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Abstract

Coefficient functions of the operator product expansion of correlators of HQET
heavy-light quark currents are calculated up operators of dimension 4 up to to
3 loops.

1. Heavy—light currents and their correlators in HQET

QCD problems with a single heavy quark @ having momentum P = Mv+p
(M is its on-shell mass, v? = 1) can be described by heavy quark effective
theory [I] (HQET, see, e.g., [2, B, 4]) if its characteristic residual momentum
is small (p < M), and characteristic momenta of light quarks and gluons are
also small. QCD operators are expanded in 1/M, the coefficients are HQET
operators of corresponding dimensionalities. For example, QCD heavy-light
quark currents at the leading order in 1/M are equal to the matching coefficients
times the HQET heavy-light currents. These matching coefficients are known
at 2 [5 [6] and 3 loops [7]. Anomalous dimensions of all HQET heavy-light
currents are the same and known at 2 [8], 9] [T0] and 3 loops [I1]. Correlators such
currents at small distances can be calculated using operator product expansion
(OPE); coefficient functions of operators up to dimension 3 are known up to 2
loops [12} 13, 14]. The (G?) contribution vanishes at 1 loop; the (G®) one is
known at 1 loop [I2]. Contributions of quark condensates up to dimension 8

Email addresses: konstantin.chetyrkin@partner.kit.edu (K. G. Chetyrkin),
A.G.Grozin@inp.nsk.su (A.G. Grozin)

Preprint submitted to Elsevier November 30, 2021



are known at tree level [12] [I5]. Here we calculate the perturbative contribution
expanded up to m* (m is the light-quark mass) and condensate contributions
up to dimension 4 at 3 loops. The perturbative spectral densities of correlators
of some QCD heavy-light currents with m = 0 in the threshold region at 3
loops were calculated [16]; they are related to the HQET spectral density by
the corresponding matching coefficients.

If our heavy quark is b, there are 2 different HQETSs: with ¢ quark and
without it. The heavy-light HQET currents in these 2 theories are related by
the decoupling coefficient, which known up to 3 loops [I7]. The HQET current
in HQET with c is related to the QCD currents by the matching coefficients. In
this paper we shall work in HQET without ¢ quarks. There are n; = 3 dynamic
flavors (u, d, s) and the static b quark.

At the leading order in 1/M the heavy-quark spin does not interact with
gluon field. We may rotate it at will without affecting physics (heavy-quark
spin symmetry [I8]). We may even switch it off (superflavor symmetry [19]).
We shall use the effective theory of a scalar static antiquark. This particle has
no antiparticle; its field ¢* contains only annihilation operators. Its coordinate-
space free propagator in the v rest frame is 6(Z)So(2?) where So(t) = —if(t).
The momentum-space propagator So(p) = 1/(p® + i0) does not depend on p.
Static-quark lines cannot form loops.

We consider the current

jo =500 = Zj(as(p))i(k) - (1)
The correlator of 2 currents in the v rest frame
(Tjo()70(0)) = &(F)My(2) (2)

is non-zero only for 20 > 0 (the symbol T is superfluous: the product 75(0)jo(x) =
0). The momentum-space correlator

/ a4 (Tjo ()0 (0)) P = TIo(3°) (3)

does not depend on p. They are related by the 1-dimensional Fourier transform

o0 —+o0
Ty (w) = /0 ATl (t)e™t | Tho(t) = / W (w)e—t (@)

oo 2T

The correlator Iy (w) has a cut from 0 to +oco, the discontinuity gives the spectral
density
1 . .
po(w) = o [o(w +i0) — Tlp(w — 40)] . (5)

The correlator is expressed via the spectral density by the dispersion represen-
tation:

Mo(w) = i /wm (1) = (1) Omdwpow)em. (6)



We can analytically continue Iy (¢) from ¢ > 0 to t = —i7, 7 > 0 and obtain the
Euclidean correlator

/ deo po(w)e ™" (7)

The spectral density can be reconstructed from it by the inverse Mellin transform

a-+1i00
pie) =5 [ drmome, ®)

27TZ —ioo

where a is to the right from all singularities of TIo(7).
Borel transform of the correlator II(w) is often used in sum rules. In HQET
it is defined by

(9)

k—oc0 k! dw

BpF(w) = lim ()t (d> kF(w)

w=—Fk

It is equivalent to the correlator in imaginary time II(7). For example, for the
function

