Since 〈Ẽ(t)〉 = O(ε), the renormaliza-
tion condition in Eq. (15) is equivalent to

ζEO(t) = O(ε) . (17)
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(a) (b) (c)

Figure 1. Sample diagrams contributing to the determination
of the matching matrix ζ(t) at LO, NLO, and NNLO QCD.
The circles denote “flowed vertices”, lines with an arrow next
to them denote “flow lines”, and the label next to the arrow
is a flow-time integration variable (see Ref. [15] for details).
The diagrams were produced with FeynGame [20].

CALCULATION OF THE MATCHING MATRIX

For the calculation of the matching matrix ζ(t) we use
the method of projectors [18, 19]. This means that we
define a set of matrix elements

P
(i)
j [X] = 〈0|X|i, j〉

∣∣∣∣
p=m=0

, (18)

with i ∈ {0, 1, 2} and j ∈ {1, 2}, such that

P
(i)
j [O(i′)

j′ ] = δii′δjj′ , (19)

where we remind the reader of the unified notation for
physical and evanescent operators defined in Eq. (12).
In general, the projectors could also involve derivatives
w.r.t. masses and/or external momenta, but this is not
the case for the set of operators considered here. Since all

external mass scales are set to zero in Eq. (18), it is suf-
ficient to satisfy Eq. (19) at tree-level, because all higher
perturbative orders on the l.h.s. vanish in dimensional
regularization.

The external states |i, j〉 are understood to project onto
left-handed spinors only. Adopting an anti-commuting γ5

thus eliminates all γ5’s from the traces at any order in
the calculation [11].

The bare matching matrix is obtained by applying the
projectors to Eq. (11):

ζ
B,(ii′)
jj′ (t) = P

(i′)
j′ [Õ(i)

j (t)] , (20)

where the index notation should be self-explanatory.1

Due to the fact that we restrict ourselves to the case
where all four quark flavors in the operator are different,
the Feynman diagrams contributing to the r.h.s. of this
equation are obtained by dressing the generic tree-level
diagram in Fig. 1 (a) by virtual gluons and closed quark
loops. Sample diagrams are shown in Fig. 1 (b) and (c).

For the actual evaluation of the diagrams, we adopt the
setup based on q2e/exp [21, 22] described in Ref. [15].
Specifically, we generate the Feynman diagrams with
qgraf [23, 24], apply the projectors, perform the traces,
and simplify the algebraic expressions within FORM [25–
27], and reduce the resulting Feynman integrals to mas-
ter integrals with the help of Kira+FireFly [28–31]. The
master integrals are the same as those found in Ref. [4].

RESULTS

CMM basis. Performing the calculation and renor-
malization as described in the previous sections, we find
for the physical components of the renormalized match-
ing matrix through NNLO in QCD:

(ζ−1)11(t) = 1 + as

(
4.212 +

1

2
Lµt

)
+ a2

s

[
22.72− 0.7218nf + Lµt (16.45− 0.7576nf) + L2

µt

(
17

16
− 1

24
nf

)]
,

(ζ−1)12(t) = as

(
−5

6
− 1

3
Lµt

)
+ a2

s

[
− 4.531 + 0.1576nf + Lµt

(
−3.133 +

5

54
nf

)
+ L2

µt

(
−13

24
+

1

36
nf

)]
,

(ζ−1)21(t) = as

(
−15

4
− 3

2
Lµt

)
+ a2

s

[
− 23.20 + 0.7091nf + Lµt

(
−15.22 +

5

12
nf

)
+ L2

µt

(
−39

16
+

1

8
nf

)]
,

(ζ−1)22(t) = 1 + 3.712 as + a2
s

[
19.47− 0.4334nf + Lµt (11.75− 0.6187nf) +

1

4
L2
µt

]
,

(21)

with as = αs(µ)/π and Lµt = ln 2µ2t + γE, where αs
is the strong coupling renormalized in the MS scheme

1 For the sake of clarity, let us point out that ζ
(00)
jj′ ≡ (ζOO)jj′ .

with nf quark flavors, µ the renormalization scale, and
γE = 0.577 . . . Euler’s constant. For the sake of compact-
ness, we set nc = 3 and TR = 1

