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Abstract

We compute the two-mass contributions to the polarized massive operator matrix element
ASZQ at third order in the strong coupling constant «, in Quantum Chromodynamics
analytically. These corrections are important ingredients for the matching relations in the
variable flavor number scheme and for the calculation of Wilson coefficients in deep—inelastic
scattering in the asymptotic regime Q2 > m?, mg. The analytic result is expressed in terms
of nested harmonic, generalized harmonic, cyclotomic and binomial sums in N-space and by
iterated integrals involving square-root valued arguments in z space, as functions of the mass
ratio. Numerical results are presented. New two—scale iterative integrals are calculated.



1 Introduction

The massive operator matrix elements (OMESs) of twist—2 operators emerge in the asymptotic
representation of the massive Wilson coefficients in deeply inelastic scattering [1] in the region
Q* > m2,mi. Here m; = m.g) are the charm and bottom quark masseﬂ and Q? denotes the
virtuality of the deeply inelastic process. They also appear as the matching coefficients in the
variable flavor number scheme (VFNS). Various of these OMEs have been calculated already in
the unpolarized and polarized case in Refs. [1122]. Furthermore, two—mass corrections contribute
from the two-loop corrections onward, |23|, with one-particle irreducible contributions starting
at the three-loop level [20,24-28]. At 3-loop order also the contributing anomalous dimensions
are obtained as a by-product of the calculation of the massive OMEs [2,9,29,30|, confirming the
results obtained in massless calculations [31-33].

In performing the different calculation steps we use the algorithms encoded in the pack-
ages Sigma [34,35], HarmonicSums [36-43|, EvaluateMultiSums and SumProduction [44]. The
computation follows the methods used in the unpolarized case [25].

In the present paper we calculate the polarized three—loop massive operator matrix element
A;?Q using dimensional regularization in d = 4 + ¢ dimensions. The computation is performed
in the Larin scheme [45|.EI The renormalization procedure is the same as in the unpolarized case,
cf. [25,)26]. We perform the calculation of the massive OME first in Mellin N space and switch
then to momentum fraction z space by performing an inverse Mellin transform analytically.
Various calculation techniques applied are described in Ref. [46]. In both spaces the results are
expressed by special functions introduced in Refs. [36H40}/47,48|. Starting from the result in
N space, the inverse Mellin transform to z space is performed by finding a recurrence relation
satisfied by the various sums, and by using the properties of the inverse Mellin transform to build
a differential equation that the Mellin inverse must satisfy, see Refs. [49-51|. The differential
equation is then solved. These methods are implemented in HarmonicSums.

The paper is organized as follows. In Section [2] we summarize the details of the calculation.
In many technical aspects we will refer to the calculation in the unpolarized case [25] and to
Ref. [26]. In Section[3] fixed moments are calculated for the constant part of the unrenormalized
massive OME by a different method to have an étalon to check the present results in Mellin
N space. The result in Mellin N space is derived in Section [l In Section [5] we present the
transformation to z space, and in Section [0] we derive numerical results comparing the size of the
two-mass effects to the complete contributions of O(CrT32). Section [7| contains the conclusions.
In Appendix [A] a series of new iterative integrals are presented and relations between different
iterated integrals are listed in Appendix Bl beyond those given in Ref. |25 before.

2 Details of the Calculation

As it is well-known from Ref. [25], the new contribution is the constant part of the unrenormalized
polarized two mass OME 121(;;)7@, since the pole contributions are predicted by the renormalization
group equations for the given quantity and are thus determined by known lower order terms,
which are already known. We first compute the irreducible contributions to the unrenormalized
polarized OME Aé?;)’Q. The reducible contributions were given in Ref. [52|. There are seventy
different diagrams contributing. Since many of them have the same value, one may group them
into eleven equivalence classes, see Table[ll The number is smaller than in the unpolarized case,
because some of the diagrams being present there vanish in the polarized case. One example
graph for each class is depicted in Figure

IWe will use the on—shell scheme for the mass renormalization. The transformation to the MS scheme is
straightforward, cf. [2].
2For the anomalous dimensions in the Larin scheme see 30433



We use the notation
2 2
n = m—g < 17 L1 = log (ﬁ) y L2 - log (@) ) (21)

where m; are the unrenormalized quark masses, and p the renormalization and factorization
scale. The total result for Aé?;),Q is symmetric interchanging the masses m; <» my. For diagrams
which are not symmetric, it is always possible to recover one mass assignment from the other
using the simultaneous exchange

1
my <> Mo, n——. (2.2)

However, as a cross—check on the computation, for all asymmetric diagrams, except diagram 8
and 11, we choose to compute the two mass assignments independently, using a different Mellin—
Barnes decomposition for the two cases, and we explicitly check that the results are related by

Eq. .

(11)

Figure 1: The 11 different topologies for AS;)Q' Curly lines: gluons; thin arrow lines: lighter massive quark;

thick arrow lines: heavier massive quark; the symbol ® represents the corresponding local operator insertion,
cf. [55] for the related Feynman rules.

The Feynman diagrams are generated using QGRAF [53| and the Dirac algebra is performed
by using FORM [54]. The Feynman diagrams contain local operator insertions, cf. |26], and
the corresponding Feynman rules were given in [55,/56]; see also [30]. We work in the Larin
scheme [45]. The unrenormalized OME is obtained by applying to the Green’s function for the
eleven irreducible diagrams the projector [57,58|

4 6 1 (
999 = N2 _1(d — 2)(d — 3)

A - p)*NflgﬂVPUAGaQéWAppg , (2.3)
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’ Diagram Multiplicity \ Diagram Multiplicity ‘

1 3 7 4

2 8 4
3 1 9 2
4 4 10 1
5 2 11 4
6 8

Table 1: Symmetry properties under my <> mo and multiplicity of the eleven diagrams of Figure [1} The
multiplicity refers to the sum of the two mass assignments.

where p is the external momentum, with p? = 0, A is a lightlike momentum, N, is the number
of colors, and £*1*2*3?4 denotes the Levi—-Civita tensor. The one-particle reducible terms have
still to be added, cf. [26]. Ghost diagrams do not contribute to the amplitudes.

The renormalized expression for the OME is given by [25]
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Here, 3; and B¢, are expansion coefficients of the MS scheme and background field 3 functions,

k . . l
fyi(j) are anomalous dimensions, 5ml(€)

masses and agf) and dg-f) are lower loop expansion coefficients of massive OMEs. (., k > 2

denotes the Riemann ¢ function at integer arguments 59|, see Refs. |25]26] for details.
Because the number of classes of diagrams is small, we choose to derive one Feynman param-
eterization per diagram and we do not cancel numerator and denominator structures, nor do we
reduce to master integrals. This allows us to deal with a uniform denominator structure which
we find to be simpler to treat. The additional complexity potentially induced on the numerators
by this choice still turns out to be manageable. For quark bubble insertions, we use the relation

1
v 8Trg” , ’ N2 —d/2) (z(1 —z))"*"
I () = i bl — KE) / do 2 (2.5)
12 m?
0 < k= + x(l—x))

Once the Feynman parameterization has been obtained for the whole diagram, the integrals over
the loop momenta are performed one after another, using the tensor identities

d?k o G [ Ao
[ Gpibuhiat () = e [ S, (26)

- —C250 Qbio+ aég)Q (m3,m3, p1?) . (2.4)

are expansion parameters of the unrenormalized quark
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The scalar integrals can then be performed using the relation

dk  (KH)™ B 1 T(n—m—d/2)T(m+d/2) , o\ m—n+d/2
/ @m)i(k2+ R (4m)?2 T(n) ra) ) - (21

After this step, only integrations over the Feynman parameters remain. They can always be cast
into the form

.1
J
H/dxi 2fi(1— ;)% Ry [Ri mi+ Ry m3] ", (2.12)

=1 0

where Ry is a polynomial in the Feynman parameters x;, and R, and R, are rational functions in
x;. At this point the polynomial Ry can be treated by applying the binomial theorem (multiple
times if necessary)

(A+ B)N = ZN: <N> A'BN (2.13)

- 1
=0

and a Mellin—Barnes decomposition [60-64] is applied to the factor [R; m? + Ry m3] °,

(AJrlB)s B %ﬁB_S / do (%) ['(=o)l'(o + s), (2.14)

—100

where the integration contour must separate the ascending from the descending poles in the
['-functions. After appropriately closing the contour at infinity, this integral is turned into a
number of infinite sums using the residue theorem. At this point the integrals over x; can always
be expressed in terms of Beta functions.

The effect of these steps is to transform expressions having the form (2.12)), i.e. integrals
over Feynman parameters, into nested sums. This sum representation can be handled by Sigma,
EvaluateMultiSums, SumProduction, assisted by HarmonicSums.

We checked our computation using the packages MB [65] and MBResolve [66] to resolve the
singularity structure of the Mellin-Barnes integrals numerically and to compute the e-poles of
the various diagrams for fixed values of N, and compared them to the general N results obtained

using Sigma.
The target function space for the result is that of harmonic sums [36}37]
N .
b k
Spa(N) = 3 %Sa(k),ai, beZ\{0},N €N,S) = 1, (2.15)

k=1



generalized harmonic sums [38,|47, /67|

N ok
Spa(d, 6)(N) = Z ZTSa(é)(k),ai,b e N\{0},¢;,d € C(yn)\{0}, N e N, Sy =1, (2.16)

cyclotomic sums [39] and binomial sums [40]. Here the index d denotes a function of /7.
Harmonic polylogarithms [48| will also appear in the result. The procedure adopted here is the
same as used in Ref. [25], where the corresponding unpolarized OME was computed. There, the
reader can find further details and also explicit examples about the computational method.

The renormalization procedure is the same as in the unpolarized case, including the removal
of collinear singularities, cf. [26].

All structures of the massive OME are predicted by the renormalization or are available from
lower loop results, except for the constant term in the two—mass case, CNL;?;)’Q, of the unrenormalized
three-loop OME.

First we turn to the calculation of fixed moments of this quantity.

(3)

3 Fixed moments of Q,00

Here we present the results for the fixed moments N = 3 and 5 of the massive OME including the
reducible contributions. They were computed using the packages Q2E/EXP [68,69] up to O(n?)
and O(n), respectively. In what follows we use the abbreviation

L, =1In(n). (3.1)

The moments are given by
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where Cp = (N?—1)/(2N.),Tr = 1/2,C4 = N, for SU(N.) and N, = 3 in the case of QCD. The
calculational methods used in the packages Q2E/EXP are very different of those of the present
calculation. Therefore, these results, in form of an expansion in 7, can be used for comparison.

We have compared also the fixed moments of each diagram to their calculation at general
values of N. For diagrams 1-8 we also calculated the first moment.

