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Abstract

The process H — J/v + -, where H is the Higgs particle, provides a way to probe the size and
the sign of the Higgs-charm coupling. In order to improve the theoretical control of the decay rate,
we compute order-v? corrections to the decay rate based on the nonrelativistic QCD factorization
formalism. The perturbative calculation is carried out by using automated computer codes. We
also resum logarithms of the ratio of the masses of the Higgs and the J/1 to all orders in the strong
coupling constant o to next-to-leading logarithmic accuracy. In our numerical result for the decay
rate, we improve the theoretical uncertainty, while our central value is in agreement with previous
studies within errors. We also present numerical results for H — Y(nS) + v for n = 1,2, and 3,

which turn out to be extremely sensitive to the Higgs-bottom coupling.
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I. INTRODUCTION

The investigation of the Higgs sector of the Standard Model is one of the most impor-
tant areas of particle physics today. While measuring the Higgs boson self couplings will
reveal important information about electroweak symmetry breaking, the determination of
the Yukawa couplings between the Higgs H and the Standard Model fermions is a direct
probe of the origin of fermion masses. While current measurements of Higgs production at
the LHC provide some constraint on the Higgs-top and Higgs-bottom Yukawa couplings [1],
a determination of the Higgs-charm coupling is still out of reach.

The possibility of measuring the Higgs-charm coupling at the high-luminosity LHC (HL-
LHC) has been studied in two different processes [2, 3]. One way is to measure the Higgs
decay into c¢, by identifying charm jets in the final state. Another way is to measure
the decay of the Higgs to a charmonium and a photon [4]. Compared to H — c¢, the
process H — charmonium+y has an advantage that the charmonium provides a clean final
state through its electromagnetic decays. Higgs decay into charmonium+y also allows a
simultaneous measurement of the size and the sign of the Higgs-charm coupling. The current
upper limits for the branching ratio Br(H — J/v + «) and the cross section o(pp —
ZH) x Br(H — c¢) at 95% confidence level are both about 2 orders of magnitude larger
than the Standard-Model predictions [2, 3].

It is crucial that the decay rate I'(H — J/¢ + 7) is in good theoretical control in order
that the measurement of the rate leads to a determination of the Higgs-charm coupling.
Recently there have been many efforts to improve the theoretical prediction of the decay rate
within the Standard Model [4-8]. Especially, approaches based on nonrelativistic effective
field theories allow a systematic improvement of theoretical accuracy [4, 5, 7, 8]. In the
nonrelativistic QCD (NRQCD) effective field theory [9], decay and production processes
involving a heavy quarkonium are given by a double series in o, and v, where v is the
typical velocity of a heavy quark @ in a heavy quarkonium; for charmonium, v? ~ 0.3, and
for bottomonium, v? ~ 0.1. Currently, the decay rates I'(H — V +~) for V = J/4 or T(nS)
for n = 1,2, and 3 have been computed to relative order a,v° and v? accuracy [5, 7, 8, 10]. In
Refs. [5, 7, 8], the large logarithms of m?, /m? that appear in higher order corrections in a,
where my is the Higgs mass and my is the mass of the quarkonium V', have been resummed

to all orders in ag by combining the NRQCD and the light-cone formalisms [11-13].



In this paper, we improve the accuracy of the Standard-Model prediction of the decay
rates '(H — V 4+ ) for V. = J/¢ or T(nS) for n = 1,2, and 3 by computing the order-
v* correction to the decay rate in the NRQCD factorization formalism. In our numerical
analysis, we do not consider the 1(2S) meson, because the nonrelativistic expansion may
not converge well, and open flavor threshold effects may be important for this state. We
work in the limit m? /m? — 0, where the calculation simplifies dramatically. In this limit,
H — V + v occurs through two distinct processes that we refer to as direct and indirect
processes, see Fig. 1. In the direct process, the Higgs boson decays into a heavy quark () and
a heavy antiquark @Q through the Yukawa interaction, and the QQ pair forms a quarkonium
after emitting a photon. We compute this amplitude to order-v* accuracy. We also resum the
logarithms of m3% /m?, to all orders in «j, using the light-cone formalism, to next-to-leading
logarithmic (NLL) accuracy. That is, we resum the leading and next-to-leading logarithmic
corrections of the forms a”log"(m?,/m?) and o log" ' (m2;/m?), respectively, for all orders
n > 1 in a,. We note that the light-cone formalism applies only to the leading-order piece
in the expansion in powers of mi,/m% [11, 12]. In the indirect process, the Higgs boson
first decays into a v and a v*, and the v* evolves into a quarkonium [4]. We compute the
indirect amplitude to the same accuracy as the direct amplitude. We compute the direct and
indirect amplitudes separately because, in the limit m?, /m?2, — 0, we find simplifications in
the indirect process that let us compute the indirect amplitude accurately from the known
calculation of the H — v decay amplitude and the leptonic decay rate of the meson V.
Also, the logarithms of m? /m? do not appear in the indirect amplitude.

We note that, although the indirect amplitude involves one photon coupling more than
the direct amplitude, this is compensated by the heavy-quark-Higgs Yukawa coupling in the
direct amplitude. In the case of the charm quark the Yukawa coupling is y. ~ 0.005, which
indeed makes the direct amplitude numerically smaller than the indirect one. In the case of
the bottom quark g, ~ 0.018 and the two amplitudes are numerically close. See Sec. IV.

The remainder of this paper is organized as follows. In Sec. II, we compute the direct
amplitude to relative order-v* accuracy in the NRQCD factorization formalism. We include
the previously known order-a,, and order-v? corrections and resum leading and next-to-
leading logarithms of m?% /m3, to all orders in as. We compute the indirect amplitude in

Sec. ITI. We provide our numerical results in Sec. IV, and conclude in Sec. V.
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FIG. 1: Feynman diagrams for the (a) direct amplitude at order o and (b) the indirect amplitude

for the process H — V + ~.
II. CALCULATION OF THE DIRECT AMPLITUDE

In this section, we compute the direct amplitude to order-v* accuracy in the NRQCD
factorization formalism. We work at leading order in «ay, but we will include the previously

0 correction in our final results.

known order-a v
We first explain the formalism that we use to compute the direct amplitude in this section.
The creation amplitude of a heavy quarkonium V' with polarization vector ¢(A) and a photon

to relative order v* accuracy is given by

IMH =V +7) = co(V[0T e - e(0)x|0) + B (V[gTor - e(0)(~5 Do)

4

+ UVl - e(A)(~5D)'x0)

CpGipj i . i <—>i(—)-
2R (VI (Ao’ (=5)* DU Do)
C
+-5(V]¥'g.B - €()x[0)
CDE, =
+ L2 plo - eWY(D - g.B + 6.E - D)x|0)

+ LBV ple(N) - o x (D x g.E — g.E x DI0). (1)

Here, m is the mass of the heavy quark, g, is the strong coupling, ¥’ and y are Pauli
spinor fields that create a heavy quark and an antiquark, respectively, and E¢ = G and
B = 1% G* are chromoelectric and chromomagnetic fields, respectively, where G is the
gluon field-strength tensor. The covariant derivative D = V — ig;A appears in Eq. (1)
in the combination Wﬁx = ¢ Dx — (Dv)"y. Operators with more than one covariant



derivative are defined with

D Diny = (—1)m (D D)y
+H(=1)" (D= .. D) Dy T Dy (2)

The notation 7W) = L(T% 4 T9%) — LT%4% is a shorthand for the symmetric traceless part
of a tensor. The short-distance coefficients ¢, are perturbatively calculable quantities that
do not depend on the meson state |V'), while the long-distance matrix elements (LDMEs)
of NRQCD operators between the vacuum |0) and the meson state |V) are nonperturbative
quantities. We take the meson state |V') to be normalized nonrelativistically. In order to
include the polarization vector in the short-distance coefficients ¢, in Eq. (1), we projected
the NRQCD operators on the polarization vector of the state (V/|.

In Eq. (1), we included operators that do not contain the chromoelectric or chromo-
magnetic fields up to dimension 7, and operators that do contain the chromoelectric or
chromomagnetic fields up to dimension 6, all of which have definite total angular momen-
tum J = 1, charge conjugation C' = —1 and parity P = —1, which are the same as V' = J/v
or Y(nS). Throughout this paper, we denote the operators that do not contain chromoelec-
tric or chromomagnetic fields as color-singlet operators, and the ones that do contain the
chromoelectric or chromomagnetic fields as color-octet operators.

