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Abstract

We present analytic formulas that describe fully-differential production of color-singlet fi-
nal states in ¢¢ and gg annihilation, including all the relevant partonic channels, through
NNLO QCD. We work within the nested soft-collinear scheme which allows for fully lo-
cal subtraction of infrared divergences. We demonstrate analytic cancellation of soft and
collinear poles and present formulas for finite parts of all integrated subtraction terms.
These results provide an important building block for calculating NNLO QCD correc-
tions to arbitrary processes at hadron colliders within the nested soft-collinear subtraction
scheme.
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1 Introduction

Perturbative computations play an important role in the contemporary exploration of
particle physics at the Large Hadron Collider (LHC). In particular, the lack of direct
evidence for physics beyond the Standard Model suggests that further progress in particle
physics will require a better understanding of hard hadron collisions and a confrontation
of precise theoretical predictions with experimental results.

The quality of theoretical predictions for hard processes at the LHC has increased
dramatically in recent years thanks to the advent of flexible methods for handling infrared
singularities that led to the calculation of next-to-next-to-leading-order (NNLO) QCD
corrections for sufficiently complex processes [1-10|. In spite of these successes, there are
ongoing efforts to either simplify and improve existing methods or to devise “better” ones.
For example, it is believed that higher efficiency of the slicing formalism of Refs. [6-9] may
come from a deeper understanding of power corrections to soft and collinear limits [11-13].
Similarly, improved control of the interplay between soft and collinear dynamics may lead
to the formulation of simple “minimal” local subtraction schemes [14,15]. Although there is
no guarantee that any of these efforts will result in an absolute breakthrough in fixed-order
calculations for LHC processes, it is plausible that these developments will lead to more
efficient computational frameworks and enable precise phenomenological descriptions of
complex multiparticle final states.

In Ref. [16] we have attempted to simplify the residue-improved subtraction scheme
proposed in Ref. [2]. This subtraction scheme is very attractive because it is fully local,
completely general and perfectly modular, so that the subtractions for a generic process are
built from a relatively small set of basic ingredients. Its main disadvantages include a lack
of physical transparency and a certain redundancy, as well as the numerical integration of
the subtraction terms that may inadvertently impact its efficiency.

We have argued in Ref. [16] that QCD color coherence removes an interplay between
angles and energies of soft and collinear particles in gauge-invariant QCD amplitudes, thus
leading to a minimal number of subtraction terms that need to be considered. Perhaps
more importantly, since soft and collinear singularities are not intertwined, it is possible
to separate them cleanly, removing unnecessary redundancies of the subtraction procedure
presented in Ref. [2]. As shown in Ref. [16], it appears to be advantageous to first sub-
tract the double-soft singularities from the full amplitude and then, iteratively, remove
the remaining ones. Once this is done, a transparent and physically appealing subtraction
scheme is obtained. Moreover, this scheme appears to be very efficient, at least in the
color-singlet production case that we have studied up to now [16,17].

Given the improved efficiency and inherent simplicity of the subtraction scheme de-
veloped in Ref. [16], it is natural to investigate whether one could obtain analytic results
for the integrated counterterms. A successful completion of this task would lead to the
formulation of the first subtraction scheme applicable at the LHC that is both fully local
and under complete analytic control. Although it is hard to say to what extent these nice
features are actually important in practice, we do hope that they will lead to a very efficient
subtraction framework for completely generic processes.



It is easy to identify the major obstacles to obtaining fully analytic subtraction schemes.
Indeed, any NNLO subtraction scheme involves three “double-unresolved” contributions
whose integration is highly non-trivial. They are 1) the double-soft emission of two partons
with energies Ey ~ E; < /s, where /s is the center-of-mass energy of the partonic
process; 2) the emission of two partons collinear to one of the incoming legs and 3) the
emission of two partons collinear to one of the hard final-state legs. We note that as far as
the numerical implementation of NNLO QCD corrections to a generic process is concerned,
contributions 1) and 2) are the most problematic. Indeed, for any splitting process, the
integrated contribution 3) is a number of the form as/e + by, so that it can be calculated
numerically once and for all. On the contrary, the integrated contributions 1) and 2) are
functions of the relative angles between hard partons and the momentum fraction carried
into the hard process, respectively.! Close to the end-points, these function may develop
integrable singularities, which makes their numerical evaluation tedious.

In Ref. [18], some of us presented analytic result for the integrated double-soft subtrac-
tion term. In this paper, we will argue that a minor modification of the subtraction proce-
dure described in Ref. [16] greatly simplifies the analytic integration of the triple-collinear
subtraction terms. In fact, such an integration of all relevant triple-collinear subtraction
terms has recently been performed in Ref. [19]. Thanks to these results, it is now possible
to present a subtraction framework for the production of color-singlet particles at hadron
colliders that is both fully analytic and fully local.

Although the production of color-singlets at NNLO QCD has been studied many times,
including the development of public computer codes, even the simplest versions of these
processes such as pp — Z and pp — H are quite useful to us because NNLO QCD
corrections to these processes are known analytically [20,21]. This feature allows us to check
all the non-trivial ingredients of our computational framework to a very high accuracy. We
believe such a validation is important in view of its expected application to more complex
cases in the future. Of course, it is also interesting to explore the performance of our
subtraction scheme by considering a well-known process, where many benchmarks exist
already.

Nevertheless, it should be clear that the goal of this paper is to present analytic formulas
relevant for the production of generic color-singlet final states at a hadron collider, written
in a way that will allow us to move beyond color-singlet production. For this reason we
decided to avoid using simplifications that are particular to the cases of Drell-Yan or Higgs
production.

The rest of this paper is organized as follows. In Section 2 we summarize the main
features of the nested soft-collinear subtraction scheme of Ref. [16] and explain how we
modified it to allow for an analytic integration of the triple-collinear subtraction terms.
In Section 3 we provide formulas for the gg-initiated production of the color-singlet final
state. In Section 4 we provide formulas for the gluon annihilation into a color-singlet final

! Although the computation of NNLO QCD corrections to a generic process requires all three contribu-
tions, for sufficiently simple processes only a subset is needed. For example, for color-singlet production
only contributions 1) and 2) are needed, while for color singlet decay only 1) and 3) are required.



state. We discuss the validation of our results in Section 5 and conclude in Section 6. A
large number of useful formulas are collected in appendices, as well as in an ancillary file
attached to this paper.

2 Overview of the nested subtraction scheme

In this section we briefly review the method for computing NNLO QCD corrections de-
scribed in Ref. [16] and explain how to modify it to simplify the analytic integration of the
triple-collinear subtraction terms. We consider the production of a color-singlet state V' in
hadronic collisions. We write the (fiducial) cross section as

of = Z /d$1d9€2fa($17MF)fb(xzaMF)d(}fafb(%,@,/lR,MF;O); (2.1)
a,be[—ny,ny]

where ny is the number of light flavors, doy, s, is the partonic cross section in the f, f, chan-
nel, and we employ the following notation for parton distributions functions: fy = ¢ and
fiito4s4a45 = {d/d,u/u,s/5,c/c,b/b}. Finally, O is a suitable infrared-safe observable
that defines the fiducial volume.

We consider the perturbative expansion of the partonic cross section and write

61,5, (x1, 2, g, pp, ©) = A6y, + do} P +do} 10 + O (al™?) . (2.2)

Here ¢ = 0 for quark-initiated processes and ¢ = 2 for gluon-initiated processes, and we
have suppressed the arguments of the functions on the right-hand side. We focus on the
NNLO QCD contribution d&ljil\]%o. It can be written as

~NNLO _ j72RR ~RV ~VV ~ren
doy,p,~ =doyp +dogy +dop’ +dogy, (2.3)

where

53, = 3 [ dins (VA 2m) aton + 2~ pv =1 = )
| M1 (p1, pa, pv, pas ps) O(pv, pas ps),

53, = 3 [ Ains (VI S+ 72— v = i)
2Re[MYC M TP (p1, pa, py, pa) O(py, pa),

6% =50 [ ALips (V)27 5+~ )5

[2R€ [MtreeM2—loop,*} + |M1—100p’2} (p17p27pV) O(pv),

(2.4)

and do"™" contains all contributions that originate from the renormalization of input pa-
rameters, such as the strong coupling constant «, and the parton distribution functions
(PDFs). In Eq. (2.4), N is a normalization factor that takes into account color and spin
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averages, s is the partonic center-of-mass energy squared, dLips(V') is the phase space for
the final state V', and

d?'p;
(2m)d-12F;

Here d is the dimensionality of space-time that we use as the regularization parameter, and
Eax is an arbitrary? energy scale that is introduced for future convenience.

Each term in Eq. (2.3) is individually divergent. These divergences can either appear
explicitly as poles in € = (4 — d)/2 or be hidden inside phase-space integrals. The goal
of any subtraction scheme is to extract these divergences and to arrive at the following
representation of the NNLO contribution to the cross section

[dfl] = Q(Emax - Ez) (25)

Aoy, = AoVl g, + doviiG.y, + AoV, (2.6)
where d&y; are finite quantities that involve contributions with V' and up to i partons
in the final state. We will refer to d&xl\/nfgo, with ¢ = 2,1,0, as terms with NNLO, NLO
and LO kinematics, respectively.

In Ref. [16], we proposed a framework to achieve the separation of the NNLO contri-
butions to the cross section as in Eq. (2.6). It is based on three ideas:

e a multiparticle phase space can be decomposed into a sum of elements (partitions)
such that for each partition only a well-definite subset of particles gives rise to
collinear singularities upon integration over the phase space of final state partons. An
early discussion of this idea can be found in papers on NLO QCD subtractions [22,23];
in the context of NNLO QCD calculations, it was reincarnated in Ref. [2];

e for each of these partitions there exists a phase space parametrization that allows
the extraction of both soft and collinear singularities in a fully factorized form [2];

e thanks to gauge invariance and color coherence [24], soft and collinear singularities
are not entangled in QCD amplitudes, in contrast to individual diagrams [16].

We argued in Ref. [16] that these three points allow us to follow the so-called FKS subtrac-
tion scheme [22,23], developed for NLO QCD computations, and to perform the required
soft and collinear subtractions in a nested way. As a consequence, the computational
framework becomes very transparent physically and quite efficient numerically.

We will illustrate the main ideas of Ref. [16] by considering the double-real emission
corrections to the Drell-Yan process q¢ — V' as an example, focusing on the most com-
plicated q(p1)3(p2) — V + g(pa)g(ps) channel. All other partonic channels can be dealt
with along the same lines although the details can be somewhat different.®> We write the

2The only requirement on Fy. is that it should be at least as large as the maximum energy allowed
by the momentum-conserving d-functions in Eq. (2.4). For simplicity, throughout this paper we use
Emax = V/$/2, where /s is the partonic center-of-mass energy.

3 Results for all the relevant channels are presented in the next sections.



corresponding cross section as

2s - dopt = /[df4] [dfs)0(Ey — Es)Finga(1,2,4,5) = (Fiagg(1,2,4,5)), (2.7)
where

FLquq(]_, 27 4, 5) = N/dLlpS(V)(QW)d5d(p1 +p2 —Pv — P4 — p5)><

My ool (01, D2, v, 1, 5) O(Py, pa, Ds),

(2.8)

see Eq. (2.4). All energies in these formulas are to be understood in the center-of-mass
frame of the colliding partons. Note that we have introduced the energy ordering £, > FEj
in Eq. (2.7). Since the matrix element is symmetric with respect to the permutations of
the gluons g4 and g5, we can remove the 1/2! symmetry factor from N.

Our goal is to extract singularities from Eq. (2.7). These singularities have different
origins. There exist

e a double-soft singularity that occurs when energies of the two gluons vanish in such
a way that their ratio F5/F} is fixed;

e a single-soft singularity that arises when Ej5 vanishes at fixed E4. Note that due to
the energy ordering in Eq. (2.7) the opposite limit, £, — 0 at fixed Ej, cannot occur;

e many different collinear singularities that appear when one or both gluons are emitted
along the direction of the incoming quark or the incoming anti-quark, or when the
momenta of the two gluons become parallel to each other.

We need to extract all these singularities in an unambiguous way. We explain how to do
this in the next two subsections.

2.1 Extraction of soft singularities

As we explained in Ref. [16], it is convenient to begin by regularizing the double-soft
singularity Ey ~ E5 ~ \y/s — 0. We write

<FLM,q§<17 2,4, 5)) = <$FLM,qq(1v 2,4, 5)) + <<I - $)FLM,qQ(17 2,4, 5)>7 (2'9)

where & is an operator that extracts the double-soft A — 0 singular limit from Fin 4q.
To make this statement precise, when the operator & acts on Fp,;, it removes the four-
momenta of the gluons from both the energy-momentum conserving J-function and the
observable, and extracts the leading singular behavior from the matrix element squared.
The result is

S Fingg(1,2,4,5) = gjjb Eik(1,2,4,5) FLamgq(1,2), (2.10)



where g is the bare strong coupling and Eik(1,2,4,5) is the square of the eikonal factor
derived e.g. in Ref. [25]. It is also given in Ref. [16] using notation that is identical to what
we use in this paper. Also, Fim44(1,2) is defined analogously to Eq. (2.8); it reads

(Fim,gg(1,2)) = N/dLiPS(V)(QW)d5d(p1 + p2 — pv) IMo=e U P (o1, p2.pv)O(py). (2.11)

This tree-level matrix element squared integrated over the Born phase-space obviously
provides the leading order result for the observable O.