4 The Result in Mellin Space

In Mellin N space the renormalized massive OME A;?;)Q is given by
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where h; and hy are given by

. (N—lﬂN+2% (42
N2(N +1)2
ho :‘a_ﬁﬂéiﬁ’ (4.3)
and the polynomials 7; read

T, = 328N?+ 584N + 283, (4.4)
To = 17IN*+4 342N° + 847N? + 676 N — 156, (4.5)
Ty = 99N + 198N + 463N? + 364N — 84, (4.6)
Ty = 66N°+198N° + 169N* + 80N + 140N? — 47N — 78, (4.7)
Ts = 15N° +45N° + 374N* + 601N? + 161N? — 24N + 36, (4.8)
Ts = 2N®+8N" + 18N®+20N® 4+ 2N* — 3N? — 9N — 6, (4.9)
T: = 3N®+12N7 +2080N° + 5568N° + 4602N* + 1138 N*?

—3N? — 36N — 108, (4.10)
Ty = —144n+ 720*N'0 4 247N + 72N 4 3600*N? + 12357 N°?

+360N? 4 720> N® + 2182nN*® + 720N® + 720> N” + 16067 N’

+T720N7 + 360> NS + 875 N® + 360NS + 72> N® + 1183nN°®

+72N% 4+ 1152nN* 4 216nN?3 — 288nN? — 360N, (4.11)
Ty = —42n% —36n"/2NS — 36n°/2N® — 36>/ N° 4 127* N + 571> N

—36,/nN° 4+ 12N% — 1087"/*N® — 108n°/>N® — 108>/ 2 N®

+36n"N® 4 17192 N® — 108,/nN° 4 36 N° — 108,"/*N*

—1087°*N* — 1087*2N* 4 361 N* + 160 N* — 108,/nN*

+36N* — 3607/2N® — 360°/2N? — 361>/ 2N? + 12 N 4 711> N3

—36,/7N? + 12N? + 687°N* — 29° N. (4.12)

Here, the functions Hz denote the harmonic polylogarithms [48]

1 1
1—z’f_1_1+z

Hya(z) = /Om dzfy(2)Ha(2), fi(2) € {fo — %,ﬁ = } , Hy=1. (4.13)

Later also cyclotomic harmonic polylogarithms [39] will contribute. To account for their letters,

a two-index structure is needed, e.g.

_1 f_x
T 14 g2 YT

fao (4.14)
The denominators are cyclotomic polynomials with ps = 1 +x + 2%, py =1+ 2% ps = 1 +a +
2?2 + 23 + 2%, pg = 1 — v + 22 etc. The maximal degree of the numerator for the kth cyclotomic
denominator polynomial is given by | = p(k), where ¢ denotes Euler’s totient function.

All contributions except of the constant part of the unrenormalized OME, ELE]?;)’Q (m2,m2, u?),
are predicted by the renormalization procedure, which provides a check of the present calculation.

The Mellin-Barnes and binomial representations of the individual Feynman diagrams imply
sum representations which can be summed using the technologies provided by the packages
Sigma, EvaluateMultisums and SumProduction. Here we distinguish the cases of the real
parameter 1 and 1/7n. The computation time for the calculation amounted to several months.
The solution is given in terms of harmonic sums, generalized harmonic sums and finite binomial
and inverse binomial sums [40] over generalized sums.
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In the following, whenever the argument of a harmonic polylogarithm is omitted, it is implied
to be 1, and whenever the argument of a harmonic sum is omitted, it is implied to be N.
One obtains
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3
(4.15)
where the polynomials P; are

P, = —27—36N?%—36N(—2+n) + 541 + 5> (4.16)
Py = 5—2(—11—18N + 18N?)n + by (4.17)
Py = 372n+4 N*(5—102n+ 51°) + N (5 — 661 + 51°) (4.18)
P, = —5+18(=3+2N)n+9(=3 +2N)(=1+2N)n* (4.19)
Ps = —80(54 22n+5n°) 4+ 3N?(71 — 46n + T1n*) + 3N (167 + 18y + 167n°) (4.20)
Ps = —80(5+22n+5n*) +3N?(111 + 64n + 111n%) + 3N (207 + 1281 4 2071%) (4.21)
P = —(2+N) [27 + 36N 4 36N (=2 + 1) — 547 — 5772} (4.22)
Py = 24— 48N — 18N® 4+ 5N?%(9 4 17) (4.23)
Py = (24 N)(=4+3N)(=2+3N)(1+n) (4.24)
Py = —24n+48Nn+ 18N%) — 5N?*(1 + 9n) (4.25)
Py = 94 160n + 50Ny + 140Ny + 9n*> — 9N (7 + 10n + 7n°) (4.26)
Py, = (24 N) [11 — 54n + 119> + 18N?*(1 + %) — 36N (1 —n + nQ)} (4.27)
Py = (2+N) [ — 54 18(=3 4 2N+ 9(—3 + 2N)(—1 + 2N)n2] (4.28)
Py = 168 — 536N — 407N? — 278N3 — 167N* (4.29)
Pis = —(2+N)| =24+ 48N + 18N° = 5N2(9 + 1) (4.30)
Pig = =96+ 370N +277N* 4+ 12N° + 9N* (4.31)
Pi; = 48 — 27N +263N? + 634N> + 344N* (4.32)
Pig = —1632+ 7072N + 8611N? + 3078 N? + 1539N* (4.33)

Py = —20N*(10 + 81n) — 4N?(41 + 855n + 135n%) + N (41 + 855y — 7651 — 87n°)

—3(17 4 60n — 1357% +2n®) + N?(254 + 11250 + 180> + 457°)
Py = B50Nn—660N°n — 440N"*n — 3(3 + 160n + 3n*) + 9N (7 + 30n + Tn*)

(4.34)

(4.35)

Py = (2+N) [ 245 + 48Ny + 18N%y — 5N?(1 + 977)] (4.36)
Py = GON2(1+ N)%p (4.37)
(4.38)

Py = (3—2LN+25N*+50N>+25N*) (=1 +n)(1+n) 4.38
Py = —36N*(—1+n)n+ 36N>+ N(1+ 15n)(=5 + 21n) — 4(5 + 27°)

—N?(5 + 18y + 189n°) (4.39)
Py = 384n— 1664Nn + 18N°(4 — 93n + 4n°) + 9N (4 — 93 + 4n°)

+N?(36 — 2501n + 361%) (4.40)
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Pyg

Pyy

P32

P38

P42

—48(1 4 160n +n*) — 16N (4 — 1405 + 4n®) + 3N* (71 + 134y + 71n?)

+N?(101 + 152347 + 1019*) 4+ 2N* (357 + 418n + 357n%) (4.41)
56N*(1+n)(1+n%) —6(1+n)(5+ 860+ 5n°) — N (1 +n) (41 + 390n + 41n°)
+4N?(1 + 1) (41 + 4057 + 41n%) + 2N?(1 4 n) (53 + 972n + 53n°) (4.42)

3(17 + 62y — 2700 + 621 + 17n*) + 20N*(10 + 81n + 81> + 107*)

—N (41 + 768y — 15300 + 768> + 41n")

+4N? (41 + 855n + 2701 + 855" + 41n*)

—2N?*(127 4 5851 + 180> + 585n° + 127n") (4.43)
144 — 51N — 585N? + 190N? + 36 N* 4 56 N° (4.44)
—800N° — 8N°(169 + 270n) 4+ 4N*(599 — 6451 + 30n°) — 2N?( — 1565 — 3810n
+225n0° + 6n°) + 3N?( — 355 + 22550 + 3351 + 531°)

+3(43 + 705n + 405n* 4 1751°) — 2N (349 + 4530n + 8551 + 3421°) (4.45)
—400N° + 247(80 + 3n) — AN°(119 + 128n) + N*(847 + 23141 — 5131°)

+N (129 — 4882y — 171n*) — 4N*( — 359 + 172n + 31°)

+AN?(— 239 + 5721 + 1897%) (4.46)
—280N°® — 100N°(11 + 81n) + N? (13967 + 41445n — 17551 — 23251°)

+27( — 61 — 160n — 451% + 21*) — 9ON*( — 65 — 72 + 27n* + 20°)

+N? (5143 + 15660n — 4051* + 1747

+3N( — 1141 — 3285n + 11251 + 377n°) (4.47)
2( — 42 — 29N + 68N? + 47N? + 88N* + 99N° + 33N°) (4.48)
528 — 224N + 2008N? + T149N?> + 4239N* + 279N° + 93N° (4.49)

400N® — 241(80 + 3n) 4+ 4N°(119 + 128n) + 4N*( — 359 + 172n + 3n?)

+N (=129 + 4882 + 171n°) — AN?( — 239 + 5721 + 1897°)

+N?(— 847 — 23147 + 5131°) (4.50)
—1088 — 800N + 1664N? + 1081N® 4 1675N* + 1899N° 4 633 N°® (4.51)
800N® + 8N°(169 + 270n) — 4N*(599 — 6451 + 30n°) + 2N?( — 1565 — 3810n

+225n° + 6n°) — 3N?( — 355 + 22550 + 3351 + 531°)

—3(43 + 7050 + 4051* 4+ 175n°) + 2N (349 + 45301 + 8551 + 342n°) (4.52)
—400N°n* + 24(3 + 80n) — 4N°n(128 + 119n) + N ( — 171 — 4882n + 1297°)

—4N?( — 189 — 572n + 239n*) + 4N*( — 3 — 172n + 359n°)

+N?(— 513 + 2314n + 847n°) (4.53)
—512n — 256 Ny + 1024N?n + 3N?(5 + 282n + 5n°) + IN° (5 + 282n + 51°)
+3N°(5+ 282n + 5n°) + N*(45 + 22821 + 451*) (4.54)

400N°n* — 24(3 + 80n) + 4N°n(128 + 119n) + N?(513 — 2314n — 847n?)