Among all possible NRQCD operators, we included in Eq. (1) only the operators whose
long-distance matrix elements (LDMEs) contribute to the amplitude up to relative order
v*, based on the conservative power counting of Refs. [14-17]. In this power counting, the
velocity scaling of the LDME of an NRQCD operator is determined by the dimension of the
operator, where a power of v is associated to a unit of dimension, and by the contribution
to the meson state of the Q@ Fock state created by the operator. For J/i¢ or Y(nS), the
leading Fock state contains a Q@ in the color-singlet 35 state, and this state has the scaling
v~3/2. Subleading Fock states such as the ones that contain QQ in a color-octet state, or the
ones that contain QQ in a color-singlet D-wave state are suppressed by v and v? compared
to the leading Fock state, respectively. The color-singlet operator ¥To - €(\)x is the lowest-
dimensional operator that creates a Q@ in the leading Fock state (35;), and so, the LDME
(Vo - €(\)x|0) scales like v*2, and contributes to the amplitude at leading order in v.
The LDME:S of the operators wTa-e(A)(—gﬁ))zx and wTa-e(A)(—%H)‘lX scale like v7/2 and

vM/2 respectively, because the operators create the Q@ in the leading Fock state and have
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dimensions that are higher than the lowest-dimensional operator by 2 and 4, respectively.
Hence, these LDMEs contribute to the amplitude at relative order v? and v*, respectively.
The operator Wei()\)aj(—%)2%>(i<1—)>j)x creates a color-singlet QQ in a 3D; state. Since
the D-wave Fock state has a contribution to the meson state suppressed by v? compared

to the leading Fock state, the LDME (V|¢Tei()\)aj(—%)2ﬁ(i<ﬁj)x|0> scales like v'"/2 and

4

contributes to the amplitude at relative order v*. The color-octet operators in Eq. (1)

create QQ in color-octet states where either the orbital or the spin angular momentum is
different from that of the leading Fock state by 1. The contributions of such Fock states are
suppressed by v compared to the leading Fock state. Hence, the LDMEs (V |1)Tg,B-€(\)x]|0),
(Vo e\ LD - g.E + g, E- D)x|0), and (V[i'e(A) - 1o x (D x g, E — g, E x D)]x|0)

2 ,11/2 11/2

scale like v¥/ , and v""/<, respectively, and contribute to the amplitude at relative order

v3, v, and v*, respectively. For later use, we also define ratios of LDMEs as follows:

b1 (Vo e(h)(—1D)*0)
A LoV R o

w1 (Vo - e(h)(—4D)'x|0)

WS = i (Vi - eOn >§¥? B h
2\ _ i(VWTE Jol(—4)? ! X|O c
W = e VT V0 %

1 (V[iplgsB - €(\)x]0)

<EVZE5wwwf<W9’ (34)

1 (Ve eA(D g + B D)) e

(DEav = (V14T <o ~ )
1 (Ve 3o x (B x 0.B - g,B x B)0)

DB = s Vi - (0 ' o

There is a color-singlet operator of dimension 7 that does not appear in Eq. (1), which
is given by 1¢Te!(X)o? (—%)? {D(ZDJ (— Z<—>)2}X. Because this operator creates a QQ in a
3D, state, its LDME scales like v'%/2 and contributes to the amplitude at relative order v°.
Similarly, the color-octet operators of dimension 6 given by ¥Te(\ )%(%> X gsE+ g, FE X 5)) X
and ¥Tel(\)o? <B(Zg Ei) + ¢,EC <B? )x do not appear in Eq. (1) because their LDMEs
contribute to the amplitude at relative order v and v%, respectively. The velocity scalings
of these LDMEs can also be determined from the Gremm-Kapustin relations in Eqgs. (D2c)
and (D2d).

If we follow the power counting of Ref. [9], the color-octet LDMEs except for <V|¢T%(%>



gsE + g, FE - <B>)0' - €(\)x|0) are suppressed beyond relative order v* and do not appear at
the current level of accuracy.

We compute the short-distance coefficients ¢, appearing in Eq. (1) at leading order in «j
by using the perturbative matching conditions obtained by replacing the meson state V' with
a perturbative QQ or a QQg state. Since the expression in Eq. (1) is only valid to a limited
accuracy in v, we expand the perturbative amplitude in powers of the 3-momenta of the @,
@, and the gluon, and truncate the series to the desired accuracy. We follow a method used
in Refs. [18, 19], that consists in not projecting to a specific color, spin or orbital angular
momentum of the QQ state, but instead, in only requiring the QQ or the QQg state to
have the same J”¢ = 17~ as the meson state V. This method has the advantage that fewer
matching conditions are required to compute the short-distance coefficients. The caveat is
that specific expressions for the matching conditions can be more complicated than when
projected to specific color, spin, and orbital angular momentum states. Therefore, this
method is suitable for computer-aided, automatized calculations. Also, this method can
require including NRQCD operators that have same dimensions as the ones appearing in
Eq. (1) but have LDMESs that are suppressed beyond relative order v*, because the matching
conditions obtained in this way do not depend on the probabilities of the QQ Fock states
to be found in the meson state. Hence, in the calculation of the short-distance coefficients,
we include all color-singlet operators of dimensions up to 7, and color-octet operators of
dimensions up to 6, that have J’¢ =1,

If we replace the meson state V with a perturbative QQ state, the amplitude occurs from
order g%, and the color-octet operators do not contribute to the amplitude at this order.
We include all color-singlet operators up to dimension 7, which contain at most 4 covariant
derivatives. Hence, we must consider the production amplitude of a Q@ state at up to 4th
order in the relative momentum of the Q and the Q. We use the kinematical configuration
given in Appendix A where the relative 3-momentum between the @) and the @ is given by

g. The production amplitude of a QQ state with J”¢ = 17~ and a photon is given at order



gs by

IMIH = QQ(J7C = 177) + ]
= co(QQI1o - €M) + QR - ()~ D x0)
+5DED2 (QQ [T (N o (- >2<5><"5”>x|0>
<Q@|¢*a e(N)(—1D)'x[0)

+%<@@|§¢*ei<x>aﬂ'<—;>2{%’

VD, (~£D )10} + Ol (lal/m)*). (4
where we have included all color-singlet operators with J”¢ = 1=~ up to dimension 7. We
take the states |Q) and the |Q) to be nonrelativistically normalized. We determine the short-
distance coefficients cy, cp2, cpipi, and cpa, along with cp2paps that does not appear in
Eq. (1), by computing the left- and right-hand sides in perturbative QCD and perturbative
NRQCD, respectively, and comparing the two sides order by order in the expansion in powers
of g up to 4th order.

In order to compute the remaining short-distance coefficients corresponding to the color-
octet LDMEs, we consider the production amplitude of a QQg state with J”¢ = 17~ which
occurs from order g,. We use the kinematical configuration given in Appendix A where the
relative 3-momentum between the @ and the Q is given by g, and the relative 3-momentum
between the Q@ pair and the gluon is given by g,. At order g,, the color-octet LDMEs that
appear in Eq. (1) have matrix elements that are either linear or quadratic in the momenta
g. or g, when the meson state V is replaced by the QQg state. We must also include all

color-octet operators of dimensions up to 6 with J©'¢

= 17~ that do not appear in Eq. (1),
whose matrix elements can also be either linear or quadratic in the momenta q; or qs.
The color-singlet operators in Eq. (1) can also contribute to the QQg amplitude at order
gs through the gauge fields in the covariant derivatives and through insertions of NRQCD
vertices. An NRQCD vertex insertion at order g, involves a heavy-quark propagator, which
can produce a factor of 1/|gs|. Hence, it is necessary to include all color-singlet operators
that contain at most 3 covariant derivatives. Since the lowest dimensional color-singlet
operator we consider is of dimension 3, and the highest dimensional color-octet operators

are of dimension 6, we need to include NRQCD vertices up to 1/m? accuracy. That is, we

need to consider two-fermion operators of dimensions up to 7 in the NRQCD Lagrangian,



which are given by [20]

D? o.9.B (D g.E [—iDx, g.E
Coi=uviipg+ 222 9B  (DgE) o [-iDxgFE]
2m 2m 2m 8m?
D'  {Do-9B}
+8m3 + " )Y +ec., (5)

where c.c. stands for the charge conjugated contribution of the preceding terms. Since we
only consider the matching at tree level, we only include the Wilson coefficients at order
a? in Eq. (5). The production amplitude of a QQg state with J“ = 1=~ and a photon at
order g, is given by
IM[H — QQg(J7 =177) + ]
_ <=
= co(QQg|v'o - €(N)x|0) + <QQ9|¢TU e(\)(—3D)*x|0)
CpGpi) i
+ 2 (QQg|Ye (Vo

+W<QQ9\¢TQSB LOWN

I(— %) DDy|o)

+ PR QQglve(N) - o3(D - g, B + . B - D)N|0)

+CDE1<@@9|W> Lo x (D x ¢,E — ¢,E x D)x|0)
+22QQgluTe(N) - §(D x 9,E + 9.B x D)x[0)

+%<QQ9W6’() o (D9, + g, B DY)x[0) + Ol lail*/m?),  (6)

where the left-hand side is calculated in perturbative QCD and is expanded in powers of q;
and g, up to quadratic accuracy. We again take the states |@Q) and |Q) to be nonrelativis-
tically normalized. We determine the short-distance coefficients cp, cpg,, and cpg,, along
with ¢pg; and c¢pp, that do not appear in Eq. (1) by computing the left- and right-hand
sides in perturbative QCD and NRQCD, respectively, and comparing the two sides order by
order in the expansion in powers of g; and g, up to quadratic order'.

In the following sections, we compute the short-distance coefficients ¢,, explicitly. We first
calculate the ¢, in fixed-order perturbation theory, where the QCD amplitudes on the left-

hand sides of Egs. (4) and (6) are computed at leading order in a. We obtain corrections

! The operator 1fe(\ ﬁ X gsE+ gsE x 5) )x does not appear in Ref. [16]. If we compute the NRQCD
matrix elements on the right-hand side of Eq. (6) explicitly, the matrix element of this operator is the
only matrix element that is quadratic in g2. Hence, if we ignore the contribution that is proportional to
|g2|? in both sides of Eq. (6), we can ignore this operator from the matching condition without affecting
the calculation of the short-distance coefficients in Eq. (1).
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to the direct amplitude of relative order v* which is new in this work, and reproduce the
known order-v? correction in the fixed-order calculation. We then compute the ¢, in the
light-cone approach, which is valid at leading order in m?/m%, that allows us to resum
logarithms of m?% /m? to all orders in ;. We obtain new corrections of relative order v* in
the light-cone approach, and reproduce the previously calculated order-v? correction. We

include the order-a; correction to the direct amplitude using the light-cone approach.