We deal with the two terms on the right-hand side of Eq. (2.9) in very different ways. In
the first term, thanks to Eq. (2.10), the hard matrix element decouples and only the eikonal
factor needs to be integrated over the two-gluon phase space. In our original paper [16]
this integral was calculated numerically but, since then, an analytic computation of this
integral has become available [18]. The result reads?

($Finge(1,2,4,5))

:C2 DC'F CwC DC'A C-T an 919

a§’b€_2€L <FLM,q(j(17 2)) L) +CrCa S +CF RNflg , ( )
where we have defined , |
gsb (47T €

DT e T = o) 92.13

G0 = S T — o) (2.13)

and
S

In Eq. (2.12), the abelian part is known in a closed form

2 T41 —¢) 2 272 8¢y 27t
Cp _ ~ L2 22 . 2.15
p I 1"2(1 — 2€> o 3¢ . 15 + (6)7 ( )

and the other two contributions are computed as an expansion in €

111 1/ 16 = 1
DéA = — 4+ —— 4 (= _- 4+ "In2
s 264+1263+62( 9 4+3n)

1 /21 1172 1 11 21
+_(_7——7T—£1H2——1H22—2C3)

e\ b4 36 18 3
- 68419 + 12?? - 1;34 + %1n2 - %ﬁ In2+ %711122 + %hﬁz - %gg, (2.16)
Dgf:—$+%(1—2—%1112)+%<—%+%2+%1n2+§1n22>
—1—%—%ﬁ—%ln2+2—fln2—§ln22—§ln32+2§5§3.

“We note that the result in Eq. (2.12) also includes the ns-part which originates from the radiation of
a gq pair into the final state. We include it here for completeness.



The equivalent results for gluon-initiated color singlet production can be obtained by simply
replacing Cr — Cy4 in Eq. (2.12).

We now turn to the second term in Eq. (2.9) where the double-soft divergencies are
already regularized but both the F5 — 0 divergence at fixed E, and collinear divergences
are still present. To extract them, we repeat the above procedure and subtract the E5 — 0
singularities at fixed F;. We call the corresponding operator S5 and write

<(I - ‘%‘)FLM,qq’(lv 2a475)> = <(I - $>([ - S5)FLM,QQ(L 27475)>

+ (S5(I = $) Fiaiq(1, 2,4, 5)). (2.17)

When the operator S5 acts on Flagq(1,2,4,5), it removes the gluon gs from the phase
space and the observable, and extracts the leading singularity

2

gsb P12 P14 P24
SsFinea(1,2,4,5) =22 | (2Cr — Cy4 +C'A< + )}
5 LM,qq( ) Eg {( E >P15P25 P15P45  P25P45

X FLM,q(j(la 2, 4)

(2.18)

We use the notation p;; = 1 — cos6;; in Eq. (2.18), where 6;; is the relative angle between
partons ¢ and 5. We have also introduced

<FLM,qq<17 2, 4)> = N/dLlpS(V)[df4](27T)d5d<p1 + P2 — Py — p4) X

| tree

qq—>V+g|2(p17p27pV7p4) O(pVap4)a

(2.19)

see Eq. (2.8). From here on, we will omit the subscript on M indicating the partonic
process. It is clear that the second term in Eq. (2.17) has a simplified (i.e. independent
of g5) matrix element. The integration over the energy and angles of the gluon g5 can
therefore be performed, and the remaining infrared divergences in the matrix element for
the process q¢ — V + g4 can be dealt with in a way that is similarly to what is usually done
in next-to-leading-order computations. On the other hand, the first term in Eq. (2.17) is
now free of soft divergences but it still contains collinear singularities. We explain how to
extract them in the next subsection.

2.2 Extraction of collinear singularities

In the previous subsection we extracted soft singularities from the double-real emission
contribution by writing it as

<FLM,QQ(17 2,4, 5)> - <(I - SS)(I - S5)FLM7qt?(1> 2,4, 5))

. . . . (2.20)
~+simpler terms with reduced kinematics.

The procedure continues with the extraction of collinear singularities. This requires an
additional step, similar to the energy ordering in Eq. (2.7). Indeed, we need to split the
phase space into regions such that in each region only a limited subset of momentum
configurations can lead to collinear singularities.

7



Doing that involves the first two points in the itemized list that we presented after
Eq. (2.6). The first point is the phase space partitioning; our goal is to split the phase
space so that collinear singularities are localized in a clean and physical way. For example,
we may want to focus on the collinear emissions off the incoming quark or the collinear
emissions off the incoming anti-quark, or on the collinear emission of the gluon g4 off the
quark and the gluon g5 off the anti-quark etc.

We can do that by introducing a partition of unity and using it to split the phase space.
We write

1 = 415l 4 4252 | 4152 | 4251 (2.21)

For the double-collinear partitions {47,55}, i # j, the damping factor w5 is engineered in
such a way that collinear singularities in w*% Fyp ,4(1,2, 4, 5) arise only if momentum py is
parallel to p; and/or the momentum p; is parallel to p;. Conversely, in the triple-collinear
partitions {44,5i}, i = 1,2, the damping factor w*"* is designed in such a way that only
the p4||pi, ps|lpi and py||ps momentum configurations lead to a singularity. Apart from
these conditions, there is significant freedom in choosing the partition functions; we will
present a possible choice in the forthcoming sections.’

Contributions from the double-collinear partitions w w can be computed right
away since the singular limits are easy to establish and no overlapping singularities are
present. For example, in case of w*?2 it is sufficient to use the angle between the three-
momenta ps and p; and the angle between the three-momenta ps; and p, as independent
variables to describe the collinear singularities in this partition.

The situation is more complex for the triple-collinear partitions, where overlapping
singularities are present. The complexity stems from the fact that different hierarchies
between py;, ps; and pys lead to inequivalent limits in this case. To identify these limits
and extract them in a unique way, we further partition the phase space into four sectors.
Taking as an example the w5! partition, we introduce four sectors as follows

41,52 , ,42,51
)

1:9<Psl<%>+9<%<P51<P41>+9(,041<%>+9<%<P41<051

) 2.22
— 9@ 190 4 gl 1 g, (2.22)

The four sectors in the partition w*?5? are constructed analogously. It is clear that

Eq. (2.22) acts in such a way that in each of the four sectors only a small number of singular
collinear limits occurs. We then expect that by choosing an appropriate parametrization
for each of the four sectors, these singularities can be isolated and extracted. A convenient
phase space parametrization for each of the four sectors can be found in Ref. [2].

In each of the four sectors shown in Eq. (2.22), the nested subtraction of these collinear
limits can then be performed similar to what we discussed in connection with the soft
limits. We sketch how to do this by considering sector (a) of the w*5! partition. Because

5We note that if one is only interested in color-singlet production, partitions can easily be avoided.
Nevertheless, we stress that here we use this class of processes to present results that can be used as
building blocks for NNLO calculations for generic processes. In the general case, partitions are crucial for
the formalism presented here.



of the angular ordering Eq. (2.22), a double-collinear singularity in this sector can only
occur if ps||p;. Similar to the soft case, we isolate it by writing

(WS (T — S5)(I — F) Fingee(1,2,4,5)) =
+ (005w (I = S5)(I — $) Fiange(1,2,4,5)) (2.23)
+ (09I = Cs)w"™™ (I = S5)(I — $) Finga(1,2,4,5))

where Cj; is an operator that extracts the most singular contribution in the collinear 5||1
limit from the quantity on the left-hand side of Eq. (2.23) and enforces this collinear limit
on the damping factor w*'®!, the reduced matrix element, the momentum-conserving J-
function and the observable O. This amounts to the replacements ps; — 0 and p; — p} =
p1(Ey — E5)/E; in these quantities. The result reads

2

- Isp E,
Corw*™ Fingga(1,2,4,5) = —h ' —22 P [ ——— ) Flagqe(1,2,4 2.24
51W LM,qq(a , 4, ) U)5||1 D1 s qq El—Es LM,qq( y 4y )a ( )

where P,, is the Altarelli-Parisi splitting function P,,(z) = Cr(1+ 22)/(1 — 2),

Wi = Jim w7, (2.25)
and the “1’ ” notation in Fy4q refers to the p; — p} substitution that we just described.
Compared to soft limits, there is an additional subtlety. Indeed, in our construction the
angular part of the phase space is non-trivial. To unambiguously define the C5; operator,
we must specify its action on the gluons’ phase space [dfy|[dfs]. A convenient choice,
adopted already in Ref. [16], is to let C5; act on it, i.e. to take the ps; — 0 limit of the
measure [dfy][dfs].

The right hand side of Eq. (2.23) includes a term with reduced kinematics, which can
be dealt with using methods similar to the ones used in NLO computations, and another
term that only contains a triple-collinear singularity. The latter occurs whenever 4(|5]|1,
without further hierarchy between psi, ps1 and ps5. To regulate this last singularity, we
introduce a triple-collinear operator (C'; and write

<0(u) (] — 051)11]41’51(] — S5)(I — S)FLM,q(j(ly 2, 4, 5)> =
(0@ — Cs1)(I = S5)(I = $) Frag(1,2,4.5)) (2.26)
+ (09I — @1)(I — Cs)w*™ ™ (I = S5)(I — ) Fiagq(1,2,4,5)),
where we used @ w*"*" = limy;, 0,110,050 = 1, which immediately follows from the
definition of w*!®!. Similar to the single-collinear case, the operator (€’; extracts the most
singular behavior from the matrix element in the limit py; ~ ps; ~ psys — 0 and sets

1 — py = pi(Fy — Ey — E5)/FE; in the reduced matrix element, momentum-conserving
o-function and observable @. We obtain

9 \?2
@1FLM,qq(1a 2,4, 5) = 9;171, (s_) ngq(345, —514, —S515; %4, 25)FLM,qq(1/a 2)7 (227)
145



where S145 = S45 — 514 — 515 and Py, is a triple-collinear splitting function [25] that depends
on the invariants s;; = 2E;E;p;; and the momentum fractions z; = E;/(Ey + Es — Ey).

Note that in the triple-collinear limit the only effect of the gluon emission on the
reduced matrix element and the kinematics of the initial state is the boost p; — p| =
(Ey — Ey — E5)/Ey = zp;. We can then schematically write Eq. (2.26) as

(0T — Cs)w* ™ (I — S5)(I — $) Fiangq(1,2,4,5)) = / dz (P(2)) (Fiaga(2,2))
+ (0TI — @1 )(I — Cs1)w™ ™ (I — S5)(I — ) Fingq(1,2,4,5)),

(2.28)

where (P(z)) is the integral of the (soft-regulated) splitting function over the phase space
of the unresolved gluons, with the constraint Fy + F5 = (1 — z)F; and E; < E5. We note
that the second term in Eq. (2.28) is free of all singularities, and can be integrated in four
dimensions using standard Monte-Carlo techniques.

Although this discussion is valid for any triple-collinear operator (', that extracts the
corresponding triple-collinear singularity from the matrix element squared, we must specify
the action of ' on [df4][df5] and on the P,y function itself to unambiguously define the
subtraction framework. In Ref. [16], we let '; act on both [df4][dfs] and on the splitting
function, i.e. we evaluated all the s;; invariants in Eq. (2.27) and the angular factors in the
[df4][dfs] phase-space in the triple-collinear limit. While this is a valid option, it is not the
only one. In fact, this choice makes the analytic integration over angles of the unresolved
partons rather complicated, since it constrains the internal rotational symmetry of the
unresolved phase space and does not allow for simple reparametrizations.

To overcome these issues, we now define the operator '; in such a way that it does
not act on either [dfy][dfs] or on P,4,. Rather, @ acts on the momentum-conserving J-
function and on the observable, and extracts the leading triple-collinear singularity from
the matrix element according to Eq. (2.27), but it leaves the angular factors in the [df4][dfs]
phase space and all the s;; invariants in Eq. (2.27) untouched. This modification of the
subtraction scheme leads to a simpler integration of the triple-collinear splitting function
over the unresolved phase space. Indeed, such a calculation has recently been performed
for all relevant triple-collinear splitting functions in Ref. [19].

The results of Ref. [19], combined with integrated double-soft subtraction terms pre-
sented earlier in Ref. [18], allow us to promote the fully local subtraction framework or
Ref. [16] to a fully analytic scheme. This implies that we can now check the cancellation
of all infrared poles analytically and achieve faster and more stable physical predictions by
using analytic formulas for all the integrated subtraction terms.

We will present analytic formulas required for the computation of NNLO QCD correc-
tions to the production of color-singlet final states in the remaining parts of this paper.
However, before we do that, a general comment is in order. Indeed, as should be clear
from the discussion in this section, our framework is highly modular; we believe that
this modularity ensures that its generalization beyond color-singlet production will pro-
ceed seamlessly. Indeed, the only differences between the color-singlet production and the
general case with colored partons in the final state are:
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1. compared to color-single production, a generic process has a more complicated color
structure and requires double-soft integrals that are functions of relative angles of
pairs of hard emittors, rather than pure numbers as in Eq. (2.16). The results relevant
for this case have been presented in Ref. [18];

2. a generic process also involves triple-collinear final state splitting. While the ana-
lytic integration of the relevant splitting functions over the unresolved triple-collinear
phase space has not been performed for all possible splittings, in Ref. [19] it was shown
that techniques used to deal with initial state splittings can be successfully applied
to final splittings as well.