+N (171 + 48821 — 1291%) + 4N?( — 189 — 572n + 2397)%)

—4N*( =3 — 1720 + 359n%) (4.55)
400N°(1 — n+n?) — 3(109 4 4461 4 1097°) 4+ 3N? (151 — 14467 + 1517°)

+4N°(169 + 101y 4 169n°) — 2N*(599 — 12147 + 5997%)

+N (691 + 46947 + 691n) — N* (1559 + 20267 + 15597°) (4.56)
—800N°%n® — 8N°n*(270 + 169n) + 4N*n(30 — 6451 + 5991%)

+3N?(53 + 335n + 22557% — 355n°) + 3(175 + 4057 + 7051* + 43n*)

—2N (342 + 855n + 4530n* + 349n°) + 2N?( — 6 — 225n + 3810n% + 15651)  (4.57)
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Py

P
P

P53
Py

—280N%® — 100N°p*(81 + 11n) — 27( — 2 + 451 + 160n° + 61n°)

+90N* (=20 — 27n + 721 + 659°) — 3N (— 377 — 11257 + 32851 + 11417*)
+N?(174 — 405n + 15660n* 4 5143n°)

+N?(— 2325 — 17557 + 414457 + 139677°) (4.58)
800N°n® + 8N°n*(270 + 169n) — AN*n(30 — 6451 + 5997°)

—3(175 + 4057 + 705n* + 43n*) + 2N (342 + 8551 + 4530n* + 3497°)

+3N?*(— 53 — 335n — 22551 4 355n°) — 2N*( — 6 — 2251 + 38101 4 15657°) (4.59)
—800N®(1 +n*) + 3(43 + 8801 + 8107 + 880n° + 437*)

+N?(3130 4 7608y — 900n* 4 7608n* + 3130n*) — 8N°(169 + 2701 + 270n° + 169n")
—2N (349 + 4872n + 17100 + 48721 + 3497*)

—3N?*(355 — 2308 — 670n* — 2308n° + 3551")

+4N*(599 — 6451 + 60> — 6451 4+ 5997") (4.60)
—800N®(—1+n)(1+n)(1+n°) — 698N (=1 +n)(1 +n)(1 + 12 + 1)

+3(—=1+n)(1 +n)(43 + 530n + 43n*) — 8N°(=1+n)(1 + ) (169 + 270n + 169n*)
—3N?*(—=1+n)(1+n)(355 — 2202 + 3551°)

+4N* (=1 4 n)(1 + 1) (599 — 6451 + 5997°)

+2N?(—=1+n)(1 +n) (1565 + 38167 + 15651%) (4.61)
800N (1 +n*) — 3(43 + 880n + 8101 + 880n° + 43n*)

+N (698 + 97441 + 3420 + 9744n° + 698n") + 8N (169 + 2701 + 270n° + 169n*)
+3N?*(355 — 2308n — 670n* — 23087 + 3551")

—4N*(599 — 6451 + 60n* — 6451 + 599n*)

—2N?(1565 + 38047 — 450n* + 3804n° + 15657") (4.62)
—560NT — 40N°(62 + 405n) + 20N°( — 190 — 2187y + 729n%)

+N?(1417 4 126901 — 55357% — 240n°) — 9(17 + 60n — 1357 + 21°)

+10N*( — 260 — 3807y + 24301 + 15n°) — N®(107 + 90457 — 44551* 4+ 75n°)

—3N (=91 — 1665y + 15751 + 137n°) (4.63)

—(2+N) [ — 216n — 144Nn — 696 N>y + 148N°n — 30N*(9 — 161 + 97°)

—9N?(15 — 38y + 157%) — N*(135 + 10227 + 135772)] (4.64)

225 + 16307 + 34561 4 2466n° + 415n*

+N (930 + 5372 + 69127 + 2820n° + 350n")

—152N%)(1 + n) (5 + 22n + 51%) — 16N "n(1 + ) (5 + 22n + 51°)

—192N?( =5 + 3n + 135n° + 157n° + 30n")

—T72N*( = 5+ 53n + 4057° + 427n° + 80n")

—12N°( — 5+ 218y + 12960 + 13181 + 2455") — 6N?( — 225 — 830p

+8647° + 18541 + 385n*) (4.65)
396 + 690N + 518N? + 240N? — 289N* — 432N° + 494N° + 588N" + 147N®  (4.66)
560N® — 216(—1 + n)n(80 + 3n) + 40N"(34 + 405n) + N* (44539 + 73899n

+1629n* — 72159%) + 60N°®( — 310 — 561n + 81> + 60n°)

+IN (— 420 — 6451n + 43061 + 189n°) — 2N° (7334 + 31887y — 414n° + 3757°)
—9N?(1731 — 9199 + 137n° + 391n°) + 3N? (9966 + 26631y — 111361 + 9591°) (4.67)
—1080N?*(1 + N)*p*(207 — 456N + 89N* — 56N° + 92N*) (4.68)
—540N (1 + N)?*n*(144 — 51N — 585N* 4+ 190N? + 36N* + 56 N°) (4.69)
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Psg

P

N?*(1+N) [288N5n2 — 36N*n(—8 + 3n) — 160(1 + 3n*) — AN*( — 5 — 9n + 4387°)
+N (=275 — 2700 4 8017%) + N*(25 — 522n + 1485772)] (4.70)

560N°n* 4+ 40N "* (405 + 341) + 216(—1 + n)(3 + 80n) — 60N®( — 60

—811n + 5611 + 310n°) — 9N ( — 189 — 4306n + 64517 + 4201*)

—9N?(391 + 137n — 919n° + 1731n®) — 2N° (375 — 414n + 31887 + 73341°)
+3N?(959 — 11136n + 266317n* 4+ 99661°)

+N*(— 7215 + 16297 + 738991 + 44539n°) (4.71)
—51840n* 4+ 103680Nn* + 80N (405 — 104127 + 4057°)

—4N"( — 2700 — 20331n + 1656887 + 1539")

—36N°(204 + 378y — 491561 + 18631°)

—9N?*(459 4 5184n + 209877 + 36187°)

—2N?(13500 + 171477y — 9427661° + 3807n°")

—3N?( — 2025 — 244897 + 1853297 + 4077n?)

+N*(18360 + 94851n + 70490n* + 58239n°) (4.72)

N [2240N9(—1 +n)(L+n)(1+ %) + N*(6264 + 1561597 + 639907

—251679n° — 13850 ') + N*( — 6175 — 104082 + 244357 + 51822n* + 3020n")
+N?(— 525 — 58899 — 71551 + 87081n° + 4230n*) + 27( — 17 — 961 + 1351
+34n%) + 160N®( — 48 — 4057 + 4051 4 551")

+8NT( — 450 — 13887n + 17937n* + 860n")

+IN (25 — 4821 — 18451 + 21341 + 100n*)

—10N°( — 2214 — 306157 + 4861 + 36153n> + 2834n*)

—4N°®( = 3660 — 212797 + 7290 + 115597° + 3620774)} (4.73)

36288y — 19872Nn — 220032N°n — 252192N°n + N°( — 61155 + 394298n — 611557°)
+N%( — 17415 4 597938y — 17415n°) — 320N* (81 + 5261 + 81n°)

+36N" (405 — 3766n + 4051°) 4 12N "2 (405 — 37667 + 4057°)

—5N?(3483 — 565547 + 3483n*) + N'°(3645 + 443147 + 36457°)

+10N7 (4455 — 23867 + 4455n°) + 2N°(7695 — 645147 + 76957°) (4.74)
1080N?(1+ N)*(2 + N)*n*(576 + 1173N — 2988N? — 4835N? + 2674N* 4 572N°
+248N°) (4.75)

—5806080n% — 7464960 Nn> + 39628800 N %1

+N* (273375 — 28095661 + 59356801 + 5227170867 + 22408657 — 479001617°)
+864N "1 (400 + 36391 + 589n* + 3639”4+ 400n")

—T68N>n (1377 + 42931 — 2440347 + 4293n* + 1377n")

+432N"n (7856 + 806797 + 166897 + 80679n" + 78561")

—16N"'7 (450738 — 69623551 — 48003782n° — 6819795n° + 4831381")

+8N (1570752 + 188981917 + 74455851 + 18898191n° + 1570752n")

+4N"*1 (4566888 + 73693719n + 728076531 4 736224397° + 45506887")

+4N? (236925 + 975942n + 27088992n* + 1171999301 + 25711587n* — 3257281°)
—12N®(28350 + 9120787 + 59340789n* 4+ 2508070077° + 583323397 + 5645881°)
—36N”(6075 + 18703147 + 30831858n* + 19135996n° + 30932703n" + 1867884n°)
—8N'(6075 + 7288137n + 73658484n” — 103483664n° + 74427579 + 7437582n°)
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+4N" (18225 + 8623746n + 97689241 — 8169975347 + 153105391 + 98071561")
+2N0 (443475 + 12987162 + 132854256n° — 5756081387 + 137257821
+121374721°). (4.76)

In the expression of a agg , denominators with poles at N = 1/2 and N = 3/2 contribute.
We have checked using the algomthms of HarmonicSums that there are no singularities at these
points. The proof of this can either be performed in Mellin N space or in z space. Even using
the technologies available in HarmonicSums it is far from being trivial, since various new iterative
integrals depending on 7 emerge, the cancellation of which have to be shown analytically. In
general, it is necessary to reduce these integrals to higher functions known, cf. [46]. This is not
always simple because of a proliferation of letters for the corresponding integrals, see . In
the expansion around N = 1/2; 3/2 letters occur, which do not belong to the class of those
emerging in the N- or z space results. Examples for the associated iterative integrals are

G({ f—l\/_zsz 1Z—z2é};1> )
G({ 1V_22_Z VI—22-2) 1_2} ) (4.78)

z 1 1
G<{2_22,1+Z,1_Z},1) (4.79)

(=N}

Fortunately, these functions cancel in the physical expressions and have not to be simplified.
For N = 3,5 we can compare to the fixed moments calculated in Section [3|and find agreement
for the terms within the accuracy the 1 expansion has been performed to.

5 The Transformation to z Space

From the Mellin space result we compute the inverse Mellin transform to z space using the
methods of [49-51], which are implemented in the package HarmonicSums. The idea is to find
the difference equation satisfied by the sums appearing in N space, and convert them into
differential equations to be satisfied by the inverse Mellin transform, and to solve them. The
result is then given in the form of harmonic polylogarithms and more general iterated integrals
of the type

¢ [{se)i@}.s] = [ avatc [{i)} o] (5.)

n = N—1 (5.2)
Mg()] = / dz 2"g(2) = g(n) (5.3)
M g(n)] = g(2). (5.4)

In general, the result of the inverse Mellin transform of a function D will contain different pieces

1— (—1)N

D(z) 5

{D55(1—z)+D+( + D™ (z +ZM [n%ga(n ]()}. (5.5)
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One distinguishes between the distribution D°, D*, and D™#, the regular part, where D? is a
function of  and D™ is a +-distribution,

[ o006, = [ d (st - o) 1o (5.5)

the regular part in z, D™, At times, it is necessary to absorb from the output of HarmonicSums
a rational pre—factor in n after applying a partial fractioning of the result, using the relations

(nia)i /01 dz 2" f(z) = /0le z"{/l dy (—1)i! (g) [HO (%)]i_lf(y)} (5.7)

n[ @) = e -nEl- [ D e, (538)
We denote the Mellin convolution by ®
f(z)®g(z) = /0 d21/0 dze 6(z — z122) f(21)g(22) (5.9)
for regular functions and, cf. [40],
oo = a1 (2) -a] - o) [(wvs) )

for the Mellin convolution of a +-distribution and a regular function.

