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Abstract

We revisit the inclusive J/ψ and Υ(1S ) photoproduction at lepton-hadron colliders, namely in the limit when the exchange
photon is quasi real. Our computation includes the next-to-leading-order (NLO) αs corrections to the leading-order contri-
butions in v. Similarly to the case of NLO charmonium-hadroproduction processes, the resulting cross sections obtained in
the MS factorisation scheme are sometimes found to be negative. We show that the scale-fixing criteria which we derived in
a previous study of ηc production successfully solves this problem from the EicC all the way up to the FCC-eh energies. In
turn, we investigate where both J/ψ and Υ photoproduction could be used to improve our knowledge of gluon densities at
scales as low as a couple of GeV.
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1. Introduction

Inclusive production of quarkonia in hadron-hadron and
lepton-hadron collisions is a potential rich source of infor-
mation on the hadron structure. As such, it has been thor-
oughly studied both experimentally and theoretically (see
[1–6] for reviews). Yet, the mechanisms underlying their in-
clusive production are still not an object of consensus within
the community. This in turn does not comfort one to em-
ploy cross-section measurements to extract information on
the gluon structure of the proton.

In a recent study [7], we have however shown that the
large-PT inclusive J/ψ photoproduction data can be ac-
counted for by the Colour-Singlet Model (CSM) [8–10],
i.e. the leading-v contribution of Non-Relativistic QCD
(NRQCD) [11]. In the photoproduction limit, a quasi on-
shell photon hits and breaks a proton to produce the J/ψ
usually along with at least a recoiling hard parton. This
limit has been studied in detail at HERA [12–18] to deci-
pher the quarkonium-production mechanisms and then to
probe the gluon content of the proton (see e.g. [19]). As
expected, photoproduction indeed seems to be more eas-
ily understandable than hadroproduction [6]1. It is also be-
lieved that quarkonium production in lepton-proton colli-
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1At high energies, the hadronic content of the photon can be “resolved”

during the collisions. Resolved-photon – proton collisions are very similar

sions could be used to measure Transverse Momentum De-
pendent gluon distributions (see e.g. [20–23]).

Owing to the presence of an electromagnetic coupling,
photoproduction cross sections are smaller than hadropro-
duction ones which calls for large luminosities to obtain
large enough quarkonium data sets. As such, the PT reach
of J/ψHERA data is limited to barely 10 GeV, there is quasi
no data on ψ′ and none on the Υ.

In the present analysis, we focus on the PT -integrated
yields which was surprisingly seldom studied at HERA. In-
deed most of the inclusive data set have been selected with
the minimal PT of 1 GeV. This cut however introduces a
strong sensitivity on the PT spectrum of the cross section
in a region where it is not necessarily well controlled. By
itself, such a yield is not directly connected to the total num-
ber of J/ψ produced for which we believe the theory predic-
tions to be more robust. One reason for such a cut is prob-
ably the difficulty to obtain numerically stable NLO results
when they appeared [24, 25]2. In fact, as we will discuss,
these were probably due to the appearance of large nega-
tive NLO contributions which we will address here along
the same lines as our recent study on ηc production [27].

Moreover, such PT -integrated cross sections will be eas-
ily measurable at high energies with a very good accu-
racy at the planned US Electron-Ion Collider (EIC) [28],

to those for hadroproduction and are interesting of their own. We will
however disregard them in the present discussion and they can be avoided
by a simple kinematical cut on low elasticity values, z. Along the same
lines, exclusive or diffractive contributions can be also avoided by cutting
z close to unity.

2In particular, we note the reference [48] of [26].
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but also at future facilities such as the LHeC [29] or FCC-
eh [30], thus in a region where the gluon PDFs are not well
constrained. Measurements at lower energies at AMBER-
COMPASS++ [31], the EicC [32] would then rather probe
the valence region, which could happen to be equally inter-
esting.

In our study, like in the previous one [7], we will focus on
the aforementioned CSM [9], corresponding to the leading-
v contribution in NRQCD whose NLO QCD corrections are
in principle known since the mid nineties [24, 25]. As we
revisited in [7], the impact of QCD corrections to J/ψ in-
clusive photoproduction steadily grows when PT increases.
This can be traced back to the more favourable PT scal-
ing of specific real-emission contributions. The same has
been observed in several quarkonium-hadroproduction pro-
cesses, including those of spin-triplet vector quarkonia [33–
39] (denoted Q). On the contrary, one expects, at low PT , a
more subtle interplay between the contribution of these real
emissions near the collinear region and the loop corrections.
This has for a long time been understudied. We thus aim at
discussing it here in detail.

The structure of our Letter is as follows. Section 2 out-
lines our methodology to compute vector-quarkonium in-
clusive photoproduction cross sections at NLO accuracy in-
cluding a discussion of the reason for negative NLO cross
sections and our proposed solution. Section 3 gathers our
prediction for future measurements the lepton-hadron col-
liders along with a discussion of the corresponding theoret-
ical uncertainties. Section 4 gathers our conclusions.