A. Fixed-order calculation

At order ¢°, the direct amplitude for H — QQ + v is given by

7;/Vldir(I{ — QQ + 7)

(=2 — P+ M)E] N £+ Py +m)

’ — | V\P2); 7
pa+py)2—m24ic  (p1+py)?—m2+ie (p2) (7)

= —ieeqyqu(p1) (

where p, and € are the momentum and the polarization vector for the photon in the final
state. We use the physical gauge for the photon polarization vector, so that € - p, = 0.
Here, e = v/4ma is the electric charge, eq is the fractional charge of the heavy quark @), and
yo = m(u)(v2G F)% is the Yukawa coupling of the Higgs and @), with G the Fermi constant.
The momenta of the ) and @ are given by p; and p,, respectively, so that the momentum of
the H is Py = p1 +p2 + p,. This implies m% = (p1 +pa +p)% = 2p, - (01 +p2) + (p1 + p2)?,
so that in the rest frame of the QQ,

mi — (P14 p2)*  my —4m® — 4¢°

0
p = ‘p ‘ = - 9
! k 2/ (p1 + p2)? 4y/m? + q>

where ¢ = %(pl — p2). We choose the heavy-quark mass appearing in yg to be m(u), which

(8)

is the MS mass of the heavy quark @ at scale u; as we will see in the next section, this
choice simplifies the logarithms that appear in the order-a, correction. Since C', P, and T
are conserved in the amplitude in Eq. (7), the QQ can only be created with C = —1. We
first express the Dirac bilinears a(p;)y*v(p2) and @(p1)y*y"v(p2) in terms of the 3-momenta
of the @ and @ in the QQ rest frame. This can be accomplished by using the method
described in Appendix B. Then, we expand the amplitude in powers of q, keeping terms

up to relative order g*/m?.

The resulting expression for the amplitude is then a linear
combination of the Cartesian tensors built from ¢fon and q of the form £foing’ - - - ¢* up to

rank 5 and of the form £'ngiq’ - - - ¢* up to rank 4. The contribution from these Cartesian

10



tensors to the total angular momentum J = 1 can be obtained by a reduction method
developed in Ref. [21]. Finally, the P = —1 contribution is obtained by keeping only the
contribution odd in parity, where the parity transform of the QQ amplitude is given by
the replacements ¢ — —q, {fon — —&Ton, and &' — —€n. We use the Mathematica
package FeynCalc [22, 23] and the FeynOnium [24] package to automatize the calculation of
the amplitude and the consequent reduction to the J©¢ = 1=~ contribution. By comparing
the JP¢ = 17~ contribution of the QQ amplitude with the right hand side of Eq. (4), we

obtain the short-distance coefficients

co = —ieejly‘? e e (), (9a)

cpr = z‘eeglyQ 6?(’1__7::)6; € (\), (9b)
iy = —i— o 1?); 1_7;6; € (N, (9¢)
et — _iCQUQ 43 — 1107 + 147r2 € e (), (9a)

m 120(1 — r)? 7
eeqyq 83 + 2r — 64512

Coipepd = e € ) e
where we define r = i‘nﬂ;. The short-distance coefficients ¢y and cp2 agree with Refs. [4, 5],
H

except that our results differ by an overall sign that originates from the sign convention of
the J = 1 state employed in Refs. [4, 5]. We also reproduce the short-distance coefficient
cps that can be obtained from Ref. [5]. The results for ¢pip,) and ¢p2pips) are new.

The remaining short-distance coefficients corresponding to the color-octet LDMEs are

11



computed from the direct amplitude for H — QQg + v at order g,, which is given by

iMa(H = QQg +7) = —igseeqyqi(pr)T*
X{ Fo(P1 + Ky +m)(—p2 — Py + m)E,
[(p1 + kg)? — m? + ie][(p2 + py)? — m? + ic]
(=b2 — Ky — Dy + m)E (=2 — Ky + m)E,
[(p2 + kg + py)? — m? + ic][(p2 + kg)?> — m? + i€]
(=p2 — Kg — Py + m)fg(—po — Py + M)E;
[(p2 + kg + py)? — m? +ig][(p2 + py)* — m? + ]
£+ Py +m)(—p2 — Ky + m)f;
[(p2 + kg)? — m? +i][(p1 + py)? — m? + ic]
£o(P1 + Ky +m)E (b1 + Ky + Py +m)
[(p1 + kg + py)? —m? + ic][(p1 + kg)?> — m? + i€]
£(P1+ Py + m)E (b + Dy + B+ m)

[(p1 + py)? = m? +iel[(p1 + Py + k)2 — m? + ie]

botpa).10

where €, is the polarization vector of the gluon. The total momentum P of the QQg state

is given by P = p; + p2 + kg, and the momentum of the H is given by Py = P + p.,, so that

in the rest frame of the QQg,

M’ (11)
2P,

where Py = 2|qs| + \/((h +q2)? +m? + \/((h — @) +m? ¢ = %(pl — p2), and ¢o =

é(2l{;g —p1—p2). Due to C conservation at this order, the QQg can only be produced in a color-

Pg = |p’y| =

singlet C' = —1 state. We use again the Mathematica package FeynCalc and the FeynOnium
package to automatize the calculation of the QQg¢ amplitude. After expressing the amplitude
in terms of the 3-momenta of the @, Q and g, we expand the amplitude in powers of g,
and g, up to relative order q/m?, g5/m?, and |qi||qz|/m? The resulting expression for the
amplitude is then a linear combination of the Cartesian tensors built from o, €,, q1, and
g2 up to rank 4. In order to keep only the contribution with negative parity, we keep only
the contribution odd in parity, where the parity transform of the QQg amplitude is given by
the replacements g1 — —q1, g2 = —qq, €, = —€;, lon — —Elon, and Ty — —ETn. After
reducing the Cartesian tensors of odd rank to total angular momentum J = 1, we compare

the JP¢ = 17~ contribution with the amplitude in the right-hand side of Eq. (6) to obtain
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the short-distance coefficients

p = _z'eefjlyQ € e (N), (12a)
_.eeqye3 —6r+5r?
CpBy = 1= M=) € € (M), (12Db)
_eeqye3 —4r+5r?
Cppy = 1= ST =2 € € (N), (12¢)
eeQyg S —2r

Cpe|, =1 m A1 = T>€V -€°(A), (12d)
_eeqyo 3 —=5r)(3+Tr) ,
where r = %Q.
H

The short-distance coefficients in Egs. (9) and (12) allow us to compute the direct am-
plitude to relative order v* accuracy. Because the indirect amplitude will be available only
at leading order in m?/m3, (see Sec. III), only the limit m?/m?% — 0 of the short-distance
coefficients in Eqgs. (9) and (12) will be employed in the total decay amplitude. This amounts
to setting r = 0.

We note that the method described in this section can be easily applied to compute
contributions of the QCD amplitude with different J¢. For example, the J¥¢ = 1+~
contribution can be obtained by keeping parity even terms in the amplitude. The JF¢ = 1+~
contribution can then be used to obtain the short-distance coefficients for the H — h. + v

amplitude. We show this result in Appendix C.

B. Light-cone calculation

In the fixed-order calculation, the short-distance coefficients contain contributions from
the scales m and mp. Since mpg is much larger than m, the logarithms of m?2 /m? that
appear in corrections of higher orders in a4 can potentially spoil the convergence of the
perturbation series. If we work at leading power in m?/m?, the light-cone approach provides
a factorization formula that separates the contribution at the scale m from the contribution
at the scale my [11, 12]. The light-cone approach also enables us to resum the logarithms
of m%, /m? to all orders in a; by solving an evolution equation. The factorization formula is
given by [11, 12, 25]

i

Z.~/\/ldir(1v{ -V +7) = 2

cequac - € (N f (1) / 0 Tig (2, 1) (e, 1) + O(m? /3y, (13)
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where Ty (z, i) is the perturbative hard part that contains the contribution at the scale my,
while the contribution at scales m and below are contained in the decay constant fi-(p) and
the light-cone distribution amplitude (LCDA) ¢(z, 1) of the meson V. The decay constant
and the LCDA are nonperturbative quantities defined by

Fr (et (N ey (@, 1) = (V]Q*(2)]0). (14)

The nonlocal operator Q*(x) is defined by

Q(x) = [ Soe AR QW) wn D (WIQ)(~wn2) (15)

where P is the momentum of the meson V, and the decay constant fi(p) is defined by
integrating Eq. (14) over x and considering the normalization of the LCDA, which is given

by fol dz ¢i(x, 1) = 1. Here, Q(z) is the QCD quark field. The light-cone vectors n and 7

are given by n = "-p, and n = mLHPH — 1, which satisfy n? = 72 = 0 and nn-n = 2. Here,
Py and p., are the momenta of the H and the photon, respectively. For any 4-vector a*, we
define a/] = a*—2fi-a—2%-n-a. The Wilson line W, (z) = P exp [—ig ffoo dsn-Alx + Sﬁ)] ,
where P is the path ordering operator, ensures the gauge invariance of the nonlocal operator.
The hard part Ty (z, 1) has been computed to next-to-leading order (NLO) accuracy in oy
and is given by [6, 25]

1 i as(N)CF 1
1—ux) dr  z(1—2)

TH('IHM) =
a(
2
|2 (1log ZH _ iz ) logz(1 — = +log? z +log®(1 — ) — 3| + O(a?2), (16)
2