Now we turn to aégg)Q(z), which we represent in terms of the three contributing parts com-

bining to
1 1
-3 - ~(3),0 - ~(3),
aég{Q(N) = /0 dz 2V 6(1 - 2) aég{Q(z) +/0 dz (N1 -1) aégig(z)

1
—1 ~(3),re
+ /0 dz 21 a;ngg(z). (5.11)

The result is expressed in terms of the iterated integrals G; and the constants K; defined in

Appendix D of [25]. In the following the argument of the functions G; is implied to be z in the
formulas for &;28(2), d;?’g(z) and d;?geg(z), and it is implied to be y in the functions ®; which

follow. Such arguments are omitted in the interest of brevity. One finds

Ggoin(2) = Tg{%(@ + Ly) + %(Lng Ly L2) + 32G(L1 + Lo) + %Qg}
+CFT§{ A0 - 372?2 + 4057° LiL, {—5 — 2255777 — 52
FR U 25) (1 () ) i
+(L3 + L3) {5 - 42;7; + 51

_1_16(1 + 1) (5 — 20+ 5772) (Hl(\/ﬁ) + Hl(ﬁ))#}

45 — 784n — 45n?
+14 ! d
18n

—i(l +0)(5 = 2n + 51°) <Ho,1 (1) +Ho 1 (ﬁ)) #}

18



Q

(3),+
99,Q

—45 — 7847 + 45n?
+Ls ! 7
18n

+i(1 +1)(5 = 20+ 59%) (Hoa (v/i) + Ho, 1 () ) #}

1 1 176
—5(1 +1)(5 =20+ 57°) (Ho,o,l(\/ﬁ) + Ho,o,ﬂ(ﬁ)) P TCQ}
38(21 + 31n + 217° 2L%  8LIL, 16LyL3 40L3
—i—CATf;{ ( n 77)+3 R 1y 2

1357 9 3 3 9
—4 + 93y — 4n?
3n

-] + 12|

+ é(1 ) (4 + 11 + ) (1 () + Hdﬁ))#

4+ 171y + 4n?
6n
—i(1+ )(4+11n+4 )(H (vn)+H (\/—)> 1 — 12H,( )+§H()}
12 Ul =0 1V -1V T oln 3 1\n
+L3{4+171n+4n 1(1+n)(4+11n+4n)(Hl(\/ﬁHH_l(ﬁ))#

67 12
— 12 + 31n + 129?)

il

+12Ho(n) + ng(n)} + L, {2(

9
%(1 ) (4+ 119 + 4) (Hoa (v/1) + Ho, 1 (V) ) 7731/2 4H,(n)
+8H3(n) — ?Ho 1(77)} + Ly { Ao _93;77 1)

_%(1 + 1) (4 + 11y + 4n°) (Ho,l (v71) +Ho 1 (\/ﬁ)> 7731/2 + 4Ho (1) + 8H3(n)

3 15

13(=1+n)(1 +n)Ho(n)
45m

310 (14 n)(71 — 46n + 717°) (Ho,l (v/1) + Ho.1 (ﬁ)) Y

16 1 1
+—H0,1(77)} — —(1+n)(111 + 64y + 1115%) (HO,O,1 (v) + Hoo,—1 (ﬁ)) 7

71+ 134n + 71n? 1 A H (V)]s
1 1— 460+ 71*) ——Y2 |H
" [ 607 120( 1) (7 n ) n3/2 o(n)
Lo — S L o B3 () (/)
_§H0(77) - gHo(U)Hl(U) - 1_20(1 +n) (71 —46n + T1ln )T
16 88
+ Ho()Ho,a () + 3@2} (5.12)
1 [2848L,L, 8Q1 ,
T; 2, 4+ 1
2752 1120, 56, 5 R
L+ L L?+L2) +16(L} + L
+( +2)(27+ 3) 27( +L2) +16(L3 + L)
64 64(Gs + Gy — Kg — K.
+(1—=n) {15 (Gio+ Gi1 — K11 — Kip) — 64(Gs f577 s — Ko)

HE1 = 1P () - )

19



1
1 +n)(5+ 221+ 5n ) (Ho,o,l (\/ﬁ) + Hoo,—1 (\/ﬁ)> W

)(

{64 — Ks) %%n«93—-K%ﬁ
2005 64H0(z)]

2l

9%1—z+nd(n—2+nd_ 15n

1 128
5 + 22?7 -+ 57] ) <H0,1 (\/ﬁ> + HO,fl (\/7_])> W + VHO’l(n)

2(5—102n + 5
+{_ ( nt5r’) 1

o + §(1 + 1) (5 + 220 + 51°) (Hl(\/ﬁ) + Hfl(\/ﬁ))

32 64 32

~Zru(e) - o) + ) o) -

4 32(1 + n*)HE(z
_— % Ho(z) + 2ULTIE)
2T (1 — z +nz)(—n — z + nz) 157
64(1 +72)Hou(2) 128 32(18 — 1751+ 187°) ¢ 64
+ ( ) 01( ) . —H0,0,1(77) _ ( ) 2 - _CS
15 9 1357
. 100(1+n)*(1=n+1°)  80K4(Ks+ Ky)
2Tn*n I(=1+mn)m
40(1 +n)*(1 —n+n?)
_l’_
In?

32

27H3( "

G6+G7_

s )

s
%u+n+ﬁﬂk+50+n+fﬁ

9n? 9n?
8(Ka1 + Koo + Kog + K24)}

—Hl—nfl—
1077
9

10
+9—772 |:G14 + Gis — K1 — K7 +

40(1 1- ’
B (4””;_”*”)@hmkﬁ)+erﬂVm>£ﬁ

[8ng4 400 +n)(1=n+12) (1+n+n%)
9

{G12+G13—K13—K14+ T

8(Kas + Kog + Ko7 + K28)H
T

(=14n)m 27(=1 4 n)nPm

mﬂ+n+ﬁﬂ%+50+"+ﬁh
9n> 18n?

—Hl—n%{—

80nKy; 10(Gs — K+ 25s) 1
1—n)*| - - oGk
+( 77) { on 9772 9 77( 4 6)

+mu+w{;—n+%)Ghd¢m44%,J¢m)£ﬁ

{_ 10K, 10(1 +n)%(1 —n+n?)

Ho(n)

R S EaT
5(14n) (1 —n+7*
5 +”>(97T ””)(Hl(ﬁ;)mAﬁ))#]%(ﬁ)}m
20Qs
+%Fu—z+ndbw—2+n@Hﬂd}7

20

Ho(n)

1
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110432

16(1+n*) (= 1+ z)(— 14— 14z — 142 + 2612%2 + 2612?)
_|_
135n23/2

+LiLy {(1 +2) (?Hg(z) + 128Hy 4 (2) — 128@) - 6—;(—31 + 172)Ho(2)

+%(1 - 2)(31+ 15H1(z)>] + (L2 + L2) [(1 —2)( = 72— 72Ho(2) — SOH, (=) )

+(1 + z)( — 53—6H8(z) —32Hp1(2) + 32@)}

G —
. 77){ 328 ;W m)Qs (Ho,o,l(\/ﬁ) + HO,O,_l(\/ﬁ)>#
32 1
+ [13?; <H0,0,1 (vn) +Hop,—1 (ﬁ)) TP
_ 16Qs Hy(n)

1357 (Ho,l (\/ﬁ) + Ho,—1 (ﬁ)) W

i (1) 1)) S [T

+H(L2Ly + Ly L) [80(1 —2)+32(1+ z)Ho(z)]

+(L3 + L) [120(1 — ) +48(1 + z)Ho(z)}

320 160 160
+(1 - 2) { - ?(1 —nnKs(Ks + Ky) + fo(Z) + ?Hi’)(z)

640 640 640 3200
2 (2) - VH _ 2y
o7 0,1(2) 3 0,0,1(1) 9 0,01(2) + 9

Ho,l,l(z)}

176 128 64 64
‘|—(L1 + Lg){(l + Z) (THS(Z) — THO’O’I(Z) + §H071’1(Z) + §<3)

n {;—3(859 4 2172) + ?(1 — 2)H(2) + 1;—8(1 + Z)HM(Z)] Ho(2)

22816 832 80
27 9 3

_g(—149 + 732)H2(2) + (1 — 2) (— + —Hy(z) + —-Hi(2)

+%(—2 + 72)Ho1(2) + { — g(—121 +1612) + %(1 + z)Ho(z)] @}

Sy (o e 12
T\ T 15y T 13502572

+(1—2) [?(1 —n)nKa K3 + ?Ho,l(”?)]
+ 16<1 + 77)(987?1 - W)QS (Ho,l (\/ﬁ) + HO’,l (\/7—7)> #

16, 2 2
+[ 977( 54 50" — 3z + 3n°2)

256

+(1+ 2) [%(1 — nK K + ?Ho,l(n)}

Hu(2) ()
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160 160nK; 320
+{(1 —2) (? + ;7 P SH () + 160H1(z))

S =R (1, () + B (V) 3

N [ _ %—11 +72) 4+ (1+2) (647;[(3 B+ 64H1(z))} Ho()

3

#3214 2)H3C) PR+ | = TR0 = 2) = G0+ 2)HuCe) o

320, 128 64, 256
— 1 ——(1 - K3(Ks+ K —H ——H
= T (14 2)| - L= s+ K) + ) — S o)

256 1280 16 256
_7H07071(Z) + 9 H07171(2):| —+ |: 816376 _ ?(1 + Z)H071(Z):| Hl(Z)

—2—3(—41 + 372)H3(2) — %(—1 + 22)H0,1(z)}H0(2) + {g(

+(1+2) <%Hf(z) + %Hm(z)) — 12—670(—5 + Z)Hl(z)] H;(2)

577 + 3792)

+ { - g(—m +232) + g—iﬂ + Z)Hl(Z)} H(2) + 3—2(1 + 2)Hy(2)

[%(1 - 8(1+m%)(—1+z)(— 14— 14z — 14z + 2612%/% + 2612?)
81 135n23/2

6
9

—_

(=67 + 232) + %(1 + z)Hl(z)] Hy(2)

+<I>3CF(y)%H0 <§> )
+<I>$F(y)z3—\/ﬂ + /0 dy ¢§F(y)}

_ 4H%(Z)Q16 X 8Ho,1(2)Q17 _ 4Q20
1357 1357 1822572

—FCATI%{

1 4 1
tLiLs [ _ 2—?(—817 +10042) + %(17 +52)Ho(2) — 36(_27 + 28z)H1(z)}

64
— = (1 =) Ks2(Ks + Ko)

15
32G 4 1
+(1+mn) [<H0,0,1<\/ﬁ) + Ho,o,—l(ﬁ)) ( 457;7?/124 VEYE ng)

4Q26 1
+6757T <H0,0,1 (\/ﬁ) + H0,0,—l (\/ﬁ)) n3/2mz3/2:|

8 16 8
(2L 1) [ 220+ 2062) + 13+ L)) + 527+ 28900

+(1+772) . 196 _64ZH0,0,1(Z) 128ZH0,1,1(Z)
675n23/2 15n 15

22



688 176 128
HE+ )| = 134 17+ (14 2) (088 + SR

—%(—452 +492)Hy(z) — g(—éﬂ +232)Hy(2) — 156(—13 + 502)@]

64 32 128 64
+(1 - 22) {3 (LILy+ LyL3) + 16(LY + L) — 2_7Hg(77) - THO,O,I(U) - 2—7C3}

L Qo 8(73 + 90n) K4(Ks + Ko)
90n%m 15(=1+n)m

A(1+n)2(73+ 170 + 731%) (K9 + Kzo)}
v

8
— 15772 |:G6 + Gy —

8(73 +163n +739°)G1 (73 + 163y + 731°)m

15n? 30n?

