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tudes for the production of two massive vector bosons in quark-antiquark annihilation,
allowing for an arbitrary virtuality of the vector bosons: ¢ — V1 V2. Combining with the
leptonic decay currents, we obtain the full two-loop QCD description of the corresponding
electroweak four-lepton production processes. The calculation is performed by projecting
the two-loop diagrams onto an appropriate basis of Lorentz structures. All two-loop Feyn-
man integrals are reduced to a basis of master integrals, which are then computed using
the differential equations method and optimised for numerical performance. We provide a
public C++ code which allows for fast and precise numerical evaluations of the amplitudes.
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1 Introduction

Vector boson pair production is an outstandingly important process at high energy hadron
colliders. Its measurement allows precision studies of the electroweak interaction, thereby
testing in detail the SU(2)1, xU(1)y gauge structure and the matter content of the Standard
Model of particle physics. The various combinations of vector boson pairs (22, Z~, Z W,
WHW—, W*~) lead to spectacular final state signatures (leptons, photons, missing energy),
that are often equally relevant to searches for new physics or studies of the Higgs boson.
The Higgs boson decay into two vector bosons is among the cleanest signatures for Higgs
production, and offers a broad spectrum of observables.

Precision studies of the electroweak interaction often focus on the pair production of on-
shell gauge bosons, while new physics searches and Higgs boson studies precisely veto these



on-shell contributions, such that the remaining background processes are dominated by off-
shell gauge boson pair production. For both on-shell and off-shell production processes, it is
therefore very important to have a precise prediction of the Standard Model contributions,
in order to match the anticipated experimental accuracy of measurements at the LHC,
which is usually in the per-cent range. At this level of precision, next-to-leading order
(NLO) corrections in the electroweak theory and next-to-next-to-leading order (NNLO)
corrections in QCD are indispensable.

For all vector boson pair production processes, NLO QCD corrections [1-6] as well as
large parts of the NLO electroweak corrections [7—13] are available. These calculations are
fully differential in all kinematical variables, and usually include the leptonic decays of the
vector bosons. The derivation of NNLO QCD corrections to vector boson pair production
can build upon calculational techniques [14, 15] that were originally developed for the
Drell-Yan process [16, 17] or for Higgs boson production in gluon fusion [14, 15|, which
have the same QCD structure due to their colour-neutral final state. As a new ingredient,
each vector boson pair production process at NNLO requires the two-loop corrections to
the basic scattering amplitude for quark-antiquark annihilation: gg’ — V4 V5. These have
been known for a while already for v [18, 19] and V+~ [20, 21] production, enabling the
calculations of these processes [22, 23] to NNLO accuracy.

Compared to the above, the two-loop matrix elements for the production of a pair
of massive vector bosons require a new class of two-loop Feynman integrals: two-loop
four-point functions with massless internal propagators and two massive external legs.
Recently, very important progress has been made on these. For the case of equal vector
boson mass, these integrals were derived in [24, 25|, and used subsequently to compute the
NNLO corrections to the on-shell production of ZZ [26] and WTW ™ [27]. The integrals
for the most general case of non-equal masses were derived in [28-30], which allowed to
construct the full two-loop helicity amplitude for q77 — V1V5 in [31]. A subset of these
integrals was derived independently in [32, 33] and used in the derivation of the fermionic
NNLO corrections to y*y* production [33]. In this paper, we perform an independent
rederivation of these integrals and optimise our solutions for numerical performance. They
are used subsequently for a validation of the two-loop helicity amplitudes of [31], uncovering
an error in their original results. We present a public implementation for the numerical
evaluation of these amplitudes, which in the future will allow the calculation of NNLO
QCD corrections to arbitrary electroweak four-fermion production processes.

The paper is structured as follows: in Section 2, we introduce the partonic current
for vector boson pair production and describe its decomposition into Lorentz structures.
Taking into account the vector boson decays into leptons, we present the helicity amplitudes
for four particle final state in Section 3. A detailed description of the calculation and the
different contributions to the amplitude is given in Section 4. The computation of the
master integrals and their optimisation is presented in 5. In Section 6, we describe the
subtraction of UV and IR counter terms, and in Section 7 we list the numerous checks
we performed on our results. In Section 8 we present our C++ implementation for the
numerical evaluation of the amplitudes and use it to produce numerical results. Finally, we
conclude in Section 9. In Appendix A, we document the interference of the two-loop and



tree amplitudes for the production of on-shell vector boson pairs, which was used in the
calculation of the NNLO corrections to pp — ZZ [26] and pp — WW [27]. Appendix B
contains the derivation of Schouten identities for the leptonic amplitudes, and Appendix C
describes the conversion of our results between different schemes for the subtraction of
infrared singularities. We provide computer readable files for our analytical results and
our C++ code for the numerical evaluation of the amplitude on our VVamp project page on
HepForge at http://vvamp.hepforge.org.

2 Lorentz structure of the partonic current for ¢¢ — ViV,

Let us consider the production of two massive electroweak vector bosons in ¢¢’ annihilation:
qa(p1) + @ (p2) — Vi(ps) + Va(pa) (2.1)

with

t=p=0, pi#0, pi#0, (2:2)

where the two vector bosons are off-shell and ViVo = ZZ, Z~, ZW*, WHW~ and W+.
We define the usual Mandelstam variables

b

s=(p1 +p2)?, t=(p1—p3)?, u = (pa — p3)?, (2.3)

such that
s+t+u=pj+p].

The physical region of phase space is bounded by tu = p%pi such that

2 1
SZ(\/péJr\/pZ) , §(p§+pﬁ—s—/f»)§t§

where & is the Kallén function

(p3 +pi — s+ k) (2.4)

N | =

i (5 08.03) = \/s + P4+ pd — 2(s 93 + P30+ p3s). (2.5)

Let us consider the partonic amplitude for the production of the two off-shell vector
bosons V1V,

5(8, tvpf%:p?l) = S’uy(plvp%p?}) 65(?3)* 62(}?4)* 5 (26)

where €3 and €4 are the two polarisation vectors of Vi and Vs respectively. In this notation,
we keep the sum over different electroweak structures in S# implicit.

In order to calculate the partonic current S*”(pi,p2,p3), we consider its tensorial
structure. Lorentz invariance restricts it to be a linear combination of 17 independent
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structures

p1) [F1 PPy + Fa pi'ps + F3 pips ]

Fy php{ + Fs phpy + Fg phps]

Fr psp{ + Fs pyps + Fo p3ps ]

Fiop{ + F11ps + Fiap5 |

Fizp + Fiaph + Fi5p5 ]

u(p1) Fie

p2) ¥ P37 ulpr) Fir, (2.7)

P3u(p1) |
Psu(p1) [
gt )|
Y u(pr) [

v

where the form factors Fi , ..., Fi7 are scalar functions of the Mandelstam variables s, t, p%, p?l
and of the dimension d. Since we will be interested in considering the decay of the two
vector bosons to massless lepton pairs (see Section 3), we can use the transversality of
the leptonic decay currents to further constraint S*¥. We implement the transversality
condition

€3-p3=¢€4-ps =0, (2.8)

by choosing the Landau gauge for the sum over polarisations of the vector bosons,

Mo v
So(ehyes = —g + B2

pol P3
Hnov
* U v, P4P
> (e = =g + 252 (2.9)
pol

Imposing condition (2.8) we can reduce the number of independent tensor structures
to ten [34, 35], which can be chosen as

T{" = a(p2) pau(pr) Pipy » 73" = u(pz2) Psu(pr) pivs

T4 = a(po) psulpr) Phpt . T4 = u(ps) psu(pr) phps .

T = a(po) Y'ulp)py,  TEY = (p2) Y u(pr) P,

T = alp) Yulp)py s TE = ulp2) 7 ulpr) v

T§" = u(p2) v"¥sy"ulpr) ,  Tig = ulp2) V¥ ulpy) - (2.10)

Without any loss of generality we can thus write the partonic current as

10

S*(p1,p2,p3) = ) Ajls,t,p3,p7) T1 (2.11)
j=1

where we introduced the new physical form factors Aq,..., A1p, which are again scalar
functions of the Mandelstam variables s, , p%, p? and of the dimension d.