F _ BpF e
= .t i = .
W =Gy 1t PeFl) = oy
The Fourier transform (4) of F(w) is
YN G
F(t) = i0(t i(v—i0)t
(1) = i0(8) e
its analytical continuation from the half-axis ¢ > 0 to the half-axis ¢t = —ir,
T>01is
Tn—l
F — —vT
(1) ZF(n) e
Therefore, X
Bpll(w) = —ill(r = 1/E). (10)

The static-antiquark propagator in a gluon field is § (%1 —%o)So (29 —29)[z1, 7o),

where
1

[#1,%0] = Pexp [igo/x dl'uAg(I)] (11)

is the Wilson line in the antiquark representation, the integral is taken along
the straight line from x( to x;. Therefore, the correlator can be written as

Io(t) = {go(vt)[vt, 0]0(0)) . (12)

0

We can consider a more general object [20]

Fo(z) = {(qo(z)[z,0]7(0)) , (13)

where x is not necessarily timelike. The bilocal vacuum average

(20(0)[0,2]Tq(z)) = = Tr['Fy(x), (14)



where [0, z] is the Wilson line in the quark (fundamental) representation, and
I' is a Dirac matrix.

The correlator of the MS renormalized currents j(u) still contains ultraviolet
(UV) divergences when ¢t = 0. Subtracting these divergences we obtain the
renormalized correlator II(¢; 1). The dispersion representation should contain 3
subtractions:

< d
I(w; p) = —zw3/ e ples M +chw
o —

e3(e —w — i0)

o0
TI(t; 1) = 0(2) / d plw; p)e=i" + Z e (1) (15)
0 n=0
Divergences of the correlator of renormalized currents are in subtraction terms
in : in coordinate space they are at ¢ = 0, in momentum space they are
polynomial in w. More exactly, in dimensional regularization only cy contains
1/e™ divergences, whereas power divergences in ¢g 1 are not seen in this scheme.
The renormalized spectral density is simply given by po(w) = Z7 (as (1)) p(w; ).
The correlator has 2 Dirac structures

II=A+Byp. (16)
It is convenient to introduce the currents with definite parities P = +1:

1+ Py .
5

Jp = (17)

Their correlators are

1+ Py

Pllp 5

P
where IIp = P(A+ PB) = T Tr(1 4 Py)II (18)
(we shall see soon why it is convenient to introduce the factor P here).
For sufficiently large —w the operator product expansion (OPE) is valid

= ZC’i(w;u)(Oi(M», (19)

where O; are all possible operators. If the ¢ mass is small, we can include
operators with powers of m () in the set O; and calculate the Wilson coefficients
C; treating ¢ as massless. Then the terms with even-dimensional O; have Dirac
structure 9, and those with odd-dimensional O; have the structure 1.
Currently we are in the world where the aEtiquark Q has quantum numbers
1 1

0. Then S-wave Q¢ mesons have j©” = 1", and P-wave ones 5 and 3

. + .
The currents j+ have quantum numbers of % mesons (currents with quantum
numbers of mesons with j > % necessarily involve derivatives, we don’t consider
them). The matrix elements of our currents are

Oljp(u)|M) = F(p)u, (20)



where the meson states are normalized as

(M, 5"|M,p) = (2m)°6(p" — p) (21)

in the v rest frame, and u is the Dirac wave function of the %P meson M
satisfying $u = Pu and normalized as utu = 1. The contribution of the meson

M to the correlator Ilp and its spectral density pp is
Ty (1) = [FPPe"Y6(t), () = [F?e™",

i|F|? -
M) = T purle) = [FPS — 8), (22)
where A is the residual energy of this meson. If there are several mesons with
given quantum numbers, we get sums of contributions ; sums become inte-
grals in the continuum spectrum.

Now let’s switch on the spin (and parity) %_ of the static antiquark Q (still
at M = o00). The static antiquark is now described by the field h satisfying
hy = —h. The free propagator of this field contains the extra factor (1 — #)/2
as compared to the scalar case. The currents are

jro = hol'qo; (23)

in the v rest frame the set of independent Dirac structures I' is 1, 4%, ~ylindl,
Alind~Akl where square brackets mean antisymmetrization. Instead of this set,
we can use 1, 1V, 41 4HV4t where viV is the 't Hooft-Veltman vs. In
HQET renormalized currents with the anticommuting 'ysAC coincide with the
corresponding currents with vV, because their anomalous dimensions are the
same [5] (contrary to the QCD case). Therefore, in the following we shall just

use 5. The correlator of j;" and js is

0
T, (24)

2

H12 =-—"Tr fl

where II is the correlator with the scalar static antiquark, and minus comes from
the fermion loop. The Dirac matrices I' either commute or anticommute with
7% T? = —P4°T. Both I'1 » must have the same P (otherwise the correlator
vanishes), and

1 _
H12 = _HP§ Tr F1F2 . (25)

The same formula works for the spectral densities.