It follows that the most general ingredients required for computing NNLO QCD cor-
rections to generic partonic processes at the LHC can be obtained. From that perspective,
the analytic formulas presented in this paper provide important building blocks for such a
generic computation and give an excellent starting point for its generalization that will be
addressed in the future. For now, we will proceed with presenting analytic formulas for all
partonic channels that may contribute to the production of color-singlet final states at a
hadron colliders.

3 Quark-initiated color-singlet production
In this section, we consider the production of a color-singlet final state
pp =V + X, (3.1)

to NNLO QCD accuracy for reactions that are quark-initiated at leading order. We refer
to these processes as “Drell-Yan processes”, however, we emphasize that the results pre-
sented in this section are applicable to any color-singlet production process which is quark-
initiated at LO. Typical examples include pp — Z, W+ ~*, ZZ WtW -, WZ WH, ZH and
SO on.

Starting from Eq. (2.1), we find it convenient to group the different partonic channels
in three categories

da]]?Y = /dxldxg Z fa(:pl)fb(zg)dﬁigcb(xl,@)

a,be[—ny,nyl
a,b#0

—{—/dxldxg Z {fa(xl)g(xg)d&]zg(:vl,xg)+g(x1)fa(:v2)dc}?g(x1,m2) (3.2)
a€l—ng,ny]
a#0
+/dx1dm2 g(xl)g(xg)déggY(xl,xg).

We omit the dependence of dO'JI?Y on the renormalization and factorization scales pg, pp
and the observable O to shorten the notation. The first term in Eq. (3.2), d&}%gcb, receives
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contributions from quark channels and is present at LO. The terms on the second line,
dg?Y and dgpy, start contributing at NLO, and the last term dg,," appears for the first
time at NNLO. In what follows, we will consider the LO, NLO and NNLO contributions in
turn. To simplify the notation, we will omit the superscript DY for the rest of this section.

For the NNLO contribution, we will consider the different channels defined in Eq. (3.2)
separately. We also find it convenient to split each of these channels further, according to
the highest final state multiplicity that they involve, (cf. Eq. (2.6))

~NNLO ~NNLO ~NNLO ~NNLO
doy s~ =dovisg,y, +dov iy, s + Aoy - (3.3)

Finally, we separate the above terms into those involving only tree-level matrix elements
and those terms involving loop corrections, by writing®

~NNLO _ 31~NNLO

dovys s, s, = 401245, 7, 7,
~NNLO __ 12NNLO ~NNLO

Aoyt s, s, = 4012050 1, + A0virtns fusy> (3.4)
~NNLO o ~NNLO ~NNLO

dovyy = dos g, + A0y, 1 g,

The term d&ll\gi;?a 1, Teceives contributions from processes with NNLO-like kinematics (i.e.
with two additional resolved partons in the final state), and corresponds to the fully
subtracted real-real contribution. The remaining terms arise from integrated subtraction
terms, a, and parton distribution function renormalizations, and real-virtual and purely

virtual corrections. The terms d&ll\;ﬂLfob and d&ll\;N}ﬁb only involve tree-level matrix ele-

ments squared, while d&ﬁi&i 1.5, and d&ﬁﬂ%gfa 1, also involve finite remainders of virtual

amplitudes. It is important to emphasize that all of the different terms in Eq. (3.4) are
separately finite, so that we can discuss them separately. In what follows, we will present
results for each of these terms.

3.1 LO and NLO

We start by discussing the quark channel doy,,, with a,b # 0, which is the only channel
contributing at leading order. The LO cross section reads

2s - d&?ﬁb = <FLM7fafb(]‘7 2)> . (35)

NLO QCD corrections to the quark channel can be written as

A n O‘s(ﬂ) 271—2 MZ
2s - dopy) = <F1fjv,fafb(172) + {7@” =29 In (T ) Fuvgs (1,2)

2m
1
2
o (e , ~ 1 Finvop,(2-1,2) + Fump (1,22
00 o e (1] (Fsasler 1) stz 2 G
0

S z

+ <©NLOFLM,fafb(1a 2, 4)> ,

6We note that certain partonic channels only contain a subset of these terms.
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with a,b # 0. The @NLO operator that appears in this formula renders the contribution of
the single-gluon emission process finite. It reads

Oxto = (I —Cp — Ci)(I = Sy). (3.7)

The other quantity in Eq. (3.6), (Ffi ; . (1,2)), refers to the finite remainder of the (UV-

renormalized) one-loop virtual correction. Its definition is given in Appendix A. Finally,
p;g,)R and P;q are related to the LO Altarelli-Parisi splitting function, and -, = 3Cr/2, see
Appendix C for explicit formulas.

The qg and gq channels start contributing at NLO. They read

1
S OéS(M) FLM7 a z<]‘72 : 2) / > /’L2
R S EDN - ()]
0 z .

+ <@NLOFLM,fag(1a 2,4)> ;

and analogously

1

25+ d5NO = O‘;(:> /dzz {P;g(z) — Pylp(2) In (u;)} <FLM7foaz(z ‘ 172)> (3.9)

0 T

+ <@NLOFLM,gfa(1u 2,4)> ;

with a # 0 and the various splitting functions defined in App. C. Note that in this case
only a subset of soft/collinear singularities are present in Fpy(1,2,4); for example

@NLOFLM,qg(la 27 4) - (I - C'41 - C42)([ - 54)FLM,qg(17 27 4) (3 10)
= (I — Cy2)Finqq(1,2,4).

3.2 NNLO: quark channels

In this section we consider the NNLO corrections to déy, s, with a,b # 0. This includes
the partonic processes ¢;q; — V + g9, ¢:¢; — V + qxq and ¢;iq; — V + qrq. Of these
partonic processes, the ¢;q; — V + gg has the most complicated singularity structure; it
was discussed in detail in Ref. [16] and reviewed in Section 2. Recall that we introduced an
energy ordering Ey > Ej (cf. Eq. (2.7)), which is natural since the amplitude is symmetric
under the exchange of the two final state gluons.

The singularity structure is much simpler for final state quarks, where one could use only
two sectors to separate the collinear singularities. Nevertheless, we find it convenient to
treat the gluon and quark final states on an equal footing. We therefore need to symmetrize
the amplitudes involving the final state quarks explicitly, since they are not symmetric in
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general; we do this by writing

/ (df[dfs) Fo ga(1, 2,4, 5)

- / [Afa)[dfs) Fi.ga(1,2,4,5) [0(Es > Es) + 0(Ey < E5))] (3.11)

_ / (dF[Afs)0(Es > Es)[Fisian(L,2,4,5) + Fiatga(L,2,5,4)]]
— (Fin(1,2,4,5)) .

If one wishes to consider the final state gluons and quarks separately, one could do away
with the energy ordering and the symmetrization of the quark amplitudes. We emphasize
that in this case, the formulas in the forthcoming sections would require modifications.

As mentioned in Section 2, an important part of the subtraction scheme is the separation
of the phase space into partitions such that in each partition, only a limited number of
kinematic configurations leads to collinear divergences, cf. Eq. (2.21). Throughout this
paper, we choose the partition functions to be

41,51 N1 51
w7 = N2 1+ + ) ,
2 ( Nas + Na2 + Ms1 Nas + N1 + M52
42,52 Na2 M52 3 12)
w =t = nyn 1+ + ) , (3.
e ( Nas + Ma1 + M52 Nas + Naz + M51
w52 — T14271517]45 Wizl — T1417)527)45
Nas + N1 + M52 Nas + Nag + N1

where we have used 7;; = p;;/2. It is straightforward to check that these functions restrict
the collinear singularities as discussed in Section 2, and also that they sum up to one, cf.
Eq. (2.21).

We now present results for the different terms in Eq. (3.4) that arise in the quark
channel.

3.2.1 Terms with NNLO kinematics

This (hard) regularized contribution is the only one that involves the full matrix element

for fofy = V + fufs. It reads [16]

Aol = > <[(I — Cs)(1 — 040} [[ = $] [T — S5]

(ij)edc

< [df] [dfﬂw“»@FLM,fafb(L2,4,5>>

+ < {9(”) [T — @] [T = Csi] + 091 — @] [T - Cus] (3.13)

i€tc
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+ 0O — @] [1 - Cu] + 091 —@;][I - 045}]
X [I — $] [I — 55} [df4] [df5]w4i’5iFLM7fafb(1, 2, 4, 5)>

In this equation, de = {(1,2),(2,1)} and tc = {1, 2} refer to the double- and triple-collinear
partitions, respectively, while the sectors (a)—(d) are defined by the angular ordering con-
ditions in Eq. (2.22). The operators S5, &, C;; and '; have been discussed in great detail
in Ref. [16], and in Sec. 2.

We note that d&{\gig% 1, 1s computed numerically in four dimensions. In order to do so,
we must provide the explicit parametrization of the phase space for the complete final state
which includes two radiated partons and a vector boson (or its decay products). It is clear
that there are many different ways to do so. We find it useful to describe the phase space
using tree-level variables, i.e. the invariant mass M7 and the rapidity Y of the vector boson,
but other choices are possible. In addition, we have to choose the energies of the two final
state partons and the relative angles between them and the hard emittor” as independent
variables, in order to extract singularities in the same way as in the computation of the
integrated subtraction terms, which are presented in the forthcoming subsections. For this
reason, there is less freedom in choosing how to parametrize the momenta of the radiated
partons. We have discussed this point in some detail in Appendix B of Ref. [16]. We
will not repeat this discussion, instead, our goal here is to provide a guide for a numerical
implementation of Eq. (3.13).

We work in the center-of-mass frame of the colliding partons. As the first step, we
determine the center-of-mass collision energy squared s. To do so, we parametrize the
energies of the radiated partons as®

E, = ?ml, B = \/;xlxg, (3.14)

where 1,75 € [0 : 1], and use momentum conservation (p; + pa — ps — ps)? = M to find

_ M
1= a1(1+ 2) + 2domus

s (3.15)

There is an obvious constraint s < Sj,, where S, is the center-of-mass energy squared of
the colliding hadrons, that we have to impose while generating the events.

The choice of angular variables depends on the partition and the sector; for the sake of
definiteness, we will discuss the sector “a” of the partition w*®!. In this case, the scalar
products 7;; = (1 — cos#;;)/2 may be parametrized by the variables x3,24,A € [0 : 1]
according to

. . T4 . xg(l —$4/2)2
N1 = T3, 151 = 33357 Nas = Ni (w3, 24/2,0)

(3.16)

"The identity of the “hard emittor” depends on the partition.
8We remind the reader that we have chosen Ep.x = /5/2.
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where

Np(zg, 24, \) = 14+ 24(1 — 223) — 2(1 — 20)\/24(1 — 23) (1 — 2314), (3.17)

see [2]. We note that, since 0 < x4 < 1, the angular ordering 15 < 741 /2 is assured.
In addition to the invariant mass, we also fix the rapidity of the vector boson in the
laboratory frame, Y. This allows us to determine fractions of hadron energies carried by

the colliding partons, &; 5. We find
_ |5y
5172 = S—he s (318)

1 —21(1 —na1) — 2122(1 — 151)
1 —21(1 —ng) — 2122(1 — 152)
We require that 0 < £ 2 < 1 and that both the numerator and the denominator in the
argument of the logarithm in Eq. (3.19) are positive definite.

We are now in position to write down the four-momenta of the QCD partons in an
event. We do so in the partonic center-of-mass frame. The knowledge of & o then allows
us to boost momenta to the laboratory frame where all kinematic constraints are defined.
The momenta read

pra =2 (10.0.£1),

where

1
y:Y—Eln (3.19)

Py = 781:1 (1,sin 641 cos @y, sin O41 sin 4, cos Oy1) (3.20)

S . . .
Ps = %xll’g (1, Sin ‘951 COS((,D4 + @45), Sin 851 Sln(gO4 + 3045), COS 651) ,

where cosf,;; =1 — p;; and [2]

. 24/ M1 — M1 —x4/2 ]
sin 5 = AN(F<$375)U€L/27 )\)4/ ), cos g5 = 1/ 1 — sin? @ys. (3.21)

The four-momentum of the vector boson is obtained by momentum conservation py, =
p1 + p2 — pa — p5. If needed, further details of the colorless final state can be described.
For example, in case of V' — [T~ the phase space for leptonic decays is generated in the
V-rest frame and the lepton momenta are boosted back into the partonic center-of-mass
frame using the known py and M.

For the chosen partition and sector, the phase space weight reads

wro({vi}) s° 55:1)’372333(1 —24/2) 4 51
iAW) = ’ 42, M51, M52, Mas ), (3.22
wh({x } {y }) (87'('2)2 8M‘% NF([L'g, 1'4/2, )\) w (7741 N2, )51, 152 7745) ( )

where wr,o is the weight for the Born f, f, — V process, which depends in general on a set
of variables {y;} that describe the V final state. The contribution of the generated hard
event to the phase-space integral is then

IFLM,q(j(lv 27 47 5) — NfQ(gl)fQ(£2)wh({xi}v )‘; {yi})|M(p17p27pV7p47p5)|2' (323)
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The matrix element squared can be calculated either in the center-of-mass frame or in the
laboratory frame since all required boosts are defined at this point.