2 , and replaced transcen-
dental coefficients by floating-point numbers. Analytical
coefficients for a general SU(nc) gauge group are included
in an ancillary file accompanying this paper.
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Several observations support the correctness of this
result. First of all, the literature expression for the
renormalization matrix Z defined through Eqs. (14)
and (15) [11, 32, 33] not only eliminates all UV diver-
gences from the matching matrix, but also nullifies its
EO component, see Eq. (17). Furthermore, we per-
formed the calculation in Rξ gauge and found the result
to be independent of the gauge parameter ξ. Yet another
check concerns the switch to a different basis as described
in the following.

Non-mixing basis. It may be useful in physical ap-
plications to transform our result into the so-called non-
mixing basis, defined such that the anomalous dimension
matrix for the operators is diagonal. The physical oper-

ators in that basis read

O± =
1

2

[(
ψ̄α1 γ

L
µψ

α
2

)(
ψ̄β3 γ

L
µψ

β
4

)
±
(
ψ̄α1 γ

L
µψ

β
2

)(
ψ̄β3 γ

L
µψ

α
4

)]
(22)

with the color indices α, β. The definition of the evanes-
cent operators as well as the transformation matrices
w.r.t. the CMM basis are provided in Ref. [34] through
NNLO.2 We can easily evaluate the results in that basis
by applying the corresponding transformation to the bare
results for the projections obtained through Eq. (18) and
then performing the renormalization in complete anal-
ogy to the calculation for the CMM basis. Alternatively,
the transformation can be done at the level of the renor-
malized results by taking into account the required finite
renormalization given in Ref. [34] to restore the renor-
malization scheme in the new operator basis [11]. The
fact that both ways lead to the same result and that the
physical matching matrix ζ(t) between the MS renormal-
ized and the flowed operators turns out to be diagonal in
this basis is another strong check on our results. We find

ζ−1
++ = 1 + as

(
2.796− 1

2
Lµt

)
+ a2

s

[
14.15− 0.1739nf + Lµt (6.509− 0.4798nf) + L2

µt

(
− 9

16
+

1

24
nf

)]
,

ζ−1
−− = 1 + as (5.546 + Lµt) + a2

s

[
32.01− 0.9524nf + Lµt(21.23 − 0.8965nf) + L2

µt

(
15

8
− 1

12
nf

)]
,

(23)

where the same notation as in Eq. (21) is adopted.3

Again, analytical results are provided in the ancillary
file.4

We note in passing that the matching matrix also de-
termines the small-t behavior of the flowed operators
through the equation [9]

t∂tÕ(t) = γ̃(t)Õ(t) , γ̃(t) = (t∂tζ(t))ζ−1(t) . (24)

These equations hold in any basis, of course.

2 Note that the entry 8032
75

in the matrix V̂ in Eq. (B.5) of Ref. [34]

(Eq. (A.8) in the arXiv version) should read 8032
25

.
3 An immediate comparison of this result to the NLO expression

of Ref. [10] is not possible, because the latter is obtained in the
DR scheme.

4 Since the non-mixing basis in Ref. [34] was constructed for nc =
3, we also insert this value for ζ−1

++ and ζ−1
−− in the ancillary file,

and in addition set TR = 1
2

. A non-mixing basis for general nc

could be easily constructed from our results though.

THE EFFECTIVE HAMILTONIAN IN THE
GRADIENT-FLOW FORMALISM

Inverting the small-flow-time expansion (SFTX) in
Eq. (11), one can write the Hamiltonian as

Heff � −
4GF√

2
VCKM

∑
n

C̃n(t)Õn(t) , (25)

where the flowed Wilson coefficients are given by

C̃n(t) =
∑
m

CR
m ζ
−1
mn(t) , (26)

with ζ(t) ≡ ζOO(t) the physical part of the matching ma-
trix, and CR

n =
∑
m Cm(Z−1)mn the renormalized regu-

lar Wilson coefficients. It is important to evaluate CR

and ζ−1(t) in the same renormalization scheme, includ-
ing the treatment of γ5. The flowed coefficients C̃(t), on
the other hand, are scheme and renormalization scale in-
dependent (up to higher orders in perturbation theory).