S-wave mesons with light-fields quantum numbers j© = %+ become de-
generate doublets 0=, 17; P-wave ones with j© = %_, %_ form degenerate
doublets 07, 17 and 17, 27. The currents with I' anticommuting with 7° (s,
4% P = +1) have quantum numbers of the S-wave 0=, 1~ mesons (j° = %+);

those with I' commuting with 4" (1, y57%: P = —1) have quantum numbers of

the P-wave 07, 1 mesons (5 = %7) The spectral density of correlator of



P Iy Iy IT;2
oo 2l
R

1 1 o0

57 sy’ 2I16Y

+1

-1

Table 1: Correlators of currents with spin % heavy antiquark

the currents with quantum numbers of 0F mesons is 2p+, and for 1T mesons it
is 2p.6% (Table |1} eq. (25)); this is the reason why we introduced the factor P
in ) A 0~ meson contribution to the spectral density is |Fy— |[26(w — A); for
1~ onme it is |F}-|?6Y6(w — A), where

(0[h759/07) = Fo- (1), (0lh5q[1™) = F1-(n)e (26)

(€ is the polarization vector of the 1~ meson). Therefore
Fo-(u) = Fy-(u) = V2F (p) (27)

(this is an example of the heavy-quark spin symmetry). The case of 0%, 1T
mesons is similar.
Usually the relativistic normalization of one-particle states is used:

AM, P'|M, P), = (2r)*2P°5(P' — P) (28)

(it becomes meaningless when the meson mass M — oo, and thus is not usable
in HQET; in the meson rest frame |M). = v2M|M)). The spin-symmetry
result can be written in a completely Lorentz-invariant way:

7 _ 14y ~vs for 0~
(0|RDg|M ), = VMF(u) TeTM, M = — X { Sl

PM = —Mp =M. (29)

For example (P* = Mv* is the meson momentum)

Ol #q07), = 22 P (ofisaloy = 27 ar,
el = 22 e (Rl ) = 2 e — ),
Similarly, for 07, 17 mesons (7 =1")
M:ljx{;ﬁé ggi . M =Mp=-M. (30)

Of course, phases of |M) states (and hence of M) can be redefined.



The vacuum average for a general (timelike or spacelike) x has 2 Dirac
structures

1

Fo(z) = 1 [Fs(a®) — igFy (2%)]

_ T,
Fs(2*) = (a(0)[0,alq(@)),  Fv(2?) = —(a(0)[0, ali¢q(w)) . (31)
In HQET z = vt, and the scalar functions Fs - have positive argument 2% = ¢2.
If z is spacelike, the argument x? is negative. When we analytically continue

HQET results to t = —iT, we obtain Fs y of negative argument —72.

2. Perturbative contribution

Perturbative contributions to the correlator are shown in Fig.[l} the one-loop
diagram; one of three two-loop ones; and two examples of three-loop diagrams.

We use integration by parts (IBP) to reduce three-loop diagrams to master
integrals with the C++ progranﬂ FIREG6 [24]. Generation of Feynman diagram
was done with QGRAF [25] and evaluation of color factors with the FORM [26]
package COLOR [27].

There are three non-trivial master integrals. Two of them are known exactly
as hypergeometric functions with e: [28] and [23] 29]; for the last one, only a few
terms of the £ expansion are known [I6], but this is sufficient for our purpose.
This IBP procedure and the master integrals are reviewed in [30].

Figure 1: Perturbative contributions to the correlator.

The renormalized perturbative correlator is

N. [ 1 Qg 2
HP(T;M):772{27_3[1+CF4W{6LT+4<3+2>}
g\ 2 40 8 52 153

%s 1812 + (=72 +43 )L, — —rt+ 4+ —
+OF(47T) {CF|:87.+<37T+ 3) 8<3+457T+37T+ 3

'We have also used the Mathematica program LiteRed 1.4 [21, 22] and the REDUCE
package Grinder [23] for testing purposes and the identification of the master integrals.