The contribution that we just described corresponds to the product of identity operators
in Eq. (3.13); below we discuss how the subtraction terms in Eq. (3.13) are to be calculated.
To this end, we consider first the class of terms in Eq. (3.13) where the double-soft operator
$ appears. We will start with the term & F1; and describe the weight of the counter-event
produced by this term. To compute the weight, we take the limit 1 — 0 everywhere; this
corresponds to Ey5 — 0 at E5/FEy held fixed. We obtain

2 s Mg Ly
sg =My, ys =Y, 51,2 = S_he . (3.24)

The four-vectors for p; 2 and p, 5 are the same as in Eq. (3.20) but the four-momentum of
the vector boson reads Py, = p; + po, i.e. the radiation of the two soft partons does not
impact the kinematics of the vector boson. The phase space weight of the counter-event
reads

wro({yi}) My afwaws(l — 24/2) 415
A {yd) = , 2
ws({wi}, A {wi}) (5722 8 Np(zs2a/2 N w7 (Nar, Maz, Ms15 M52, Mas); (3.25)

and its contribution to the fiducial cross section becomes

$FLM7QQ(17 27 3a 47 5) — NfQ(gf)fQ(éuQS)wS({xz}a )‘; {yi})Eik(lv 27 4’ 5)|./\/l(p1,p2)|2. (326)

Suppose we consider terms in Eq. (3.13) where, in addition to the double-soft opera-
tor &, some other operator acts on Fiagg. In this case, we should just set the relevant
variables(s) to zero in Eq. (3.26) and, if necessary, change the way the four-momenta are
generated. For example, consider a term C51. 85 Fin4q(1,2,4,5). For this sector, the opera-
tor C5; implies that x4 should be set to zero everywhere after the leading 1/x, asymptotic
is extracted. The four-momenta are then unchanged, except for ps which becomes

M,
Ps = Tvxll'z (L 0,0, 1) . (3-27)

Computing the 5|1 limit of the double-soft eikonal function, we arrive at the contribution
from the Cs1 % Fin44(1,2,4,5) kinematic configuration

O51$FLM7qq(1, 2, 3, 4, 5) —

S S 3.28
N1 (E5) F5€8) ws(Lre s () oo 16022252 g, pyy, (329)
515525 514524
where
S12 = 4F, By, S15 = 21 Esx324, So5 = 4Fo Es, (3.29)

S14 = 4E1E4.T3, So4 — 4E2E4<1 — .CL’3>.
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We note that, according to these equations, s15 # 2(p; - p5). This is so because the 1/s;5
term describes the leading x4 — 0 singularity, so z, # 0 is kept there and set to zero
everywhere else.

As the last example, consider the triple-collinear limit, which corresponds to z3 — 0,
cf. Egs. (3.16, 3.20). In this case, the partonic center of mass collision energy squared is

W
N 1-[)31(1-’-[1)2)

sc (3.30)

Similar to the case of hard event, we require 0 < s¢ < Sj,. The four-momenta of partons
to be used in the matrix element and the momentum-conserving d-function are

pro = Y2 (1,0,0,+1)
Ps = Soxl (1707071) ) (331)

2
80]711'2 (17 07 Oa 1) 9

Ps = 5

and the vector boson four-momentum is

Ey — Ey — Es

I p1+p2 = (1 — 21 (14 22))p1 + 2. (3.32)
1

pv = (p1 —p1s—ps) + D2 =

Combining Eq. (3.32) with Eq. (3.30), we easily check that p} = M2 as, of course, it
should be.

As we emphasized in Sec. 2, we define (©'; in such a way that it does not act on the
phase-space. The weight of the counter-event is then identical to the one for the hard

process
we({zi}, A {yi}) = wn({zi}, A {wi}) (3.33)

and the parameter y relevant for calculating fractions of hadron energies carried by the
incoming partons reads

ve =Y — SIn(l— (1 +22)). (3.34)

The momentum fractions themselves are then given by

60, = | et (3.35)
h

Combining the different ingredients, we derive the weight of the triple-collinear counter-
event

@51 Fingq(1,2,4,5) = N fo(69) f1(68 Ywe ({ai}, A {wi})

) 2
(2) Pt —s10:—s15 20, 2MGA
145

(3.36)
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where p} = (1 —x1(1+22))p1. The arguments of the triple-collinear splitting function P,
are then computed as

4E4E5.]]3(1 - 33'4/2)2

S14 = 4B Eyxy, s15 = 2B Esx3my,  S45 = Np(zs,x4/2,X)
F 3944 9

(3.37)

and S145 = S45— S14 — S15, 2 = F;/(E4+ Es— E7). We stress that the above scalar products
in the splitting function are evaluated with x3 # 0, i.e. not in the triple-collinear limit.
The remaining contributions to the fully-subtracted cross section d&gﬂﬁa J, are com-
puted along the same lines. The important thing is that we always take the leading sin-
gularity in the relevant variables and employ the limiting behavior of amplitudes squared
to calculate weights of the subtraction terms. We also make sure that the subtraction
counter-terms that make the hard matrix element finite are identical to the subtraction

terms that have been analytically integrated.

3.2.2 Tree-level terms with NLO kinematics

In this section, we consider the term with NLO kinematics and tree-level matrix elements,

d&%ﬁf}gfb. The general structure of this contribution is

P Pa1
{ fofa,R )<ln 1 ONLO
’ : ’ A 13 2-1,2,4
* [wafa<2>—P}3}a,R<z>1n (“—)] <o{ He >}>

~ 42,52 ]
N <ln% [w5||2 FLM,fafw(l,z 2,4)]>13(0) (2) (3.38)
Qg

~NNLO
doyos 7,5, =

N§H15 FLvaa:fb(Z ’ 1>2v4)] >

z

z fl‘fb)R

[FLM fafz(zl z-2, 4)1> [p}mfb(z) — P () <’§)} }

+ o <ONLO {A FLM fafb<17 2,4) -+ A [TMTVFLl\V/If fb(l’ 2,4)}:| >,

where the various splitting functions are defined in Appendix C. Although we only need
A, in Eq.(3.38), it appears to be convenient to introduce a more general object A;cqq 41-
It is defined as

2E, 41,51 41 . 42,52, 142
A, =C; [ 7 —2ln —= NG <w5||1 In +w5H2 In 2)
2F 2F

\/54 (hl \/_4 +ln(77417742)) —1In Na1 In 7742:|

137 7 13 N In
i (_ _ > Cu— —ns + By |:wjll551 1 2 n wiﬁsml a1 I (141742) (3.39)
9 N41 N42 2

+CA {hl
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2E, 2Ey  In(naina2) 1
—In— +2In2 X1 —2v;In [ —
n e +2n } + Z[ n s + 5 R S

In the case i = ¢, we find C, = Cp, 7, = 3Cr/2 and X, = 3C4/2, cf. Appendix. B. In

addition
O A n f

3 3
Note that to obtain Eq. (3.39), we used 741 + mi2 = 1. In Eq. (3.39), F{y; ; 4, is analogous
to Fiwm, s, 5, but with the polarization vector for gluon 4 removed

AT = — (3.40)

<FﬁL1(//[f fb(17 274» = N/dLiPS(V)[df4](27T)d5d(pl + P2 —pv — p4)><
(MM (o o,y pa) Oy pa), MU = € (pr) M2

(3.41)

Fly; is contracted with r#r” where r* is a unit vector that spans the two-dimensional space
orthogonal to py, see Ref. [16] for further details. If p, is parametrized as in Eq. (3.20),
then

r# = (0, — cos 041 cos @4, — cos 041 sin 4, sin 7). (3.42)

Note that since 7 - py = 0 and r? = —1, we can view 7* as the polarization vector of the
emitted gluon.

As an illustration, we now explicitly write Eq. (3.38) in the case of Z production. For
the same-flavor channel (f,, f,) = (¢, q), Eq. (3.38) becomes

1 M1
N o as(p) P41 s Fim qq(z 1,2,4)
51500 = o /dZ{qu)R( )<1H—ONL [ !
0

2
~42,52
We |- FLM7-1,Z'2,4
+1D&ON o[ Sliz qz( )}>+P(O) (2 )<1n@0NLO
Wy Fiaga(z - 1,2,4) P2 wgﬁ;ZFLng(l z-2,4)
X +In— +
z 4 2 (3.43)

Oxro

20x1
r(2 )ln< )KONL [FLquz 1,2,4) + Fiagq(1, 2 - 24)] .\
[Péq(z) _pg(g,)R(Z)ln< )] < [FLng 2:1,2,4) + Finge(l, 2 - 2, 4 }

z
as(p

27

\_/

<ONLO |:A FLM qq(l 2 4) + JANRE [T#T’VFﬁLl\l;[’qq(l, 2, 4)]:| >
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For different-quark channels (f,, f») = (¢, ¢;) with ¢; # g;, we find

; ~41,51 -
zNNLo _ s() 5(0 P41 A Ws1 Finmgg (2 1,2,4)
do 12400 = "o /dZ{Pg(q,R(Z)<lnTONLO{ ’

z
0
~42 52 )
P42 Wey ) Fimgig(1, 2 - 2,4) ) 12
+ In T(9NL0{ I - + | Pl (2) — P;;)}R(z) In ~ (3.44)
3 Fintge, (2 1,2,4) + Fiangg(1, 2 - 2,4)
X { Onro . .

3.2.3 Tree-level terms with LO kinematics

We now turn to the contribution involving terms with LO kinematics and tree-level matrix

elements, d012N}J? Accounting for the boost of the initial state along the collision axis, it

can naturally be split into

~NNLO ~NNLO ~NNLO ~NNLO ~NNLO
d012 505, = 402 u sy T 4020 fusy T 40020 fusy T 0020 fuse (3.45)
a,b # 0. We now consider each of these terms separately.

1. Terms involving Fy\(z -1,z - 2):

080~ ()5 [z (1) 40, )

. (3.46)
(TR E N o) () 0 at2)]

Once again, to illustrate this equation we consider the case of Z production. Here,
this contribution is only relevant for the (f,, f») = (¢, ) channel, where it reads

1
2 2
~ZNNLO _ [ Qs () H 5(0)
dé O = < 5 ) /dz dz [P;q( ) —In <?) Pq%R(z)
0

. <FLM,qq(;1,z-2)> [qu(z) I (u;) p;g)R(z)} .

2. Terms involving Fy(z - 1,2) and Fin(1, 2 - 2):

/~‘>)2 )3 / | Tpp (o) (P00

~NNLO ~NNLO __ v
do 9(2,2),fafs +do T(12)fals — < o
FLM,fafz(LZ . 2)

(3.47)

> (3.48)

z
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This term has a non-trivial flavor structure. To simplify it, we employ the notation
used to describe the NNLO QCD contributions to the Altarelli-Parisi splitting func-
tions, and write the functions 7 in terms of nonsinglet, singlet, and vector functions

Taias = 0 T + T

a9 (3.49)
Tosa; = 0ij Ty + Ty

Similar to the Altarelli-Parisi splitting functions, we have 7;% = 7;% through NNLO,
and we will always use the latter in what follows. Again, we consider the example of
Z production. For the (f,, f») = (¢q) channel, Eq. (3.48) becomes

1
2
o0 + ot = (S} el + 7o)

O(=.2).01 (1,2),9q 92
LA (3.50)
% FLM,q(j(z : 1, 2) + FLquq(]_, Z 2)
2 Y
while for the ¢;q; with ¢ # —7j it reads
W\ [
asfte + st = (M) fas o7y + TG
0 (3.51)

X <FLMvQJQj(Z -1, 2) + FLM,qzﬁi(L z: 2)>

z

The transition function 7;1(\}8 is explicitly shown in Appendix D. All other 7;; functions
are presented in an ancillary file.

3. Terms involving F1y(1,2):

(i)’ 8 %
dal\gL? 5= <FLM,fafb(172)> x( o ) {C’ [45 (27T —1—16{3) In .

2 2 4
(2 ()] o[BI

2 3 5 81 72 80
4 11x* 7 In*2 407 . (1
<§ t—5 - —C3> +(¢—2)In*2 - o —C3 4Liy (5) (3.52)
2 2
I 199  23x? BTy 214
Hn(s)( Y 41 N e

T2 4  2r? W 17«2
T () 4 2m?2 In L
8 (3+ 9 >+ " + C3+ ( )(27 12)

1 2 23 2131
+ = In? (M—) ] + Opg {%CFW + CyCF (% - ¥> +(2In 2)0F50:| }
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The O term in Eq. (3.52) depends on the choice of partition functions. It is defined
as follows

P12 ~ 41,51 Na1 ~42.52 T)a2
Ou=—(|I-Cy—-0C _ 20 ln ——— 2% ln ———— . (3.53
bd < [ 41 19] [p41p42 (w4|5 no— ™ + Wy In - 7742) } > ( )

If the partition functions are chosen as in Eq. (3.12), it is immediate to obtain

7T2

O =2~ . (3.54)

3.2.4 Terms involving virtual corrections

Finally, we consider the two terms in Eq. (3.4) which involve virtual corrections, d&gﬁ%& Foto

and d&ﬁlr\ggfa r,- The former corresponds to the real-virtual corrections, which have NLO

kinematics. As such, they have singularities that appear when the radiated parton becomes
unresolved. These singularities can be subtracted as at NLO, so that this term reads

d6XNO L = (OntoFi . 1 (1,2,4)), (3.55)

virti24, fa fo

where Ff{} 1.1, (1,2,4) is a finite remainder of the one-loop amplitude, see Appendix B. The

other term corresponds to virtual contributions with LO kinematics. It reads

) ) ) as(p) [27? 2
d0tra o :< v (12) + Fiye g, (1,2) + {?CF — 29I ()| X

1
n O‘s(/vb) /~L2 (0
At (12) + 52 [P - () B < (asy
0
<FLﬁ\r/1,fafb(Z 1,2) + By g (12 2)>

z

where v, is defined after Eq. (3.39) and F{}y,, F3'. and F{y are defined in Appendix A.