8(Ka1 + Koo + Koz + K24)}
T

+(1—n)?

1
+E(90 + 73n) |:G12 +Gi3— Ki3— K+

73+ 90y
1502

+{ _ %(Hm(\/ﬁ) + Ho,—l(\/ﬁ)>m

N [ AL+ )+ 0) (73 + 1630 + T30%)Gr - 8(73 + 90n) Ky Ky

(K. K K K
|:G14+G15_K16_K17+ (K5 + Ko + Ko + 28)}]}

™

Sl

1572 15(=1+n)m
+(—1+77)(1+77)(73+16377+73772)7r (1+n)Qq
60m> 180(—1 + n)n2m

K
(90 + 73n) <G4 K4S 15)

™

+(1—n)* [%

(734 90n) (G5 — K7 + %24) 11 1
157 H \/E}HM)

(14 1)Q26 1 4(73 + 90 K 4
1350w (Hl (vi7) + 1 (ﬁ’)> YT [ 15(—1 + )2

_(1 +77)2(73+ 1777—1—73772) 1 e 1
15(=1+n)?nm } NE Ho(n)} N
+{f—§(1 — ) Ky K3z + (1+1) {(Ho,l(\/ﬁ) +Hoy_, (\/ﬁ)> ( _ %ﬁ;

2 1 2Q23
i) | = L) |~
2@21 1 64ZHO’1 (Z>:|

_|_

6752 (1 — 2 4 n2)(—n — 2 + nz) 232 157

4
—(—33+33n% — 76z + 76n°
+{4577( +33n z+ 76n°2)

8 24
_ﬁ( —1+n?—162+ 16772z)H1(z)] Ho(2) + %(1 -0’ —z+n°2)Hi(z)
128 32K3z  4Ho(2)Q11 = 2Q12
—Z(1-22)H H
FIER 0= 29t ) o)+ | 225 4 SO 2
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)| (1 (V) + Hoa(v)) (gt — s

21— 22) () — o (27 + 28Z)H1(Z)} it {%2?15

 2Hi(2)Qu9 2Q24
4057 405m%(1 — z +nz)(—n — z + nz2)

8 o6

8H1(Z)Q13 2 224 3
———|H —(1 H
+ 1357 o(2) + 31 (14 2)Hg(2)
+ 2@25 + 2@22 1
2025m%2(1 — 2+ nz)(—n — 2z +nz)  2026m%2(1 — 2z +nz)(—n — 2z + nz) 23/2
64(1+n?)zH 224
G4+ 17z 0’1(2)]H1(z) N {_

224
(144192 + ——(1+2)H

+64(1 il UQ)ZHl(quz + /: dy {égA(Zay)Hg (g) + <I>3CA(Z/)£H0 (E)

157 Y

1 z z 1
C C C
+‘D4A(y)EH0 (;) + @5‘4(2,3%)? + ‘IDGA(Z,ZJ)&

+<I>§A(y)23—\//_y2} + /O “ay <I>§F(y)} , (5.14)

with the polynomials

Q1
Q2
OF

Q4

Qs
Qs
Q7
Qs

Qo
Q1o
Qu
QIQ
@13
Q14
Q15
Q16
Q17
Q1s

—405 — 405 + 10412n* — 405n° — 405n* + 4052(—1+n)*(1+n+n*)  (5.15)
—z(=14+n)*(L+n") = 2n(1+7*) + 2(=1+n)*A+n)*(1—n+n?)  (5.16)
2n(1—=n+n") +22(=1+n)°(1+n+n>) +2(1 —6n+ 60> —6n° +n*)
—22(=1+n)*(2—n+21°) (5.17)
30n + 88n° + 30n° + z(15 — 60 + 103n” — 1761 + 103" — 60n° + 157°)
+152° (=1 +n)*(1+n)*(1 —n +n?)

—2*(=1+1)*(30 + 150 + 881 + 15n° + 301") (5.18)
542204 57° + 2z(1 — 109 + 7?) (5.19)
45 + 302n + 45n* + 2(27 — 10n + 27n%) (5.20)
135 — 3436n + 1357 + z(81 + 5961 + 817°) (5.21)
2%(— 287 + 621 — 287°) + 120" (1 — 100+ ) = 7(1L —n +7n?)
+2402° (14 8n + %) — 62(11 + 64n + 111%) (5.22)
16(73 -+ 90n + 163n* 4+ 901" + 73n") (5.23)
20(1 + n)*(73 + 17y + 731%) (5.24)
1— 1700 +n* + 8z(1 4 40n + n°) (5.25)
29 + 2540n + 291 + 22 (16 — 15231 + 167°) (5.26)
9 + 400 + 9n* + 42(9 + 1007 + 9n?) (5.27)
109 + 4467 + 109n* + 642 (1 + 14n + 1?) (5.28)
9+ 160n + 9 + 82(9 + 201 + 97°) (5.29)
—81 — 410n — 81n” + z(81 + 5501 + 817°) (5.30)
—81 — 820 — 81n” + 32(27 + 260 + 27n%) (5.31)
59 + 226n + 59n* + 42(59 + 3467 + 591°) (5.32)
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Q1o
QQO

QQl

QQQ
Q23

Q24

Q25

Q26

9 — 112467 + 9 + 82(261 + 15681 + 2617°)
—5(17739 + 241925 + 3970520 + 24192n° + 17739")
+2(88695 + 5671 + 22871600 + 567> + 88695n")

—4977[ —2(=1+n)?+2*(-1+n)* - 77]

147y (1+7) | = 2(=1+ ) + 22(=1+n)* = 7]

5n (807 + 574n + 807n?) + 2(3285 — 69851 — 7249n° — 6985n* + 3285n")
+32°(—1 4 n)*(1095 + 2693 + 10957°)

—2*(=1+n)*(6570 4+ 116997 + 6570n°)

(2421 + 792 — 33824n* + 792n* + 2421n")

+2(1971 — 5121n — 405747 + 675481 — 40574n" — 5121n° + 1971n°)
+2°(=1+n)*(1971 4 7137y + 1684n* + 7137n* + 1971n")

—2*(—1 + n)*(3942 + 8379n — 321401 + 8379n* + 3942n")

(9855 — 46951 — 27488n* — 123060n" — 27488n" — 4695n° + 98551°)
+51(2421 + 49747 + 8324n* + 49741 + 2421n")

+2° (=1 +1)?(9855 + 29223n + 89560n> + 292231" 4+ 98557")
—2*(—=1+ n)*(19710 4 56343n + 131180n" 4 56343n> + 19710n")

49(1 —n + %) + 38402° (1 + 141 + n?) + 60z* (13 — 898 + 131%)
—582%(173 + 1102 + 173n%) + z(1463 + 4127 + 1463n°*)

+27(7187 4 644381 + 7187n°).

The functions @, ..., Pg, which appear as arguments of a further integral, are

7" (2,y)

Y (2,9)

o5 (y)

B 64 _ 64z
2711 —y)y  27(1 —y)y?
i[ 224 128Ho(y) 64H1(y)]
v 27(1—y) 9(1-y) 9(1-y)
1 [ 352 128Ho(y) 64H1(y)]
yl 27(1—-y) 91 -y) 91 -vy)
1 { 16R; 128
l—y

—64H3(n) + {

812 3

SR; 9256 }
- — ——Hi(y) [Ho(y
TP =yt =g+ o W]

8Rg 64

5 Holw) = 2721 —y +ny)(—n —y + ny)Hl(y) ~ g i)

256 704 } . { 2R 32 ( — 27 + 18 + 12) Ku (K + Ko)

““H _
T Huly) - 556 92 3(—1+n)

128

16(1+n)%(1—10 2
16(1+1) (3772 "+"){G6+G7—
32(1+46n+n°)Gy  2(1+46n+n*)7
- +
3n? 3n?

8(K19 + Kgo)l

™

+(1 - n)2[

4(—1—18n+279?)

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

—— (1 =n)(—=Giro— G+ Gs+Gy+ K + Kip — Ks — Ky)

e

- e |:G12 + Gz — K13 — Kia +

4( =27+ 18n +n?)

8(Koy + Koo + Koz + K24)]

- lGl4+G15_K16_K17+

3n s

25

8(Ka5 + Kog + Ko7 + K28)H



32n( =27+ 180+ n*) KoKy (—1+n)(1+n)(1+46n+n*)7
= - 2
3(=1+n)m 3n

16(—1 1+ 46 e
(14| — Ry n (=1 +n)(1+46n +1°) G
9(—1+n)n’*r 3n?

‘a —77)2{— 4(—1—18n+ 27n?) (G4—K6+ 8K15>

3n? s
A( — 27+ 18n + n? 8K
—'—( ! n)(G5—K7+ 18)}
3n s

A+ ) (1= 10n+07) | 16n( =27+ 180 +1°) Ku] 1
{ 3-L4nim 3(=1+n)m }H ( >}

Ho(n)

+{_ 8(=1+n)(1+n)Ry
3*(1 =y +ny)(—n—y+ny)
C128(=1 4+ ) (G2 + G5 — Ky — K5)
3(1-y)
- i y{ —~ 12‘?5;0 + %(—1 +n)y( = Gro — Gi1 + Gs + Go
+EK1 + K1y — Ks — Ky)

—64yH3(n) + {

]mm> (5.43)

8R1y 256 }
- — —yHi(y) | Ho(y
21—y +ny)(—n—y+ny) 9 1(®)] Ho(y)

128 8R1 64
+—yH%(y) — Hi(y) — —yHi(y
g ¥Ho) 2Tn(1 — y + ny)(—n — y + ny) () = g vi)
256 704 oR,  32n( — 27 + 5dn + 5n?) Ky (Ks + Ko)
20 H _ U=
5 i) yCz} { 2Tn?m IY(—1+n)m

3 9

16(1 4+ 1)*(5 + 22n + 51 8(Kyg + K
B (1+m)*( U TI)G6+G7_(19+ 20)
9In?
32(5+86n +57°)G1 2(5 + 86 + 5w
+
9n? 9n?

™

+(1—n)2[—

4( —5 — 54n + 27n?
- ( o2 ){G12+G13—K13—K14+

8(Koy + Koo + Koz + K24)}
T

4( — 274 bdn + 5n?
- ( o ) G+ Gis — Kig — Kir +

[_ 32n( — 27 4 540 + 52 KoKy (=14 0)(1 + 1) (5 + 860 + 59%) 7

8(Ka5 + Kog + Ko7 + Kzs)u
T

9(—1+n)m In?
R 16(—1+n)(5 + 86n + 5n?)G
+H(1+m)| - s 6L+ w)(5+ 86n + 57 G
27(—=1 +n)n*n 9n?