8 5 6413
+Ca [22L2 ( w2+ 75) L, —104¢ — —7* — —7? ]

45 27" T
16 589
—T%n{8L +4( 7>LT 82y = oo 2+h3}}}

71-
P—|1 120, + 4 —
+ 12 |: +CF l: + 3 >:|

8 52 233
+CF(Z) {C’F{72L2+2( T +71> —20(3 +ZSW 42 . 2+4}

1 4981
46@[44L2 i;(%f 2y 205)1%116g355ﬂ443 2 98}

45 27" 36
8 /4 16 401
—Ten [16L2 + - 7% + 17 )L, — 3203 — — 7% + —
Fnz{67+3<37r+7) = 32(3 5T+ 9]”

2

ZL[HGCF S (3L, +1)

s 2, (16 - _ 32 4 2, 507
+CF(47T) {CF{162LT+<37T +109>LT—|—4O§3 FECRE L

4 4 2789
C4l66L2 — —125 )L, —22¢3 — —mt — 72+ 2=
’ A[ T (37T ) ST Y

22

Zm% 0\ 2 w2
3
+P[L +CF{12L2+10L —2(37r —3)}

8
a s o802 450 12 76 5, 249
+r (52) {CF[%LTH(J +59)LT+(16<3 ot L,
26 4 40 , 91}

64
— 140Gs + Gy + 134G — e’ — o+ o

88 2 97 889
Ca|—=L3 - Z(27* — 161 16 2 — L.
+ [3 527 JLr ( GrYT T
277 o 4357}

2 ,
+ 60<5 — 77-(- Cg + 89(3 - 5 27 79

32 . 104 16 80 , 245
-T L34 —1? -2 =7m® =71 |0, +32¢G — —=m% + —
F”l[s 3 3(3 7) 326 = o7 g

2

N Pm(z mf) CpTr (%)2 <6LT + % _ ;)

17 8 , 45
- [LT +CF{18L2—2 T—§772+ 2]
a, s (16 5 259 212, | 4155
+Cp (47r) {CF[186LT+<37T o)+ (166 - S+ = )L
20 4113, 10609}

— 2 R —
420Gs + 647G + 351G — ' — 7w 32



154 4 2 2
Fo[B (e ) (o 2 B

3 3 2 9 " 8
483 64801
180C5 — 20m2Cs + 179C; — — 2
56 64 235 32 6137
—Tpny | L3 +2L% — [ —7% — == |L + 64 —r? -
F”l[s * (977 2) Ol T Ty

2
m? Z TCFTF (GL + )

o ®ony, w6
1 TCFTF(M) 3 4 —3s-oty

+ 0w’ ) (32)

where o = a{™) (1), m = m(™) () is the mass of the quark ¢ in our current ,

m; = mgnl)(,u) are all light-flavor masses (see the last diagram in Fig. , and

MT@’YE

L, =log (33)

The coefficient functions Ci,» () with n = 0, 1, 2 satisfy simple renormal-

ization group (RG) equations (while m? mixes with gg, and m* mixes with mgq
and G2, Sect. . Its solution is

2
Crn ~ eXP{47T( 2v0L: +¢1) + (%i) [—2B0v0L2 = 2(71 — Boc1) Ly + ¢2]

+ 0<a§>} = 29 — ks o= —6C(n+1). (34)

Here

dlogZ, ~ 1
’Ya(as): di)Ogg/J, TLz::'Yan (7>n+ (a:jv m)v

_ ldlog Z, n+tl
ﬂ(as)—§ dlog p Zﬂn( ) '

Our results for n = 0, 1, 2 satisfy this condition.
The renormalized spectral density of the OPE terms having dimensionalities
< 2is

<2, . N, 4,
Pp (,u):p 4 l—Cp 6L, w—gm 1T

a, ) (40, 8 4, 103 , 1173
+OF(47T) {CF[18LW (3 +97)Lw 8o+ o' o
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s\ 2 8 109 16 39 507
2 (—) 102 — (a2 4 22\ L 200, — gt = 2002
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2 125 2 2789
Ca|33L2 Sa? - 2Ly, — 116G — —nt —6n® 4
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22
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2 2 @\, 3
*g(zmi)CFTF (E) (m*—6)+0(2) ¢ (35)
where )
L, =log = (36)
"

Terms up to two loops agree with [I2]; the remaining ones are new. Multiplying
the leading m° term in the HQET spectral density by the corresponding
matching coefficients [5] 6], we reproduce the leading §° terms in the 3-loop
QCD spectral densities (10), (14) in [16].