2. J/ψ and Υ photoproduction up to one-loop accuracy

2.1. Elements of kinematics

We will consider the reaction γ(Pγ)+p(Pp)→ Q(PQ)+X
where the photon γ(Pγ) is emitted by an electron e(Pe). Let
us then define sep = (Pe + Pp)2 ≈ 4EeEp + m2

p (Ee(p) is
the electron (proton) beam energy, mp is the proton mass)
and sγp = W2

γp = (Pγ + Pp)2. We can then introduce xγ
as Pγ = xγPe such as sγp = xγsep. As announced, in the
present study, P2

γ ' 0.
Diffractive contributions are suppressed for increasing

PT and away from the exclusive limit, i.e. when the quarko-
nium carries nearly all the photon momentum. A cut on
PQT is usually sufficient to get rid of them, which we do
not wish to apply here. One can however cut on a variable
called elasticity, defined as z =

PQ ·Pp

Pγ ·Pp
. z indeed corresponds

to the fraction of the photon energy taken by the quarko-
nium in the proton rest frame, with the proton momentum
defining the z axis. It can be rewritten as z =

2 Ep mT

W2
γp ey in

terms of the quarkonium rapidity y (with y and Ep being
defined in the same frame) and the quarkonium transverse

mass, mT =
√

M2
Q + P2

QT with MQ being the quarkonium
mass. Such diffractive contributions are known to lie at
z → 1 [12]. At low z, resolved-photon contributions can
appear as important where only a small fraction of the pho-
ton energy is involved in the quarkonium production. At

HERA, they had a limited impact [1, 12]. At lower ener-
gies, like at the EIC, their impact should be further reduced.
On the contrary, at the LHeC or FCC-eh, their impact might
be sizable even at moderate z. Nonetheless, their modelling
requires a good control of the contributions from gg and
gq channels. However, our understanding of the very same
channels in inclusive quarkonium hadroproduction, espe-
cially at low PT [6], is clearly limited. When comes the
time for the building of these future lepton-hadron colliders,
it will be needed to re-evaluate the impact of the resolved-
photon contributions at low z and high energies. For the
time being, we simply note that imposing a lower bound on
z would not alter our conclusions at all, precisely because it
does not correspond to the low-x region in the proton.

2.2. The Colour-Singlet Model

As aforementioned, there is no agreement on which
mechanism is dominant in quarkonium production. The
most popular approaches are: the Colour-Singlet Model
(CSM) [8–10], the Colour-Evaporation Model (CEM) [40,
41] and the Non-Relativistic QCD (NRQCD) [11], whose
leading-v contribution is the CSM for S -wave quarkonia.
These mechanisms mainly differ in the way they describe
hadronisation.

The factorisation approach of the CSM is based on con-
sidering only the leading Fock states of NRQCD. In the
CSM, there is no gluon emission during the hadronisation
process, and, consequently, the quantum state QQ does not
evolve during the binding. Thus, spin and colour remain
unchanged.

With a projection operator, which associates a γ5 matrix
to pseudo-scalars (ηc, ηb) and γµ to vectors (J/ψ, Υ(1S )),
we can use the Feynman graphs to compute the perturbative
amplitude to produce the QQ pair. As we impose the QQ
relative momentum p = (pQ − pQ̄)/2 to vanish, the spin
projector on a vector state can be written as:

N(λ|si, s j) =
1

2
√

2mQ
v̄
(

PQ
2
, s j

)
ελµγ

µu
(

PQ
2
, si

)
, (1)

where s1 and s2 are the heavy-quark spins, mQ is the heavy-
quark mass, ελµ is the polarisation vector of a quarkonium
with a polarisation λ, and the total quarkonium momentum
is PQ = pQ + pQ̄.

The matrix elementM to produce a vector state Q + {k},
where {k} is a set of final state particles, from the scattering
of the partons ab in CSM is:

M(ab→ Q + {k}) =
∑

s1,s2,i,i′

N(λ|s1, s2)
√mQ

δii′

√
Nc

R(0)
√

4π
×

×M(ab→ Qs1
i Q̄s2

i′ (p = 0) + {k}),

(2)

where δii′/
√

Nc is the projector onto a CS state and
M(ab → QQ̄ + {k}) is the amplitude to create the corre-
sponding heavy-quark pair. When one then sums over the
heavy-quark spins, one obtains usual traces which can be
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evaluated without any specific troubles. In fact, such a com-
putation can be automated at tree level as done by HELAC-
Onia [42, 43]. In the present case of inclusive photoproduc-
tion of a vector Q, there is a single partonic process at Born
order, αα2

s , namely γg→ Qg (se Fig. 1a). In principle, one
could also consider γQ → QQ at the same order, but we
have shown it to be small at low PT [7].