4(—-5—-54 27n> K
(1t - HERZE R (g, S
9In? T

4( — 27 + 54n + 5n? 8K
+( 97777 n)<G5—K7+ 18)}

s
4(1+n)2(5422n+5n?)  16n( — 27 + 54n + 5n*) K,
+[— ( ), o0l R

Hy(n)

S

9(—1+n)*nm 9(—=14n)’r =

<
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_ 8(=1+n)( +n)y*Ry
(1 —y+ny)(=n—y+ny)
_128(=1+n)y(G2 + G3 — K> — K5)

3(1—y)

8R 320
D — (=14 n) (1 +y)(— Gio— G + Gs + Gy

4052 3
1 {{16(27+110n+27n2)y2

+

} Ho(n) (5.44)

ST (2,y) =

+K11 + Ky — Kg — Kg) +

11—y 81n
128 )
—?(1 —n)y*(Gio+ Gi1 — Gs — Gy — K11 — Kis + Kg + Ky)
448 64 256 704
———y*Hi(y) + —y*Hi(y) — —=y*Ho1(y) + —4°¢ [Ho(2)
27 9 3 9
— —y*H, (y)|H —y*H —
#| = T+ SR ) + e b+ ] - o
16m( — 495 + 450 + 29n%) K4(Ks + Ko)
15(=1+n)m
8(1 + n)?(29 — 741 + 297 8(Kig + K
+( 77)( 1 n)G6+G7— (Kig 20)
1572 ™
(1) 16(29 4+ 974n + 29n*)G1 (29 + 974n + 2997
RS 1572 1572
2( — 29 — 450n + 4957?
+ ( ;7 n){G12+G13—K13—K14
157
+8(K21 + Koy + Koz + K24)]
T
2( — 495 + 4501 + 297>
+ ( 5 ) G+ Gis — Kig — Ky
n
| 8K + Ko + Ko + KQS)H
T
[ 8(—1 4 ) (1 41)(29 + 97417 + 2972) Gy
- 2
157
16m( — 495 + 450 + 297%) K> K4
15(=1+n)m
Ll 1) (29 + 9740 +297%) 7 (1+1)Ru
30n?2 90(—1 + n)n’r
2( — 29 — 450 + 495n?) 8K 5
1 —n)? Gy — K,
2( — 495 + 4501 + 297 8K
A 15 ) G5 — Ko+ = || | Ho(n)

2(1+n)*(29 — 74n + 297?)
15(=1+n)nm

8n( — 495 + 4501 + 2972) K, 1
8l ) H3 ()

15(—1 + n)2r e

27



7 (2,y)

+[ 4(=1+n)Ry6
15n?(L =y +ny)(—=n —y +ny)
+%(—1 +n)(1+y)(Ga + Gs — K; = K5)
128(1 — )y (G2 + G3 — Ky — K5) s
Gors (<) Ho) + 16001+ )
64y2H0(Z) 9 B 4R17
+ﬁ} Hotm) + { 1357°(1 =y +ny)(=n —y +ny)

1 896y2 256 128 ,
— —y°H H —y°H
|- 5+ B HaCe) + P

+?(1 +y)H1(y)}H0(y) + {_ 9
4Ry

_ H Y
135n* (1 —y +ny)(=n —y +ny) 1)
160 640 1760

+—5- (LY H(Y) — ==+ 9)Hoa(y) + —— (1 + )G (5.45)

8Ry 320
817;; - ?(_1 + 77) (Glo + Gy —Gs —Gg— K1 — Ko+ Kg + Kg)
1 16(45 4 182 + 451%)y
l—y 81n

128 704
——(1—n)y(Gio+ G11 — Gs — Gg — K11 — K12 + Ks + Ko) + ——yHi(y)

3 27
256 704 352y 64

Shatto) 2t () + o te) + (2 + Sy )it

64 Riy (1 —n)*(55+ 1594n + 550%)
“yH3
To7Y 0(2)} * {817727r * 272
16(1 — n)?( — 55 — 810n + 729n%) (K21 + Koo + Koz + Kou)
2T’
16m( — 729 + 810 + 55n%) K4(Ks + Ko)
+
27(—=1+n)m
8(1 +1)2(55 + 261 + 551?) Kig + Kzo)}

8
- = {Gﬁ TR

By - 2 g

+

m
2(1 —n)?( — 729 + 8107 + 5512
_ ( )( ) G+ G5 — K6 — Ki7
2Tn
8( Koz + Kog + Ko7 + Kog) o[ 16(55 4 15947 + 557%) G,
+ +(1—n)*| - TP

m
2( — 55 — 8100 + 7297*) (G2 + G13 — K13 — K1)
27n?
8(=1+n)(1+n)(55+ 1594n + 550%) Gy 16n( — 729 + 810 + 55n%) K2 K4
+ i
271> 27(—1+n)m
(=1 +n)(L+n)(55 + 15940 + 550*)m  (1+n)Ry
54n? 162(—1+ n)n?m

2(1 —n)?( — 55 — 8101 + 729> 8K
_( 77)( N 77) Gy — K4 oot

27n?
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+

2(1 —n)?( — 729 + 810 5502 K
( 77>( i/ n)(Gs—K7+8 18) Ho(n)

27n
2(1 +n)*(55 + 261 + 551?)
27(=14n)?nm
8n( — 729 + 810n + 557;2)17(4} H2(n) 1
27(—1+n)m VT =yy

4(—=1+n)Roy 320
. —— (14 n)(Gy+Gs— Ky — K
|: 277]2(1 —y+ ny)(_n —y+ ny) 3 ( 77)( 2 3 2 5)
128(1 — Mu(Go + G+ — Koy — K. vl
_ ( ny(Ga + G 2 5)H0(2)} Ho(n) + (— 160 + y—o(z)) Hﬁ(n)
3(1 _y> 1—y
4Ry3 1 { ( 1408y 256 )
* + + 220 H, () VHo (2
{27n2(1—y+ny)(—n—y+ny) 1—y |\ 27 o YHi(y) |Ho(2)

128 640 320 128yHo(2)\ ..o
“yHE(2) | - ——H, (y) 'H Rk A )
Y 0(2)} 5 1(y)} o(y)+( 9 " Ol—y) o)
ARy, 160,
+ Hy(y) — —Hji(y
2Tn2(1 —y +ny)(—n — y + 1y) ) = =g i)
640 1760
e Hoa(y) — 9 G2 (5.46)

~ 56(Ho(y) + Hi(y)) Rer
13502(1 —y +ny)(—n — y +ny)

112 1
)(n+n3+y—ny—n3y+n4y+—sz5)

1352 (1 + Y 7
+{ L5000’ (=g ta?) 10— P (L)

I (y) =

81n’m 135n?
_224(1 — )3 (Ko + Koo + Koz + Koay) B 2243 K4 (K3 + Ky)
13507 135(=1+n)m
112(1 +n)3(L = n +7?) 8(K19+Kzo)]

13572 T
8(Kas + Kos + Koz + Kzs)}

|:G6 +G7 —

28
+——(1—n)*y |:G14 +Gi5 — Kig — K7 +

135 U

+(1 _ )2 224(1 + Ui + 772)G1 . 28(G12 + G13 - K13 - K14)
! 1357° 13572

[ 24P KoKy 12(=1+ )1+ ) (140 +7)G

135(—1 + )7 1352
_112(1+77)(1 —n+n*)(1+n+n? N T(=1+n)A+n)(l+n+n*)n
405(—1 4 n)n?m 135n?

28(1 —n)? SK 28 8K
SR (G- r B0 - B (65 - g+ 20
1357 T T

Hy(n)

{_ 1121° K4 28(1+77)2(1—77+772)] T G

B5(—1+n2r  ws(—L+mir | O (VI uvE
56(—1+ 1) Rag

TR~y ) (1 —y + ) Ho(n) (5.47)
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04(—1 +
<I>§F(y) = —H{[Gm—FGH—Gs—Gg—K11—K12+K8+K9

(G + Gy — Ko — K5)H0(n)} [5 —5r 4201+ z)HO(z)] } (5.48)
128(y + 2)
Ha = T 5.49
1 { ARz 2(=1+n)(1+n)Rs
1 —y 40592  450%(1 —y +ny)(—n —y +ny)
n 2R3,
1350*(1 —y +ny)(=n — y + ny)
R 16(—1 + n)*G 14
+ s S Hl(y)} S ) e
135n* (L —y +ny)(—n —y +ny) n n
Ry 8(— 7+ 1650+ 75m% + 23n°) Ku(Ks + Ky)
Inm 15(=1+n)m
64(1+ ) (1 + 14n + n?)
1512
—23 — 751 — 1650 + T’
1 o 2
+(1—n) [ 15,7
+8(K21 + Koo + Koz + K24)
T
—T+ 1651 + 751 + 23n°
+
1502

+8(K25 + Ko + Ko7 + K28):|

I (y) =

Ho(n)

Ho(y)

(AL

T

|:G12 +Gi3— K13 — Ky

|:G14 + G5 — Kig — K7

8(=1+n)*(1+n)Gi
172
(=1 +n)3(1+n)r . 8( — 7+ 165n + 750 + 23n°) K2 K4 (1 +mn)Ros
22 15(—1 4 n)m 90(—1 +n)n*nm

— 23 — 75n — 1659 + T’ 8K
+<1_77)2{( 1572 ) Gy — K¢ + L

— 7+ 1651 + 75n% + 2313 8K
( 0+ 750 + 23n°) G — K. 4 3K
15n?
16(1+ n)*(1 + 14n +n?)
15(=1+n)*nm

4( = 7+ 1650 + 75m* + 23n°) K4 ) 1
15(—1 + n)2r D

1 —1 1 2
{ yR3g (=1 +n)(1+n)y*Rsr Ho(n)

1—y 140572 90m2(1 — y +ny)(—n — y + ny)
R39

2702(1 — y +ny)(—n — y + ny)
R Rs3y
270n*(1 —y +ny)(—=n — y + ny) l(y)} { 270w
2(43 + 7057 + 4050 + 1757%) K4(Kg + Ko)
45(—1 + n)m

™

+

Hy(n)

(5.50)

i (y) =

Hy(y)

30



2(1 +1)*(109 + 446n + 1097?)
+
45nm?
o 8(11 = 14n + 119*) Gy (11 — 14n+ 1197
=) 1572 N 301?
175 + 4051 + 705n% + 433
B 18072
+8(K21 + Koy + Koz + K24)}
m
43 + 705m + 40502 + 17513
180n?

+8(K25 + Ko + Ko7 + K28):|
T

8( K19 + Ka)
T

{GG +Gr —

{Gm +Gi3— K3 — K

|:G14 + G5 — K6 — Kir

[ A(=1+n)(1 +n)(11 - 140 + 119°) G,
_|_ i
15n?