N2-1
where Cp = =¢

S~ and N. = 3 is the number of colors. The imaginary part in Eq. (16)

comes from the order-ay correction where the virtual lines can be on shell. The expression
for the NLO correction to Ty (z, i) in Eq. (16) is valid when the decay constant fif(u) and
the LCDA ¢ (x, 1) are renormalized in the MS scheme, and the heavy-quark mass in the
Yukawa coupling yq is the MS mass at the scale p. If we use the heavy-quark pole mass
m instead of the MS mass at the scale p, the order-a, correction in Ty (z, ) involves a
logarithm of m?2 /m?; instead, using the MS mass in the Yukawa coupling yq ensures that
Ty depends only on the scale my and removes this logarithmic contribution from it [6].
The nonlocal operator Q%(x) has an anomalous dimension known to NLO in «y that

allows us to resum logarithms of m?, /m? to NLL accuracy [11, 26-29]. In order to resum the
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logarithms of m?% /m? that appear in corrections of higher orders in «a; to the short-distance
coefficients, we apply the factorization formula [Eq. (13)] to the perturbative amplitudes
H — QQ +~v and H — QQg + ~. This involves calculating the decay constant and the
LCDA with the meson state V replaced by the perturbative QQ and QQg states. Then,
each of the short-distance coefficients ¢, is given by a convolution of the hard part Ty
and a distribution in x that satisfies the same evolution equation as the nonlocal operator
in Eq. (14). Equivalently, we can apply the NRQCD factorization formula to Eq. (14) to
obtain an expression of the decay constant and the LCDA in terms of NRQCD LDMEs, so
that [13]

FE )b, ) = —NVIQ@I0)
= &) Vivte - o) + 2 Vit - () (4 B)xo)

6D4 ([L’)

(V]lo - e(\)(—i D)oy

+CD“D7”()<V‘¢T e(\)o (_%)25)“(5)”)(@

ﬁBT@WWgB - e(M)x[0)
+CDE0§ 2 vt - eNX(D - gE+ gE - D)x|0)
CDE1( )

(VIgte(N) Lo x (D x gE — gE x D)x0),  (17)

where the short-distance coefficients é,(x) are computed from the matching conditions that
are similar to Egs. (4) and (6), where the ¢, on the right-hand sides are replaced by é,(z),
and the left-hand sides are replaced by —(QQ(JF¢ = 177)|Q%(x)|0) and —(QQg(JFC =
177)|Q%(x)|0), respectively. In the matching conditions, the scale 1 in Eq. (17) is the scale
where the NRQCD LDMEs on the right-hand side are defined. The factorization formula
[Eq. (13)] implies that
Cp = —%eerQe*(A) €] /01 dx Ty (, po)en(z) + O(m? /m3;). (18)
It is worth noting that (QQ|Q%(z)|0) and (QQg|Q(x)|0) contain contributions from both
negative and positive charge conjugation. From the fact that the charge conjugated of the
operator Q*(z) is given by —Q%(1 —x), we can see that the contributions of negative charge
conjugation to (QQ|Q%(x)|0) and (QQg|Q*(x)|0) are given by the contribution symmetric

in z <> 1 — z. Since the hard part Ty (x, p9) is symmetric in z <> 1 — x, the positive charge
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conjugation contribution of the LCDA, which is antisymmetric in x <+ 1 — x, does not
contribute to the decay amplitude, consistently with the conservation of charge conjugation
in the amplitude. Hence, in order to keep only contributions of negative charge conjugation
in (QQ|Q(x)|0) and (QQg|Q%(x)|0), we just need to keep contributions that are symmetric
inzr<1—ux
If we replace the meson state V with the QQ state, we obtain
~(QQIQ@)0) = — [ G B g () + O,
1

——50(z = 1/2 =7 -q/n- PYa(p)inio(ps) + O(g).  (19)

We use the same strategy as the fixed-order calculation to obtain the contribution with
JPC¢ = 177: we express the Dirac bilinears in terms of the 3-momenta of the @ and the
@ in the QQ rest frame, and then we expand Eq. (19) in powers of q up to relative order
g*/m*. Then, Eq. (19) is given by a linear combination of the delta function §(x — 1/2)
and its derivatives. In order to keep only the contribution with C' = —1, we ignore the odd
derivatives of 6(z—1/2). The J = 1 contribution is then obtained by reducing the Cartesian
tensors of the form &g’ - - - ¢* up to rank 4 and of the form &£foing’ - - - ¢* up to rank 5
using the reduction method of Ref. [21]. We keep only the contribution with negative parity

in order to obtain the JF¢ = 17~ contribution. From the matching condition (17) we obtain

éolz) = %5(:5 ~1)2), (20a)
ipa(x) = % 2 a(r—1/2)+ 4—185@) (x—1 /2)] | (20b)
e () = % %5(1« _1/9)— %5@(9: 4 /2)] , (200)
ep(x) = % :ga(:ﬁ 19y %5@ (x—1/2)+ ﬁw (x—1 /2)] (20d)
epepipn () = % _—1—565(:5 —1/2) + %5@) (x—1/2) — igo(sw (x—1 /2)] ~ (20¢)

The short-distance coefficients éo(x) and ¢pz(x) agree with known results in Ref. [5]. The
agreement with the fixed-order calculation can be easily verified using Eq. (18).

To compute the remaining short-distance coefficients corresponding to the color-octet
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LDMESs, we replace the meson state V with the QQg state to obtain

—(QQqg|Q*(x)|0) = — / ;Z_“e—i@—l/z)wnpﬂ'wn-(pl—p2>/2
T

. {ewn P u(py)(—igf 1) (pli‘(f }f;;fi :;nj)u ic iv(p2)

s — by )
(pa + kg)? — m? +ic
y u(p)y L T v(p2)

me

e 2 i

(—igstyT*)v(p2)

me

_'_6iwﬁ-kg/2 (ig )

B L T e v<p2>] L o)

ﬁ-l{:g
ng A-(pr1—patkg) \ = a +
= 55 (o= 1/2 - 2o g PR
5( _1/2 A (p1—p2— kg)) *( o ( ]52 kg—‘_m) *Ta
2n-P Upl)ﬁlVL 2y - ky + ic £ T v(p2)
ng fi-(p1—p2+ky) in - E a
— =055 (o — 12 — ) ) — Dy )y S T (p2)
n.P 2n-P 7 - kg 1
_ ng . _ n(p1—p2—Fkg) _iﬁ.GZ— ama 2
05 (o - 1/2 - ok ) F AT () + Ol (21)

After expressing the amplitude in terms of the 3-momenta of the Q, @ and g, we expand the
amplitude in powers of q; and g, up to relative order g2/m?, q3/m?, and |qi||gs|/m?. The
resulting expression for the amplitude is then a linear combination of the Cartesian tensors
built from &forn, €;, q1, and g2 up to rank 4. We obtain the matching condition for QQqg
with JP¢ = 17~ by keeping only the contributions symmetric in z «<+ 1 — z, i.e., C' = —1,
reducing the Cartesian tensors to J = 1, and keeping only the negative parity contributions.

The resulting matching condition leads to the following short-distance coefficients

en(x) = %5@ ~1)2), (22a)
Cppy(T) = % _—1—765(:5 —1/2) + @5 Nz — 1/2)} , (22b)
épi, () = % _—%5(35 _1)2)— @5@) (x—1 /2)] | (22)
e () = % :—ga(x _1/9)— i5<2>(x _ /2)} , (22d)
Cpp, () = % %5@ —1/2) — @5@ (z — 1/2)} . (22e)

The agreement with the fixed-order calculation can be easily verified using Eq. (18).
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By integrating the short-distance coefficients ¢, (z) over z, we obtain an expression for
fi7 valid up to relative order v*. If we include the correction of relative order a v° in the

MS scheme from Ref. [25], we obtain
V]vte - e(A\)x|0 o C 2 5 19

2m 47 § 24
DBy + L)y +(B)y — (DB + owﬂ . (23)

The corrections at relative order v* agree with Ref. [5]. The logarithm of u/m? in Eq. (23)
is the remnant of the renormalization of the decay constant in the MS scheme.
Since the short-distance coefficients ¢,(x) at leading order in «; are linear combinations

of 6(x —1/2), 6@ (z —1/2) and 0¥ (x — 1/2), the LCDA can be written as

o (x, o) = ¢ (m, o) + v (z, o) + &P (@, o) + ¢ (, o), (24)
where
v (2, o) = 6(x —1/2), (252)
1 ) 2 19
v (, o) = §<U5>v T 18 ((vg)v)” - %< v
1 1 6z —1/2
+§IDE) = Sy - gDy I ()
1 dW(z—1/2
EO o) = gy D (25¢)
and ¢i+@) (x, 119) is the order-a,v° correction in the MS scheme given by [25]
L) _ 0s(10)Cry Sz M
¢V (ZE', /J“O) An 9(1 21') 1— 2 log m2(1 — 21')2 1 . (26)
16z(1 — )
+ [7(1_293)2 ]++}+(xH 1—ux),
where the plus and plus-plus distributions are defined by
1 1
/ dz f(x / dx [f f(1/2)]g(x), (27a)
0 0
1
/ iz f(x / de [f(z) — F(1/2) — F(1/2)(x — 1/2)g(z).  (27b)
0 0

The logarithm of z2/m? in Eq. (26) is the remnant of the renormalization of the LCDA in
the MS scheme. Note that

' dx (Y de P(@—-1/2) (' dz W(x—1/2)
/0 x(1—x)5<x_1/2)_/0 z(1—2) 8 _/0 = s =3
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The decay constant and the LCDA computed in Eqs. (23, 24) allow us to resum logarithms
of m% /m? that appear in the QCD corrections to the direct amplitude to all orders in .