The value of R(0), the Q radial wave function at the
origin in the configuration space, can be in principle ex-
tracted from the leptonic decay width computed likewise
in the CSM. The latter is known up to NLO [44] since the
mid 70’s, up to NNLO since the late 90’s [45, 46] and up
to N3LO since 2014 [47]. However, as discussed in Ap-
pendix A, the short-distance amplitude receives very large
QCD radiative corrections which translate into significant
renormalisation and NRQCD-factorisation scale uncertain-
ties. These essentially preclude drawing any quantitative
constraints on R(0) from the leptonic decays width.

In principle, we should thus associate to it a specific theo-
retical uncertainty which is however supposed to only affect
the normalisation of the cross sections. In what follows, we
will employ a similar value as Krämer [25], 1.25 GeV3 for
the J/ψ and 7.5 GeV3 for the Υ(1S ). As for the masses, we
will use mc = 1.5 GeV and mb = 4.75 GeV. Let us recall
that within NRQCD MQ = 2mQ.

Fig. 1a displays one of the six Feynman diagrams for
inelastic Q photoproduction at LO (αα2

s). At this order,
only photon-gluon fusion contributes. After averaging over
colour/helicities of the initial gluon/photon the amplitude
squared computed according to Eq. (2), one obtains the av-
eraged amplitude squared (see e.g. [9, 25])3 :

∣∣∣M(0)
γg

∣∣∣2 =
αα2

s(µR)e2
Q

M2
Q

|R(0)|2

4πM3
Q

384π3M6
Q×

×
ŝ2(ŝ − M2

Q)2 + t̂2(t̂ − M2
Q)2 + û2(û − M2

Q)2

(ŝ − M2
Q)2(t̂ − M2

Q)2(û − M2
Q)2

,

(3)

with the partonic Mandelstam variables in the photon-
proton center-of-mass (c.m.) frame:

ŝ = (Pγ + xPp)2 = xsγp,

t̂ = (PQ − Pγ)2 = M2
Q −
√

sγpmT ey,

û = (PQ − xPp)2 = M2
Q − x

√
sγpmT e−y,

(4)

where x is the longitudinal momentum fraction of the pro-
ton carried by the parton.

The partonic cross section can then be obtained from:

dσ̂(0)
γg

dt̂
=

1
16πŝ2

∣∣∣M(0)
γg

∣∣∣2. (5)

Doing so, the hadronic cross section is readily obtained
by folding dσ̂(0)

γg with the corresponding PDFs and, if rel-
evant, summing over the parton species. Generically, one

3LO contributions will be labelled with an exponent 0 in parenthesis
and the NLO with 1.

Q

(a)

Q

(b)

Q

(c)

Q

(d)

Q

(e)

Q

(f)

Q

(g)

Q

(h)

Figure 1: Representative Feynman diagrams for inelastic Q photoproduc-
tion contributing via CS channels at orders αα2

s (a), αα3
s (b,c,d,e,f,g,h).

The quark and anti-quark attached to the ellipsis are taken as on-shell and
their relative velocity v is set to zero.

indeed has:

dσγp(sγp,m2
Q) =

∑
i=g,q,q̄

∫
dx fi(x, µF)dσ̂γi. (6)

where µF is the factorisation scale, fi(x, µF) is the PDF that
gives the probability that a parton i carries a momentum
fraction x of the parent proton. At LO, dσ̂γi identifies to
dσ̂(0)

γg .

2.3. The NLO corrections and their divergences
At order αα3

s , two categories of new contributions arise.
Those from the real emissions represented by Fig. 1b,1c,
1d, 1e and from virtual emissions (or loops) represented by
Fig. 1f, 1g, 1h. Specific topologies of the former category
benefit from PT /MQ enhancement factors which make them
leading at large PT . This for instance justifies to employ the
NLO? approximation [7]. When PT is integrated over, a
priori all these contributions should be accounted for. Such
a computation was first carried out by Krämer [24] in the
mid 1990’s. We will briefly outline now what it amounts to.

As usual, one critical feature of such NLO computations
in collinear factorisation [48] is the appearance of various
types of singularities. In order to tackle these, one usually
resorts to dimensional regularisation whereby one shifts the
dimensions from d = 4 to d = 4 − 2ε, and the singularities
of the various divergent contributions appear as poles in ε.
This helps us to achieve their cancellations when all the con-
tributions are summed (after factorisation, renormalisation
and the phase-space integration).

Both virtual and real emissions are sources of diver-
gences. The latter only exhibit low-energy, infrared (IR)
ones. These are of two types: soft and collinear. The
soft ones arise from the emission of a massless gauge bo-
son with vanishing energy. The real-emission contributions
indeed involve an additional particle and the divergences
appear after the phase-space integration. Such soft singu-
larities should match those of the virtual-emission contri-
butions and cancel. From the latter, also called loop cor-
rections, one can indeed distinguish (high-energy) ultravio-
let (UV) and IR singularities. The former can be removed

3



via the procedure of renormalisation4. The latter cancel the
aforementioned soft singularities from the real emissions.
See [50] for a recent textbook on such matter.