For |∆F | = 1 processes, the Wilson coefficients CR
m in

the CMM basis for the Standard Model (SM) can be found
in Refs. [33, 35] through NNLO. Thus, when neglecting
penguin contributions, re-expanding the r.h.s. of Eq. (26)
through NNLO using the results for ζ−1(t) above, directly
gives the flowed Wilson coefficients to the same order.
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For |∆F | = 2 processes, the physical basis reduces to
just one operator due to a Fierz identity. In this case,
the SM Wilson coefficient is known through NLO [36],
with two contributions for kaon mixing known through
NNLO [37, 38].

CONCLUSIONS AND OUTLOOK

We calculated the matching matrix of the current-
current operators in the electroweak effective Hamilto-
nian to their flowed counterparts through NNLO QCD.
We presented the results in the CMM and the non-mixing
bases and performed a number of checks on their cor-
rectness. Our results can directly be applied to K- or
B-meson mixing, for example. Their generalization, in
particular the inclusion of penguin operators, is work in
progress.
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vitsch, Comput. Phys. Commun. 266, 108024 (2021),
arXiv:2008.06494 [hep-ph].

[30] J. Klappert and F. Lange, Comput. Phys. Commun. 247,
106951 (2020), arXiv:1904.00009 [cs.SC].

[31] J. Klappert, S. Y. Klein, and F. Lange, Comput. Phys.
Commun. 264, 107968 (2021), arXiv:2004.01463 [cs.MS].

[32] P. Gambino, M. Gorbahn, and U. Haisch, Nucl. Phys. B
673, 238 (2003), arXiv:hep-ph/0306079.

[33] M. Gorbahn and U. Haisch, Nucl. Phys. B 713, 291
(2005), arXiv:hep-ph/0411071.

[34] A. J. Buras, M. Gorbahn, U. Haisch, and U. Nierste,
JHEP 11, 002 (2006), [Erratum: JHEP 11, 167 (2012)],
arXiv:hep-ph/0603079.

[35] C. Bobeth, M. Misiak, and J. Urban, Nucl. Phys. B 574,
291 (2000), arXiv:hep-ph/9910220.

[36] G. Buchalla, A. J. Buras, and M. E. Lautenbacher, Rev.
Mod. Phys. 68, 1125 (1996), arXiv:hep-ph/9512380.

[37] J. Brod and M. Gorbahn, Phys. Rev. D 82, 094026
(2010), arXiv:1007.0684 [hep-ph].

[38] J. Brod and M. Gorbahn, Phys. Rev. Lett. 108, 121801
(2012), arXiv:1108.2036 [hep-ph].

