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1. Introduction

In the last decades, the Standard Model (SM) of particle physics has been confirmed at many
different energy scales, and there are only a few processes where deviations at the level of 2−3σ

are observed. Nevertheless, there are several questions where the SM cannot provide a satisfactory
answer, which triggers a huge activity — both on the theory and on the experimental side —
to search for deviations and thus for hints of physical phenomena in accordance with extended
theories. A very promising place to look for discrepancies with SM predictions are processes
related to B mesons since on the one hand there are precise measurements available, and on the
other hand it is possible to perform precision calculations, and to arrive at rigorous predictions.
Among the most promising processes there are the decays of a Bs meson into two muons, and of a
B meson into a meson containing a strange quark and a photon. It is common to both of them that
the SM contribution is loop-induced, and thus potential new physics effects are parametrically of
the same order of magnitude, which can hence lead to sizable effects. Whereas the branching ratio
in the case of B̄→ Xsγ is of the order 10−4, it is of the order 10−9 for Bs→ µ+µ−.

The main part of this proceedings contribution deals with Bs→ µ+µ−. End of 2013 next-to-
next-to-leading order (NNLO) QCD and NLO electroweak (EW) corrections became available [1,
2, 3] which we briefly review in Section 2. Afterwards, in Section 3, the theory prediction is
discussed where special emphasis is put on the corresponding uncertainty.

NNLO corrections to B̄→ Xsγ have been computed in Refs. [4, 5]. In Section 4 we provide a
brief status of the updated prediction for the branching ratio based on improved theoretical input.

2. NNLO QCD and NLO EW corrections to Bs→ µ+µ−

There are several energy scales involved in decays of B mesons: first of all there is the typical
scale of the decay process, µb, which is of the order of the bottom quark mass. Furthermore, there
are masses of the virtual particles in the loops, which in the SM are essentially given by the W
boson and the top quark. In the following, the latter scale is denoted by µ0. The framework which
can be used to perform calculations involving widely separated scales is based on an effective
theory where the heavy degrees of freedom are integrated out from the underlying theory. In the
case at hand, this leads to an effective Lagrange density with only one relevant effective operator1

QA = (b̄γαγ5s)(µ̄γαγ5µ). In order to arrive at predictions for the decay rate, the corresponding
matching coefficient, CA, has to be computed in a first step at the high scale µ0. Afterwards, it has
to be evolved to µb using renormalization group techniques.

The one-loop calculation of CA has been performed for the first time in Ref. [6], and NLO
QCD corrections have been considered in Refs. [7, 8, 9, 10]. Recently, the three-loop corrections,
C(2)

A , have been computed in Ref. [1]. The calculation can be reduced to vacuum integrals involving
the two masses MW and mt , which have been solved with the help of expansions for mt �MW and
mt ≈MW . In this way, only one-scale integrals have to be computed and simple analytic results are
obtained, which are of polynomial form with at most logarithmic coefficients. Thus, the numerical
evaluation is simple and straightforward.

1In beyond-SM theories sizable contributions are also obtained from operators with scalar and pseudo-scalar cur-
rents.
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Figure 1: Three-loop corrections to the W -box contribution to C(2)
A involving W -top-bottom vertices. Solid

lines result from expansions around y = 1 and dashed lines are obtained for y� 1.

As an exemplary case we show in Fig. 1 the result for the W -box contribution to C(2)
A from

diagrams with W -top-bottom vertices as a function of y = MW/mt . The solid (black) lines originate
from the expansion around y = 1, and the dashed (blue) lines from the case y� 1. Thinner lines
correspond to results involving less expansion terms. One observes that deviations only occur
either below or above y≈ 0.4, which leads to the conclusion that the combination of the expansions
provide an excellent approximation to C(2)

A in the whole range y∈ [0,1]. In particular, in the physical
region for y, which is indicated by the vertical (yellow) band, the expansion around the equal-mass
limit alone is sufficient to provide a three-loop prediction. The inclusion of the three-loop QCD
corrections to CA reduces the uncertainties to the branching ratio from scale variation of µ0 in the
interval mt/2 to 2mt from 1.8% to below 0.2% [1].

The complete NLO EW corrections have been computed in Ref. [2]. Before, only the leading
m2

t terms were known from Ref. [11] and the corresponding uncertainties have been estimated to be
of the order of about 7%. In contrast to QCD, there is a non-trivial running of CA from µ0 to µb after
including O(αem) terms which originate from mixing of operators once QED corrections are turned
on [12, 13, 14]. In Ref. [2] this effect has been taken into account together with a detailed study
of the renormalization scheme dependence. The results are shown in Fig. 2 where c̃10 = −2CA

is plotted for four different choices (see Ref. [2] for details) at LO and NLO. One observes huge
differences at LO (dotted line) which basically disappear at NLO (solid line).