Note that in deriving (2.11) no assumption has been made on the dimensionality d,
such that this decomposition is valid for any continuous values of d. Its structure has
been constrained using solely Lorentz and gauge invariance and is therefore true at every



order in perturbation theory. Omn the other hand, the scalar coefficients Aj(s,t,pg, pi)
contain the explicit dependence on the perturbative order at which they are computed.
These coeflicients can be extracted from the amplitude by applying appropriate projecting
operators on the latter. The projectors themselves can be expanded in the same tensorial
basis:

10
P =N"By ("), j=1,10, (2.12)
i=1

where the coefficients Bj; are functions of the Mandelstam variables s, ¢, p3, p7 and of the
dimension d. They can be determined imposing that

Z P]f”m [egm €41 €34, ezw] ST = A;. (2.13)
pol

Note that the contraction is performed in d dimensions and at every stage one should
always recall to use the polarisation sum in (2.9). For later convenience we introduce also
the following scalar quantities:

=Y (T [egpy € €5, €1 ] S, (2.14)
pol

which are related to the coefficients A; according to
10
Aj == ZBJZ Ti (215)
i=1

with the same coefficients Bj; as in (2.12). These quantities (rather than the coefficients A;)
are particularly useful in order to build up the contractions of the n-loop amplitudes with
the tree-level ones (see Appendix A). We provide explicit expressions for Bj; in computer
readable format on HepForge.

The partonic current receives contributions from QCD radiative corrections and can
be decomposed perturbatively as

Suv(p1,p2,p3) = S (p1, p2,p3) + (;L;) S (p1,p2,p3) + (;L;)Q S (p1,p2,p3) + O(al).
(2.16)
Obviously also the un-renormalised tensor coefficients A; (or, equivalently the 7;) have the
same perturbative expansion of the partonic amplitude

0 Qg 1 as\2 (9
A= AP+ (52) A0+ (52) A7 + 0Gad), (217)
Qg o\ 2
s=n"+ (52)n" + (52) 7+ 0(d). (2.18)

where the dependence on the Mandelstam variables is again implicit.



3 Helicity amplitudes for ¢ — V;V5 — 4 leptons

In physical applications we are interested in the processes

a(p1) + @ (p2) = Vi(ps) + Va(ps) = Is(ps) + ls(ps) + I7(p7) + Is(ps) (3.1)

where each of the two off-shell massive vector bosons can decay to pairs of leptons, such
that ps = ps + pg and pgs = p7 + ps. Let us first focus on the general structure of the
helicity amplitudes for this process. Schematically these amplitudes can be written as the
product of the partonic current S*”, and two leptonic currents L, , L,, mediated by the
propagators of the two off-shell vector bosons PL (q)

M(ps, ps, 7, Ps; P1,p2) = S* (p1,p2,p3) Pt (03)Lp(ps, p6) Byl (pa) Lo(pr,ps),  (3:2)
where we stripped off electroweak couplings not relevant here and postpone their discussion
to the presentation of the full amplitude in (3.18) below. In the R¢-gauges the propagator
of a vector boson V reads

VvV v A/YI/(Qv é)
P (q) Dv(a) (3.3)
with
AL (@) = (~gm+ (1 s)q;ﬁt‘g@) | (3.
Dy (q)=¢",  Dzw(q) = (¢" —mi +ilTymy), (3.5)

where my is the mass of the gauge boson and I'y is its decay width. While the Landau
gauge used in the previous Section corresponds to £ — 0, the term proportional to (1 — &)
effectively vanishes for any £ since the vector bosons are directly coupled to a massless
fermion line.

By fixing the helicities of the incoming partons and of the outgoing leptons one sees
that the left- and right-handed partonic production currents can be written as

ST (py vy p3) = U4 (p2)THu_(p1) = (2T"[ 1], (3.6)
S (0] ,p3 s p3) = v—(p2)T" uy(p1) = 27| 1), (3.7)

where the I'*" are rank two-tensors and contain an odd number of v-matrices. We note in
passing that, by complex conjugation, one gets

[SE (pf vy .ps)]" = (2T7|1))" = (2|0 1] = 7" (p7,p3 . p3),  forall M.
The left- and right-handed leptonic decay currents, on the other hand, can be written as

L (p5,pg) = u—(ps) " vy(ps) = [6 1" 5) = (5|+"] 6], (3.8)
L0, pg) = g (ps) v v-(ps) = 517" 6) = (LY (p5.p¢))" = L (pg . pd) - (3.9)



Note in particular that, as far as the lepton currents are concerned, a permutation of
the external momenta corresponds to a flip of the helicity. All possible helicity amplitudes
can be therefore obtained from the two basic amplitudes

Mprr(p1,p2; s, P, 7. ps) = St (p1 .03 . p3) Liu(ps ¢ ) Liv(p7,p3), (3.10)
Mgrz(p1,p2; ps, P6, p7,ps) = Sk (0F .05, p3) Lru(ps ,pd ) Liw(p7 .03 ) s (3.11)

by simple permutations of the leptonic momenta. In particular we find

MLLR(p17p27 D5, P6,P7,DP8
My gL (p1,p2; P5, D6 P7, Ds

) = MrLr(p1,P2; Ps, 6> P8, P7) 5

)= )
M_zrr(p1,P2; P55 P6, D7, Ds)

)

)

) =

My rL(p1, p2; pe, P5, P75 P8) 5
Mz (p1, p2; P6, D5, P8, P7) 5
MgLL(p1,P2; P5; D6, P> P7) 5
MgrL(p1,P2; P6s P5, D7, Ps) »
Mgrrz(p1,p2; P> Pss P8, P7) -

MRgrr(P1,P2; P5. D6, D7, P8
MRgrrr(p1,p2; Ps, P, P7, D8
MRgrr(p1,D2; P5, D6, P75 D8

(3.12)

In order to put together the helicity amplitudes in their final form we need also to take
into account the electroweak couplings of the gauge bosons to the partonic- and leptonic-
currents which we have been kept implicit so far. We parametrise the coupling of a vector
bosons V to a fermionic pair fi, fo as

VX’fl’fQ = —ieFL/flfz , where e=+V4ma is the positron charge, (3.13)

such that all fermion charges are expressed in units of e and

L= v 1+
FN = Lf1f2 ’YM <2> + Rf1f2 'YM <2 . (314)

The left- and right-handed interactions are equal for a purely vectorial interaction. De-
pending on the different kinds of gauge bosons we have

L’}1f2 =—€¢n 5f1f2 Rf1f2 =—€n 6f1f2 ) (3'15)
I~ sin20,e sin 6,,e
Z, =3 weh s RZ, = "Wl 3.16
fif2 sin @, cos O, UREN hif2 cos Oy, fife> ( )
1
Y, = ———¢np, RY. =0, 3.17
fife \/5 sin 0, fife f1fo ( )

where again the charges e; are measured in terms of the fundamental electric charge e > 0
and €y, f, is unity for f1 # fa2, but belonging to the same isospin doublet, and zero otherwise.

Putting everything together we find for the two independent helicity amplitudes for
qq — ViVa — Islglyls

Vi rVa Q)MVl Va,[4]

MYY2(py, po; s, pe, P7, ps) = i (4mar)? lols Irls 244 MY (p1, pos s, pes p7. ps
)\LL( ’ 9 9 ) ( ) Z DV1(p3)DV2(p4) )\LL( 9 9 9 )7

(3.18)



where A = L, R and we have bracketed out the tree-level dependence on the electric charge
i(4ma)? and on the couplings with the decay lepton currents. The summation index j runs
over the different types of subprocesses which are discussed in Section 4. It is irrelevant
to the discussion of the spinor structures below, and will thus be omitted. Obviously the
corresponding helicity amplitudes for right-handed leptonic currents can be obtained by
the simple exchange L}/i 5 RJ‘{Z, 5 together with p; <+ p;.