3.3 NNLO: quark-gluon channels

In this section, we describe the NNLO contributions to the gg channel, see Eq. (3.2).
Similar results hold for the gq channel. In principle, this channel could be treated in
the same fashion as the quark channels discussed in the previous section. However, its
singularity structure is much simpler, and so we need to consider a smaller number of
limits. Indeed, no double-soft singularities are present in this case. Because of this, we
find it convenient not to order the energies of partons 4 and 5. We write

/[df4] [dfs] Fintgg(1,2,4,5) = (Fiamgg(1,2,4,5)), (3.57)
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and parametrize Ey5 = x12Fmax. However, the structure of the collinear singularities
is similar to that discussed in Sec. 3.2, so we use the same angular parametrization and
partitioning as defined there.

There is another important difference compared to the ¢ channel discussed in Sec. 3.2,
namely that in the gg channel spin correlations appear in the collinear emissions off the
incoming gluon. We postpone their discussion to Sec. 4.1, where we consider the most
general case of spin correlations. Apart from this, the structure of the result is very similar
to the one discussed previously, so we limit ourselves to reporting the relevant formulas.

We write

A NNLO ~NNLO ~NNLO ~NNLO
01,9 = dOvisfug + A0Vt gy OV sy (3.58)
and
~NNLO __ 1aNNLO
Aoy s 1.9 = 01245, 7,95
~NNLO _ ~NNLO ~NNLO
dgV+1,fag - d0124,fag + d v1rt124 fag? (359)
~NNLO __ 12NNLO ~NNLO ~NNLO
dov sy =402 g T 4002 fg T A00iet)s 1o

We consider the case with a # 0, and discuss each term separately. Note that in this
channel there are no terms proportional to Fi(1,2) and to Fim(z - 1,2) since the process
qg — V at leading order is impossible. For the other terms, we obtain the following results.

1. Tree-level terms with NNLO kinematics:

SET I < [(1 — Cs)(I — CM} [1 — S5] %

(ij)edc

s f ol Fing (1,24, 5>>

T Z < { 0 ] @] [] - O5i] +60 [] - @z] [] - 045} (3.60)

i€tc

09T — @[T = Cu] + 091 — @) [I - 045]}

X [I - 55} [df4] [df5]w4i’5iFLM’fag(1, 2, 4, 5)>
The discussion of the individual terms is identical to that of the quark channels,

cf. Sec. 3.2.1, with the only difference that now energies of final state partons are
parametrized differently.

2. Tree-level terms with NLO kinematics:
1 41,51
~NNLO as (1) (0) pPa1 Wy)11 Fin,fag(z - 1,2,4)
d0124,fag = o quR lIl 4 ONLO o
0
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~ 42,52
(0 P42 - sy Fin fag, (1,2 - 2,4)
+ Z Pq(g,)R(Z)< In IONLO [ !

z#0 <
42,52
A Pa2 A Wey " Fin, fag(1, 2 - 2, 4)
+ P;S?R(z)< In TONLO { ! .
, A 2 A A z-1,2,4
+ [qu(z) — P{Jp(z)In (%) } <(9NL0 { LM’f“g(Z )]> (3.61)
2
/ ~(0) % ~ FLM,fafx(17Z'274)
+ ; [qu(Z) — qu7R(2) In <?) :| <ONLO |: s

[Pt = B () | (Oo |Frtsell2 20 }

+ %2(:) <@NL0 {A(qg) i, fae(1,2, 4)} >,

which is analogous to Eq. (3.38) for the quark channels. The splitting functions in
Eq. (3.61) are defined in Appendix C, and A%) is given by

2E4 2E4 3 2E4
AW = Cplln === In=2 — 21 —41In2 — —2ln—
Ia n\/g n\/g n 141 n + 5 n\/g X
13
<@31§1 In M2 4 wjﬁ;’? In %> + = +4+3In2—7*+3Inny
N41 Na2 2
. 3 2 1 2F 2
+ 2Lis(ng0) — 3 In (%) ] + Bo {5 (ln T; +1n 7742> —1In (%) ] (3.62)
T 3 3 2F, Mo 3. 2FE,
Cyul— —-1 ——In—)In——-In—
" A{3 4n7742+(2 n\/g) n7741 4n\/§

— Lig(nag) + Liz(ml)] :

3. Tree-level terms with LO kinematics involving Fyy(z-1,2-2):
1
dANNLO _ as(“) ? d df 73/ l MQ f)(o)
0(2,2),fag — o Z z dz qq(z) —in ? qq,R(Z)
oo

. <FLM,fafx(Z : 172'2)> {R’,g(f) —In </§) P"(S?R(Z)} 7

(3.63)

zz
which is analogous to Eq. (3.46).
4. Terms with LO kinematics involving Fi\(z - 1,2) and Fym(1, 2 - 2):

1

0

dgNLO ()
T(1,2).fag o
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analogous to Eq. (3.48). The function 7,, can be found in the ancillary file.

5. Terms involving virtual corrections with NLO kinematics:

d6NNEC L = {(Onro i 1.e(1,2,4)), (3.65)

virt124,fag

analogous to Eq. (3.55). The finite remainder FE\‘}’fag(l, 2,4) is defined in Appendix B.

6. Terms involving virtual corrections with LO kinematics:

1
5 as(p) 11\ A0 Y g (L2 2)
Ao, = o > / {P;g(z) —In <?) Pq(g?R(z)} < . , (3.66)
T oo

analogous to Eq. (3.56). The finite remainder FI is defined in Appendix A.

Results for the gg channel can be obtained from the above formulas in a straightforward
manner, by replacing labels 1 <+ 2.

3.4 NNLO: gluon-gluon channel

In this section, we describe the gg channel, see Eq. (3.2). This case is particularly simple,
since no soft or triple-collinear singularities are present. As the result, only double-collinear
configurations need to be considered.

As a consequence, it is not necessary to partition the phase space in any way and the
singularity structure can be dealt with as in NLO computations described earlier. We
parametrize the energies and angles of the emitted partons as

Ey5 = x19FEmax,  Na1 =3,  N51 = Ty4. (3.67)

Singularities only appear when x5 4 are equal to either zero or one. Because of the simplicity
of the singularity structure, we treat the two cases at once. To deal with them, we use a
similar but simpler strategy to the one discussed in the preceding sections. We write
Finge(1,2,4,5) =
[(I —Cpn — Cy2) +Cu + 042} [(I — C51 — Cs2) + Cs1 + 052}FLM,99(17 2,4,5) =
[I —Cy — Cpp — C51 — Csa + Cp2C1 + 041052}FLM,99(17 2,4,5)
+ [041 + Cag + C51 + Csg — Cp2C1 — 041052}FLM,99(17 2,4,5),

(3.68)

where we used the fact that Cy;Cs5; = Cy2C59 — 0 when it acts on the matrix element. The
first term on the right hand side in Eq. (3.68) is free of singularities and corresponds to what
we called doNNEO in the previous sections, while the second term contains the subtraction
counterterms. We combine Eq. (3.68) with contributions from the PDFs renormalization
and write

dGge 0 = Aoy, + dopiyG, + Aoy, ©, (3.69)
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where
dgNNLO . 45NNLO

V42,99 1245,99°
~NNLO __ 3~NNLO
d0V+1,gg = d‘7124,gg ) (3-70)
~NNLO __ 1~NNLO
dUV799 - da(z,f),gg'

At variance to the cases discussed above, virtual corrections do not contribute in this
channel. The individual terms read as follows.

1. Tree-level terms with NNLO kinematics:

Ao, =< [I — Cu1 — Ciz — C51 — Csz + Ci2Cs1 + Cin Co

(3.71)
X [dfa][dfs] Fia,ge(1, 2,4, 5)>,

where again the construction of each term follows the discussion in Sec. 3.2.1, but
with the parametrization shown in Eq. (3.67).

2. Tree-level terms with NLO kinematics:

1
. o (p - I
dalNﬁ’I;(g) =5 ) Z/dz [P;g(z) - Pq(g?R(z) In <?)}

< A |:FLM,fmg(Z'1;2a4)+FLM,gfw(1az'274):|>
X ONLO e .
3. Tree-level terms with LO kinematics involving Fyy(z-1,2-2):
1
dgNNLO as(p) ? dz dz |P ] w PO
9(2,2).99 = ot Z zdz qg('z) - s ) Tag (2)
Y 0 (373)

y <FLM,fxfy(z. 1,2-2)> lp;g(z) T </§) Pq(;])(z)] ‘

ZZ

4 Gluon-initiated color-singlet production

In this section, we consider the production of a color-singlet final state H in gluon fusion
through NNLO QCD. We refer to this process as “Higgs production”, although, similarly
to the “Drell-Yan process” discussed in the previous section, these results are applicable
to the production of any color-singlet final state which proceeds through gluon fusion at
LO. The procedure of extracting the infrared divergences is identical to what has already
been discussed in the case of the ¢q annihilation and we do not repeat it. However, in
gluon-initiated processes, initial state radiation leads to spin correlations that we did not
discuss up to now. In the next section we show how to deal with this complication.
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4.1 Spin correlations

We have discussed spin correlations relevant to the computation of NNLO QCD corrections
to the q¢ — V process in Ref. [16]. In that case, the spin correlations appeared because
of the splitting of a virtual gluon to two final state partons, g* — f45. For the gg — H
process, the situation is different in that spin correlations also appear in the initial state
radiation, including its triple-collinear limit. In this section, we discuss this case.

We will begin with the discussion of NLO QCD corrections to gg — H. The computa-
tion proceeds exactly as for the qg — V process, cf. Sec. 3.1. However, when the collinear
operator acts on the matrix element squared, we find

2
9s - v
<C41FLM,99<17 2’4)> == < L PQQMV (Z 1) FIITM,gg (Z -1, 2)> ’ (41)
P1 P4
where the splitting function reads
. 1—z z ” K kY
P (z) = 2C» [( " + T z) (9" ] —2(1—€)z(1—2) Zil} : (4.2)

The transverse momentum £k, is defined using the Sudakov decomposition

pa=(1—2)p1+ Bps+ ki, (4.3)

where k| - py = ki - po» = 0. The metric tensor of the transverse space g, 4o satisfies
9o =91 o vy =0and ¢/ ki, =K.

We write the four-momenta of the QCD partons as for the q¢ — V process. We
introduce d—dimensional vectors t# = (1,6) and e = (0,0,0, 1,6), and an additional
vector a* that is orthogonal to both ¢ and e; and is normalized a®> = —1. We write the
four-momenta in terms of ¢, e3 and a and obtain

P12 = E1 (t + 63), P4 = E4(t + cos 9416 + sin 941a). (44)

By comparing the two parametrizations of the vector p4, we find

M.y
kziﬁ = —ata”. (4.5)
1

Since the transverse components of the gluon four-momentum decouple from the hard
matrix element in the collinear limit, the vector a* only appears in the splitting function.
We can then integrate the splitting function over the directions of the vector a* using

72
/ngl_)Q ala” = ——gL7d_2 Qd72- (46)
d—2
We find
ani, - 3
/ 0y, Puvge(277) Fia(2-1,2) = (Pyy(277)) Fim(z-1,2), (4.7)
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where
11—z n z
1

(Pyy(2)) =2Cy ( +2(1 — z)) (4.8)

is the spin-averaged splitting function. It follows that averaging over the directions of the
transverse components of the gluon momentum naturally appears in our construction at
NLO; as the consequence, the rest of the NLO QCD calculation is identical to the ¢ case.

Before discussing spin correlations in the computation of NNLO QCD corrections, we
note that, in the particular case of Higgs boson production, spin correlations are actually
not needed. Indeed, the spin-correlated matrix element for gg — H is proportional to
914 5 As the result, the spin-averaged splitting function Py ., ¢""; , naturally appears
in the calculation. We emphasize, however, that this feature is particular to the process
gg — H, so that understanding spin correlations is necessary in a more general context.

We then consider the generic NNLO case. Here, the situation is more complex since
we have to consider the momenta of the two gluons becoming collinear to the direction of
the incoming partons. In the double-collinear partitions the situation is identical to the
NLO case since the averaging over the transverse spaces of the two gluons is performed
independently. The triple-collinear partitions require some discussion. We consider the
case when collinear singularities arise because of the emissions of gluons g4 5 off the gluon
g1. We parametrize the four-momenta of the final-state gluons as [16]

—Z

ps = Ey (t 4 cosfyes + sinb,a) ,

4.9
Ps = E5 (t -+ cos 8563 + sin 65((308 Y45 A + sin V45 b)) , ( )

where the vectors t, a, e3 have already been defined in the discussion after Eq.(4.3) and the
vector b satisfies t -b=e5-b=a-e3 =0, as well as b> = —1.

We begin with the double-collinear limits that develop spin correlations. There are
three possibilities: g4 is collinear to g5, g5 is collinear to g; and g4 is collinear to g;. The
first case is identical to the qg — V process; it was discussed in Ref. [16] and we do not
repeat this discussion here. The second case, ps||p1, relevant for sector (a), is discussed
below. After that we comment on the third case, relevant for sector (c).