On the other hand, collinear divergences arise when one
cannot distinguish two massless particles, with an angle be-
tween them close to zero. Those from final-state emissions
disappear when the phase space is integrated over accord-
ing to the KLN theorem [51, 52]. On the contrary, initial-
state ones remain because the initial states are fixed by
the kinematics of collinear factorisation and, consequently,
are not fully integrated over. These singularities are ab-
sorbed inside the MS-renormalised PDFs via the process-
independent Altarelli-Parisi Counter Terms (AP-CT). This
kind of divergences, on which we will elaborate further, is
thus specific to collinear factorisation. These AP-CT intro-
duce a µF dependence in the partonic cross section, which
would, in an all-order computation, cancel that introduced
by the PDF scale evolution governed by the DGLAP equa-
tion. As for the renormalisation scale, µR, it appears via
the running of αs and the renormalisation of the UV diver-
gences, as usual.

Gluon radiations from a massive quark (Fig. 1b) do not
generate any collinear divergences, only soft ones. For the
present process, such a soft divergence does not appear be-
cause the contributions from the heavy quark and antiquark
cancel for p = 0 and colour-singlet S -wave QQ̄ states. For
the diagrams of Fig. 1c and Fig. 1d and similar, the emis-
sion of a soft or collinear gluon/quark attached to the initial
gluon/(light) quark generate divergences. The diagrams de-
picted in Fig. 1e also exhibit both soft and collinear singu-
larities which should disappear after integration according
to the KLN theorem.

2.4. The cross section in terms of scaling functions
For our analysis, we have found useful to employ the

NLO cross-section decomposition in terms of scaling func-
tions derived by Krämer [25]. Using FDC [36, 53], we have
reproduced his results (scaling functions as well as hadronic
cross sections) and, with the appropriate parameter choices
and kinematical cuts, those of [54].

Indeed, the advantage of considering PT - and z-
integrated cross sections is that the hadronic photoproduc-
tion cross sections can be recast in terms of a simple convo-
lution of the PDF and scaling functions of a single scaling
variable5. This allows one to outline the structure of the re-
sult to better understand some specific behaviour (like the
scale dependencies discussed in the previous section, hence
the importance of negative contributions to the cross sec-
tion) of the NLO yield. This formulation is also useful be-
cause it allows one to vary economically parameters like the
c.m. energy, the heavy-quark mass, the renormalisation and
factorisation scales.

4For inclusive quarkonium production, one usually resorts to the on-
shell (OS) renormalisation scheme for the gluon/quark wave functions and
for the heavy-quark mass, and the MS-scheme renormalisation for the cou-
pling, see e.g. [25, 49].

5In what follows, we will show them as a function of ŝ and mQ but they
can equally be written as a function of η = ŝ/4m2

Q − 1.

Along the lines of Krämer [25], we express the partonic
cross section as6:

σ̂γi(ŝ,m2
Q, µR, µF) =

αα2
s(µR)e2

Q

m2
Q

|R(0)|2

4πm3
Q

×

×

[
c(0)
γi (ŝ,m2

Q) + 4παs(µR)
{

c(1)
γi (ŝ,m2

Q) + c(1)
γi (ŝ,m2

Q)ln
M2

Q
µ2

F

+
β0(nl f )

8π2 c(0)
γi (ŝ,m2

Q) ln
µ2

R

µ2
F

}]
,

(7)
where i = g, q, q, β0(nl f ) = (11Nc − 2nl f )/3, with nl f the
number of active (light) flavours. The scaling functions are
shown on Fig. 2. c(0)

γg arises from the αα2
s (LO) γg contribu-

tions, while c(1)
γg and c(1)

γg from the αα3
s (NLO) γg contribu-

tions and c(1)
γq and c(1)

γq from the αα3
s (NLO) γq contributions.

c(1)
γg encapsulates contributions7 from both real- and virtual

emissions. If it had contained only virtual contributions, it
would scale like c(0)

γg and eventually vanish at large ŝ. This
implies that the asymptotic value of c(1)

γg entirely comes from
the real emissions. c(1)

γg only includes real emissions and
comes along with an explicit µF dependence from the AP-
CT. The last term, whose form is generic, comes from the
renormalisation procedure. The hadronic cross section is
then obtained according to Eq. (6).
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(0)

cgγ
(1)

cgγ
(1)

CA/CF cqγ
(1)

 CA/CF cqγ
(1)

Figure 2: Scaling functions as function of
√

ŝ, where CA = 3, CF = 4/3.

Already at this stage, we can note then that, at large ŝ, the
NLO cross section will be proportional to ln(M2

Q/µ
2
F) and

a process-dependent coefficient, c(1)
γi (ŝ → ∞,m2

Q), which
only comes on the real-emission contributions, like for ηQ

hadroproduction [27].
Fig. 3 shows the √sγp-dependence of σγp for J/ψ pho-

toproduction integrated over z < 0.9 and PT , for different
choices of µR and µF among MJ/ψ × (0.5, 1, 2), using the

6The scaling functions were derived in the MS factorisation scheme.
Here c(1) and c(1) correspond to −c(1) and c(1) + ln 4c(1) defined by
Krämer [25].