Once the tensor structure (2.10) is given, we can perform the contraction with the
leptonic decay currents and fix the helicities of the incoming and outgoing fermions. This
enables us to cast the two independent helicity amplitudes My, and Mgrz, in the familiar
spinor-helicity notation [4, 36]. In doing so, one assumes that the external states are 4-
dimensional and this allows to obtain one further Schouten identity between the 10 tensors
structures, such that one ends up with 9 independent form factors. Our derivation is spelled
out in detail in Appendix B. As a result, we obtain

27)[16][28] , (3.19)
MRLz(p1, p2; s, P6, P7,08) = 2931 {El (15)(17)[16][18]
(27)[16][28] + E3 (25)(17)[26][18]
(27)[26][28] + E5(57)[68] }
(17)[16][28] + E7 (25)(17)|

(17)[26][18] + Eq (15)(2 >[26][ ] (3.20)

where

[1#32) = [15](52) + [16](62) ,  [2431) = [25](51) + [26](61)

and the 9 form factors £ are linear combinations of the form factors A;

9 2
= A1, E6=2A7+(usp?’)(149—1410)7
2 2 (t — p3
=A2+§(A9—A10), E7:2A8—(SP3)(A9—A10),
2 2 9 9
E3=A3—;(A9—A10), E8:2A5_g [(u—s—p35)Ag + (t — p5)Ar0] ,
2
Ey = Ay, E9=2A6—g[(t—s—p:%,)AloJr(u—pi)Ag]-
Es =2 (A9 + Ayo) , (3.21)
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Figure 1. Representative Feynman diagrams for classes A, B, C' and Fy relevant for the produc-
tion of two electroweak vector bosons at the two-loop level. All of these classes receive contributions
both from planar and non-planar diagrams.

We note that the expressions (3.19) and (3.20) are formally identical to the corresponding
formulas derived in [31], such that our form factors E; can be mapped one to one to the
F; defined in [31].

In the next Section we will describe how to compute form factors Aj,..., Ajp (and
therefore also form factors Ej, ..., Fg) at tree-level, one-loop and two-loop order, following
a straightforward diagrammatic approach. To this end, we want to stress here once more
an important point. Reducing the 10 coefficients A; to the 9 coefficients E; required the
assumption that the external states can be treated as 4-dimensional. In order to avoid
any loss of information, we will work considering the A; as fundamental objects (derived
in d dimensions throughout) and refer to formulas (3.21) in order to reconstruct the Ej
explicitly.

4 Organisation of the calculation

The calculation of the two-loop helicity amplitudes can be set up in a way that is indepen-
dent on the nature of the vector bosons considered, by organising the Feynman diagrams
contributing to any such process into different classes. We find in particular that, as long as
we limit ourselves to QCD corrections only, at any given number of loops, seven different
types of diagrams can contribute, depending on the arrangement of the external vector
bosons.

Class A collects all those diagrams where both vector bosons are attached on the external
fermion line, such that V; is adjacent to the quark ¢(p;). In the case of a left-
handed (right-handed) quark amplitude these diagrams are proportional to L(‘;}!,, L};,% ¢

(Rl R ).

Class B collects all those diagrams where both vector bosons are attached on the external
fermion line, such that V; is adjacent to the antiquark ¢'(p2). Also these diagrams,



in the case of a left-handed (right-handed) quark amplitude, are proportional to
\% Va Vi Vs
Lq/q// Lq//q (quq// Rq//q)-

Class C contains instead all diagrams where both vector bosons are attached to a fermion
loop. These diagrams are proportional to the charge weighted sum of the quark
flavours, which we denote as Ny;y,, depending on nature of the final state bosons.
In the general case, these diagrams yield two different contributions. In the first one,
which is proportional to the sum of the vector-vector and the axial-axial couplings,
all dependence on 75 cancels out. The vector-axial contribution, instead, is linear
in v5. Nevertheless, this last contribution is expected to always vanish identically
for massless quarks running in the loops, for any choice of Vi and V5, due to charge
parity conservation [31, 37-39]. Taking this into account we find

1
N'W - Zegi ’ NZ7 - 75 Z (quifh + Riqz') €q; »
: -

(2

1 1
Noz =5 30 [(8,)"+ (L) Nww =530 (L, 20) . @)

7 iJ

where the indices 4, j run over the flavours of the quarks running in the loop. Note
that, of course, due to charge conservation, Ny, = Ny z = 0.

Class D; contains all diagrams where V; is attached to a fermion loop and V5 to the
external fermion line. Up to two loops, the diagrams in this class must sum up to
zero due to Furry’s theorem.

Class Dy contains all diagrams where V5 is attached to a fermion loop and Vi to the
external fermion line. At two loops the diagrams in this class, as for the previous
case, must sum up to zero due to Furry’s theorem.

Class E contains all diagrams there V7 and V5 are attached to two different fermion loops.
These diagrams contribute only starting from three-loop order and we can ignore
them.

Classes Fy collect the form-factor diagrams where the production of the two vector
bosons Vi, Vs is mediated by the exchange of another vector boson V. Depend-
ing on the type of vector bosons Vi, Vs there can be more than one such class due
to different intermediate vector bosons. In the case of a left-handed (right-handed)
quark amplitude these diagrams are proportional to Lt‘l/q, CV Vs (R}]/q, cv v, ), where
cv v, 1s the electroweak coupling of the triple gauge boson vertex defined (for all
momenta outgoing) as

v, (a,b,¢) = —iecy vy, [(a” =0")g"" + (0 — )g" + (¢ —aM)g"’]  (4.2)
with

Cyww = cwwy = 1, czww = cwwz = cot by, . (4.3)

~10 -



It is clear that, depending on the nature of the vector bosons Vi, Vo and on the loop
order, not all classes above will give non-zero contribution. At tree-level, for example, only
classes A, B and Fy can contribute. The same is true also at one loop, provided that
we limit ourselves to QCD corrections only. The situation changes at two loops, where
also diagrams for classes C, D1 and Dy occur. Notice moreover that the form-factor type
diagrams in class Fy are relevant only for the production of W, WZ or WW pairs.

Up to two loops, we can thus restrict the summation in (3.18) to j = A, B,C, Fy. We
show representative diagrams in Figure 1. For the coupling factors we have

L,V1V2,[A] _ \ % R7V1V2’[A] i Vi V
Qq q’ - Lqiz” Lq%q’ ’ Qqq’ - Rq};” Rq’%q’ ’

L,\V1Va,[B] V; V: RV1V2,[B] \% Ve
Qqq’ = quq” Lq’Q’q ’ Qqq’ = quq” Rq’Q’q ?

L, V1 Va,[C) R V1 V»,[C]
Qqq/ - NV1V25qq’ ) Qqql - NV1V2(5qq’ )

Vv 1%
Ll Lggornne ryivalr] __ fggeriive 44
Qq q - 2 . s Qq q = 3 - . ( . )
s —my —il'y my s —my —ily my

With these definitions, the value of the coefficients AE-FV]’(n) do not depend on the nature
of the mediating vector boson V', such that in particular

ABF”’(”) _ AE.FZL(") :AEFW],(n) _ AE‘F]M)‘ (4.5)

We have computed the coefficients A; for the different classes of diagrams contribut-
ing at tree level, one loop and two loops, namely Agc],(o), AE-C}’(I), AE-C]’(Q), with C =
A,B,C,D1,Ds, F.

At tree-level order we find

2 1

A[7A]7(0) =- A[lfé],(o) _ +¥’ ABA],(O) =0, j=1,..,6,8,9,
2 1

A[gB]y(O) = +-— 3 AgB]’(O) - -, ABB],(O) = 0’ .7 = 17 ] 77 10’

u u
AP0 = AP0 = g AP0 AJPO = 1 AP O = =1 6. (46)

)

We can notice immediately that, as far as the form-factor type diagrams are concerned,
any n-loop QCD corrections will not modify the structure of (4.6), and in particular we
have

AEF},(n) _ F(")(s)AgF]’(O) (4.7)

where F (")(s) are the n-loop QCD corrections to the quark form-factor.