3. Quark and gluon condensates (dimensions 3 and 4)

Some 0-, 1-, and 2-loop diagrams for the quark condensate contribution
are shown in Fig. Starting from 2 loops (the last diagram in the figure)
contributions proportional to the singlet sum Y m;(g;¢;) appear. Our result for
the coordinate-space correlat01E| is

(qq)

«Q
qa (. —_Pp S
HP(T,IM) = 4 {1+6CF47T

2We have used the well-known method of projectors [3T), [32] for computation of various
condensate contributions (a similar method was used in [33] [34]).
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Figure 2: Quark-condensate contributions to the correlator.
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where (gg) is renormalized at u. The terms up to 2 loops in the dimension-3
contribution agree with [12].

Finiteness of the renormalized coefficient function Cy, provides an indepen-
dent confirmation of 2v; —vz,4 at 3 loops [11]. This anomalous dimension vanishes
at 1 loop; 75 = —7m, hence Cgq has the structure with n = —1. We need
one more term:

Caq ~ exp{clj; + (%)2 [—2(m1 — Boc1)Lr + 2] (38)
+ (%)3 [—4B0(m1 — Bocr) L2 — 2(72 — 2Bocz — Brc1) Ly + c3] + O(aﬁ)} ,

where v, = 279;% + Ymk, 70 = 0. Hence the «;, term contains no L., the az one
contains L1, etc.

The dimension-3 operators O3 = (m3,m Y. m?2,qq
ization group equation [35], 36, [37, [38]

)T satisfy the renormal-

i0, 3Ym 0 0

+7303 =0, 3= 0 3vm O ) (39)
dlog p Y Y Ym
N, Qs
—_l9 Ds
7 A2 { +8Cr 4

+ Cr[Cp(96¢3 — 131) — C4(48¢5 — 109) — 20TFny | (Z‘—;)Q + O(ai)} ,

Qs

N,
’:24—CC’T(
Y 2 FlF I

2
) +0(?).

Therefore, the coefficient functions C3 = (Cy,3, C,, S m2; qu)T satisfy the renor-
malization group equation

dCsz  0Cs
dlogp  OL,

0Cs
dlog a

-2p = (7 —27)Cs. (40)

The dimension-4 operators mQO3 satisfy the renormalization group equation sim-
ilar to but with the anomalous dimension 3 + 7,,. Hence we obtain

_68LT 2 alozas 2% - 3%: Cms = 7Cqq

:5i7 B Qﬂalo?; s +275 = 37’”: szm? =7'Cqq,

: aiT - Zﬁﬁloigas + 27 — 4%: Crnt = YComaq »

:aiT % moigas 2% - 4%: Oz m2 = 7' Cimgq -

Our results (32), satisfy these equations.
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Figure 3: One-loop gluon condensate contribution.

It is well known that the gluon condensate contribution vanishes at 1 loop.
In the fixed-point gauge the static quark does not interact with gluons, and
the only remaining diagram is shown in Fig. But the G? correction to the
massless quark propagator S(z,0) vanishes after vacuum averaging [39]. The 2-
and 3-loop contributions are
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3CA Fnl[3<37r 3) T 6(3 2771' + 9 :|}}, ( )
where G* = G%,G*". The anomalous dimension of this operator is [40, 41}, 42]
dp
= -2 42
Va2 leg o ) ( )
and hence the coefficient function must have the structure
Con~ (%) 14 % 28 o) Le + 40D} (43)
4 4 J s

Our result satisfies this condition.
The flavor-singlet dimension-4 operators Oy = (3. mf, (>3- m?)%, > m;q:qi,
G?)T satisfy the renormalization group equation [35, 36, 37, [38]

dOy
dlog u

+704 =0, (44)
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Ay 0 0 0

0 A5 m 0 0
Y4 = v A 0 0
__dy _ d'Y/ dym -9 as
dlog as dlog as dlog as dlog as

and the corresponding coefficient functions Cy = (Cs~ 1,1, Crs~ m2y2, O migiqi
Cg2)T — the equation

dC4 T
= — . : 4
dlog i (72 7j)Clu s (45)
hence,
[0 dry
) %y — Ay | O s = YO oo — — i
| 0L, ﬂalogas T2y } Ymi = TYEmidia dlog o G
[0 0 dr'
98— oy —dy.|C O o Cen
_an— ﬁalogas + i Y :| (Em3)2 v > miqiqs dlogas G?
[0 0 dYm
—o8— o O ne = .
| OL, 5810g0¢s + %] 2 mididi dloga, ¢