Starting from the angular part of the phase space for sector (a) and considering the
limit x4 — 0, corresponding to #5; — 0, we find

O S I S €L e R (DS a0, a0\, | day day
w0 P 8201 =€) | |[T(1—=26)] | Qua Qas | zit2zl*e (4.10)
dA '
128(1 — x3)] € 22224,
71'[)\(1—>\)]1/2+€ [ ( 3)] 344
see Ref. [16]. Also, in this limit
sin = \/4A(1 — \), cosp=—-14+2\, AXel0,1]. (4.11)
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This follows immediately from the definition of sin ¢ and by inverting the definition of A
in terms of cos . We then rewrite

1 (dm)e 17
lim dQ( =
ram0 45 {8#2 T(1— e)}

ao®, anl,
Qi—o Qa3

2 dl‘g 2 d([E3I4/2)

[Tyl — )] Bz 1)

with

dA =

21— dA ~
R A1 - )\)]1/2+€] ’ /dA - (419

We also have

/d/N\cosgosing0: 0,

~ 1 ~ 1
2 pr— 1 2 :1——‘
/dAcos © 20— /dAsm © 20—

These identities imply that in the x4 — 0 limit

(4.14)

(b)
(Kt de 3dA s bb” ba” + atb”
Ky 1 K5 J_> [a*a” cos® pus + sin® g5 + (D'a” + a¥'b”) cos @5 sin s |

(b)
n 1—2¢ /de 3y

2(1 — e) 2(1—¢€) ) Qg3
ata” 1— 2 |:_gJ_7d_3}
Toi—o " 21=¢ d-3 (4.15)

- 2(11_6) [‘M — 9l 3} - [2_(?}_5]'

Hence, in case of double-collinear limits with respect to the incoming partons, integration
over the transverse directions of the collinear gluons always leads to spin-averaged splitting
functions. This implies that subsequent computational steps are conceptually identical to
those of the q¢ — V process. Finally, we note that the above discussion can be repeated
verbatim also in case py4||pi, relevant for sector (c), if instead of Eq. (4.9) we use

Py = Ey (t + cosbyes + sin4(cos pu5 a + sin g5 b)) ,

4.16
ps = E5 (t + cosOse3 + sinbsa) . (4.16)

It remains to discuss the triple-collinear limit that corresponds to the splitting ¢ —
gs + g5 + g*. This splitting is described by the P/ splitting function that contains spin
correlations, see e.g. Ref. [25]. This splitting function is a symmetric rank-two tensor

constructed from ¢/”,_,, and the vectors kY ., ,. These vectors read, c.f. Eq. (4.9),
91.d-2 4(5),L

kil = F4sin 94@”, kg»l = E5 sin 95 ((I'u COS P45 + b sin @45) . (417)
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In the triple-collinear limit, we need to integrate over the directions of the vectors a and b.
Note that the integration over the angle o 5 is non-trivial since 2(p, - ps) = s45 depends on
it. To describe the integration of different tensor structures over the directions of a and b,
we introduce the notation

al”, ao?, / Ao, / aol,
- BN = (X))o, 22X = (X),, BX = (X)), 4.18
/ Qio Qi3 (X)as Qq_o (X) Q43 (XDo ( )

We find the following results for the four tensor structures that contribute to P

N2 v
91,d— 91,4
<9T,/d72> = gfd—m <kZJ_kZL>a,b =k} e <kg¢ gﬁa,b = k3 =l

4,17 o 507 o
(ki kY Yap = Eysinb4Es sin 05 (a" (a” cos o5 + b Sin 0us5))ap = ka1 - ks 1 gdLii_;
We write the spin-correlated splitting function as
Pro = Aigh g o+ Ao(kl kY kG ks )+ As(k) ks + kY KE ), (4.20)
and observe that Eq. (4.19) leads to
, 5 A A
(P Yy = gy (A1 + dTQZ(/@iL + k2 )+ d—_?’2(2k4,lk5,L)> . (4.21)

The same result is obtained upon replacing the spin-correlated splitting function with its
spin-averaged version

aB
prv %ngg,aﬁg;dfz v

o T o 9o (4.22)

Once this is done, the triple-collinear splittings in the gg — H process can be treated in

exactly the same way as in the Drell-Yan qg — V case.

4.2 Definition of partonic channels

After discussinng spin correlations, we proceed with setting up the NNLO QCD calculation
for color-singlet production in gluon fusion. Starting from Eq. (2.1), we find it convenient
to write the cross section for the generic process

pp— H+X (4.23)
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as

dzydxs g(x1)g(x2)do Eg

—ng, ”f]
a7$0

o=
+ / dordey [fule1)g(22)d68 + g(a1) fu(2)d6™ ]
/ (4.24)

+ dl'ldxg Z fa .1'1 (mg)dO' =

—ngng
a;éO

+ / dordzy S ful@) folra)do

a,be[—ngnyl
a,b#0, a#—b

The first term is the gg channel which is the only partonic channel contributing at LO.
The terms on the second and third line correspond to the quark-gluon channels and quark-
antiquark channel respectively and enter at NLO. The ¢;¢; channel, where ¢; and ¢; can
be both identical or different (anti)quarks first appears at NNLO. We will discuss each of
these channels separately in the following subsections. For simplicity, we will omit the “H”
superscript from now on. We express our results in terms of fully renormalized amplitudes
for the pp — H + X process, where H is a generic color-singlet state. In the case of Higgs
production in the m; — oo approximation, this implies that our results include both the
divergent and the finite renormalization of the Hgg Wilson coefficient, see App. A for more
details.

4.3 LO and NLO

At leading order, only the gg channel contributes. We write
25+ dos = (Flagg(1,2)) . (4.25)

NLO corrections have a similar structure to those discussed in Sec. 3.1. The result for the
gg channel reads

s 2 2 2
ot = (R0 5 [ () )

4 L) / = [P0~ Atn (12)] (sl LD Pl 2 DY )

21 99:R 2z
+ <@NLOFLM,gg<17 274>>7

with v, = By = 11C4/6 — nys/3, and FE{}}QQ and the various splitting functions defined in
Appendix A and Appendix C, respectively.
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NLO corrections to the gq and gg channel read

1
. as (1) Fingy(1, 2 - 2) A(0 s
2s - dU;LLO =0 /dz< ggz Poy(2) — P;q,)R In ~
0

(4.27)
+ <@NLOFLM,gq(17 274)> )
and
(0 | 2\ / Fiago(z - 1,2)
~NLO _ Qs M 5(0) H LM,gg\% " L,
28 . dO'qg = 7 /dZ |i7);q(2> — qu,R ln (?>:| < ggz >
, (4.28)

+ <@NLOFLM,qg(1a 2,4)>,

respectively. Finally, the ¢q channel starts contributing at NLO but it is finite finite at
this order and can simply be written as

25 - doN-C = (Onr.oFiaeg(1,2,4)) = (Fiagq(L, 2,4)). (4.29)

4.4 NNLO: gluon channel

This channel has the same singularity structure as the Drell-Yan quark channels, cf.
Sec. 3.2, and we use the same phase-space parametrization and partitioning described
there. This means that the structure of the result is identical to what was discussed in
Sec. 3.2, and we can write it as

doNNEO = dgRNE0 + dENEC, + dake, (4.30)
and
A1 55, = d01535 0y
S, = AP S, (431
d&?ﬁgo - d51(\2%29 + dﬁﬁgﬁg + d&l(\ilv\g)lgg + d&l(\jll?;%,(gg + d&\ljiig?gg‘

We now list all these terms separately.

1. Tree-level terms with NNLO kinematics:

a0, = 3 (|- cu)a—cu)lr- )1 - 5]
(ig)edc
X [df4] [df5]w4i’5jFLM7gg(1, 2, 4, 5)>
+) < [e@ (1 — @] [I - C5] + 00T — @] [I - Cs) (4.32)

i€tc
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0[] — @[ - Cu] + 0D — @] [ — 045}}

X [I — $] [] - 85} [df4] [df5]w4i’5iFLM,gg(1, 2, 4, 5)>,
which is analogous to Eq. (3.13).
2. Tree-level terms with NLO kinematics:

~41,5

L 1
R Qg N N w F}_,M7 (Z 1,2,4)
dvﬁﬁzg = ) /dZ{P;S,)R(Z)< In %ONLO [ ol “ }

27 z
0

~ 42,52
~ Wy FLM, (1,22,4) ~ ~
+ In %ONLO |: il gj :| + 2an(§2?R(z) In %ONL()X

~ 41,51

42,52
|:w5||1 FLM,qg(Z -1 274)} T n P42@ [w52 FLM,QQ(L z: 274):| >
— YNLO

z z

: ’ s [F 1,2,4) + Fiaoo(1,2-2,4
+ {PéQ(Z)_P;S,)R(Z)ln (N—>} <ONLO|: LMgg(2-1,2,4) + Fiagy(1,2- 2, )}>

S z

+ 2ny [P;g(z) ~ P9 (x)In (A‘;)} X (4.33)

< . {FLMﬁqg(z 1,2,4) + Flagg(l, 2 - 2,4)]> }

Onto ~

+

Qs A r Y

which is analogous to Eq. (3.38). The splitting functions in Eq. (4.33) are defined in
Appendix C, and A, is given in Eq. (3.39) with C, = C4 and v, = &, = .

3. Tree-level terms with LO kinematics involving Fi\(z -1,z - 2):
1
o ((Qs(p) ’ = | pr £\ 50
A6, 5y ge = o dz dz | P, (2) —In ~ P r(2)
0

5 <FLM,gg(;1,z.2)> {ng(z) m (M;) P! ,)R(Z)] _

4. Tree-level terms with LO kinematics involving Fy\(z - 1,2) and Fpy(1, 2 - 2):

(4.34)

=)

Q

1
2
R R (1)
0130, + o0, = () [ s Tl
0

(4.35)

<FLM’99(Z . 1, 2) —+ FLM,gg(17 Z - 2>>
y4
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5. Tree-level terms with LO kinematics involving Fj (1, 2):

2 2
~NNLO __ a(p) 5739 4 187w )
da(l,z),gg = <FLM(1,2)> X < o ) {C’A {g + 51112 + YR 21n*(2)

11, 407 1374 72, In*2 7
—r?In2 - — —In*2 - —= - ~GIn2
T R VYRR L g %

/1 W2\ (37 12 L (2 (121 2r?
L () —m () (2 2 m? () (22 -
14(2) n(s)(6+ 8 +3<3)+n s J\36 3

214 227 4 2 37
+C’Anf[———— 2——1n2—§7r21n2+21n22—|—EC3

n
81 216 3
2 2 2\ 2
L 94 7 11 W
h({=)(=+—=)|-=Ih(*
+n(s)(27+4> 9 "\s
1172 10 % 1 T
2 ——In(5)+-In? (=
"f[los 27n(s)+9n(s>]

131 11 2 2 2
+@bd|:031 <—i+—ln2+ﬂ——) —|—C’Anf (—3 — —1n2>:|}

36 3 3 36 3
(4.36)
6. terms involving virtual corrections with NLO kinematics
doNNEO = (OntoFi ,,(1,2,4)). (4.37)

7. Terms involving virtual corrections with LO kinematics:

A n n Oés(/,é) 27T2 /'1’2
daErNtIfgg :<Ffvngg(1, 2) + Ffvz,gg(l, 2) + o {?C’A —2v,In 5 X

™

Fin (1, 2)> + 0‘52(“ ) /1 dz [%(2) —In (g) p;E?R(Z)] X (4.38)

<F{i\l},gg(z : ]'7 2) + F{i\l},gg(]v z - 2)>

z

The above equations are analogous to Eqgs. (3.46), (3.48), (3.52), (3.55) and (3.56) in Drell-

Yan production, respectively. The finite remainders Ffi3,, Ff\r}g and F are defined in

Appendix A, the finite remainder Ffi?(1,2,4) is defined in Appendix B, the function 7Ty,
are given in the ancillary file and O, is given in Eqs. (3.53, 3.54).

4.5 NNLO: quark-gluon channels

The structure of this channel is analogous to the qg channel for the Drell-Yan process,
discussed in Sec. 3.3. We don’t repeat the discussion here, and limit ourselves to presenting
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final results. To closely follow Sec. 3.3, we focus on the gg channel. We write

~NNLO __ 1~NNLO ~NNLO ~NNLO
do,g " =dopys g +dog i + Aoy e, (4.39)
with
~NNLO __ 1ANNLO
A0 19,97 = A071245 g0
~NNLO __ 1~NNLO ~NNLO
A0 h 19 = A0121.97 + A0y, g0 (4.40)
~NNLO __ 1~NNLO ~NNLO ~NNLO
dUH,gti - da(zi),gé + da(lz),gq + davirtm,gé'

We display the individual contributions below.

1. Tree-level terms with NNLO kinematics:

Aot = > < {(1 — Cs;) (I — 04i)] [1 - S5] x
(i7)€edc
x [dfa][dfs]w"™™ Fin 4q(1, 2,4, 5)>
'y < [9@ [—@[I=C] +09[I @[ —Cis] (441
OO — @] [T — O] + 691 — @] [T - 045]}
x [I = S5][dfa][dfs]w*"™ Fingq(1, 2,4, 5)>.