Let us discuss the features of our £ set of coefficients, which is relevant for the four-
dimensional helicity amplitudes for the full 2 — 4 process. We consider crossings of external
legs described by the permutations

T2 =pr o pe = {tul
T34 =p3 < ps = {teu, pierpi}. (4.8)

- 11 -



and focus on the behaviour of the E}C] for the non-trivial cases C = A, B,C. From the

exchange of quark and anti-quark, w19 we find for the amplitudes

A
Mgy =

from which one can directly obtain

[A]

—E;
(B]

B (s, t,p3,p3) = _Ez[L (s,u,p3,p3) ,

EgA](S t,p3,p3) = _EgB (s,u,p3,p3) ,

E?EA](S t,p3,p3) = —EgB (s,u,p3,P3) ,

EzEA](S t,p3,p3) = —EEB (s,u,p3,p3) ,

B (s,t,03,0%) = — B (s, u,03,13) ,

EéA](S t,p3.p3) = —E) (s, u,p3.p3),
(s, 1) (s,

A B
Eg ] —Eg (s,u p3,p4)

s,t, P35, P4

ME‘?[]/L(pl < p2) ’

C c
M7 = —Mpi (b1 p2),

(A

_plBl
9

E8 (S t p37p4) = E[B (S,U p37p4)7
ES[)A](S t p37p4) = _E[B](Svu p37p4)7
EEC](S t p37p4) = _E[C](Svu p37p4)
E[C] " _ _E[C]

2 (s, p3,p4) 3 (s,u, p3ap4)
B (s, t.p3,03) = B (s, u, 3. 03)
Eécl(s 13 P37P4) = —E[ ](Svu p3ap4)a
Eéc](s t p37p4) = _EE[) ](8 U p37p4)7

From exchange of the external vector bosons, 734, we have

ME\L]L = M[>\L]L(p3 < pa), ALL =

which implies

E[A (s,t,p3,p3) = —E[ (s,u, 3, 13) »
s.t,08,p3) = —By ) (s, u,p3.p3),

s, t, p3,p4 = —E[ S, U p4,p3 ,

= _E4 8, P4, 3)

St p37p4 S, U p47p3 )

1)
1)
)
s,t, 13, P3)
)
1) =+E
1) =+E

S7t p37p4 S, U p47p3 )

3)

S I 3)
E[A( (s, 3)
EP( I(s, 3)
E[A (s,t,pg,p4 *E[ (s,u p4»P3)7
E (s, EL) (s, 3)
B EY) (s, 3)
B, +E (s, 3)

s,t,p3,p7) = 8, U, D3, P3) 5

Mz = M (s pa),

with A =L, R,

B (s,t,03,0%) = +E17 (s, 0,93, 93)
Egc](s,t P37P4) = —E[ (s, u, p4,p3),
EX (s, .03, p3) = — By (s, u,p3.03) .
E (s, t.03,p3) = —E{ (s, u,p3.03) .
B (s, .03, p3) = — B (s, u,p3.03) .
E (s, .03, p3) = +E (s, u,p3.03) |
EX (s, t,p3.03) = +EY (s, u, 3, 93)

(4.9)

(4.10)

(4.11)

(4.12)

Similar but slightly more involved relations can be derived for the primary set of coef-

ficients, A;, but we don’t list them here for brevity. We have explicitly verified that
relations (4.10),(4.12) for the E; and the corresponding relations for the A; hold for our
results at tree level, one loop and two loops.

While most of the coefficients A; are zero at tree level, fewer of the E; have this

property. We find for class A

2 2
EAO _ g, O - _2 EANO _ 2
st st
EAO _ Ao _ 2 FANO _ (8= t:pi)
S
— p? _p2 _ 2
g _ o tp3)7 EAO _ o0 tp4)7 pANO _ (8t Eps)
S S S
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for class B

2 2

BB _ g BP0 _ 2 BB _ 2
sU sU

EIEO _ g, BB _ 2 EBO) _ o — 7).
u su

— 2 _ 2 )
A0yl =) g __pemutsd)  pmo_pword gy
SU SUu SUu

and for class F

E;F]v(o) — 0’ EgF]v(O) — 07 E,i[iFL(O) — 0’
EL[LFL(O) — 0’ EéF]v(O) — _47 EéF]v(O) — +4,
EYO = 4y, BP0 = g, EYTO = 4, (4.15)

As discussed above, class C contributions enter only at the two-loop level.

The calculation of the coefficients A; and thus E; proceeds as follows. The diagrams
belonging to class Fy are known [40]. They do not have to be recomputed and we will
not refer to them anymore here. As far as the other classes are concerned, we produced
all the tree-level, one-loop and two-loop Feynman diagrams with Qgraf [41]. The scalar
coeflicients A; are evaluated analytically diagram by diagram by applying the projectors
defined in (2.12) and summing over the polarisations of the external vector bosons as
n (2.9). All these manipulations are consistently performed in d dimensions. Upon doing
this we obtain the coefficients in terms of a large number of scalar two-loop Feynman
integrals. The latter are classified into three integral families, two planar and one non-
planar. We have made use of Reduze 2 [42-45] in order to map all integrals to these
integral families and to perform a full integration-by-parts reduction [46-49] of the latter
to a set of master integrals. All intermediate algebraic manipulations on the Feynman
diagrams have been performed using Form [50]. Once the coefficients A; for the different
classes of diagrams are known at the different loop orders, one can calculate the form factors
E; using (3.21). Since the expressions for the coefficients A; (and equivalently those for
the E;) at two loops are very lengthy we decided not to include them explicitly in the
text. Analytical expressions for the A;, prior to UV renormalisation and IR subtraction,
expressed as linear combinations of masters integrals and retaining full dependence on the
dimensions d are available on our project page at HepForge.

5 DMaster integrals

5.1 Computation via differential equations

We computed all two-loop master integrals needed for our process with the method of
differential equations [48, 51-53] and optimised the solutions for fast and precise numerical
evaluations [25, 54, 55]. The master integrals for the case pg = pi have first been calculated
n [24, 25]. Here, we consider the case p% #* pZ, for which the master integrals have been
computed in [28, 29] for the first time. Our calculation provides an independent check of
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these results and improves them for numerical applications. In this Section we present our
calculation and discuss qualitative aspects of the results. We provide the explicit solutions
in computer readable format on HepForge.

We find that all master integrals are described by the integral families presented in [25]
for the case p% # p? and crossings thereof. We start by determining a set of linearly inde-
pendent master integrals for all relevant topologies using Reduze 2 [42]. For convenience,
we stick to the normal form definitions for the master integrals given in [28, 29]. We sup-
plement these definitions by new normal form definitions for eight product topologies. All
our definitions are supplied in computer readable form on HepForge.

Using the shift-finder of Reduze 2, we eliminate multiple variants of equivalent master
integrals. For this purpose we also identify crossed topologies and work out relations
between crossed and uncrossed master integrals. Ignoring crossed variants and counting
product topologies as two-loop topologies we find a total number of 84 independent master
integrals. To apply the method of differential equations, we include also crossed versions
for a couple of integrals, which appear in sub-topologies of non-planar topologies. In this
way we assemble a minimal set of 111 master integrals suitable for the construction of a
system of differential equations.

We compute the partial derivatives of the master integrals with respect to all indepen-
dent external invariants s, t, pg, p?l in terms of master integrals with the help of Reduze.
The coefficients contain rational functions of the invariants and the Kéllén function &, (2.5),
associated to the two-body phase space.