This is accomplished by solving the evolution equation

s 6t 10 = 00 [ty V(e )ob o), (29)

where the evolution kernel Vr(z,y) is currently known to NLO accuracy in «, [11, 26—
29]. We obtain fi(u)¢i(z, 1) at scale pu from fiF(10)di:(, o) at scale pg by solving this
evolution equation. The direct amplitude with logarithms of m?%, /m? resummed to all orders
in ay is then given by Eq. (13), by setting u ~ my and py ~ m, so that Ty (x, p) is free of
logarithms of m?,/m?.2 The accuracy of the resummation is limited by the accuracy of the
evolution kernel; since the evolution kernel is known up to NLO accuracy, we can resum the
logarithms to NLL accuracy. The resummation can be carried out using the Gegenbauer
polynomials C&/ 2)(2x — 1), which are the eigenfunctions of the LO evolution kernel [30].
The convolution in Eq. (13) is given by

0 [ s Tite, ot i (1), 1), (30)

where Ty (n, 1) and ¢is(n, 1) are Gegenbauer moments defined by
Titnp) = [ dealt = C0 22~ )Tue,n), (31a)
i) = A 4 OO (20— )b, ). (311)

The solution of the evolution equation in terms of Gegenbauer moments leads to [26-29]

éé(nla M) = Z Unlnz (Mvﬂo)éé(n% MO)v (32&)
no=0
f\}(ﬂ) = Uf‘# (%Mo)f&(,uo)- (32b)

Explicit expressions of UpL (1, tto) and Upyn, (1, pto) can be found in Ref. [7]. We note that
Up, (1, p10) and Uy, n, (1, po) depend only on i, pg and the evolution kernel, and are inde-
pendent of fiF (o) or ¢i(z, o). When ¢ (z, 11o) contains singular distributions such as the

delta function and their derivatives, the sum in Eq. (32a) can converge badly. The authors

2 Equivalently, one may resum logarithms of m?,/m? in the hard part Tp (z, 1), which may be conceptually

closer to the effective field theory logic.
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of Refs. [7, 8] developed a method to overcome the problem of nonconvergence by defining

the sum over ny in Eq. (32a) as an Abel sum, so that
1
) [ da T, i (e )
0

= lim Uy (1, 1) fi (110) D > Trr(na, 1) Uy (12, 110) 03 (12, 10) 2" (33)

n1=0 n2=0

The numerical value of the Abel sum is then evaluated by using Padé approximants of the
truncated series. We employ this Abel-Padé method [7, 8] to compute the convolution in
Eq. (32a).

It is more convenient to express the direct amplitude with resummed logarithms in terms
of the decay constant and the LCDA convolved with the hard part, i.e. Eq. (13), than to
resum the logarithms for each of the short-distance coefficients in Egs. (9) and (12). We note
that the resummation of logarithms can be carried out separately for the decay constant

and the individual contributions to the LCDA in Eq. (24), so that

: 1
. 2 k k n
iMar(H =V +9) = Seequaes €N D Upp s o) fi (o) / d T (x, 1) 63 (, )

n=0,2,4,a

+O(m® /mi), (34)
where

1 0o 00
/0 dx Ty (2, 1) v (0, 1) = D> Tor(na, 1) Unys (1, 120) 3™ (2, 10). (35)

n1=0n2=0
III. CALCULATION OF THE INDIRECT AMPLITUDE

The indirect amplitude proceeds from H — ~*v, followed by v* — V. Since we work
in the limit m? /m% — 0, the partial amplitude H — ~v*y can be replaced by the decay
amplitude of the Higgs to two photons. Then, the indirect amplitude is given by [4]

U pgr m|*, (36)

* 6Q.f” 47TCE(/,L0)
(\) Y e 167 — ©)

where the factor 16mmy compensates for the factors that are necessary to obtain the decay

iMina(H =V +7) = —i€] - €

rate I'(H — ~) from the squared amplitude. We take the scale of the QED coupling at
the vertices associated with the virtual photon with virtuality my to be pg, and the scale

of the vertex for the real photon to be 0. The factor a(f)/c(0) replaces one QED coupling

20



constant at scale 0 in the H — v amplitude with the QED coupling constant at scale py.
We ignore the small imaginary part in the H — ~+ amplitude [6, 7]. The decay constant
f‘”/ is defined by

(VIQ£NQI0). (37)

1
v T
Since f‘u is a conserved current in QCD, it does not undergo renormalization. Hence, the
indirect amplitude is free of logarithms of m?% /m? in the limit m3,/m3, — 0 if one ignores
the higher-order electroweak corrections to the indirect amplitude. We can express f‘”, in

terms of NRQCD LDMEs up to relative order v* using the same techniques we employed to

compute the direct amplitude and the decay constant f;-. We obtain

Vit eQ0) (| eulim)Ce 2,0 T,
sl = e OO () 2O 2ty 4 ladh
5 1, 1 1 .
3By = L)y + 3B~ (DR +O0Y). 9

where we included the order-a,v° correction computed in Refs. [31, 32]. We note that f‘”, is
positive at leading order in ag and v. If we assume f‘|/|v > 0, an accurate numerical value for

‘”/ can be obtained from the leptonic decay rate

DV = £07) = a(uo)e |}

g , (39)

so that

eq V24mmy [F(V — (HT(H — ) 2

iMina(H =V +7) = —iel - €°(\) ol v a0)

Y

(40)

Note that 1 Mi,q and iMg;, have opposite signs, so that when calculating the decay rate,

the direct and indirect amplitudes interfere destructively [4].

IV. NUMERICAL RESULTS

We now present our numerical results for the Higgs decay rate into V 4+ for V = J/1 and
T(nS) for n = 1,2, and 3 based on our calculation of the direct amplitude to relative order
v* accuracy. Our expressions for the direct and indirect amplitudes are given in Eqs. (34)
and (40), respectively. If we write Mg, = € - € (N Agir/V® and Mg = € - € (N Aina/ V@,
the decay rate I'(H — V + 7) is given by

F(H -V + 7) = ‘Adir + Aind‘27 (41)
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where ® is the phase space and normalization factor given by

o L mv(my—mp)

42
2mpy 2mm?2, (42)

We present our numerical results for Ag;, and Aj,q in the following sections. Then, using
the resulting values of Ag;, and A;,g, we compute the decay rate I'(H — V + «) from the
formula in Eq. (41).

A. Indirect amplitude

We compute the numerical values for the indirect amplitude using Eq. (40). We compute

the decay constant f‘”/ from the measured leptonic decay rate:

(. 3F(V — £+£_) 2 4
V= { 871'0&2(,[10)622 ( 3)
where we take pp = my. Then
gL VMg [TV = CHOT(H = )] )
" el my a(0) |

We note that the resulting expression for Aj;,q does not depend on ().

We use the following input parameters to compute A;,q numerically. We take the PDG
value for the Higgs mass my = 125.18 £ 0.16 [33], and the numerical value for the Higgs
two-photon decay rate to be T'(H — vv) = 9.34 x 1075 GeV, which is computed from the
tabulated results of the two-photon branching ratio and the total decay rate of the Higgs in
Refs. [34, 35]. We also take the PDG values for the meson masses my and use the measured
partial widths I'(V — e*e™) for the leptonic decay rates [33]. We list the values for my and
['(V — £7¢7) that we use to compute the indirect amplitude in Table. I. The QED coupling
constant at scale 0 is taken to be «a(0) = 1/137.036.

We consider the following sources of uncertainties in A;,q. The uncertainty in the decay
rate I'(H — ~y) is taken to be 0.01 times the central value, as estimated in Ref. [34] from
the higher-order corrections to the decay rate. We consider the experimental uncertainties
in [(V — ¢*¢7). We estimate the uncalculated correction of relative order m#,/m?% to be
mi /m?% of the central value. We ignore the negligibly small uncertainties in mg and my

compared to other sources of uncertainties. We add the uncertainties in quadrature. Our
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Vv my (GeV) LV = ) (keV)

J /1 3.0969 5.55 £ 0.14 + 0.02
Y(1S) 9.4603 1.340 4 0.018
Y (29) 10.02326 0.612 & 0.011
Y(359) 10.3352 0.443 + 0.008

TABLE I: Values for the meson masses my and the leptonic decay rates I'(V — £7¢7) used in the

numerical calculation of the direct and indirect amplitudes. All values are taken from Ref. [33].

numerical results for A;,q are shown in Table. II. We note that the uncertainties in A;,q are
less than 2% of the central values.

We can compare our results for A;,q with a previous calculation in Ref. [8]. Our cal-
culation is equivalent to the one in Ref. [8], except that we use an updated value of the
measured Higgs mass from Ref. [33], which has smaller uncertainties than what was em-
ployed in Ref. [8]. Our results for Aj,q in Table. IT are compatible with those in Ref. [§]

within uncertainties.