3. Prediction for B(Bs→ µ+µ−)

In 2013 the CMS and LHCb experiments at the LHC have provided measurements for the
averaged time-integrated branching ratios for Bs→ µ+µ− and Bd→ µ+µ−. The combination [15]
given by

Bsµ = (2.9±0.7)×10−9, Bdµ =
(
3.6+1.6
−1.4

)
×10−10 , (3.1)

is based on the measurements [16] and [17]. In the forthcoming decade a reduction of the un-
certainties to a few percent level is expected, in particular for Bsµ , in which case the uncertainty
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Figure 2: NLO electroweak corrections adopting different renormalization schemes.

is to a large extent dominated by statistics. In Ref. [3] the numbers in Eq. (3.1) have been con-
fronted with theory predictions including NNLO QCD and NLO EW corrections, as discussed in
Section 2. In the following, we concentrate on Bs→ µ+µ−; the arguments hold analogously also
for Bd → µ+µ−.

Within the effective-theory framework the branching ratio Bsµ can be cast in the form (see
also Ref. [18])

Bsµ =
|N|2M3

Bs
f 2
Bs

8π Γs
H

βsµ r2
sµ |CA(µb)|2 + O(αem) , (3.2)

with N = V ?
tbVts G2

FM2
W/π2, rsµ = 2mµ/MBs , βsµ =

√
1− r2

sµ and Γs
H denoting the heavier mass-

eigenstate total width. MBs is the Bs-meson mass, and fBs its decay constant which is defined by the
QCD matrix element 〈0|b̄γαγ5s|Bs(p)〉= ipα fBs . The term “O(αem)” originates from the fact that
NLO QED corrections to Bsµ are not complete as virtual NLO corrections to the matrix element
〈µ+µ−|QA|Bs〉 are missing. It has been estimated to be of the order of 0.3%, which is based on the
following observations:

• The O(αem) term in Eq. (3.2) does not contain any enhancement factor like m2
t /M2

W or
1/sin2

ΘW . Such factors are present in the genuine NLO EW corrections of Ref. [2].

• Soft photon bremsstrahlung can potentially lead to sizeable O(αem) corrections. The dimuon
invariant-mass spectrum for the decay rate Bs→ µ+µ−(nγ) with n = 0,1,2, . . . is shown in
Fig. 3 where the (blue) dotted curve corresponds to real photon emission from the quarks,
which has been discussed in Ref. [19]. The red curve is supposed to contain all other O(αem)

corrections, in particular the soft photon radiation from the muons [20] which constitutes the
dominant part.

As can be seen, the (blue) dotted curve is highly suppressed in the signal regions of CMS and
LHCb which are indicated by the dashed and dash-dotted vertical lines. This contribution is
infrared safe because the decaying meson is electrically neutral. On the experimental side it
is (should be) treated as background and it is not considered at all in the theory prediction.

On the other hand, the photon bremsstrahlung from the muons is taken into account in both
experimental analyses with the help of the program PHOTOS [21] which is used to extra-
polate along the solid (red) curve down to zero. Thus, in the resulting quantity there are

4



Bs→ µ+µ− and B̄→ Xsγ to NNLO Matthias Steinhauser

m
µµ

 [GeV]

1
/Γ

µ
µ
 d

Γ
µ

µ
(γ

)/
d
m

µ
µ

10
-2

10
-1

1

10

10
2

5 5.1 5.2 5.3 5.4 5.5

Figure 3: Contributions to the dimuon invariant-mass spectrum in Bs→ µ+µ−(nγ) with n = 0,1,2, . . . The
(blue) dotted curve describes the contribution from photons radiated off a quark line, whereas the (red) solid
line originates from photonic corrections to the muon line. Both of them are displayed in bins of 0.01GeV
width. The (green) vertical lines indicate the blinded signal windows of the CMS (dashed) and LHCb (dash-
dotted) experiments.

no large QED logarithms, which in principle could emerge from the applied cuts, and one
remains with a usual O(αem) correction without extra enhancement.

• One has to worry about the question whether it is possible that QED corrections of order
αem/π ≈ 2×10−3 can remove a helicity suppression factor m2

µ/M2
Bs
≈ 10−4 and thus lead to

correction terms which have to be taken into account. The following reasons show that this
is not the case

– Virtual O(αem) corrections both on the quark and muon line cannot undo the helicity
suppression in the SM since then the same argument holds as at LO and the vector
or axial-vector lepton currents will always lead to suppression factors m2

µ/M2
Bs

in the
branching ratio.