To rationalise the root x, we employ the parametrisation

m?(1+2)%, ps = m*z*(1 - %),

t = —m*z((1+9)(1 + zy) - 2z5(1 + 7)), pi=m*(1-2*%7),  (5.1)

(see eq. (2.9) of [29]). In this parametrisation, we define the vector of master integrals
M= (M;),i=1,...,111, using the integral measure

Ce \% oo [ d% d
(6) @ | Gy 2

which absorbs the overall mass dimension m. Here, d = 4 — 2¢ and

L(1+6)T2(1—¢)
(1 —2e¢)

C. = (47)° (5.3)

In the following, we will work directly in the physical region of phase space. Due to the
specific choice of the master integrals [56, 57|, the partial differential equations combine
into the simple total differential,

dM(e;7,9,2) = € ¥ ApdIn(ly) M(e; 7,9, 2) (5.4)
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where the matrices Ay contain just rational numbers and the alphabet is

{Ii,...,l0}y=1{2,2,1+2,1-3,9,1 + 7,1 — 29,1 + 27,1 — %, 2,

1+9—2yz,1 -9+ 29z, 1+ 2y — 2292, 1 — 2 + 2777,

1+§+2y+ 2y — 29z — 2792, 1 + § — T§ — TY° — 29% + 2TYZ,

1 —§— 2y + 2y + 292 + 2792, 1 — § + 2§ — TY° + 29% — 27YZ,

1— 25 — &5+ §* + 239% — 3% + 49Z + 239% + 235°Z,

1 — 3 — 227 + 225% + 2292 — Z2° + 2% + 4Tz + 25°5°7) . (5.5)
Anticipating the solution, we included the letter 2 already, which is of course arbitrary
at the level of the differential equations. While we found that it is possible to reduce
the number of letters by forming appropriate ratios, a reduction of the alphabet is best
performed using a different parametrisation, as we will see below.

After expansion in € it is straight-forward to integrate the differential equations in
terms of multiple polylogarithms

G(wlv"'awn;z):/ a
0

t—w1

G(wa, ..., wp;t), (5.6)

with G(0,...,0;2) = 2 In"(2) for n zero weights and G(;z) = 1. For each order in €, we
integrate the partial derivatives in z. This gives the solution up to a function of z and
y. We employ the partial derivatives in Z to determine this function, this time up to a
function of y. Subsequent usage of the derivative in ¢ fixes the boundary terms up to one
constant per master integral for the given order in €. Despite the presence of nonlinearities
in (5.5), the specific order of our integrations ensures that in fact only linear denominators
occur in the respective integration variable. We integrate the master integrals through
to weight 4, which corresponds to €* terms in the chosen normalisation. The necessary
argument-change transformations for the multiple polylogarithms were derived using an
in-house package, which employs fitting of constants using high precision samples obtained
with [58].

In order to fix the integration constants, we consider the equal mass limit pi — p%
which implies £ — 1. This limit is smooth and our master integrals become simple linear
combinations of the normal form integrals defined in [25], where the coefficients in this
map are just rational numbers. We compute the limit at the level of our solutions and
equate them to the real-valued solutions of [25]. Using the coproduct-augmented symbol
calculus [54, 59-63], we find perfect agreement for all non-constant terms and easily fix the
boundary constants of the present integrals. We also compared our results to the solutions
of [28, 29] and find perfect agreement at the analytical level.

The solutions we obtained in this way are not ideal for our purposes yet, since their
numerical evaluation is rather slow. Moreover, they contain spurious structures: the indi-
vidual multiple polylogarithms contribute letters {1 —z, 1+ 252, 2+ + 252, 1 + 22 + 229}
which cancel for the master integral itself. In particular, the equal-virtuality limit £ — 1
is completely smooth as can be seen from (5.5), but the representation does not allow for
an evaluation exactly in the equal-virtuality point.
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5.2 Optimisation of the functional basis

We wish to cast our solutions to a new representation which allows for fast and stable
numerical evaluations and is free of spurious letters. In order to achieve that goal we select
a new basis of multiple polylogarithms where we do not force individual variables into
the argument of G functions anymore. As a side effect, this gives us more freedom for a
rational parametrisation, since we avoid problems due to non-linear denominators in the
integration variable. It is convenient to choose new variables z, y, z and m? according to

s=m?*(1+2)(1+zy), t=-mizz, pi=m? pi=m22’y (5.7)

(see eq. (2.7) of [29]), which again rationalises the root x. We select the branch for which
in the physical domain

>0, 0O<y<z<l, m?>0. (5.8)

This reparametrisation is actually not crucial for what will follow, but it decreases the num-
ber of irreducible polynomial letters which will be convenient for our mapping procedure.
Under crossings of external legs the parameters transform as

To: z2—>14+y—=z (5.9)

M4 2z 14dy—2z, x—1/(zy), m?—m?z?y. (5.10)

In this parametrisation we factor out a normalisation of the form (5.2) but with m replaced
by m. We find the alphabet

{li,...; b7t ={z, 1+ 2,y 1 —y,z,1 —z,—y+ 2, 14+y— 2z, 1 + 2y, 1 + xz,2y + 2,
1+y—|—acy—z,1—|—:r:+xy—a:z,1+y—|—2xy—z—|—a:2yz,
2my—|—a:2y+:c2y2+z—x2yz,1+x+y+xy+xy2—z—xz—a:yz,
T+y+ay+y*+ay® — 2 —yz —ayz} (5.11)

at the level of the differential equations and also of the solutions through to weight 4. This
alphabet is shorter than the previous one and can not be reduced further by forming ratios.

We construct a new functional basis consisting of Lis o functions, classical polyloga-
rithms Li,, (n = 2, 3,4) and logarithms, similar to the approach taken in [25, 55]. The Liz o
function can be written in G-function notation according to

Li272($1, CL'Q) = G (O, i, 0, L; 1) . (512)
T T1T2
Following the algorithm of [62] we generate functional arguments which are rational func-
tions of x, y, z and do not lead to new spurious letters. This implies that the arguments
factorise into the letters of our alphabet and their inverses. For the amplitude we need to
evaluate also independent master integrals with crossed kinematics, and we chose to imple-
ment these expressions explicitly for evaluation time optimisation purposes. We therefore
directly construct a shared set of basis functions for uncrossed and crossed variants of the
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master integrals and consequently close our alphabet (5.11) under 72 and 734 by adding
the letters
{lis,lio} ={—2y+ 2z + a2+ 2y2z,—y + 2 + yz + xyz}. (5.13)

We require all functions to be single valued and real over the entire physical region of phase
space. As in [25], we select only those Lis o(x1, x2) functions, for which their power series
representation

J2
Lizs (21, x2) Z Z o) (5.14)

o (1 + J2)? J3
is convergent, that is, their arguments fulfil
]xl\ < 1, ’x1$2’ <1. (5.15)

We wish to express our master integrals in terms of these new functions and employ
the coproduct symbol calculus for that mapping. This step is computationally demanding
due to the large number of possible candidate functions. Here, we profit from the reduction
of the number of letters described above which leads to a smaller set of candidate integrals
for a given maximal total degree of the arguments. Furthermore, we employ a particularly
efficient technique for the symbol calculus, where we identify and match individual factors
of products directly at the level of the symbol, see [64] for more details. In particular, this
means we never need to construct products of polylogarithms for our candidate functions
which avoids a severe combinatorial blowup for the linear algebra routines.

Using the coproduct we were able to express all master integrals in terms of our new
set of functions described above. We stress that the success of this matching is not a priori
obvious. Concerning our primary motivation for changing the functional basis, we observe
that the new representation indeed allows for significantly faster numerical evaluations.
The explicit solutions for all of the master integrals are provided on HepForge.

6 UV renormalisation and IR subtraction

Let us go back to the calculation of the helicity amplitude coefficients A; (or equivalently
the E;). In order to simplify the notation for what follows we pick one of the form factors:

Q=A; (or Ej), forsomej=1,...,10(9), (6.1)

in order to suppress the index j. The following discussions applies to any of the chosen
form factors in the same way.