http://gepris.dfg.de/gepris/projekt/386986591
http://gepris.dfg.de/gepris/projekt/396021762?language=en
http://p3h.particle.kit.edu/start
mailto:harlander@physik.rwth-aachen.de
mailto:fabian.lange@kit.de
https://doi.org/10.1007/JHEP08(2010)071
http://arxiv.org/abs/1006.4518
https://doi.org/10.1093/ptep/ptt059
http://arxiv.org/abs/1304.0533
https://doi.org/10.1093/ptep/ptu070
http://arxiv.org/abs/1403.4772
http://arxiv.org/abs/1403.4772
https://doi.org/10.1140/epjc/s10052-018-6415-7
https://doi.org/10.1140/epjc/s10052-018-6415-7
http://arxiv.org/abs/1808.09837
https://doi.org/ 10.1093/ptep/ptz001
http://arxiv.org/abs/1812.06444
https://doi.org/10.1103/PhysRevD.102.014510
https://doi.org/10.1103/PhysRevD.102.014510
http://arxiv.org/abs/2005.00251
https://doi.org/10.1093/ptep/ptaa184
http://arxiv.org/abs/2011.10292
http://arxiv.org/abs/2111.11449
https://doi.org/10.1007/JHEP08(2020)109
https://doi.org/10.1007/JHEP08(2020)109
http://arxiv.org/abs/2007.01057
https://doi.org/ 10.1103/PhysRevD.102.034508
http://arxiv.org/abs/2006.06999
http://arxiv.org/abs/2006.06999
https://doi.org/10.1016/S0550-3213(98)00131-X
https://doi.org/10.1016/S0550-3213(98)00131-X
http://arxiv.org/abs/hep-ph/9711280
https://doi.org/10.1016/0550-3213(90)90223-Z
https://doi.org/10.1016/0550-3213(90)90223-Z
https://doi.org/10.1007/JHEP04(2013)123
http://arxiv.org/abs/1302.5246
http://arxiv.org/abs/1302.5246
https://doi.org/10.1007/JHEP02(2011)051
http://arxiv.org/abs/1101.0963
https://doi.org/ 10.1007/JHEP06(2019)121
http://arxiv.org/abs/1905.00882
https://doi.org/10.1016/0370-2693(91)90680-O
https://doi.org/10.1016/0370-2693(91)90680-O
https://doi.org/10.1016/0550-3213(95)00474-7
http://arxiv.org/abs/hep-ph/9412375
https://doi.org/10.1016/0370-2693(83)91439-9
https://doi.org/10.1016/0370-2693(83)91439-9
https://doi.org/10.1016/0550-3213(87)90283-5
https://doi.org/10.1016/0550-3213(87)90283-5
https://doi.org/10.1016/j.cpc.2020.107465
https://doi.org/10.1016/j.cpc.2020.107465
http://arxiv.org/abs/2003.00896
http://arxiv.org/abs/2003.00896
https://doi.org/10.1016/S0370-2693(98)00220-2
http://arxiv.org/abs/hep-ph/9712228
http://arxiv.org/abs/hep-ph/9905298
https://doi.org/10.1006/jcph.1993.1074
https://doi.org/10.1016/j.nima.2005.11.151
http://arxiv.org/abs/math-ph/0010025
https://doi.org/10.1016/j.cpc.2012.12.028
http://arxiv.org/abs/1203.6543
https://doi.org/10.1142/S0217751X99000038
http://arxiv.org/abs/hep-ph/9802376
http://arxiv.org/abs/hep-ph/9802376
https://doi.org/10.1016/j.cpc.2018.04.012
https://doi.org/10.1016/j.cpc.2018.04.012
http://arxiv.org/abs/1705.05610
https://doi.org/10.1016/j.cpc.2021.108024
http://arxiv.org/abs/2008.06494
https://doi.org/10.1016/j.cpc.2019.106951
https://doi.org/10.1016/j.cpc.2019.106951
http://arxiv.org/abs/1904.00009
https://doi.org/10.1016/j.cpc.2021.107968
https://doi.org/10.1016/j.cpc.2021.107968
http://arxiv.org/abs/2004.01463
https://doi.org/10.1016/j.nuclphysb.2003.09.024
https://doi.org/10.1016/j.nuclphysb.2003.09.024
http://arxiv.org/abs/hep-ph/0306079
https://doi.org/10.1016/j.nuclphysb.2005.01.047
https://doi.org/10.1016/j.nuclphysb.2005.01.047
http://arxiv.org/abs/hep-ph/0411071
https://doi.org/ 10.1007/JHEP11(2012)167
http://arxiv.org/abs/hep-ph/0603079
https://doi.org/10.1016/S0550-3213(00)00007-9
https://doi.org/10.1016/S0550-3213(00)00007-9
http://arxiv.org/abs/hep-ph/9910220
https://doi.org/10.1103/RevModPhys.68.1125
https://doi.org/10.1103/RevModPhys.68.1125
http://arxiv.org/abs/hep-ph/9512380
https://doi.org/10.1103/PhysRevD.82.094026
https://doi.org/10.1103/PhysRevD.82.094026
http://arxiv.org/abs/1007.0684
https://doi.org/10.1103/PhysRevLett.108.121801
https://doi.org/10.1103/PhysRevLett.108.121801
http://arxiv.org/abs/1108.2036

	The effective electroweak Hamiltonian in the gradient-flow formalism
	Abstract
	 Introduction
	 Operator basis
	 Flowed operators
	 Small-Flow-Time Expansion
	 Calculation of the matching matrix
	 Results
	 The effective Hamiltonian in the gradient-flow formalism
	 Conclusions and outlook
	 Acknowledgments
	 References