– Real photon corrections of order αem off a muon still lead to helicity suppression be-
cause the QCD matrix element defining fBs is proportional to pα which is the momen-
tum flowing into the vector or axial-vector lepton current. Since the latter is conserved
for massless leptons, helicity suppression remains in action.

– Real photon corrections from the quarks can lift the helicity suppression, however, the
corresponding contribution is highly phase space suppressed in the signal region [19],
as is shown by the blue line in Fig. 3.

– Real photon corrections from the muon can lift the helicity suppression only in case
there is a further virtual photon connecting the quark and muon line. In that case the
above argument is not valid, however, we have a suppression factor α3

em for the branch-
ing ratio, which is significantly smaller than m2

µ/M2
Bs

.
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fBq CKM τ
q
H Mt αs other non- ∑

param. param.

Bsµ (3.65±0.23)×10−9 4.0% 4.3% 1.3% 1.6% 0.1% < 0.1% 1.5% 6.4%

Bdµ (1.06±0.09)×10−10 4.5% 6.9% 0.5% 1.6% 0.1% < 0.1% 1.5% 8.5%

Table 1: Central value and relative uncertainties from various sources for Bsµ and Bdµ . In the last column
they are added in quadrature.

• The O(αem) has to cancel the µb dependence of |CA(µb)|2 which amounts to 0.3% when
varying µb between mb/2 and 2mb.

At that point it is straightforward to evaluate the branching ratio. We refrain from repeating
the discussion about the input parameters which can be found in Ref. [3] but want to mention a
few important issues in connection to the uncertainty of the branching ratio. A summary is given
in Table 1.

• The largest contributions to the uncertainties arise from the decay constants and the CKM
matrix elements. The former is based on lattice determinations, and the values for fBs and
fBd are taken over from a compilation of the Flavour Lattice Averaging Group (FLAG) [22].

• In the case of Bs, we write the CKM factors |V ?
tbVts| as |Vcb|× |V ?

tbVts/Vcb|, which allows us
to use numerical results for the accurately known ratio |V ?

tbVts/Vcb|. Furthermore, a precise
result for |Vcb| has recently be obtained in Ref. [23] taking into account both the semileptonic
data and the precise quark mass determinations from flavor-conserving processes.

• The parameters Mt (on-shell top quark mass) and αs enter the matching coefficient CA(µb)

in a non-trivial way. In Ref. [3] formulae for the branching ratio are provided which allow
for a convenient change of these parameters.

• The column “other param.” in Table 1 shows that the uncertainties originating from the not
explicitly listed parameters (like the Higgs or gauge boson masses or the Fermi constant) are
negligible.

• The contributions to the non-parametric uncertainties, which are estimated to 1.5% both for
Bsµ and Bdµ include

O(αem) in Eq. (3.2) 0.3%
NNLO QCD µ0 dependence 0.2%
NLO EW µ0 dependence 0.2%
NLO EW renormalization scheme dependence 0.6%
Higher-order M2

Bq
/M2

W power corrections 0.4%
MS−OS top quark mass conversion 0.3%

Combining these uncertainties in quadrature would give 0.9%. Our overall estimate of 1.5%
is somewhat more conservative.
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Figure 4: Compilation of experimental results for B̄→ Xsγ with a cut on the photon of Eγ > 1.6 GeV, and
comparison to SM theory prediction from Ref. [4, 5].

• In total relative uncertainties of 6.4% and 8.5% are obtained for Bsµ and Bdµ , respectively.

4. B̄→ Xsγ

There are a number of experiments which have measured the branching ratio B(B̄→Xsγ) with
high accuracy. A compilation of results from CLEO [24], BaBar [25, 26, 27] and BELLE [28, 29] is
shown in Fig. 4 where the hatched (red) uncertainty band corresponds to a combination performed
by the Heavy Flavour Averaging Group (HFAG) [30]. The experimental result is compared to the
theory prediction of Refs. [4, 5] (solid, green band). One observes a significant overlap of the two
bands which indicates a good agreement of the experimental number with the SM prediction. Both
uncertainty bands amount to approximately 7%. Once Belle II starts data taking it is expected that
the experimental uncertainty will shrink, which calls for an improvement on the theory side.

The theory uncertainty band in Fig. 4 receives contributions from unknown higher order (3%),
input parameters (3%), “mc-interpolation” (3%), and non-perturbative effects (5%). Near-future
improvements can be expected from improved measurements of the input parameters and new
calculations of the charm-quark contributions to the four-quark operators Q1 and Q2, which might
improve the “mc-interpolation” uncertainty. An analysis containing an improved prediction is in
preparation [31].
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