We perform renormalisation of the UV divergences in the standard MS scheme which,
in massless QCD, amounts to simply replacing the bare coupling g with the renormalised
one as = a,(u?), where p? is the renormalisation scale. Since in our case the tree-level
amplitudes do not contain any power of ag we require only the one-loop relation for the
coupling

(&%) M%)E Se = Qs ,UJ |:1 - @ <%> + O(ag):| (6'2)

€ \21
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where
Se = (4m)ce™ 7, with the Euler-Mascheroni constant v = 0.5772... (6.3)

(3 is the mass-parameter introduced in dimensional regularisation to maintain a dimen-
sionless coupling in the bare QCD Lagrangian density, and finally g is the first order of
the QCD S-function

_ 11Cy —4Tp Ny N2 —1 1

Bo 5 , with C4=N, Cp= Tpr = —. (6.4)

2N 2

We perform UV renormalisation at the scale u? = s, the invariant mass of the vector boson
pair. Values of the helicity coefficients at different renormalisation scales can be recovered
by using the renormalisation group equation. Since at a given loop order n the form
factors are defined with all powers of the strong coupling factored out, the renormalised
form factors Q™) are expressed in terms of the un-renormalised ones Q™" according to

QO = O)un

Q(l) _ S;l Q(l),un ,
Q@>::5;2§ﬂ””“—-§95§4fﬂ”““. (6.5)
€

After performing UV renormalisation, the amplitude contains residual IR singularities
which will be cancelled analytically by those occurring in radiative processes at the same
order. Catani was the first to show how to organise the IR-pole structure up to two-loop in
QCD [65]. In subtracting the poles from the one- and two-loop amplitudes we will follow
a slightly modified scheme described in [66], which is better suited for the gp-subtraction
formalism. The two schemes are of course equivalent and we provide formulae to convert
the results between the two schemes in Appendix C. We define the IR finite amplitudes at

renormalisation scale p? in terms of the UV renormalised ones as follows

Q(l),ﬁnite _ Q(l) _ Il (6) Q(O) ’

Q@finite — @) _ 1) QW — Ir(e) QO (6.6)
with
soft coll
Ii(e) = Iy (€) + 17" (), (6.7)
Isoft( )__i 'uﬁ ‘ l_i_ij_i_(s(o) C ]COU( )__§C’ 1 'Uj ‘
L= I'(l—e) \ s e € ar o L=\ ) o
(6.8)
1 2 60 soft
Iy(e) = —=I(e)* + ~ [I1(2€) — I1 ()] + K 177" (2€) + Ha(e), (6.9)
1 [y . %gl) 1
HQ(E) == Ie <S> <4 + CF dl + ECF 6‘(1T) 5 (610)
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and the constants are defined as

0
2

67 > 5
=0, Kz(—”)cA—NF,

28 1 202 11
dy = <—3C2> Np + (—+6C2+7C3> Ca,

o

Tq

27 27

10 1214 67 164 5
= — B — —_— _— = N
3 (3 B0 + ( 31 + 18C2> Ca+ ( g1 9C2> F

17 88 2 16
(= (=3 +24¢; — 48¢3) CF + <‘ et 24C3> CrCa+ < " Cz) Cr Nr.

3 3 3

(6.11)

Note that in these equations all imaginary parts are already explicit prior to expansion in €.

Setting p? = s, we calculated the finite remainder of the A; for € = 0 in the gp-subtraction

scheme. We provide the explicit analytical results on our project page at HepForge. It is

straight-forward to convert our finite results obtained in the gr-scheme to Catani’s original

scheme, see Appendix C.

7 Checks on the amplitudes

We performed different checks on our amplitude, which we enumerate here.

1.

First of all, we started off by computing the 10 form factors A; of (2.11) for the
different classes of diagrams C = A, B,C, D1, Do, and we explicitly verified that,
according to Furry’s theorem, the diagrams in classes Dy and Dy independently sum
up to zero.

From the A; we computed the 9 form factors E; in (3.19) and (3.20), and we verified
that, both prior to as well as after subtraction of UV and IR poles, all symmetry rela-
tions described in (4.10),(4.12) and the corresponding ones for the A;, are identically
satisfied.

We verified that the poles of the one-loop and two-loop amplitudes are correctly
reproduced by Catani’s formula [65], which provides a strong check on the calculation.

For the NNLO computation of on-shell ZZ and W*W ~ production [26, 27] we per-
formed a dedicated calculation, directly for the squared amplitude, employing our
equal-mass master integrals [24]. The tree and one-loop contributions have been
found to agree with the analytical results of [67, 68] and with numerical samples
obtained with OpenLoops [69]. Starting from our general results for the amplitude
in the off-shell case, we re-derived the squared amplitudes for on-shell ZZ and WW
production as described in Appendix A and found full agreement through to two-
loops.

We performed a thorough comparison of our results with an earlier calculation of
the two-loop amplitudes for on-shell W W~ production in the small-mass limit [70].
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Starting from our results for the squared amplitude for W+ W~ production (see
Appendix A), we take the small-mass limit, namely mj, /s — 0 for fixed (t —m3,)/s.
Adjusting for overall conventions we found agreement with the results obtained in [70]
in all contributions, except for F;[C}’(Z)(s, t) arising from the interference of two-loop
diagrams in class C with the tree-level diagram in class A. From the discussion
in [70], we could trace back this discrepancy to a different treatment of the vector-
axial contributions in the fermionic loop in class C, resulting in a non-vanishing
remainder even for zero-mass quarks. Since this appears to be inconsistent with
charge parity conservation, we have good reasons to believe that the prescription
used here as well as in [31] is the correct one (see our discussion in Section 4).

6. Finally, we have compared numerically results both for the individual form factors
E; and for the full amplitudes My 7, and Mgy, at tree-level, one-loop and two-loop
order, with the results published in [31], finding full agreement, after a mistake in
the calculation of one of the form factors was corrected recently.

8 Numerical code and results

We provide a C++ code for the numerical evaluation of the 9 finite form factors E; for
classes A, B and C. The implementation supports both, evaluation in the gp-scheme and
in Catani’s original scheme. Further, it also provides the (alternative) 10 form factors A;.
The code is set up in form of a C++ library, which is supplemented by a simple command
line interface.

The code was optimised for speed and stability of the numerical evaluations, in par-
ticular, by employing an appropriate functional basis for the multiple polylogarithms, see
Section 5.2. We employ C++ templates to support evaluations with three different data
types: double precision, quad precision and arbitrary precision using the CLN library [71].
The multiple polylogarithms are evaluated via their implementation [58] in the GiNaC li-
brary [44], which also employs the CLN arbitrary precision capabilities.

For the benchmark point of [31] no severe cancelations due to asymptotic kinematics
take place. In this case our double precision implementation is accurate and gives at least
10 significant digits for each of the E; at the two-loop level. The evaluation of all Ej; incl.
crossed variants, as needed for the physical amplitude, takes 150 ms on a single core of a
standard desktop computer. Close to the phase space boundaries or in the high energy
region, numerical cancelations lead to a significant loss of precision. In order to detect and
cure a possible instability, we compare the results obtained from evaluations with different
precision settings and adaptively increase the precision until the target precision is met. We
find the method to converge even in highly collinear configurations, where one needs to allow
for a significant increase in the evaluation time though. Of course, also for unproblematic
points in the bulk of the phase space, where the double precision results are actually
accurate enough, our precision check requires additional run-time. For the aforementioned
benchmark point we find an increase in the evaluation time to approximately 0.8 s on a
single core.
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Figure 2. Real parts of the two-loop form factors EJ[-A]’(z) for the process q7’ — V1 V5 in dependence
of the relativistic velocity, 83, and the cosine of the scattering angle, cos 3, of the vector boson V.
The virtualities of the vector bosons are set to p3 = 2p3.

In Figures 2 and 3 we show numerical results for the class A and class C' contributions
to our 9 form factors E; at the two-loop level. Note that these results were obtained with
our C++ code and thus demonstrate the high numerical reliability of our implementation.
We vary the relativistic velocity, 83 = k/(s + p3 — p}), and the cosine of the scattering
angle, cos 03 = (2t + s —p3 — p?)/k, of the vector boson V. For the virtualities of the vector
bosons we have set p3 = 2p3. All results are for N ¢ =5 and given in the gp-scheme. The
class A contributions in Figure 2 show pronounced structures in the collinear regions (see
(4.13) for the corresponding tree level coefficients). In contrast, the class C contributions
in Figure 3 show no such features and are rather smooth functions in the full 83-cosfs
plane.