7To be exact, the corresponding term should in principle exhibit a n f
dependence from γg → Qqq̄. The difference between the case J/ψ and
Υ(1S ) would be from γg → Qcc̄ with mc = 0 which can safely be ne-
glected.
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CT18NLO PDF set [55] and with a 20% feed-down contri-
bution from ψ′ decay (as in [7]). We expect the b feed down
on the PT -integrated yields to be on the order of 5% and we
do not include it as it can be experimentally removed.

10
0

10
1

10
2

10
3

 10  100  1000

J/ψ photoproduction
CT18NLO, z < 0.9
MJ/ψ=2mc = 3 GeV

20% FD (ψ ′→ J/ψ)

|RJ/ψ    (0)|
2
=1.25 GeV

3

σ
γp

 [
n
b
]

√sγp [GeV]

LO:   (ξR,ξF)=(1.0,0.86)
NLO:   (ξR,ξF)=(1.0,0.86)

(ξR,ξF)=(0.5,0.5)
(ξR,ξF)=(1.0,0.5)
(ξR,ξF)=(1.0,2.0)

(ξR,ξF)=(2.0,2.0)
(ξR,ξF)=(0.5,1.0)
(ξR,ξF)=(1.0,1.0)
(ξR,ξF)=(2.0,1.0)

Exp. data

Figure 3: LO and NLOσγp as a function of √sγp for J/ψ photoproduction
for different scale choices (with the notation ξR,F ≡ µR,F/MJ/ψ) compared
with experimental data: H1 [25], FTPS [56], NA14 [57].

The long dashed grey curve is the LO cross section for
µR = MQ and µF = 0.86 MQ. We have checked that it
remains positive for any µR and µF scale choice which is
expected provided that the PDFs are positive. It happens
to reasonably account for the available experimental val-
ues if one notes that the theoretical uncertainties from the
scales, the mass and R(0) (not shown) are significant. All
other curves represent the NLO cross section for different
scale choices. In two cases, the NLO cross section be-
comes negative as sγp increases. As for Υ(1S ), the cross
section remains positive in the considered energy range for
any realistic scale choice, like for ηb hadroproduction up to
100 TeV [27]. Let us now discuss the origin of such an un-
physical behaviour for J/ψ photoproduction and propose a
solution to it.

2.5. A new scale prescription to cure the unphysical be-
haviour of the NLO quarkonium photo-production

From the above discussion, there can only be two sources
of negative partonic cross sections: the loop amplitude via
interference with the Born amplitude and the real emissions
via the subtraction of the IR poles from the initial-emission
collinear singularities. As we will argue now, the latter sub-
traction is the source of the negative cross section which
we have just uncovered. As it was mentioned before, such
divergences are removed by subtraction into the PDFs via
AP-CT and the high-energy limit of the resulting partonic
cross section takes the form:

lim
ŝ→∞

σ̂NLO
γi ∝

log
M2

Q
µ2

F

+ Aγi

 , Aγg = Aγq, (8)

where Aγi = c(1)
γi (ŝ→ ∞,m2

Q)/c(1)
γi (ŝ→ ∞,m2

Q) are the coef-
ficients of the finite term of NLO cross section in the high-
energy limit. As can be seen from Fig. 2, Aγi is negative

for z < 0.9, i.e. −0.29. It is also clear from Fig. 2 that
Aγg = Aγq.

Unless µF is sufficiently smaller than MQ in order to
compensate Aγi, lim

ŝ→∞
σ̂NLO
γi is negative, like for ηQ [27] and

it is another clear case of oversubtraction by the AP-CT. In-
deed, in this limit, the virtual contributions are suppressed;
only the real emissions contribute via their square. As such,
they can only yield positive partonic cross sections before
the subtraction of the initial-state collinear divergences. The
sole source of negative contribution is therefore the AP-CT.

In principle, the negative term from the AP-CT should be
compensated by the evolution of the PDFs according to the
DGLAP equation. Yet, for the µF values on the order of the
natural scale of these processes, the PDFs are not evolved
much and can sometimes be so flat for some PDF parametri-
sations that the large ŝ region still significantly contributes.
This results in negative values of the hadronic cross sec-
tion. Indeed, Aγg and Aγq are process-dependent, while the
DGLAP equations are process-independent, which neces-
sarily makes the compensation imperfect. A solution to this
problem is [27] to force the partonic cross section to van-
ish in this limit, whose contribution should in principle be
damped down by the PDFs.

According to this prescription, one needs to choose µF

such that lim
ŝ→∞

σ̂NLO
γi = 0. It happens to be possible since

Aγg = Aγq. This amounts to consider that all the QCD cor-
rections are in the PDFs [27]. From Eq. (8), we have:

µF = µ̂F = MQeAγi/2 = MQexp

 c(1)
γi (ŝ→ ∞,m2

Q)

2c(1)
γi (ŝ→ ∞,m2

Q)

. (9)

Using the scaling function of Fig. 2 when one fully
integrates over PT and over z < 0.9, one gets µ̂F =

0.86MQ.From now on, all our results will be shown with
this value of the factorisation scale.