2. Tree-level terms with NLO kinematics:

1
~ Qg A ~
dalNQIZ,I;(; = 2<:) /dz{ < In %ONLO [wgﬁf’l X
0

(0 (0
Py(y,)R(Z)FLMvQQ(Z -1,2,4) + Pq(g,)RFLquq(Z 12 4>} > - < In %@NLOX

z

A

~(0 0
[@42’52 FLM,ch(lv z-2, 4)Pq(q,)R(Z) + FLM,gg(lv z-2,4) g(q,)R(Z):| >
5012

z

, . 2\ 1 / . Finiga(z-1,2,4)]
+ {ng(z) ~ PO (2)In (%) <0NLO [ LM’“(Z )_> (4.42)
A 2\ 1 / . Finoa(z-1,2,4)]
+ {P;g(z) Pq(g,)R(Z) In (%) _ <ONLO [ LMW(Zz )>
R Finga(1,2-2,4)7 [, . 2\ ]
+<<9NL [ tatgr(] q Pl (=) — POp(z)n (“—) >
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+ (Ono |t 2] ) - £ () ]) }

Qs .
+ 2(:) <(9NL0 {A(qg) - Fimge(1,2, 4)} >

3. Tree-level terms with LO kinematics involving Fyy(z -1,z -2):
1
~NNLO as (1) ’ = | I ~(0)
Ao, 5 e = 5 dz dz |P,,(z) —In Y P k(%)
0

y <FLM,gg(z-_1,2.2)> [P;q(i) 1 (M_2> pg(S?R(E)} _

(4.43)

74 S

4. Terms with LO kinematics involving Fi (1, z - 2):

1
2
a0 = (S2) [ o o (Brelz )y
0

2T z

5. Terms involving virtual corrections with NLO kinematics:

d6NNLO = <@NLOFLﬁ\I/1,g¢j(17 2, 4)> (445)

virti24,9q

6. Terms involving virtual corrections with LO kinematics:

1
2\ . Ffin (1,2-2)
. as(p 7 7 ,
daxlirNtlfz?gli 2(7T) / {Pg,iq(z) In ( s ) Pg(t(l),)R(Z)} < S > : (4'46)

z
0

The splitting functions used in these equations are defined in App. C, A9 is given in
Eq. (3.62), T,, is given in the ancillary file and the Ff¥ finite remainders are defined in
App. A and B. Results for the gg channel can be trivially obtained from the above formulas
under 1 < 2 replacement.

4.6 NNLO: ¢q channel

The singularity structure of this channel can be organized as follows. There are purely
collinear singularities, coming from configurations where the ¢ and the ¢ emit two t-channel
gluons that produce a Higgs. These have the same structure as those appearing in the gg
channel for the Drell-Yan process. Apart from these, there are other singular contributions,
that don’t have a Drell-Yan equivalent. They stem from extra gluon emission from the
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s-channel qq¢ — H + g process. These are of NLO origin, so they don’t pose any particular
challenge.

Because of its simple singularity structure, we don’t discuss this channel in detail. For
completeness, we present final formulas that are obtained using the same setup that we
employed for the gg channel. We write

46NN = dGYNO. 4 Ao RN, + O, (447)
and
dANNLO _ dANNLO
Ofg +2,qq 01245 ,qq?
AP0, = A0 + AT o (4.48)
W = 1o

We now present the individual contributions:

1. Tree-level terms with NNLO kinematics:

a0, = 3 (|- ot - cw| - 811 - 51

(ig)€edc

X [df4] [df5]w4i’5jFLM’qq(1, 2, 4, 5)>

> < { @) [1 = Csi] + 6091 = @] [T - Cus] (4.49)

+ 9(0) [I — @1] [I — 041} + H(d) [I — @z} [I — 045}]
x [I— SB[ — S5][dfa][dfs]w* " Fingq(1, 2,4, 5)>.

2. Tree-level terms with NLO kinematics:

1 415
NNLo _ Qs(p) 5(0) P41 w5||1 Fig(z - 1,2,4)
do 0124495 = —27r /dZ{qu,R< ) In— 1 ONLO

2
0
42,52
w F 22, 4
+1n 22 Oxto | —E2 A ln—ONLox
4 4
{Nglllfr) Fingq(2 - 1,2,4)1 —|—ln— {~§|2252FLM qe(1, 22, 4)}>
2
A F 1,2,4 F 1 2,4
+ {P;q(z) _Pq(;]) (2 )ln( )] <ONLO { LM,gq(Z - )+ Lqu( z - )]>
. 2
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[ruo - P (2]

S
<@ {FLMﬁgq(z 1,2,4) + Fiargy(1, 2 - 2,4)] > }
NLO >
O‘S(/L) A A . B AT . 1%
+ 27{' ONLO q FLM,qq(]-a 2, 4) + [TMTVFLM,qq(]W 2, 4” .

3. Tree-level terms with LO kinematics involving Fyy(z-1,2-2):

1
2 2
. as(p . P E
= (%00) [0 o () )
0
F; , z 1, zZ-2 /I (= 'U'Q » =
«(FmE RS2 e - () At

4. Terms involving virtual corrections with NLO kinematics:

Ao o= (F .(1,2,4)).

virtio4,qq

(4.50)

(4.51)

(4.52)

The splitting functions used in these equations are defined in App. C, A, is given in
Eq. (3.39) with C; = CF, v, = 3Cr/2, X, = 3C4/2, and the F{i! finite remainder is defined
in App. B. Note that, contrary to all the cases discussed so far, FE{}’qq does not require any

additional regularization.

4.7 NNLO: quark channels

The singularity structure of this channel is the same as the gg channel for the Drell-Yan
process. Because of this, we use the same parametrization described in Sec. 3.4. We write

da_NNLO — da,NNLO + da,NNLO 4 da_NNLO

414 H+2,qiq; Hr Ly o
with
d&?}fé%qj - d&ll\IQN;ggiqj,
do E]T—Llf?]iqj - d&ll\gi];%j’
d(%%{\;pg = d&l(\f,%gm'

Repeating the same steps discussed in Sec. 3.4 we obtain the following results.

1. Tree-level terms with NNLO kinematics:

d51N2125L,(q)iqj :< [I — Cy — Cpp — C51 — Csp + Cp2C1 + 041052}
X [df4] [df5]FLM,Qin(1> 2, 4? 5)>

39

(4.53)

(4.54)

(4.55)



2. Tree-level terms with NLO kinematics:

1
2
dAgﬁng]: (1) / dz [73’ ) = PV(2)In <%)}
0

(4.56)
< A |:FLM,qu~(Z' 1,2,4) +FLM,qig(1az'2a4):|>
Onvo :
z
3. Tree-level terms with LO kinematics involving Fi\(z -1,z - 2):
1
dANNLO _ CYS<,U) ? dz dz Pl 1 ,UP P(O)
2).9i9 ot zdz gq('z)_ I n gq< ?)

0 (4.57)

y <FLM,gg(z%1,2'2)> [P;q(i) In (“;) ]Sg(g)(g)} _

5 Validation of results

In this section, we describe the numerical checks that have been used to validate results
described in the preceding sections. We use the processes pp — Z and pp — H as test
cases, since for both of these processes NNLO QCD corrections to the inclusive cross
sections are known analytically [20,21]. This allows us to perform a high-precision check
of our formulas.

We begin by describing our setup. We consider proton-proton collisions with 13 TeV
center-of-mass energy. We use myz = 91.1876 GeV, my = 125 GeV and m; = 173.2 GeV
for the Z, the Higgs and the top quark masses, respectively. We derive the weak coupling
constant from g2, = 4v/2m2,G p, with my, = 80.398 GeV and G = 1.16639 x 107> GeV 2
The weak mixing angle is computed from sin® 6y = 1 — m%,/m%. We will consider both
on-shell pp — Z production and pp — eTe~ production. In the latter case, we include
both the Z and the * contributions, and we use ['; = 2.4952 GeV.

For the Higgs case, we consider pp — H production in the m; — oo approxnnatlon and
describe Higgs coupling to gluons using the effective Lagrangian £; = —AggqH G ) Grv (@)
see App. A for details. The coupling Ag4, depends on the Higgs vacuum expectation Value
v. For our results, we use v> = (Grv/2)~!. All computations are done using the NNPDF3.0
parton distribution set [26], with 5 active flavors. We employ LO/NLO/NNLO sets for
LO/NLO/NNLO predictions, respectively. We use the value of the strong coupling and its
evolution provided by the PDFs sets, with ag(mz) = 0.118 at (N)NLO, and as(mz) = 0.130
at LO.

We first consider fully inclusive on-shell Z production. We compare results obtained
within our framework to the analytic results of Ref. [20] that we implemented in HOPPET [27].
We study each partonic channel individually, and additionally split some of them into con-
tributions with different color factors in order to validate all the different singularity struc-
tures independently. We show results for a single fixed factorization and renormalization

40



| Channel | Color structures | Numerical result (nb) | Analytic result (nb) |

4G — 99 - 8.351(1) 8.3516
q;q; — qj(jj C’pTRnup, CFTRndn —21378(5) -2.1382
Cp(Cy —207) —4.8048(3) - 1072 —4.8048 - 1072
CrTr 5.441(7)-1072 5.438-1072
Cr(Cy —20F) —9.26(1) - 1074 —9.26 - 1074
| %9 + 94 \ - \ -9.002(9) \ -8.999 |
| 99 \ - \ 1.0772(1) \ 1.0773 |

Table 1: Different contributions to the NNLO coefficient for on-shell Z production at the
13 TeV LHC with pug = pur = 2myz. All the color factors are included in the numerical
results. The residual Monte-Carlo integration error is shown in brackets. See text for
details.

scale 1 = 2my, although we have performed the same check for different scales as well. We
note that these inputs are not chosen for their phenomenological relevance, but rather to
provide stringent checks on our results.

We summarize our findings in Table 1. It shows that our framework allows for extremely
high precision results, with numerical errors at the per mille level or better?. These results
are always fully compatible with the analytic ones within the numerical uncertainties.
We remind the reader that these numbers refer to the NNLO coefficients, which implies
absolute precision on the physical cross section. Analogous results for the case of Higgs
production for equal renormalization and factorization scales ur = pur = mpy/2 are shown
in Tab. 2. Again, we find it convenient to perform numerical checks for different partonic
channels independently. Also in this case, our numerical results have tiny uncertainties
and are in perfect agreement with the analytic values obtained from Ref. [21].

Having fully validated our results, we now briefly investigate the performance of the
framework when applied to the computation of physically relevant predictions. Specifically,
we explore the computational effort required to obtain predictions for physical quantities
at the per mille level. We start by considering inclusive Higgs production, at the 13 TeV
LHC. For this study, we set ug = pur = my. Running for less than an hour on a single
core of a standard laptop, we obtain

oi® =15.42(1) pb;  on"© =30.25(1) pb; ol © = 39.96(2) pb. (5.1)

As one can see from Eq. (5.1) the numerical uncertainty on the full NNLO cross section
is below one per mille. The result is in full agreement!® with the benchmark predictions

reported in Ref. [28].

9The larger error in some channels is caused by non-negligible cancellations between different contribu-
tions to the final result.
10 The different LO cross section w.r.t. Ref. [28] is due to a different choice of LO PDFs.
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| Channel | Numerical result (pb) | Analytic result (pb) |

99 — g9 9.397(1) 9.398
99 = qq -1.243(2) 1.243
| 49 +9q | 0.7865(8) | 0.7861 |
[ g7 [ 1145(1)-107% | 1.146 - 1072 |
qq 2.139(3) - 102 2.140 - 102
qq’ 5.967(5) - 102 5.970 - 102

Table 2: Different contributions to the NNLO coefficient for on-shell H production at the
13 TeV LHC with pg = pp = mpy /2. The residual Monte-Carlo integration error is shown
in brackets. The labels ¢qq and gq¢’ refer to quark initial states with identical and different
flavors, respectively. See text for details.

We now move to fiducial cross sections. We consider pp — Z/~* — e~ e™ production
in the fiducial volume defined by symmetric lepton cuts studied in Ref. [28]. Specifically,
we require that the transverse momentum and rapidity of each lepton satisfy

pre > 25 GeV Ine| < 2.47, (5.2)

and that the invariant mass of the lepton pair is in a window 66 GeV < m-.+ < 116 GeV.
In this case, we use ur = ur = myz. Running on a single core of a standard laptop for
about an hour, we obtain

oy = 65044 0.1 pb;  oW® =7002+03ph;  opy© =7348+1.4pb. (5.3)

We note that in this case the error is at the few per mille level. We compared the NNLO
K-factor against the benchmark result presented in Ref. [28], and found agreement within
the numerical precision.

As a final comment, we note that although the processes studied here are very simple,
which makes it difficult to predict how the framework will perform for more complicated
ones, these results are very encouraging.

6 Conclusions

In this paper, we presented compact analytic formulas that describe fully-differential pro-
duction of color-singlet final states in hadron collisions. We studied final states that, at
leading order, can be produced either in ¢¢ or in gg annihilation.

Our calculation employs the nested soft-collinear subtraction scheme that we developed
earlier in Ref. [16]. However, compared to its original formulation, we found it useful to
modify it to allow for a simpler analytic integration of the triple-collinear limits. We
explained the required changes in Section 2.