9 Conclusions

In this paper, we presented the derivation of the two-loop massless QCD corrections to the
helicity amplitudes for massive vector boson pair production in quark-antiquark annihila-
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Figure 3. Real parts of the two-loop form factors EJ[-C for the process q7’ — V1 V5 in dependence
of the relativistic velocity, 83, and the cosine of the scattering angle, cos 3, of the vector boson V.
The virtualities of the vector bosons are set to p3 = 2p3.

tion. The combination with leptonic decay currents allows to construct the two-loop QCD
matrix elements relevant to four-lepton production. In this course, we computed all master
integrals and optimised their representation for numerical performance. Our results ob-
tained for the amplitudes provide a fully independent validation of a recent calculation [31].
We implemented our amplitudes in a C++ code for the fast and stable numerical evaluation
of the amplitudes, which we provide together with our analytical results for public access at
http://vvamp.hepforge.org. This opens up the path towards precision phenomenology
in gauge boson pair production and improvements of the background predictions for Higgs
boson studies and searches for physics beyond the Standard Model.
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A Squared amplitudes for the on-shell production of vector-boson pairs

In this Section we show how the general results described in this article can be used to obtain
the squared amplitude for the process q¢’ — V1 V5 summed over spins and colours. For the
calculations of the NNLO QCD corrections to on-shell ZZ [26] and WTW ™ production [27]
production, we directly computed the squared amplitudes using a dedicated setup based
on our solutions for the equal-mass master integrals [24, 25]. We compared the results
obtained in the two approaches and find full agreement.

We denote the squared amplitude as

(MIM) =T (s,t,83.0) = > |Suw(p1,p2,p3)e (pa)ef (pa) | | (A.1)
pol,colour

which of course can be perturbatively expanded in powers of oy as

Qs
T(s,t,p3,p) = (4ma)? [T(O)(s,t,pg,pi) + (%) T (s,t,p3,03)
g\ 2
+(52) T (s t03,03) + O3] (A.2)
where we have
TO(s,t,p3, p3) = (MOIMO) | (A:3)
T (s, 1,93 p3) = 2% (MO|MD)) | (A.4)
T (5,193, p3) = 20 (MO|M@) ) 4+ (MO |m ). (A5)

(n)
J
, simply by contracting the general

It is easy to write a general expression of (M |M™) in terms of the coefficients A

(n) (m)

and Ag.m) or, equivalently, in terms of the T; and ij
decomposition (2.11) with itself and summing over colours and external polarisations us-
ing (2.9). The result is quite involved and not particularly illuminating and we decided not
to include it here explicitly. This general formula, in fact, is needed explicitly only in order
to derive the 1-loopx1-loop corrections (M(l)\/\/l(l)>, which can however also be easily ex-
tracted from automated codes, and therefore we will not consider them here. On the other
hand, if we limit ourselves to considering the contraction of the generic n-loop amplitude
with the tree-level, i.e. m = 0, the results are much more compact. In the following two
sections we will discuss the two explicit cases of on-shell ZZ and WW production, which
were used for the calculations in [26, 27].
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A.1 The two-loop corrections to ZZ production

In the case of q7' — ZZ the tree-level is given by the two diagrams belonging to classes
C = A, B. As far as two-loop corrections are concerned, the classes of diagrams that can
contribute to ZZ production are C = A, B, C, see Section 4. By contracting the tree-level
diagrams with the general amplitude (2.11) one easily finds

N

ZZ,(n ZZ,(n ZZ,(n ZZ,(n
(MOIM™) 55 = = [(LZ4)* + (RE)Y] (278( Sk AT ks

9

(A.6)
where NN is the number of colours, while Lgl and Rqu are defined in (3.16). Each of the

. ](Z Z,(n))
appropriate coupling factors

2 U t

can be obtained summing over the relevant classes of diagrams, re-weighted by

PZ2) _ AL | 1]

™ § Ry 7O (A7)

where [( p )2 ( p )2]
~ L + (R
(AL
and Nyyz is defined in (4.1). We have verified explicitly that as far at the tree-level and
one-loop corrections are concerned, we have full agreement with the results in [67]. Similar

but much more lengthy formulas can be derived for (MM |M™1) 5, and we do not report
them here for brevity.

A.2 The two-loop corrections to W™ W~ production

Let us consider now the case of ¢;q; — WTW ™, where the index i labels the flavour of the
initial state quarks, ¢; = (u,d). At the tree-level, this process receives contributions from
three diagrams, one in class A and the other two in class Fy, with V = Z, . Let us start
from the tree-level and one-loop corrections, where only diagrams in classes C = A, Fy can
contribute. Following the notation of [68], we separate the contributions to the squared
amplitude into three different form factors

MM gy = N [ B (s,0) = e IO (s,0) + 7KV (s,0)| . (A9)

2R (<M<°>|M<1>>i,ww) —N [cgt FV(s,t) — e 7V (s,1) + cfSKi(l)(s,t)] . (A.10)

FZ-(") contains the contribution to the amplitude from diagrams in class C = A (i.e. diagrams
where the production of the W W™ pair is not mediated through a v or a Z boson). Ji(n)
encapsulates instead the interference of the Fy-type diagrams (i.e. those where the W W~
pair is produced via a 7 or a Z virtual boson) with diagrams in class C = A. Finally K Z.(”)

is given by the interference of the Fy -type diagrams with themselves. Again, following
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closely [68] we define then

tt 1
¢ = - 4 )
16 sin* 6,
ts 1

s
=——7F— e, tc L% ;
45 sint 0, < @ oWz fd’s—m%)

2 2
ss _ L CWWZ(LJ%z‘,fi - R]%i»fi) s CWWZ(LJ%%’vfi _ Ri’fi) 5
€ T 82 Cai 2 smeZ + 2 smeZ

(A.11)

where, as always, e, is the quark charge in units of e, with e > 0, and the electroweak
couplings L?ifj, Rj%fj and cywz are defined in (4.1) and (4.2).

At two loops the decomposition (A.10) must be enlarged since also diagrams belonging
to class C = C start contributing to the amplitude. We therefore write the two-loop
contribution as follows

2R <<M(O)|M(2)>i,WW) _ N[c? FZ-(Z)(s,t) 1 CEC],tt FZ.[CL@)(SJ)

—cl* J.(Z)(s7 t) — clChts J.[C]’(Q)(s, t)+ cszi(z)(s, B, (A.12)

7 7 1 (2

where we introduced the new couplings

Ao _ 1

¢ 32 sint6, 7’

dones L ( ewws (L2, + R .)5> N, (A13)
v 45sin, \ ¥ fufi fofi s—mQZ g

Here, the new form factors Fi[c]’@)(s, t) and JZ-[C]’@)(S, t) contain the contribution from the
two-loop diagrams in class C = C'. In deriving (A.13) we used the fact that for a fermion

loop with an attached W-pair we have

1 W 1
Nww =5 Z (Log Lada) = Tomzg 5 Na- (A.14)
aq

where Ny = Ny /2 is the number of generations of massless quarks running in the loop. Note

that because of the flavour-change induced by the W# bosons, we must limit ourselves to

consider at most Ny = 4 massless quarks (u,d,c, s), i.e. two generations N, = 2. Finally,

the form factor K 52)(3, t) receives contributions only from one class of diagrams, C = Fy .
At tree level we find that the different form factors can be obtained from

(A1) _ 4 [AL(0)
FO(s,t) = (2710 : ikl > , (A.15)
TO(s,1) = 4 (A0 4 AAO) g (O ABO) (A.16)
KZ'(O)(S’t) =92 (T,;F],(O) + 7_8[F]7(0)) _ (ngF],(O) + 7_1[5]7(0)) . (Al?)

— 95—



At one loop and two loops we find instead

[Al,(n) _ 4 _[Al(n)
fémw¢>=2%<2ﬁ° — >,

n n n n n 1
T (s,1) = 2R [2 (R ) — (A ) 4 2O s FM(s)]

o

K™ (s,t) = 2% (KZ.(O)(s,t) ]—"(”)(s)) : (A.18)
and the two new form factors read

(157 a

JZ-[C]’@)(S,t) — 2% [2 (7_7[017(2) + TEECL@)) _ (ngc]’@) + 71[517(2))} , (A.20)

where F(™(s) are the n-loop QCD corrections to the quark form factor. We have verified
that the tree-level and one-loop corrections, in the limit of equal virtualities of the massive
vector bosons, agree with [68].