On Fig. 4, one can see the LO (in blue) and NLO (in
red) µR dependence of σγp for J/ψ photoproduction, still
using CT18NLO and integrated over PT and over z < 0.9,
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at two values of √sγp = 20 GeV (short and long dash-
dotted lines) and √sγp = 100 GeV (solid and dashed lines).
In both cases, the µR sensitivity is drastically reduced at
NLO. However, one notes that at the higher energy, for
µR ∼ MJ/ψ, σNLO

γp is twice smaller than σLO
γp (see the ar-

rows by the y axis). This is due to a large negative con-
tribution from the loops (see the negative dip in the c(1)

γg in
Fig. 2). Since the LO and NLO cross section are however
similar for µR ∼ 2MJ/ψ, the question of the natural scale
of the process naturally arises. In fact, as the Born process
is γg → Qg, it appears reasonable to consider

√
ŝ rather

than MQ. A quick LO computation shows that
√
〈ŝ〉 ranges

from 4 GeV at low hadronic energies up to even 10 GeV at
high hadronic energies. In what follows, we thus consider
µR within the range [2.5 : 10] GeV for J/ψ and, for Υ(1S ),
µR ∈ [8 : 32] GeV.

3. Results

Having discussed our methodology, let us now present
and analyse our results for J/ψ and Υ(1S ) photoproduction
cross sections computed at NLO with the µ̂F prescription.
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Figure 5: (a) σγp dependence on √sγp, (b) ∆σγp/σγp dependence on
√sγp for J/ψ inclusive photoproduction with the µR and the PDF uncer-
tainties
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Figure 6: (a) σγp dependence on √sγp, (b) ∆σγp/σγp dependence on
√sγp for Υ(1S ) inclusive photoproduction with the µR and the PDF un-
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On Fig. 5 and Fig. 6, we have plotted (a) the
cross sections σγp and (b) its (scale and PDF)8 rel-
ative uncertainty as functions of √sγp for respec-
tively J/ψ and Υ(1S ) photoproduction for different
PDF sets: CT18NLO [58], MSHT20nlo as118 [59],
NNPDF31 nlo as 0118 hessian [60]. Let us first discuss
Fig. 5a. The LO cross section (grey hatched band) rela-
tively well describes the experimental data points in red.
One notes that the NLO µR uncertainty (red hatched band)
is reduced compared to the LO one, as expected from Fig. 4.
The PDF uncertainty at NLO from CT18NLO is shown by
the blue hatched band. At large √sγp, which corresponds to
the low-x region in the proton, it naturally grows and even-
tually becomes larger than the µR uncertainty. Even though
it is not an observable physical quantity, we note that with
our present set-up (scheme and scale choice) the relative
contribution from the γq fusion channel is relatively con-
stant and close to 5% from 20 GeV and above, about 95%
then comes from γg fusion.

8We note here that the mass and R(0) uncertainites are highly kinemat-
ically correlated and essentially translate into a quasi global offset. This
thus why we focus on both the µR and PDF uncertainties.
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The increase of the PDF uncertainty is even more visi-
ble on the relative uncertainty plots9, Fig. 5b, which dis-
plays the PDF uncertainties via two curves, dashed blue
for CT18NLO, dotted magenta for MSHT20nlo as118 and
dot-dashed orange for NNPDF31 nlo as 0118 hessian for
µR = 5 GeV. Above 200 GeV, these are clearly larger than
the µR one which slightly grows above 50 GeV. This is due
to the on-set of the negative contributions from the loop
corrections (see below). As for the Υ(1S ) case, shown on
Fig. 6, the reduction of the µR uncertainty at NLO is fur-
ther pronounced while the PDF and µR uncertainties remain
similar.
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Figure 7: (a) σep as a function of √sep, (b) ∆σep/σep as a function of
√sep for J/ψ inclusive photoproduction with its µR and PDF uncertainties.

In the J/ψ case, it is clear that it will be important to
have at our disposal computations at NNLO accuracy. As
Krämer noted [25] long ago, the “virtual+soft” contribu-
tions, encapsulated in c(1), are significantly more negative
than for open heavy-flavour production [62]. He suggested

9For the µR relative uncertainty, we computed it as ±(σmax
γp −

σmin
γp )/(σmax

γp + σmin
γp ), where σmax/min

γp is the maximum/minimum values
of σγp obtained by varying µR in the quoted range. For the PDF uncertain-
ties, we used the normalised upper and lower PDF uncertainties [61] for
µR = 5 GeV for J/ψ and µR = 16 GeV for Υ(1S ).

that this destructive interference with the Born order am-
plitude could be due to the momentum transfer of the ex-
changed virtual gluon, more likely to scatter the QQ̄ pair
outside the static limit (p ' 0). At NNLO, these one-loop
amplitudes will be squared, the two-loop amplitudes will in-
terfere with the Born amplitudes and the amplitudes of the
one-loop corrections to the real-emission graphs will also
interfere with the real-mission amplitudes. Unless the latter
two are subject to the same strong destructive interference
effect, one might expect relatively large positive NNLO cor-
rections bringing the cross section close to the upper limit
of the LO range and then in better agreement with existing,
yet old, data.