B. Direct amplitude

We compute the numerical values of the direct amplitude using Eq. (34), so that
1 1
Ase = 5VBecqua 3 Upy (1 o) i o) / 0 T (o )b (o). (45)
n=0,2,4,as 0
We now discuss our strategy to compute Eq. (45) numerically. The decay constant fi- ()
depends on the LDME (V]¢fo - €(\)x|0) and the ratios of LDMEs (vi)y, (v&)v, (v3)y,
(DEy)y, (B)y, and (DE1)y, see Eq. (23). The dependence on the leading-order LDME
(V|¢To - €(A)x|0) can be eliminated by rewriting the decay constant as

+ g 2 2
o) = S0 = gy 1 - 2B g 2 Lty — 5 (080" + 0t
1%
—i(DEOW + by + %(B)V + 0|, (46)

and by obtaining the numerical value for ‘”, from the measured leptonic decay rate using

Eq. (43). The ¢ (z,u) term in the LCDA depends on the ratios (vZ)y, (v&)v, (v3)v,
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(DEy)v, and (DE,)y, see Eq. (25b), while the remaining contributions in Eq. (24) depend
only on (vé)y. We can eliminate the ratios (B)y and (DFEg)y in fif(uo) and ¢+ (x, 1) by
using the Gremm-Kapustin relations in Eqgs. (D2). We obtain

2 _ —
fir(po) = ” [1 - 7%(2;)01: log % - 7mv2m2m + <% + 7mv6m2m) (va)v
—5 (3)" = 50bv + Bl + DB +00H)|. D

and

£ ) = | (5= 52 e+ o () - S5

3 12m 18
6@ (z —1/2)
—

1

Ll — DBy + 0] (49

When computing the convolution in Eq. (45), the terms fiF (u0)ov"™ (z, po) for n = a, 2,
and 4 can contain cross terms that go beyond our current level of accuracy. In order to
avoid such contributions, we ignore the cross terms that contribute to the direct amplitude

beyond relative order a,v° and v*, so that

Rt o) = g1 - S o 1 B (0 B 3y,

~5 (3)" = G508 + (Bl + DBy 8o - 1/2), (490
FE o)t w. po) = £t (o ). (190)
R e ) = 11| (; - IR e+ g ()7 - g8

1, 1 8@ (x—1/2)
~5tbly - gipEy | I, (490)

by 6 (2 —

fir (o) (x, po) = f\|/|'< sl ] (3841/2)’ (49d)

We use the results in Eqs. (49) to compute the direct amplitude. Similarly, when calculating
the convolution in Eq. (45), we ignore the order-ay correction to Ty (x,u) for n = ay, 2,
and 4.

We first discuss the numerical input parameters necessary for the computation of the
direct amplitude. We compute the decay constant f‘”, from Eq. (43) using the measured
leptonic decay rate, and a(uy) = 1/132 regardless of the vector meson state V. We set

the central values of pg and p to be my and mpy, respectively. We compute m(u), as(po)
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and o,(p) using RunDec [36-38]. We take the QED coupling constant at scale p to be
a(p) = 1/128. We resum the logarithms in p/pg to NLL accuracy using the Abel-Padé
method [7, 8]. We take the number of active quark flavors in the evolution kernel to be
ny =4 and 5 for scales below and above my, respectively. The ratios m?(v3)y for V.= J/¢

and Y(nS) have been obtained from potential-model (Cornell potential) calculations in

Refs. [39, 40]:

(J/plte - e(N)(—1 D)2x[0)

_ 0.045 2
(73T - )X0) = 044170095 4 0,132 GeV?, (50a)

(Y(19)[¢'a - e(\) (=5 D)*x[0) +0.069 2
(Y(19)[Wle - e()\)gm = —0.193%¢.7p £ 0.019 GeV*, (50b)

(Y(2S)Yfe - e(\)(—5D)*x|0) oo 2
(Y(29)|vta - €(N\)x|0) = 1.898% g0 + 0.190 GeV?, (50¢)
for - _i7y)2

(T(38)|vie - e(A)(—5 D x[0) _ L0 1 08 v .

(Y(39)[¢To - €(A)x]0) B
The first uncertainty comes from the variation of the potential-model parameters, and the
second uncertainty is taken to be +0.3 and £0.1 times the central value for V = J/¢ and
V = T (nS) respectively, which comes from the uncalculated corrections of relative order v2.
The potential-model calculations in Refs. [39, 40] also let us compute the binding energies

Eyv = my — 2m, which are given by

Ejy = 03067003 £0.092 GeV, (51a)
Eras) = —0.053 £ 0.018 4 0.005 GeV, (51b)
Er(as) = 0.482 £ 0.032 £ 0.048 GeV, (51c)
Er(ss) = 0.823 4 0.045 + 0.082 GeV, (51d)

where the uncertainties are as in Eqgs. (50). The uncertainty in Fy from the variation of
the potential-model parameters are correlated with the uncertainty in the ratio m?(v3)y.
We use these values of the binding energies to compute the heavy-quark mass through the
relation m = 1(my — Ey). The authors of Refs. 39, 41] also found the relation (ve)y =
((w2))* [1 + O(v?)], which is valid if the LDMEs are computed in a potential model like
the Cornell potential and in dimensional regularization. By using this relation, we take the
central value for the ratio (v4)y to be ((v2)y)” and take the uncertainty to be £0.3 and

+0.1 times the central value of (vd)y for V = J/¢ and V = T(nS), respectively. The ratios
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4 we take the central values

of the ratios to be 0 and take the uncertainties to be +0.09 for V' = J/¢, and £+0.01 for

(v3)y and (DE))y are not known; since these ratios scale as v

V =T (nS), respectively.

We now list the sources of uncertainties in Ag;,. We account for the uncertainties in the
NRQCD LDMEs as discussed above. We vary the scales p and pg between %m g < p<2mpg
and %mv < po < 2my, while we ignore the negligibly small shifts in the QED couplings
a(pp) and ap) from scale variations. We also ignore the uncertainties from my and my .
We consider the uncertainty in f‘|/|v that originates from the experimental uncertainties in the
leptonic decay rate. We add the uncertainties in quadrature. Our numerical results for Ag;,
are shown in Table. II. The imaginary part of Ag;, comes from the imaginary part in the
order-ay correction to Ty (x, ). Note that the uncertainties in the real and imaginary parts
of Ag;. are correlated.

For J/1), the uncertainties from the LDMEs are comparable to the uncertainties from the
variations of yy and p. If we ignore the uncertainties from scale variations, the uncertainty
in Re[Aqi] is about 8% of the central value, and the uncertainty in Im[Ag;,] is about 10% of
the central value. This is comparable to the nominal size of the relative order-v?* correction.

For Y (nS), the uncertainties are dominated by scale variations. If we ignore the uncer-
tainties from scale variations, the uncertainties in the real and imaginary parts of Ag;, are
about 1% of the central values, which are comparable to the nominal size of the relative
order-v* correction.

While the uncertainties from the LDMEs are expected to be reduced when the LDMEs

(v3)yv and (DE;)y are constrained, the reduction of the uncertainties from variations of

2
s

and order-av?

scales would require calculation of the order-a correction to the decay
constant and the LCDA, and the order-a? correction to Ty (z, ).

We again compare our results for Ag;, with the calculation in Ref. [8]. Our results for
Aqir in Table. IT are compatible with those in Ref. [8] within uncertainties. For .J/v, the
uncertainty for Ag;, is smaller than in Ref. [8], owing to the explicit calculation of the
relative order-v? corrections included in this work. On the other hand, for T(nS), the
uncertainties for Ag;, are larger than those in Ref. [8]; the main reason is that in Ref. [8],
the uncertainty from variations in the scales py and g were not taken into account, and

2

instead, the uncertainties from the uncalculated order-a? and order-a,v? corrections to the

real part of Ag, were estimated to be CrCya?(m)/n? and Cras(m)v?/7 of the central
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1 Aing x 10° (GeV1/2) Agir x 10° (GeV1/2)

T/ ~(11.735535) (0.63175,65) + (0.06575513)
T(19) (3-288%5,633) —(2.719%5135) — (029170050
T (25) (2.15875056) —(1.89675:101) — (0.1974G050)i
1(39) (1.80875,635) —(1.61475553) — (0.16470053);

TABLE II: Numerical results for the amplitudes A;,q and Ag;r.

value, and the uncertainty from the uncalculated order-a? correction to the imaginary part
was estimated to be Cyas(m)/m of the central value. We note that these estimates lead to
smaller uncertainties compared to uncertainties estimated from variations of the scales pg
and . If we would use the same uncertainty estimates used in Ref. [8] for T(nS), then the
uncertainties in Re[Aqg;,] would reduce by a factor of 2, while the uncertainties in Im[Ag;]

would increase slightly.

C. Decay rate

We now compute the total decay rate from the numerical results of A;,q and Ag; in
Table. II. Our results for the decay rates I'(H — V + ) are shown in Table III. When
computing the uncertainties in I'(H — V + ), we consider the correlation between the
uncertainties in the real and imaginary parts of Ag,. We also consider the correlation
between the uncertainties in A;,q and Ag;, that comes from the measured leptonic decay
rates I'(V — £7¢7). The uncertainty from uncalculated corrections of relative order m?, /m?
is taken to be m¥ /m? of the central value of the decay rate. We also compute the branching
ratios Br(H — V+y) by using the total decay rate of the Higgs I'y computed in Refs. [34, 35]:
for mpy = 125.18 GeV, it is 'y = 4.10 MeV, with uncertainties given by +4.0% and —3.9%
of the central value. Our results for the branching ratios Br(H — V + ) are shown in
Table III.

For V' = J/1¢, Ajuq is more than an order of magnitude larger than Ay, and so, the
uncertainty in the decay rate I'(H — J/¢ + ) is dominated by the uncertainty in Aj,q. As
a result, the uncertainty in the prediction for I'(H — J/¢ + 7) is about 3% of the central
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174 I'H -V +7) (GeV) Br(H —V +7)

J/ (1.23175:038) % 108 (3.01%5142) x 1076
T(15) (4.08%1:55) x 10711 (9.977404) % 1079
T(25) (L.O7H)3T) x 1071 (2.621758)) x 1079
T(39) (0.771053) x 10711 (1.87T535) x 1079

TABLE III: Numerical results for I'(H — V 4 ~) and Br(H — V + 7).