The second equation here is satisfied trivially, because C(s~,,2y2 = O(a?). Our
results , 137), satisfy these equations.
4. Higher-dimensional condensates
The tree diagram in Fig. 2] can be written exactly in z = vt:
I19(t) = i0(t)(q(vt)[vt, 0]4(0)) . (46)

It is expressed via the bilocal quark condensate [43] which has 2 Dirac structures:

(o) 01a(0)) = — 92 | fsa) — 2 py a2)| (47)

Its expansion in z via local quark condensates is known up to dimension 8 [15].
We use the bases of local condensates [44]

Q= (qa), Q =iaGuno"q), Q°=(a)q),

Q1 = (GGwG"™q), QF =i(qGuwG" vsq)

Q% = (qGnG 0" q), Qf =i(qD,J,0"q),

A =i(gDoDsD, Dstv[ Y1y gy,

QY = i{ql[Gux, GMI v, DMy gy, Q5 = —(allGux, GMo), DMy 54)
Q3 = i(q[PG, G* gy,  QF = (GD*Jq),

Q8 = i(q(Guw, J"1Vq), Qb = (GG, T 47" 54) (48)
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where G, = gGi,t, Ju = gJgt®, Jj = DVGS, = 9> Gyvut®Gis Opw = Vs

operators containing é;w = %sWPGGP" and 5 = %5aﬁ,y5»ya7377»y5 are un-
derstood as short notations for the expressions from which both ¢ tensors are
eliminated using e"""7engys = —4!5{3 62(55 (53’]. The anomalous condensate A

does not vanish in the MS scheme; it is a finite combination of dimension-8
gluon condensates [44].

We obtain the contribution of bilinear quark condensates up to dimension 8
to the correlator at the tree level

1 T : 2 J1 .

H‘IZJ(T) = 4{PQ3 — ngd — PTd {2625 _ m2Q3]
7’ Lo 3 s 303
+3wl(d+2)[2Q +5m@ —3m Q}

T4 3 .
+Pm {3QZ—2@;—3Q§+QZ—2mQ6—3m2Q‘)+3m4Q3}
7 58 1os 18 8 8

T Bldd+2)(d+4) {514— @3+ Q8 — 5@ - 3Q8 +5Q¢

+5m(3Q] — QF — 3Q% + QF) — 15m*(Q° + m@Q® — mgQ?’)}
+ 0(76)} ) (49)

The terms up to dimension 7 at m = 0 agree with [12].

5. Conclusion

The results obtained here can be used for extracting numerical values of Fp
(and hence fp = fp+, fp./fp and similar quantities for 0, 1T mesons) and
]\p (and hence mp, —Mmp, Mp(o+) — MB, MB_(0+) — MB(0+), mb) from HQET
sum rules (1/my corrections should be calculated separately).

For sufficiently small 7 the correlator IIp(7; ) is given by the truncated
OPE series

Me(rip) = [ dopfwie ™ + T (rin) (50)
0

where the coefficient functions are known as truncated series in as. On the
other hand, we can represent it as

o0
Ip(r;p) = / dw pp(w; pe T, (51)
0
where the spectral density is given by the ground-state meson contribution

plus the continuum of excited states. We can use the rough model of the con-
tinuum contribution [45]

pp(wi 1) = |Fp () ?6(w — Ap) + p52 (@i w)B(w — wep), (52)
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where w.p is the effective continuum threshold. Equating these two expressions,
we obtain the sum rule

_ wep
FrPe 7 = [ dopr e e 1 . 69
0

It is approximately valid at sufficiently large 7, where the continuum contribu-
tion is small, and the uncertainty introduced by its rough model is not essential.
If there is a window of 7 where both conditions are satisfied, we can use this
sum rule to extract an approximate value of Fp(u).

Differentiating in 7 and dividing by we obtain the sum rule for the
ground-state residual energy

A, Jo " dw P Wi pwen T — U (i) dr
Jo'o" dew p? (ws e + 11572 (75 1)

(54)

The continuum thresholds w.p are tuned in such a way that the resulting Ap
do not depend on 7 in the region of applicability.
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