2(43 + 705n + 4050 + 1750 ) KoKy (=1 +n)(1 +n)(11 — 14n + 11n*)7
- +
45(—=1+n)m 6072
(14 m)Rss
540(—1 + n)n’x
175 + 4057 + 7051% + 43n*) 8K1s5
1] K
(43 + 705 + 4051 + 1757°) 8K1s
— Gs — K
18072 5~ At
(14 n)2(109 + 4467 + 1097?)
90(—1+n)2nm
43 + 7051 + 405n2 + 175n%) K4
! ) H; (1)

Ho(n)

(5.51)

e

45(—1 + )27 1—
2R N 64(—1+n)(1 +y)(Gs + Gy — Kz — Ky)
202572 151

64
—1—5(—1 +1)(Gio + G — K11 — K12)(n + ny)
1 { { 8(279 4 796m + 2791*) N 64(9 + 201 + 9)y?

4 (2,y) =

+ Hl(y)} Ho(2)

11—y 4057 1357
128 , Rug
“20

oY °(Z>} * {13507727r

4( — 865 + 117751 + 26251 + 1137773)K4(K8 + Ky)
+
225(—1+n)m

32(1 + 1)2(17 + 883n + 179
32(1+m)*( U n)G6+G7_
225m?

™

8(Ky9 + Kgo)}

1) 8(1001 — 35747 + 1001n*) G, N (1001 — 3574n + 1001n*)
g 22512 45012

1137 — 2625y — 11775* + 865,°

450m?
+8(K21 + Koo + Koz + K24)]

|:G12 +Gi3— K13 — Ky

™
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—865 + 1177510 + 262512 4+ 1137n°
_ " 1 il |:G14+G15_K16_K17

450m?
8(K o5 + Kos + Ko7 + Kog) 4(=1+n)(1 4 n) (1001 — 3574n + 10011*) G,
+ +
T 22572
4( — 865 + 11775n + 2625n> + 1137n°) K>, K,y
225(—1+n)m
(=14 n)(1 4 n)(1001 — 3574n + 1001n?) 7 (14 n)Ru
90072 2700(—1 + n)nm
— 1137 — 26257 — 11775n* + 8657°) 8K 5
1—n)? — ( Gy — K,
+(1=n) { 45012 4= Ret —
— 865 + 117751 + 262512 + 11373 8K
+( 1+ 26250 ) s — 5+ ] 1,0
450m T
8(1 4 n)(17 + 883n + 17n?)
225(—1+n)%nm
2( — 865 + 11775 + 26251 + 1137n°) K, - 1
225(—1 + n)?w Ty i
+{_ (=1 +mn) R 641+ )1 +y) (G — Ky)
225m%(1 —y +ny)(—=n —y +ny) 15
64 64
— 15 (C1Hm(Gs = Ks)(n +my) + ﬁ( —1+7°—y+n’y)Ho(y)
64(=1+n)(1 +n)y” 224 )
— H H | H
5l —2) o(2) [ Ho() + —=(1 +y)H5(n)
Ry 64(9 + 40n + 9%)y?

+[225772(1 [ R AN o (g B R

201+ +y+n° R
675m%(1 —y +ny)(—n —y +ny)

H
157 0 1(?/)

64(1+n*+y+ny 64(1+n?+y+ny
484 Vi, ) - 4 )., (5.52)
15n 157
S (sy) = — 2Rus 1 ~2(981 — 14067 + 9817% )y
6\ 405m2  1—y 405n
8(9 + 160n + 9n*)yH; () 128 ., Ry
H —yH —
+ 135, o2) + 57 ¥Ho(2) 49~ Toa0,20
4(435 + 5940n + 16657 + 692n°) K4(Ks + Ky)
135(—1+n)m
2(1 + n)%(1127 + 6478y + 11277> 8(Ky+ K
+( 77)( n U)G6+G7_(19 20)
13502 T
1 4(257 — 4018n + 257n*) Gy (257 — 4018n + 257n?)
g 13512 54072
692 + 16657 + 5940n? + 4357°
_ N 3 " 1 G12+G13—K13_K14
270m
+8(K21 + Koy + Kz + K24)]
m
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435 + 59401 + 165" + 6921
270nm?

+8(K25 + Ko + Ko7 + KZS)H
T

|:G14 + G5 — K16 — Ki7

2(—1+n)(1+n)(257 — 4018y + 257n*) G,
+ —
135n?
+4(435 + 5940n + 166512 + 692n°) Ko K4
135(—1 +n)7
+(—1 +0)(1+1) (257 — 40187 + 2577 (14 n)Ryz
108072 3240(—1 + n)n2r
692 + 16657 + 5940n* + 435n° 8K
+<1_n)2{_( 77270772 e (G4_K6+ 15)

(485 + 59409 + 16657* + 6921°) (05 Ko+ 8K18)]
270m?
(14 n)(1127 + 6478n + 11277?)
{ 270(—1 + n)2nm
2(435 + 59401 + 16657 + 692n*) K4
a 135(—1 +n)2r }

Hy(n)

9 1
0(”)}mﬂ
+[135n2< (=1 +1n)Rug _8(—1+n)(1+n)yHO(z)]Ho(n>

L—y+ny)(—n—y+ny) 15m(1 —y)
RSO
—T72H3(n) + [
ol 135n2(1 —y + ny)(—n — y + ny)
8(9 + 320n + 99%)y
Hy(2)|H
1350(1 — 3) o(2) | Ho(y)
Rs;

_l’_
1350*(1 —y +ny)(—n — y + ny)
49(H0(y) + H1(y))R54
6751%(1 —y +ny)(—n — y +ny)
98 5 s A 1 )
+ +0+y—ny—n'y+n'y+ —R
675772(”\@)(?7 " Hy—ny—ny+n'y Nk
+{ A9+ (L= n+n?) | 1969 Ky(Ks + Ky)

Hi(y) (5.53)

I (y) =

40507 675(—1+n)w
98(1 4 1)2(1 — n + 1 o1
A=t w) [0y o 8o+ K)
67517 .
_|_<1_ )2 B 196(1+77+772)G1 49(1+7]+7]2)7T
! 67517 270012
49 S(K e © .
+ 2 G12 + G13 — K3 — K4+ ( 91 + Koo + Koz + 24)
1350n -
49 (Ko 4 Ko 4 Kom - K
. Gu+Gis— Kig— K7+ ( 25 26 o7 28)
1350 -
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o4 (y)

[ 1963 KoKy 98(=1+n)(1+n1)(1+1+1n?)G,

C675(—14 ) 67502
98(1L+n)(I—n+n*)(I+n+n?) 49(=1+n)d+n)(l+n+n’)r
2025(—1 4 n)n’w 5400n?

49 8K15 4977 8K18
1-n)?——( Gy — K, - K H
+(1—n) {13507]2 <G4 6+ - > + 1350 (G5 7+ - )] o(n)

N 98n* K,  49(1+ m?(1—n+n? () 1
675(—1 + )2 1350(—1 + n)2nm 0 VI—y/y

_ 49(—1 + T])R53
6757m%(1 —y +ny)(—n — y + ny)

Ho(n) (5.54)

where the polynomials R; are:

Ry
Ry
Rs
Ry

Rs

Rg

64(—1+n)z 9
P Gy —Go+ Ks+ Ko+ 17*(Gio+ Gy — K1y — K
1577(_1 +y){ 8 9 8 9T ( 10 11 11 12)

+ [Gz Ky 4+ (Gy — K5)} Ho(n)} , (5.55)
—20(1 +n)*(1 — 100+ 7?) (5.56)
—16(1 — 9n — 8n* — 9In* +n*) (5.57)
(729 — 8621 + 729n%) + 27y*(—1 + n)*(1 + 461 + n?)

—27y(1 + 700 — 126n* + 70n* +n*) (5.58)
18n% + 2yn (13 — 501 + 13n°) + y*(—1 +n)*(1 + 467 + n?)
—y* (=1 +n)* (1 + 7dn +1°) (5.59)

2n° (81 — 34n + 81n?%)

+y*(9 — 5761 + 1391n* — 1360n" + 1391n* — 5761° + 9°)

+9y* (=1 +n)*(1+n)*(1 — 100 +n*) — 18y° (-1 +n)*(1 — 21n — 21> + n*)

+2yn (126 — 38517 + 302> — 3851 + 1261") (5.60)
2n* (81 — 62n + 81n?)

+y° (9 — 576m + 1447n* — 14720 4 1447n" — 576" + 9n°)

+9y* (=1 +n)*(1+n)*(1 — 10n +n*) — 18y*(—1 +n)*(1 — 21n — 21n* + ")

+2yn (126 — 413n + 358y° — 413n° + 1267") (5.61)
—20(1 +n)*(5 + 22n + 57°) (5.62)
—16(5 + 27n + 32n* + 27" + 51") (5.63)
2n(11 — 70n + 11n°) + y*(—1 + n)*(5 + 86 + 51*)

—y(—=1+n)*(5+ 118n + 51°) (5.64)
1(243 — 790n + 243n%) + 9y*(—1 + n)* (5 + 86n + 51°)

—9y(5 4 98n — 270n% + 987> + 5n*) (5.65)

y[ — 280n* + y* (15 — 961 + T57n* — 1736n° + 757n* — 961° + 157°)

+3y* (=1 +n)*(1 +n)*(5 + 22n + 57%)
—6y°(—1 4+ n)*(5 + 21n + 108n> + 21n° + 51*)

+yn (24 — 790 + 254> — 97 + 247;4)} (5.66)
y[ — 368" + 2 (15 — 967 + 8452 — 19120* + 845" — 961" + 157°)
+3y* (=1 +n)*(1 +n)*(5 + 22n + 57%)
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R13
R14

Rig

Ri7

Ros

R24

—6y°(—1+n)*(5 + 21n + 108n* + 211* + 5n*)

+4yn (24 — 101n + 298> — 101n* + 24774)] (5.67)
—20(1 + n)*(29 — 74n + 291%) (5.68)
16( — 29 + 45n + 16n° + 4510° — 29n*) (5.69)

(5.70)

(1+n) [270772 + 2yn(233 — 9821 + 2337°) + y*(—1 +1)*(29 + 974n + 297°)

(=1 +n)2(29 + 1498y + 29772)] (5.71)
—2n% (1215 — 2686n + 1215n7)

—9y*(—1 + 1) (29 — 4821 + 810> — 4821° + 297*)

+y° (=1 +n)*(261 — 144n — 1610 — 144n° + 261n")

—4yn (1179 — 3476n + 4250n* — 34761 + 1179") (5.72)
—2n* (1215 — 2486n + 1215n°)

—9y*(—1 4 n)*(29 — 4827 + 810> — 482n° + 297")

+y° (=1 +n)*(261 — 144n — 1210 — 144n° + 261n")

—4yn(1179 — 3376n + 4150n> — 3376n° + 1179n") (5.73)
—20(1 + 1)*(55 + 26n + 551°) (5.74)
—16(55 + 81 + 136> + 815 + 55n*) (5.75)
n( — 2187 + 4202y — 2187n*) + 3y(—1 + 7)*(55 + 1594n + 551*) (5.76)
(1+n) [324772 + 2yn (337 — 1526m + 337°) + y*(—1 + 1) (55 + 15947 + 551°)