Lyt X 10° (GeV)

FIG. 2: The decay rate I/, = I'(H — J/v + ) when the Higgs-charm coupling is rescaled by
a factor of k., and the decay rates I'v(n5)1, = I'[H — T(nS) + 4] for n = 1,2, and 3 when the
Higgs-bottom coupling is rescaled by a factor of ;. The Standard Model result corresponds to

ke =1 and kp = 1.

value. On the other hand, for V' = T(nS), Aj,q and Ag;, are comparable. Due to the large
cancellation between Aj,q and Ag, for T(nS), the uncertainty in I''H — Y(nS) + 7] is
sensitive to the uncertainty in Ag;;.

Our results are compatible with the previous calculation in Ref. [8] within errors. The
uncertainties in I'(H — J/¢ +v) and Br(H — J/v¢ + ) are slightly smaller than those
of Ref. [8], which is a result of the reduction of the uncertainty in A;,q resulting from the
improved measurement of my. On the other hand, the uncertainties in I'|[H — YT(nS) + 9]
and Br[H — YT(nS) + 7] are slightly larger than those of Ref. [8]. As we discussed in the
previous section, if we would use the same estimates for the uncertainties used in Ref. [8],
then the uncertainties in Ag;, would be reduced, leading to uncertainties in I'[H — T(nS)+7]

and Br[H — YT(nS) + 7| that are smaller than those of Ref. [8].
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We also consider the case where the Yukawa coupling yg deviates from the Standard
Model by a factor of k. In this case, the Higgs decay rate into V + ~ is given by |kgAair +
Ainal?. The decay rates T[H — J/¢ + 7] and T[H — T(nS) + ] for —1.5 < kg < 3.5
are plotted in Fig. 2. For J/t¢, the decay rate shows moderate dependence on k., while
for T(nYS), the decay rates are very sensitive to ;. In the case of J/¢, a reduction of
uncertainties in Ag;, will only have a small effect on the sensitivity of the H — J/1 + ~
rate on k., because the uncertainty in I'(H — J/1¢ + 7) is dominated by the uncertainty
in Aj,q. On the other hand, for Y, the decay rate I'[H — T(nS) + ~] will be even more
sensitive to ky if the accuracy in Ag;, is improved. The reason for this sensitivity is the
large cancellation between Ag;, and A;,q that only happens for x; close to 1. We note that
even though the Standard-Model values of I'|H — Y (nS) 4] are very small, the decay rate
['[H — Y (nS) + 7| can still probe large deviations of the Higgs bottom coupling from its
Standard Model value. Indeed I'lH — Y (nS) + 7] may be two/three orders of magnitude
larger than the Standard Model value for k, < —1 or K, 2 3. In particular, the case

Ky < —1 corresponds to a Higgs-bottom coupling whose sign is opposite to the Standard

Model Yukawa coupling.

V. SUMMARY AND DISCUSSION

In this work we computed the order-v? correction to the decay rate I'(H — V + ) where
V = J/¢ or T(nS) based on the nonrelativistic QCD (NRQCD) factorization formalism.
By using the light-cone approach, we resummed the logarithms of m?,/m} that appear in
higher order corrections in a; to all orders in a; at the next-to-leading logarithmic accuracy.

If we consider that o, ~ v? at the scale of the heavy-quark mass, the corrections of order
a? and a,v? would be of the same order as the order-v* corrections computed in this paper.
The calculation of order-a? and order-a,v? corrections to the decay rate T'(H — V + 7)
requires calculation of the two-loop correction to ¢g and the one-loop correction to cp2 in
Eq. (1), respectively. In the light-cone approach, the order-a? correction to the hard part
Ty(z, 1) in Eq. (16), as well as the two-loop correction to é(z) and the one-loop correction
to ¢p2(x) are necessary. Since these corrections have not been computed, we include the
effects of these higher-order corrections in the uncertainties.

Our numerical results for the Standard-Model values of the decay rates I'(H — V ++) and
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branching ratios Br(H — V + ) are shown in Table III. The corrections computed in this
work improve the theoretical accuracy in the prediction of the decay rate I'(H — J/¢ + )
compared to a previous calculation in Ref. [8]. If we would have used the same method
to estimate the uncertainties as in Ref. [8], we would have found uncertainties in I'|H —
T (nS) + 7] reduced by almost a factor of two compared to our results in Table III, so that
they would become comparable to the results in Ref. [8], as the error of I'|[H — T (nS) + 7]
would be dominated by the scale uncertainties. However, due to the difference in the method
to estimate uncertainties, our results for I'lH — T(nS) + ~] have larger uncertainties than
those of Ref. [8].

We note that the decay rates I'(H — V + ~) depend on the LDMEs (V])Te!(X)o? (—2%)?
xﬁ(i&_))j)xm) and (V|Te(N)-5[o x (<B X gsEE—gsE % ﬁ)]xm) that are currently unknown.
In our numerical results, we have estimated their sizes according to the conservative power
counting in Refs. [14-17], and included their effects in the uncertainties. For V' = J /1, the
uncertainties from these unknown LDMEs are significant compared to the total uncertainty
in I'(H — J/v¢ + 7). Therefore, knowledge of these LDMEs will improve the accuracy in
the prediction of the decay rate I'(H — J/v¢ + ). Also the systematic inclusion of relative
order v? effects in the determination of the matrix element (V|¢'o - e(A)(—;ﬁ))%AO) would
significantly improve the determination of the H — J/¢) + ~ decay rate. A calculation of
the LDMEs in potential NRQCD may help constraining these LDMEs [15].

In Ref. [4], the authors estimated that the process H — J/v + v could be measured at
the HL-LHC experiment through the leptonic decays of J/¢ into eTe™ and p*u~. However,
a more recent study by the ATLAS Collaboration found that the HL-LHC would only be
able to put an upper bound for the decay rate I'(H — J/v¢ + ) at 95% confidence level
that is about 15 times larger the Standard Model value [42]. Although the prospect for
measuring the process H — J/1 4+~ at the HL-LHC does not look so good at the moment,
it is possible that the experimental methods will improve over time; it is also possible
that future experiments at the International Linear Collider, the Circular Electron Positron
Collider, the Compact Linear Collider, or the Future Circular Collider will be able to probe
such processes. In the case of the T(nS), the Standard-Model values for the decay rates
I'[H — YT(nS) + 7] are about three orders of magnitude smaller than I'(H — J/v¢ + ),
owing to large cancellations between the direct and indirect amplitudes.

We show the decay rates I'(H — J/v+~) and T'[H — Y(nS) + ] when the Higgs-charm
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coupling is rescaled by a factor k. and the Higgs-bottom coupling is rescaled by a factor
kp compared to the Standard Model in Fig. 2. Due to the cancellation between direct and
indirect amplitudes that occurs when r;, &~ 1, the decay rates I'|H — YT(nS) + 7] are highly
sensitive to kyp, so much so that the combined rate of I''H — YT (nS) + 7] for n = 1,2, and
3 increases to be larger than one half of the Standard-Model value of I'(H — J/¢ + ) for
Ky S —1 or Ky 2 3. Therefore, the numerical results presented in this paper may be useful in
determining the size and sign of the Higgs-charm and even more the Higgs-bottom couplings

when these processes are measured in future experiments.
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Appendix A: Kinematics

In this section, we present the kinematical conventions that we use for the perturbative
QQ and the QQg states. The kinematical conventions that we use here are identical to the

ones used in Ref. [19].

1. Two-body kinematics

We let the @ and the @Q to have the momenta p; and p,, respectively. We denote the
total momentum of the QQ system as P = p; + ps, and the relative momentum of the @

and the Q as ¢ = %(pl — po). In the rest frame of the QQ, ¢ and P are given by ¢ = (0, q),

and P = (24/m? + q2,0), which leads to p; = (/m? + @2, q) and py = (\/m? + q>, —q).
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2. Three-body kinematics

We again let the @ and the Q to have the momenta p; and p,, respectively, and the gluon
carry momentum k,. We set the total momentum of the QQg system to be P = p; +py + k,.
We define g; = 1(p1—p2) and go = §(2ky—p1—p2), so that p; = $P+q1—q2, p2 = $P—q1— o,
and kg, = %P + 2¢». In the rest frame of the QQg system, where P = p; + ps + k, =0,
p=(m*+ (@ — @)% —q), p2 = (Vm? + (@1 + @)%, —1 — @2), and ky = (2|, 2q2),
so that P* = 2|qa| + /(g1 + @2)2 + m® + \/(q1 — g2)* + m?.

Appendix B: Nonrelativistic expansion of Dirac spinors

In order to obtain the matching conditions, we need to express the QCD amplitudes in
terms of the 3-momenta of the particles and the 2-component Pauli spinors in the frame
where the NRQCD LDMEs are defined. One way to accomplish this is to compute the
QCD amplitudes using explicit forms of the Dirac spinors u(p;, s) and v(ps, s') with definite
spin. In this appendix, we introduce a simple way to compute the QCD amplitudes with
the explicit Dirac spinors that can be easily used in automated calculations.