At NNLO, we also expect a further reduction of the µR

uncertainties. This is particularly relevant especially around
50 − 100 GeV, which corresponds to the EIC region. This
would likely allow us to better probe gluon PDFs using pho-
toproduction data. Going further, differential measurements
in the elasticity or the rapidity could provide a complemen-
tary lever arm in x to fit the gluon PDF, even in the presence
of sub-leading v colour-octet contributions. Indeed, these
would likely exhibit a very similar dependence on x. As we
will see later, the expected yields at future facilities, in par-
ticular for charmonia, are clearly large enough to perform
such differential measurements.

Let us now look at electron-proton cross sections as func-
tions of √sep for J/ψ (Fig. 7) and Υ(1S ) photoproduction
(Fig. 8). To obtain them, Eq. (7) was convoluted with the
corresponding proton PDFs and a photon flux from the elec-
tron. We have used the same photon flux as in [7], where
the Weizsäcker-Williams approximation was used:

fγ/e(xγ,Q2
max) =

α

2π
×

×

1 + (1 − xγ)2

xγ
ln

Q2
max

Q2
min(xγ)

+ 2m2
e xγ

 1
Q2

max
−

1
Q2

min(xγ)

 ,
(10)

where Q2
min(xγ) = m2

e x2
γ/(1−xγ) and me is the electron mass.

On Fig. 7 and Fig. 8, the same colour code and the same
parameters than for Fig. 5 and Fig. 6 have been used. For
σep, one can see the same trends for the µR and PDF uncer-
tainties as forσγp. It is only at the LHeC energies and above
that one could expect to constrain better the PDF uncer-
tainty with such total cross section measurements unless we
have at our disposal NNLO computations with yet smaller
scale uncertainties.

In Table 1, we provide estimations of the expected num-
ber of J/ψ and Υ(1S ) possibly detected at the different ep
c.m. energies of planned experiments. As it can be seen,
the expected yields are always very large for J/ψwhich will
clearly allow for a number of differential measurements in z,
y or √sγp. These could then be used to reduce the impact of
partially correlated theoretical uncertainties, from the scales
and the heavy-quark mass affecting these photoproduction
cross sections, in order to bring about some additional con-
straints on the PDFs at low scales, in particular the gluon
one. For Υ(1S ), the yields should be sufficient to extract
cross sections at the EIC, LHeC and FCC-eh even below
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Figure 8: (a) σep as a function of √sep, (b) ∆σep/σep as a function of
√sep for Υ(1S ) inclusive photoproduction with its µR and the PDF uncer-
tainties.

Exp. √sep L (fb−1) NJ/ψ NΥ(1S )

EicC 16.7 100 1.5+0.3
−0.2 · 106 2.9+1.4

−1.8 · 100

AMBER 17.3 1 1.6+0.3
−0.3 · 104 < 1

EIC 45 100 8.5+0.5
−1.0 · 106 7.8+0.9

−1.1 · 102

EIC 140 100 2.5+0.1
−0.4 · 107 9.7+0.3

−0.9 · 103

LheC 1183 100 9.3+2.9
−2.9 · 107 1.0+0.05

−0.1 · 105

FCC-eh 3464 100 1.6+0.2
−1.0 · 108 2.3+0.1

−0.3 · 105

Table 1: Expected number of detected quarkonia at NLO at different √sep
(in GeV) corresponding to future facilities (using CT18NLO, µR = 5 GeV
for J/ψ and µR = 16 GeV for Υ(1S ), µF = µ̂F ) for εdetect = 85% via the
decay channels to µ+µ− and e+e−, namely εJ/ψ

`+`−
≈ 0.1, and εΥ(1S )

`+`−
≈ 0.04.

their nominal luminosities.

One can also estimate the expected number of detected
ψ′, Υ(2S ), Υ(3S ) using the following relations

Nψ′ = 0.08 × NJ/ψ,

NΥ(2S ) = 0.52 × NΥ(1S ),

NΥ(3S ) = 0.4 × NΥ(1S ),

(11)

derived from the values of10 |RQ(0)|2 and of the branch-
ing fractions to leptons. Using the values in Table 1
and Eq. (11), one can see that the yield of ψ′ should be
measurable everywhere and the yields of Υ(2S ) and Υ(3S )
close to about half of that of Υ(1S ) should be measurable
at the EIC, LHeC and FCC-eh. The proximity between the
Υ(nS ) yields follows from their similar |RQ(0)|2 and lep-
tonic branchings.