—y2(—1 4 n)2(55 + 2378 + 557;2)] (5.77)

—108(—3 4+ n)n* (=1 + 3n) + y* (=1 +n)*(1 + n)*(55 + 26n + 551°)

—y*(—1 +n)*(55 — 538n + 1942n> — 538> + 557")

—4yn (196 — 573n + 890n° — 573n° + 1967") (5.78)
—4n? (81 — 250n + 81n%) + y* (=1 + n)*(1 + 1)*(55 + 26n + 551°)

—y*(—1 +n)*(55 — 538n + 1862n° — 538> + 557")

—4yn (196 — 553n + 850n° — 553n° + 1967") (5.79)
n+n’+yn(1+n*) + v (=1+n)*(L+n+7n°) (5.80)
y(1 )| = y(=1+ 2+ 0) + g2 (=1 + ) (L+n + )

—n(1+77+772)} (5.81)
20° —yn(L+n)*(L=n+n%) + > (=1 + )1+ n)* (1 —n+1?)
—y*(=1+n)*(1+2n+2n° + ") (5.82)
—128(1 + 15n + 16n° + 1510 + ) (5.83)
—32(1+n)*(1 4 14n + n?) (5.84)
189 + 810y%(—1 +n)* — 4518n — 2458n* — 45181 + 189"

—27y(37 — 308y + 30n° — 308n° + 37n") (5.85)

90y* (=1 +n)* — 2n(7 — 158n + 7n*)

+y(— 21 + 634n — 14187* + 634n° — 21n*)

+4y?(—1 +n)*(33 — 2961 + 337°) — 3y*(—1 4 n)*(67 — 262n + 67n*) (5.86)
y(63 — 14887 + 5429n° + 58167° + 5429n* — 1488n° + 63n°)
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R33

R37

R38

R0
Ry
Ryp

Ry3

Rys

+144y* (=1 +n)*(1 +n)* (1 + 14n + n?)

—45y*(—1 +n)* (5 + 140n + 222 + 140n* + 51")

+2n(21 — 4741 — 470n% — 474n° + 21n")

+2y° (9 + 2640n — 32171 — 3472n° — 3217n" + 2640n° + 9n°) (5.87)
y (63 — 1488n + 4789 + 70967 + 4789n* — 1488n° + 63n°)

+144y* (=1 + 0)*(1 +n)?(1 + 140 +1?)

—45y° (=1 +1)*(5 + 140n + 222> + 140n° + 5n*)

+2n(21 — 4741 — 790n* — 474n° + 21n*)

+2y%(9 + 2640n — 2897y° — 41125° — 28977 + 2640n° + 9n°) (5.88)
—10(1 + 1)*(109 + 4461 + 1097*) (5.89)
—8(109 + 555 + 664n° + 5551° + 109n*) (5.90)

—387 — 59581 — 10102n* — 5958, — 387n*

+108y° (=1 +n)*(11 — 14n + 11n°)

—9y (89 — 1312 — 210n* — 13121° 4 89n*) (5.91)
43 + 794n — 1530n° + 794n° + 430" + 12y°(—1 + n)* (11 — 14n + 11n?)
—y*(—1+1n)*(221 — 8667 + 221n°)

+2y(23 — 8351 + 1576n* — 835n° + 23n*) (5.92)
y [5120n3 + y(129 + 1332 — 4129n* — 18568n° — 4129n* + 13327 + 1297°)

—6y"(—1 +1)2(L + )? (109 + 4467 + 1097?)
+3y3 (=1 + 1) (479 + 35367 + 5250n* + 35367° + 479n")

—2y (456 + 31957 — 3680n* — 7910n* — 36807" + 31957 + 456776)] (5.93)
y [2560n3 + y(129 + 1332 — 6689n* — 13448n° — 6689n" + 1332n° + 1297°)

—6y*(—1 +n)2(1 +1)(109 + 4467 + 1097?)
+3y*(—1 + 1) (479 + 35361 + 52501 + 3536n° + 4797")

—2y° (456 + 31951 — 4960n* — 53501 — 4960n" + 31957 + 456776)] (5.94)
—160(1 + n)*(17 + 883y + 17n%) (5.95)
—128(17 + 9007 + 9177° + 900n* + 17n*) (5.96)
—5(1557 — 21798n + 3602° — 21798n* + 1557")

+2y (9009 — 537931 + 49720n* — 53793n° + 90097*) (5.97)

(1+n) [107; (53 — 6901 + 5317)

+y/(865 — 15172 + 306787 — 15172n° 4 8651")
+24% (=1 + 1) (1001 — 30347 + 10017%)

—y2(—1 + n)?(2867 — 17786y + 2867772)] (5.98)

2n( — 265 + 3450n + 2022n* 4 3450n° — 2657")

+8y*(—1 + 1) (34 + 19697 + 49001 4+ 1969n* + 34n*)

+y* (=14 n)*(593 — 27584n — 34050n* — 27584n° + 593n")

—y/(865 — 12898 + 355671 + 24180n° + 35567n" — 12898n° 4 865n°) (5.99)
2n( — 795 + 103501 + 106661 + 10350n° — 795n")

+8y°(—1 +1)*(102 + 5907y + 13550n> + 5907n" 4+ 102n*)
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+3y*(—1 + n)* (593 — 27584n — 340501 — 27584n> + 593n*)
—y(2595 — 38694n + 97501n* 4+ 817401 + 97501n* — 38694n° + 25957°)  (5.100)

Ris = —20(1+n)*(1127 + 6478 + 1127n%) (5.101)
Ry; = —16(1127 + 76057 + 87321 4+ 7605n" + 1127n") (5.102)
Rus = 1305+ 169027 + 1666n* + 16902n° + 1305n*
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6 Numerical Results

In Figure[2] we illustrate the size of the two—mass contrlbutlon in relation to the total contribution
of O(T%). The polarized single mass corrections to A 5.0 Were calculated in [70]. Also here the
N space representation has evanescent poles at N =1 / 2,3/2, which can be shown to vanish by
performing an analytic expansion.

The corrections are of the size of 20 to 60%, except of the region z ~ 0.02 — 0.03, where the
O(T%) terms vanish. In wide ranges the correction behaves as constant for fixed virtualities p2.
The relative size of the correction is of similar size as in the unpolarized case [25]. The two mass
corrections are as important as the O(T?) terms and have to be considered in precision analyses
at three-loop order.

7 Conclusions

We have calculated the polarized massive OME Afg{Q in analytic form both in Mellin N space
and z space in the Larin scheme. In the latter case we made use of a single integral representa-
tion, in order to shorten the notation, which would lead to G-functions of larger depth for which
no numerical representation is available yet. The mathematical quantities allowing the represen-
tation in N space range up to generalized finite binomial and inverse binomial sums depending
on the real parameter 7. In 2z space one obtains iterated integrals, based on square-root valued
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Figure 2: The ratio of the two mass contribution to the total contribution at O(T%) for the polarized
massive OME Ag’]{@ as a function of the momentum fraction z and the virtuality ;2. Dashed line:
12 = 50 GeV?; Dash—doted line: 12 = 100 GeV?; Full line: u? = 1000 GeV?2. For the values of m,
and my, we refer to the on—shell heavy quark masses m, = 1.59 GeV and m;, = 4.78 GeV [71}72].

letters, containing the real parameter 7. The representations derived allow a fast numerical
calculation given the analytic representations of the iterative integrals. The evanescent poles at
N =1/2 and 3/2 present in Mellin N space cancel and the rightmost singularity is obtained at
N = 0 as expected.

In the present calculation, the method of direct integration turned out to be the most effi-
cient. Therefore, we did not perform an integration-by-parts reduction in this two—scale problem,
but applied a minimal Mellin-Barnes representation, followed by the solution of the respec-
tive multi-sums using the algorithms encoded in the packages Sigma, EvaluateMultiSums and
SumProduction. The obtained expressions have been simplified using the methods encoded in
the package HarmonicSums. Checks have been performed using the package Q2Exp. In course of
the present calculation we have obtained also a series of new iterative integrals, which could be
represented in terms of simpler functions. They can be of use in other two—mass calculations.

Comparing to the complete O(T?) corrections to AS;{Q, we showed that the two-mass con-
tributions form an important part and it is necessary to consider them in quantitative analyses.
In particular, they contribute to the variable flavor number scheme, as well as in other places,
at three-loop order. The OME calculated in the present paper can be used both as a building
block for structure functions as well as for the transition matrix in the variable flavor number
scheme, provided that the Larin scheme is used. There is the possibility also to define the parton
distribution functions and the massless Wilson coefficients in this scheme.

With this result only the two—mass contributions for both the unpolarized and polarized
massive OME Ag’; at three-loop order remain to be calculated, which is work in progress.

A Representation of certain iterated integrals

In the following we present a series of integrals and relations which appeared in intermediate
steps of the calculation and which may be of further use in similar applications, extending the
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results given in [25] before. We obtained the following iterative integrals
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(A.3)
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(B.7)

(B.9)
(B.10)
(B.11)
(B.12)
(B.13)
(B.14)

(B.15)

(B.16)

(B.17)

(B.18)

Some of the integrals are generalized harmonic polylogarithms based on three different letters,
which are known not to reduce to Nielsen integrals |73| in general. Here one of the letters contains
a linear function of the real parameter 7.

The functions Ggo to Ggr; contain the n-dependent letters

and their replacement with 7 — 1/n. These letters can be partial fractioned as

1
(1—=1)2+ L+t
t
(1—t)2+(1+1)2n

(t—a)l(t—b) - aib{tia_tib]

(t—a)t(t—b) - aib[tfa_tfb]‘
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(B.19)

(B.20)

(B.21)

(B.22)



(B.23)

Then these functions can be obtained as linear combinations of the following four integrals

N e TR T
Pl S T I
L - /Oy%ana(t):—%{2iarctanyln(a—y)—Hn(i—l—a) In(1 — i) — In(a — ) In(1 + iy)
[ o ] i - 1] o2
I - élyﬁgéfﬁz%{—UMa—w+AMa+mum—m—JMy—@]
o] ] - =] - [52]) o

The roots of the quadratic form (B.19))

(1=t + 1+t =c(t—a)t—0) (B.28)
are:
1 — 2/ —
o = LTEVnTm (B.29)
1+mn
1+ 2i/n —
p = LAV (B.30)
1+mn
with
c = 1+n. (B.31)

We further present representations of a series of functions g; which are functions of z and 7.
The symbol y, not to be confused with its meaning in the main text, is defined here as

1-2vT— a2z
pum— B- 2
y o (B.32)
and the formulas are valid for
0 <n <1,
0 <z <1, (B.33)
(2) /y p arctan(z)(In(1 — z) — In(1 + z))
xr) = z
7 : (L= 2P 0+ 2)?
(14 y)arctan(y)
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1 1
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n

1../1 y 1. (1-y /14y
+31n2(1—y)—31n(1+y2)] +§L12(§_§>_ZL12[ 5 —2<T>]
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