For the perturbative QQ or the QQg states, the frame where the NRQCD LDMEs are
defined is the frame where the total momentum P of the state is at rest (P = 0), so
that P° = v/P2 and A = A - P/\/P? for an arbitrary 4-vector A. In this frame, the

nonrelativistically normalized Dirac spinors in Dirac basis are given by [9]

E s s
u(p1,s) = N (Br +m)t = Ni(p1 + 1) ¢ ; (B1)
o - plgs 0
Dot 0
v(pa,s’) = Ny 7P = —Na(p2 — ma) ) (B2)
(B + ma)ny UE

where m? = p?, E; = p;- P/V P2, and N; = 1/1/2E;(E; + m;). In general, m; and my can be
different. A QCD amplitude for production of a quark with momentum p; and an antiquark

with momentum ps involves

o) @ ilpnss) = ~NiNy(o—ma) | ° ) G+ ma). (B3)
T)s! ® g;[ 0

32



For example, u(py, s)T'v(ps, s’) = tr[l'v(pa, ') @ a(p1, s)], where I' is a product of gamma
matrices. Since 1y ® £l is a 2 x 2 matrix, it can be written as a linear combination of a 2 x 2

identity matrix / and the o matrices:
p_ 1 Y t ¢ t
ny ® & = Sty @E) + Str(ny ® o) -0 = —5 el + 5 (5 ony)-o. (B4

We note that in the Dirac basis,

00y (0-o) (10 ——VWH f7+~/_ B
o0 o 0 00 2 2V P
and
00 B 01 10 _7%4_1 174_\/ (B6)
- — /5
10 10/ \oo 2 2V P
so that
NN,

v(pa, o) @ii(p1, 5) = (=) [(€lne)rs — (€lony) - 4] (P +VP?) (hr+ma). (BT)

N

By using Eq. (B7), we can compute the quantities of the form u(pq, s)['v(ps,s’) =
tr[l'v(p2, ') ® @(p1, s)], where I' is any product of gamma matrices, as traces of gamma
matrices. This can be easily implemented in automated calculations using FeynCalc. We
obtain the nonrelativistic expansion of a QCD amplitude by computing the amplitude us-
ing Eq. (B7) and expanding in powers of the small 3-momenta of the QQ and the QQg
states. Using this method, we easily reproduce the explicit expressions for u(py, s)I'v(pa, s')
for ' = 1, 4#, A#~Y — 4¥~# and yH4"~7 — 47+~ found in Ref. [18]. We use this method to
compute the QCD amplitudes in Egs. (7), (10), (19), and (21).

The expression in Eq. (B7) may serve to relate the nonrelativistic expansion method that
we use in this work with the covariant spin projector method used in previous calculations
of the H — J/¢ + ~ process in Refs. [4, 5]. In the covariant spin projector method,
spin-singlet and spin-triplet contributions are computed separately. The standard forms of
the spin projectors, such as the ones used in Ref. [43], can be obtained from Eq. (B7) by
projecting to a spin-singlet or a spin-triplet state using the Clebsch—Gordan coefficients.
For a spin-singlet state, sts( s, +5'[00)¢fony /+/2 vanishes, and D s (35,1100 Iy /v/2
is, up to a phase, equal to 1. Hence, the spin-singlet projector is, up to a phase, given

by the contribution in Eq. (B7) that is proportional to &lny, with &lny replaced by 1.
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Similarly, for a spin-triplet state with polarization A, 2875,(55, T[N Elny / V2 vanishes
for all A € {—1,0,+1}, and 2878,(55,%(‘3%1)\)510'7]3//\/5 is, up to a phase, equal to the
polarization vector of the spin-triplet state. Therefore, the spin-triplet projector is, up to
a phase, given by the contribution in Eq. (B7) that is proportional to {lon,, with £lony
replaced by the polarization vector of the spin-triplet state. As a result, the spin-singlet
(spin-triplet) contribution of a QCD amplitude computed using the covariant spin projector
method is, up to a phase, equivalent to the contribution proportional to £lny (£lony) in the
amplitude computed in the nonrelativistic expansion method. The phase conventions for
the spin singlet and the spin triplet projectors depend on the conventions for the Clebsch—
Gordan coefficients and the Pauli spinors £ and 7.

One advantage of using the covariant spin projector method is that covariant expres-
sions of the QCD amplitudes can be obtained easily, unlike the nonrelativistic expansion
method in Ref. [18]. On the other hand, covariant expressions can also be obtained if we use
Eq. (B7) to carry out the nonrelativistic expansion of spinors. Also, in this work, there is no
advantage in computing the spin-singlet and spin-triplet contributions separately, because
both contributions appear in the matching condition in Eq. (6) simultaneously. Therefore,

we compute the QCD amplitudes in Egs. (7), (10), (19), and (21) using Eq. (B7).

Appendix C: Short-distance coefficients for H — h. + v

The calculation of the short-distance coefficients presented in Sec. II A can be easily
applied to production amplitudes of other quarkonium states. For example, projecting onto
the JP¢ = 1%~ state gives us the short-distance coefficients for Higgs decay into h. + v
to relative order v?

JPC = 11- case as

. To achieve this, we first write down the matching condition for the

iMIH = QQ(JFY =177) + 4]
— 2QQIw! (-3 D) - e(Ax[0)
LRI () - [-5 DII0) + Olgs, (lal /m)) (1)

D3
+ 3
m
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and

iMIH = QQg(J"C = 117) + 1]
= Q0 (D) - ) + QAN - -5 BIN0)
+-5(QQgl'9.E - eV)x[0)

+25 (0Qglute(N) - oL(D - g.B + g.B - D)x|0)

m3

+ LB QQyu e - o x (B x 0.8 — 9.8 x D0
f;’l_f)i@@gw*e()\) - 4(D % 9,B + g,B x D)x|0)

+L2(QQg|v'¢ (N (D g, B + g, BODY)x|0) + Og? lail’ /m), (C2)

where we define (see also Eq. (2))
1 , .
DP = ; [ﬁ(ﬁ)? 2D DD + (<B)2<B] . (C3)
The color-octet matrix elements for the J©¢ = 17~ case are obtained from the color-octet
matrix elements for the J©¢ = 17~ case in Eq. (6) by making the replacements g,E — g, B
and gsB — g, F.

From the JP¢ = 1+~ contributions to the QQ and QQg amplitudes in Eqs. (7) and (10),

we obtain the short-distance coefficients

o= =2 (e x p,) - € (N, (Cda)

s = 5 W e xp) € (), (Ca)

cp = i—2 () x p,) - € (M), (Cde)

om = i e x p,) em%, (C4d)

com, = ~i" e ). e*(A)lg’(%Tr), (Cde)

com, = 152 e; ) - € (V) i, (Ca)

com, =~ x ) € N g (Cig)
where r = i‘nﬂ;.
;

Recently, a computation of the decay rate I'(H — h. + ) in the NRQCD factorization

formalism at leading order in v has appeard in Ref. [44]. This is equivalent to our calculation
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of the short-distance coefficient ¢; in Eq. (C4a), which leads to the expression for the decay
rate I'(H — h. + ) at leading order in v that is given by

DO =y +9) = 2@ S~ ot 8Byl () 16 (-1 B)n0)®,  (C5)

3m
A=0,+1

where the sum is over the polarizaton of the h, and @ is the phase space and normalizaiton
factor given in Eq. (42). Our result in Eq. (C5) agrees with the decay rate computed in
Ref. [44].

Appendix D: Gremm—Kapustin relations

The Gremm-Kapustin relations [45] are obtained from
(VI[O, H]|0) = =(V|HO|0) = (2m — my ){V]0]0), (D1)

where O is an NRQCD operator, and H is the NRQCD Hamiltonian. Computing the

commutator [0, H] leads to the following relations
(my —2m)(V|yie - e(A)x|0)
1 —
= —(V[¢lo - e(A)(—5 D)*x|0)
iVl e (~5D)'x[0)
1
—EWWTQSB - €(\)x|0)
ez VIOe) - 3o x (B x 0B - . x D)o, (D2a)
(my —2m)(Vdlo - (N) (—4 D)*x[0)
1 t i 4
= \Vivlo - e (=3 D)x|0)

S WVllo - eNE(D - 0B + 0. B Do) (D2b)
(my — 2m><V|wT ‘(N (—4)? DDy o)
%m Yo (5P (BB, (-4 D)oy
S (VI (B, B + 0, B D)), (D20)
(= 2m) 08 - <00
— (Vp'e(\) - (D x g, E + g,B x D)y|0), (D2d)
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where, in calculating the commutator [O, H] we included operators in the Hamiltonian up
to 1/m? accuracy, with the Wilson coefficients at order a?, and kept NRQCD operators up
to dimension 7. Hence, the relations in Egs. (D2) are valid up to order v* relative to the
leading-order LDME (V]i)To - €(\)x|0) and at leading order in a,. These relations can also
be verified in perturbation theory.

The Gremm—Kapustin relations provide a way to identify the velocity scalings of the
LDMEs that are suppressed beyond the conservative power counting of Refs. [14-17]. Since
the binding energy my — 2m scales like mv?, the left-hand side of Eq. (D2c) is suppressed
by ©® compared to the leading-order LDME (V|¢)To - €(\)x|0). Therefore, the LDME
(V|¢Tei()\)aj(<ﬁ(igsEj) - gsE(iﬁj))MO) does not contribute to the amplitude in Eq. (1)
at relative order v* accuracy because it is suppressed by at least v compared to the leading-
order LDME, and scales like v'%/2. Similarly, the left-hand side of Eq. (D2d) is suppressed
by v° compared to the leading-order LDME, and hence, the LDME on the right-hand side
of Eq. (D2d) scales like v'*?2 and does not contribute to the amplitude in Eq. (1) at relative

order v* accuracy.
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