B Schouten identities for the amplitude

In this Appendix, we show how to reduce the number of independent form factors entering
our helicity amplitudes by exploiting the 4-dimensionality of external states via Schouten
identities. We document here a general way to derive such Schouten identities for the
Mgy case. The LLL case proceeds in exactly the same way.

We start off by fixing the helicities for a right-handed incoming quark current in the
spinor helicity notation and we get

SE (07 ,p3 . p3) = 283 1) (A1 P pY + A2 pl'phy + Aspiph + As 1y pb)
+ 277 1) (A5 p7 + Aeph) + [297 1) (A7 py + Asph)
+ Ag [297PsyH 1) + Ao 24 P37 1) .

As a first step we notice that we can collect [2 3 1) as an overall factor:

I+
2

=tu—p3p;.

262 D01 $22) = T [ o
Multiplying and dividing by this allows to write the partonic amplitude as

SE (pysps.p3) = [2p31) { (A1 pl pY + A2 Pl Dl + A3 piph + As Db ph)

n [1p§32)[29#1) [1¢32)[2971) (

(A5 p{ + Agphy) + A7 pl + Agph)

tu — pip? tu— pip3

Ag A1
= [1P32) 29 P37 1) + ———— [1P32) 24 P37 1 }, B.1
s (12) 2780 1+ s (1 2) 2807 1) . (B
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such that every spinor structure is a trace. We can then perform the traces recalling that
the transversality of the leptonic decay currents allows to discard contributions proportional
to p4 or p4. In this way we get

[1§32) [29#1) =27 P3P2H — (u— p3)pl — (t — p3)ph (B.2)
and

[1952) [29"p37" 1) = 2 (u — p3) PVPHIY 4+ 2 pg PTP2IY — (ty — p3p3)gh”
—2upipy +2p3 piph — 2 (u— p3) P} (B.3)

[1 m 2> [2 ’YVst’Y“ 1> - _9 (u _ pg) ePLP3 Y 2p§ €PLP2HY | [ (PL:P3:P2: 1 (plf 4 pg)
— (tu—p3py)g"™ — 2t pYph + 2p3 phiph — 2(t — p3) phps,  (B.A4)

where we introduced the Levi-Civita € tensor, with the following notation
ep’q7,,17s — 6“’V7p?o-puqurpso_ .

Moreover, note that the asymmetry between (B.3) and (B.4) is due to the transversality
condition which effectively replaces p — 0 and p§ — p¥ + pY .

Using (B.2),(B.3) and (B.4) we see that all 10 spinor structures can be written in terms
of the following 11 structures:

v (7% v W, v W, v
9", Y, PPy, PapPis Dabh,
€P1:P3,P2,14 pT , €P1:P3,P2,14 p; , eP1,P3,P2,V plll , €P1,P3:p2,V pg
PUPBIY  PLP2 Y
This does not appear to be any improvement with respect to the 10 structured we had
before. It is nevertheless very easy to show that 2 out of these 11 structures can indeed be
expressed as linear combinations of the remaining 9 by means of an anti-symmetrisation

of the e*¥P? tensors.

In order to see how this works in practice, we start off by considering eP1-P3:#¥ py - py.

By anti-symmetrising e/***?p3 in 4 dimensions one easily finds

2. bl 7V P I ’V7 ?V7 J. V? ’. 2. M B 2. bl v
€P1:P3- 1 po Pl = —eP3oH p2p1 - p1 — M p2p1p3 “p1 — € p2p1p3p1 _6p2p1p3up1 (B.5)

which implies that eP1'P3:#" can be eliminated by

2

2
ps —1t
PLpsspy — 2 ( 32 EPLP2 Y | (P1.P3PLY p’f — PLPB P Y ) (B.6)
s

leaving us again with 10 structures. One more anti-symmetrisation can be used, namely
consider ePL1-P2:HY ps . where the momentum r* is defined as

2 2
u—p t—p
Sl R G
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such that r - p; =0, r - ps = 0. Proceeding as before we find

D1,P2; sV €P1P3:P2,1 0N v 2\, v
€ :m[(u_p4)p2+(t_p4)pl]+
34

€P1,P3,P2,V 9 " 9 L
(u—p3)pY + (t —p3) ph] -

(B.7)

tu— pgpi

It becomes clear that using these two relations we can eliminate completely eP1:-P2:#V
and eP1P3#Y in favour of the remaining 9 structures. In particular these relations can be
rephrased in terms of the original spinors in (B.1) giving two Schouten identities for the
spinor lines:

2
[1#32) 29937 1) = (tu — p3pi) L (P'ps — piph) — g"”}
[(u—p3)py — (t = p3) P5] [1#52) 277 1)

1
s —mp -] 2R, (BS)

1642 22" 1) = (b — ) |2 910 — i) — 0

[(t—p3) ph — (u—p3) ] [1#32) 27" 1)

[(t = p) pY + (t — s —p3) p5] [1¥32) [2771) (B.9)

The corresponding relations for the spinors of the left-handed partonic currents can
be found by simply permuting p; <> p2. Using (B.8),(B.9), and the corresponding ones
for the left-handed partonic current, we eliminate 2 of the structures in (B.1) in favour of
g"¥, plus the remaining 8 structures, and then proceed by contracting with the left-handed
leptonic decay currents (3.8). As a result one easily arrives at formulae (3.19) and (3.20).

C Conversion to Catani’s original IR subtraction scheme

In Section 6 we derived the finite remainder of the one- and two-loop helicity amplitude
coefficients ) in a subtraction scheme which is particularly well-suited for gp subtrac-
tion [66]. In this Appendix we show how these results can be converted to Catani’s original
scheme [65]. Starting from the UV-renormalised coefficients defined in (6.5) at renormali-
sation scale u?, we write the finite remainders in Catani’s scheme as

QU finite _ (1) _ Ilc(e) QO

Catani
Q@) finite _ () _ 1€(6) QW — 1€(e) QO | (C.1)

Catani

where Catani’s subtraction operators are defined as

IT(e) = _CFr(leeie) (612 . 23€> (_f)e

IS(e) = —%If(e) (I?(e) + 2?’) + e_;(rl(:)%) <€° + K) I(2¢) + H@(e)  (C.2)
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with

and since a ¢q pair is the only coloured state we have

€ 2\ 2¢€
@)~ " K
O =t =g ( s >

w2 3 13 245 23 , 2 25
(C.4)

In this article, we present our results for y? = s. Note that upon expansion in € both I 10 (¢)
and 120 (€) generate imaginary parts whose sign is fixed by the prescription s — s +i07" .

By comparing (6.6) with (C.1) one can show that the € parts of the finite, complex form
factors in Catani’s original scheme [65], can be obtained from those in the gr-scheme [66]
according to

(1),finite __ ~(1),fini 0),fini
Q = Q(DHfinite 1 A7) Q) finite

Catani
Qggéiiite _ Q((Ii)ﬁnite T+ AL Q((J;),ﬁnite + AL Q((J(;),ﬁnite, (05)

with the finite scheme conversion coefficients given by

1 3
AL = Cp (—27r2 + m2> , (C.6)
607 1181 , 187 7 961 11 , 13
AI — o 2 -t 4 . 1L 9 19
2= CaCr < 62 4z T p S tggT T (216 RT3 C3>>
1
+ C% (—2#2 + §7T4 +im <z - Zw2 + 6(3))
41 97 17 65 1
N SR g in (- —n? .
+NiCr (81 T o167 36C3+”< 108 36" >> ’ (©.7)

where we have set 12 = s to match the convention for our final results. Notice that, in order
to obtain the finite remainders of the two-loop amplitudes in the two different schemes, only
the finite pieces of the latter are required, and in particular the O(e) terms of the one-loop
amplitudes are not needed, as expected. Note, moreover, that the conversion coeflicients
are complex, due to the fact that the original formulation of IR subtraction [65] factored
out a phase for time-like pairs of partons from both the collinear and soft contributions,
while in the gr-scheme [66] this phase factor is associated only with the soft contributions,
in line with the structure of IR factorisation [74, 75] at higher loop order.
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