We validated our results by using them to numerically compute NNLO QCD contri-
butions to total cross sections of Z and H production in proton collisions and comparing
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them with results based on the convolution of known analytic results for partonic cross
sections relevant for these two processes with parton distribution functions. In both cases,
we found an agreement at a better-than-per-mille level for NNLO coefficient functions. We
also showed that our computation can deal with fiducial cuts quite efficiently.

As far as we know, the results presented in this paper provide the first implementation of
a fully local and fully analytic NNLO QCD subtraction scheme. Although — as we already
emphasized in the introduction — it is difficult to say to what extent these nice features of
the subtraction scheme will help with its efficiency, we hope that they will be helpful in
that respect. However, we also believe that, regardless of the performance issues, physical
clarity and overall transparency of the obtained formulas gives us hope that analytic, local
NNLO QCD subtractions for arbitrary complex hadron collider processes are within reach.
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A Purely virtual contribution: definitions

We consider the UV-renormalized amplitude for the process p; +ps — V

A(pr,p2; {pv}) = Ao(1,2) + ( >A1(1 2) + (%:)) Ay(1,2) + ... (A1)

Following Ref. [29], we write

Ai(1,2) =T () Ao(1,2) + Ay 4n(1, 2),

A2
Ay(1,2) = To(0) Ao(1,2) + Tu(e) Ay (1,2) + Aygu(L.2). (8.2)
with A; g, finite in four dimensions. The explicit form of the Z; operators read [29]
€YE . ) . 2\ €
Ti(e) = -0 (G i) g (2
Ml—e) \ e € S12 (A.3)
1 9 BO 76’\”51—‘(]_ — 26) B() eVE Hz '
- _Z = K )Z:(2 _—
with 11 2 67 2 10
T
= —Cy— = — - — - — A4
Bo 5 Ca s LRy K = <18 6>CA o Lrny- (A4)

For ¢4 — V reactions, 1 = ¢ and

3
Cq = CF, ’7q = §CF,

A.5)
? 3 245 23 , 13 a2 25\
H =0%~=— - - = ity it C

‘ OF(z 663 8)+C“‘OF (216 w8 2<3)+ i f(24 108)’

while for gg — V reactions i = g and

Og = CA7 Vg = ﬁOa

5 11 G 29 7?2 Crny 5 (A.6)
H =2 20053 ey ZERE 2 2
p OA(12+144 +2>+0Anf( )+ T

To express the virtual contribution to the cross-section, it is also useful to define

e P\ [Ci | v
_ _ L . AT
I12(€) = 2Re[Z; ()] 2cos(e7r)r(1 5 (312) [62 + e] (A7)
The NLO virtual correction can then be written as
“ Qg
2s - dO'NLO’V = ( 2(71' >> [12( ) <FLM(17 2)) + <FLV,ﬁn(17 2)> N (A8>
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with Fryg, finite and proportional to 2Re [AOA’Lﬁn}. Similarly, we can write the purely
virtual corrections at NNLO as

12 ~Ep(1 -2
25 - dgNNHOVY — [—122(6) - @112( )+ : 1(_ 5 J (% + K> I13(2e)

*‘réﬁf@€§}(oég0)2U%M(h2» A9

+[12(6) (a;(ﬂ_)) <1711_1T1\I/'1 1 2 >+<F€\I/IV 1 2 >+< LV2<172>>’

with Ffiy and Ffi%, finite and proportional to 2Re[AgAj g, ] and |Aj aa|?, respectively.

A.1 Finite remainder: Drell-Yan

In this section, we report the finite remainders for the Drell-Yan process, see e.g. [30]. We
obtain

(P 1.,(1.2)) imqz = =8C (52) (Fangun (1,2)) + O),

(Fite 1 (12)) limgr = 1663 (52) (Fuaw s (1,2)) + O(e),

. g\ 2 255 2972 1174
<FElVV,fafb(]" 2)> |#2:Q2 = (%) [Cf%‘ (1_6 + 12 - 90 > (Alo)
51157 10772  659¢C; 3l 4085  Tr G
CpCy (- - +C KL 1
+P”( 1296 72 +36+240> FW<M8+% 19

X <FLM7fafb(1> 2)> + 0(6)7

with @? = pi, and o, = a,(Q). Results for generic p can easily be obtained from renor-
malization group evolution (RGE) arguments.

A.2 Finite remainder: Higgs

In this section, we report the finite remainders for the Higgs process. More precisely,
we consider a theory where the Higgs is coupled directly to gluons through the effective
interaction Lagrangian

Lr= —)\HggHG ) Grla (A.11)
where the (bare) Hgg coupling is given by

Qg
127w

Clas) Zeg (). (A.12)

)‘Hggb ==

In this formula, oy = as(p) is the renormalized coupling in a theory with 5 light flavors,
v is the Higgs v.e.v. and the divergent (Zeg(as)) and finite (C'(as)) parts of the Wilson
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coefficient renormalization are given in the MS scheme by

o /80 Qg 5(2) 51 s 3
Zew(as) = 1= € (277) * 2 <27r> +0(e5),
5) 3 « 1063 25 27
=1 g S -5 il 2L 2
Cla) =1+ {QCA 2CF1 (271') T { g Ca— 3 Calr+ 50k
- ; (A.13)
F
720Anf — —CFTLf — —CA — ?

2 2
AN ( Loz - 22 Qs 3
+1I1 (m?) (4CA 4CACF+Can):| <27T> +O(C¥S),
see e.g. [31]. In Eq. (A.13), m, is the top-quark mass, 3y has been defined in Eq. (A.4) and
17 5)
61 = EC‘% - gCATRnf - CFTRTLf. (A14)

Combining the result for the Hgg form factor in e.g. [30] with the finite part of the
Wilson coefficient renormalization, we obtain for the Higgs finite remainders

(P 49(1:2)) e = (52) [5Ca = 3C+] (Flara(1,2)) + O(6),

5 3 \?
6071' + (50,4 — 50}7)

A

(Frvegon(1,2)) [2—gz = (%)
X <FLM799(17 2)) + O(e),
fn _(@s\? ) o (D105 1772 253G 7T_4

(Ffn,  (1,2)) |,emg2 = (%) {CA ( T % 1 (A.15)

458 48172 49(,
= Cany (_8_1+ 216 18)
[1063 , 27 ., 50 47 5 001

WC’A + ZC}% - §CACF — %CATLJC — Z__lCan — —CA — —CF

2

+ (gCﬁ - %CACF -+ QCan) In (Q—Q) :| } <FLM,gg<17 2>> + 0(6),

t

with Q% = p?% and a, = a,(Q). Results for generic p can easily be obtained from RGE
arguments.

B Real-virtual contribution: definitions
We consider the one-loop amplitude for the process
fi+ fo—= V/H+ fi, (B.1)
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where V/H indicates either Drell-Yan or Higgs production, as in Secs. 3 and 4. Following
Appendix A, we write it as

"4<p17p27p4; {pV}> = AO(L 27 4) + a;Sf)A1<1a 27 4) + ceny <B2)

with
Ai(1,2,4) =T7,(1,2,4;€) A0 (1,2,4) + Ay 5n(1,2,4). (B.3)

In the above, Z,(1, 2, 4; €) is the equivalent of Z; (¢) of Eq. (A.2) for the fi+ fo — V/H+ f4
kinematic configurations (cf. Ref. [29]), and A; 6,(1,2,4) is finite. We then define

La4(€) = 2Re[Z4(1,2,4; €)], (B.4)
and write the real-virtual contribution to the NNLO cross-section as

R Qg n
dO'NNLO’RV = —2<75) <1124(€)FLM(17 27 4)> + <FEV(17 27 4)> ’ <B5>

with Ff\r,‘vij(l, 2,4) finite. The explicit form of 154 depends on the color structure of the
process. Since the process Eq. (B.1) must involve either a gluon and a ¢g pair or 3 gluons,
we can classify the most general case according to the position of a gluon and write

evE ,u2 ¢ CA — 201 XZ — 2")/1
Loy = ——— —
1,244 T — o) { cos(er) (312) { 2 + .
2\ € 2\ 1C X,
S (Y G Xirn) |
S14 S24 €2 2€

P CA _ 20 !
Lo2idj = F(l Sou €

(B.G)
—[ ,u_) —i—cos €T ( )} [CA Xi—i_%] }7
S1 2¢
I B eE CA 20 X 27,
LiZgdj — F(l — 6 514 €
-[(£) + oot (£ )H“* )
S24 2€
with 3
Xq = §C’A, Xg = Yg- (B.?)

Here s;; = 2E;E;p;j, with E;; > 0.
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C Splitting functions

In this appendix we collect the relevant splitting functions used in the main text. We write
the LO Altarelli-Parisi splitting functions as

PP(2) = BJ(=) + B} 6(1 - 2), (1)
with
P\Vn(2) = C 2 (1+ 2)
1k [(1—2)4 ’
5(0
Pin(z) = Ta[2* + (1 2)7], (C2)
50 [1+ (1 —2)? C.2
Paan(2) = Cr | ==,
50) .\ _ 1
P r(z) =2Cx [<1_2)+ —l—;—i—z(l—z)—Q] :
and
(0 3 ~ (0 11 2 ~ (0 -0
Pq(q’)‘s — Y= QCF’ Pg(g,)é =7 == gCA —giRny, Pq(g,)a = Pg(q?(; = 0. (C.3)

The P!, splitting functions are related to the O(e) part of the LO splitting functions,

()
and read

In(1 —2)
1—=2

Poy(2) = Cr (4[ L—2(1+z)1n(1—z)+(1—z)),

77;9(2) =Tg (2 [22 +(1- 2)2] In(1 —2)+22(1— z)),

14 (1—2)?
z

Pog(2) :CF(Q{ ]ln(l—z)+z>,
Pyy(2) =204 (2 {%} ) +2 E +2(1—2)— 2] In(1 — z)).

D Transition functions

The transition functions 7;; introduced in the text are generalizations of NLO Altarelli-
Parisi splitting functions. They depend on the scale p of the process (though this depen-
dence is of course entirely determined by RGE arguments), on an energy fraction z and,
in general, on the choice of partition functions through the factor

O, = —< [T — Cy] [pf/ij (wgﬁlfl In %) > (D.1)
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For the choice Eq. (3.12), we obtain
Oue = 1 +1n2. (D.2)

We now show results for a typical transition function, namely the nonsinglet function
relevant for Drell-Yan production. It reads.

TS = CL[AD1(2)] Ouc + C3 |8D5(2) + 16Dg(2)((3) +

3(222 + 22— 7)In*(2) (s 2222 + 5z — 17 (s
T +(4(z+1)1( +1)+ 21— 2) )l()
728 —52)z (232 —17) 5 (1 —72%)1In(2)
30— 2) 3 —In“(1—2) (2(1—Z)—|- 20 =2) )
+1In(1 — 2) (1972 + W6<(31 :5; ) + (7" = ?Zj—;) In(z) — 10)

4 4(z + 1)Lig(—2) — (2 (21{; G 5Z12)_h;(1 - Z)> Liy(2) + ht’ﬂ X

( - gln(l — 2)In(2) — 4Lis(—2) In(2) — Lia(2) In(2) + gﬁ In(z)

¥ 8Li3<—z>) L7+ —2) (-3 L) | B2 +1G

1—2 11—z 11—z

4 - 20 - 34 72 2In2 52— 11
+ Crny D()(——W— n)+(z )

3P2(2) = 5 Dulz) + 7 3 T3 18
(522 + 62 — 7)In(2) 1+ 22
18(1—2) [ } ‘

22 - 134 272\ =
PR+ (- ) B

— %(1 —2)[2In(1 — 2) +In2] +
1, 2Liy(z) w2
(—— In (Z) + 3 - §>

208 1172  2In2 - (722 — 122 4 27) In®(2)
— (= - — D D.

1—2

+ CyCp

W

8322 + 114z — 109 2
—( 513 +2(2+1)ln(2—|—1)) In(=) — 5(172 = 5)
72 (1922 — 62 + 31) 58 — 55z
36(1—2) +1In(1 — 2) ( —(1-2) ln(z)>

_ 2 (422 — 3z + 10) Li 1427 (T’
—2(z+ 1)Liy(—2) — = 3(f—z o + [1 } ( o
7T2

—In*(1 — 2) In(2) 4 2Liy(—2) In(z) + ? ln( )+ 5

+ [In(z) — In(1 — 2)]Lix(2) — 5Li3(1 — z) — 4Lis(—z) — 4Lis(z) + Cg)

In(1 - z)
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+-(1—2)In2

+In <“;) {60(JF (4251(z) — %ﬁo(z) _ 4+ In() 42— 1)

1
3 1—2

+ CuC K% . g) Do(z) — % —3(1—2)— (2 +1) ln(z)}
(322 4 1) In*(2)
2(1—2)

(422 +22-3)In(2) +2In(1 - 2) (M—z—l—l) +2(1—2)H

+C% { — 12Dy (2) — 12Dy (2) — 2(z + 1)Liy(1 — 2) +

1—=2 1—2

+ In? (“;) {c% <4151(z) 46Dy (2) — (3Z; (T i) i‘;@ N 1) . Cpﬁob0<z)} :

where we have defined

In‘(1 — 2)

751»(2)5{ - } —%(1+z)1ni(1—z), (D.4)

and as usual Sy = 11C4 /6 —ny/3. Expressions for all the other relevant transition functions
have the same form of Eq. (D.3), and can be found in the ancillary file.
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