4. Conclusions

In this work, we have revisited the inclusive photopro-
duction up to NLO for J/ψ and Υ(1S ) at lepton-proton
colliders. To this end, we have computed the PT - and z-
integrated σep and σγp.

Like for other charmonium production processes [27, 63,
64], we have observed the appearance at NLO of nega-
tive total cross section which we attribute to an oversub-
traction of collinear divergences into the PDF via AP-CT
in the MS scheme. We applied the µ̂F prescription pro-
posed in [27], which up to NLO corresponds to a resum-
mation of such collinear divergences in High-Energy Fac-
torisation (HEF) [65]. Expressing this integrated cross sec-
tion in terms of scaling functions exhibiting its explicit µR

and µF scale dependencies, we have found that, for z < 0.9,
the optimal factorisation scale is µ̂F = 0.86MQ which falls
well within the usual ranges of used values. Like for ηc

hadroproduction, such a factorisation scale prescription in-
deed allows one to avoid negative NLO cross sections, but
it of course in turn prevents one from studying the corre-
sponding factorisation-scale uncertainties.

We have seen that the NLO µR uncertainties get re-
duced compared to the LO ones but slightly increase around
50 GeV, because of rather large (negative11) interferences
between the one-loop and Born amplitudes. As afore-
mentioned, these ”virtual+soft” contributions are signifi-
cantly more negative than for open heavy-flavour produc-
tion. While Krämer suggested that the difference could stem
from the static limit (p ' 0) specific to the non-relativistic
quarkonia, from which one easily departs when gluon ex-
changes occur, it will certainly be very instructive to have
NNLO computations to see whether such one-loop ampli-
tudes squared would bring the cross section back up close
to the LO one or whether the interference between the two-
loop and the Born amplitudes and between the real-virtual
and the real amplitudes would be also negative and large. In
any case, it is reasonable to expect a further reduction of the
µR uncertainties compared to the NLO results.

Then, we have qualitatively investigated the possibility
to constrain PDFs using future J/ψ and Υ(1S ) photopro-
duction data. We have seen, unsurprisingly, that PDF un-
certainties get larger than the (NLO) µR uncertainties with

10These relations were estimated using |Rψ′ (0)|2 = 0.8 GeV3,
|RΥ(2S )(0)|2 = 5.0 GeV3 and |RΥ(3S )(0)|2 = 3.4 GeV3.

11Let us stress that unless µR is taken very small with a large αs(µR),
these negative contributions are not problematic, unlike the oversubtraction
by the AP-CT.
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the growth of the γp c.m. energy, in practice from around
300 GeV, i.e. for x below 0.01. Although this is above the
reach of the future EIC, we hope that with NNLO predic-
tions at our disposal in the future, with yet smaller µR uncer-
tainties, one could set novel constraints on PDFs with such
EIC measurements. Given our estimated counting rates for
100 fb−1 of ep collisions, we expect that a number of differ-
ential measurements will be possible to reduce the impact of
highly or even partially correlated theoretical uncertainties,
including the contamination of higher-v corrections such as
the colour-octet contributions.

Strictly speaking our predictions for J/ψ and ψ′ only re-
gard the prompt yields. An evaluation at NLO of the beauty
production cross section points at a feed-down fraction at
the 5% level. Given the larger size of the other uncertain-
ties and the possibility to remove it experimentally, we have
neglected it. In general though, it will be useful to have a
dedicated experimental measurements at the EIC at least to
measure the beauty feed down. It may become more signif-
icant at low z where the resolved-photon contribution could
set in at high √sep, like we have seen [7] it to become the
dominant source of J/ψ at large PT .
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Appendix A. Leptonic width and R(0)

Up to NNLO, one has [45, 46] (for µNRQCD = mQ):

Γ`` =
4πα2e2

Q f 2
Q

3M2
Q

, fQ =

√
3

πMQ
|R(0)|2×1 − 8

3
αs(µR)
π
−

(
44.55 − 0.41nl f

) (αs(µR)
π

)2 ,
(A.1)

where nl f is the number of active light flavours,

α is the electromagnetic coupling constant, αs is the
strong interaction coupling, MQ is the Q mass, eQ is the
magnitude of the heavy-quark charge (in units of the elec-
tron charge). In Table A.2, we have gathered the resulting
radial part of the Schrödinger wave function at the origin
of the configuration space at LO, NLO and NNLO for J/ψ
and Υ(1S ), which were computed from Eq. (A.1) with the
measured value of Γ`` [66].

αs |RJ/ψ(0)|2LO |RJ/ψ(0)|2NLO |RJ/ψ(0)|2NNLO

[0.18,0.34] 0.56 [0.80,1.33] [1.12,13.5]

αs |RΥ(0)|2LO |RΥ(0)|2NLO |RΥ(0)|2NNLO

[0.16,0.2] 5.1 [7.0,7.7] [9.0,11.9]

Table A.2: Values of R(0)2 in GeV3 extracted from the corresponding lep-
tonic widths [66] at LO, NLO and NNLO.
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