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(Quasi-)Degeneration, Quantum Corrections and Neutrino Mixing∗
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In the case of neutrinos having significant masses to be measured in direct search, there are sizeable

corrections to the PMNS matrix. We show the universality of loop effects from any new physics sector

and discuss the seesaw-extended MSSM as an example of a non-minimal flavour violating theory with

non-decoupling effects.

I. INTRODUCTION

In the Standard Model of elementary particle physics, neutrinos play a special role among the fermions: neutrinos are

exactly massless and neutrinos only appear as left-handed fermions. On the one hand, oscillation experiments suggest
non-vanishing neutrino masses [1, 2] which at least have to be in the sub-eV regime. On the other hand, masses of

righthanded neutrinos are unconstrained by the symmetries of the Standard Model and can in principle be much larger
than the electroweak scale [3].

a. Neutrino masses and quasi-degeneration The absolute mass scale of the light neutrinos, however, is still unknown.
Global fits on neutrino data give very precise measurements of the mass squared differences ∆m2

i j
= m2

i
−m2

j
[4] (similar

results are obtained by other groups [5, 6]):

∆m2
21
= 7.54+0.26

−0.22
× 10−5 eV2,

∆m2
31
= 2.45± 0.06× 10−3 eV2.

(I.1)

Unknown as well is the hierarchy of the spectrum: the sign of the larger ∆m2
31

is yet undetermined and distinguishes

between normal (1-2-3) or inverted (3-1-2) hierarchy.
If the lightest neutrino is sufficiently heavy, direct mass searches as done by the Karlsruhe Tritium Neutrino Experiment

(KATRIN) [7] or will be able to measure it—or set a tight upper bound on the effective electron neutrino mass m2
νe
=

∑

i

�

�Uei

�

�

2
m2

i
. After three years of measurement a sensitivity mνe

≤ 0.2eV is expected [8].

b. Quark vs. lepton mixing In the quark sector, flavour mixing is encoded in the Cabibbo-Kobayashi-Maskawa (CKM)
matrix [9, 10] whose mixing angles are measured to be small leading to a CKM matrix being closely the unit matrix. On

the other hand, neutrino mixing is encoded in the leptonic mixing matrix according to Pontecorvo [11], Maki, Nakagawa
and Sakata [12] (PMNS) which is strongly non-hierarchical and shows rather arbitrary mixing. A schematical comparison

between both is shown in Fig. 1.
The small mixings of the quark sector suggest to generate them as an effect of quantum corrections, where the mixing

pattern of the PMNS matrix is usually addressed by postulating flavour symmetries. However, the possibility of radiative
generation of neutrino mixing becomes important in a regime where neutrino masses are quasi-degenerate which will be
proven by the direct mass searches.
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Figure 1: Sizes of the mixing matrix elements—CKM versus PMNS mixing.
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Figure 2: Flavour changing self energy by the virtue of SUSY corrections for quarks (left) and neutrinos (right).

II. RADIATIVE FLAVOUR VIOLATION

In the Standard Model, flavour violation is a property of the Yukawa couplings of fermions to the Higgs sector. Any

theory beyond the Standard Model either provides minimal flavour violation, where all sources of flavour violation are in
the Yukawa couplings, or additional sources of flavour mixing that are tightly constrained by flavour observables.

The general minimal supersymmetric Standard Model (MSSM) carries in principle arbitrary flavour structures in the
terms that softly break supersymmetry. Soft breaking scalar masses as well as trilinear couplings of scalar superpartners to
the Higgs scalars can mix flavour in a way that is not accounted for in the Yukawa couplings. Those contributions enter via

the sfermionic mass matrix and induce flavour changes in self-energies by supersymmetric (SUSY) quantum corrections as
shown in Fig. 2.

Appending those self-energies to charged current interactions (see Fig. 3 for the leptonic case), the flavour mixing matrix
associated with that interaction befalls renormalization according to [13]. It was shown that in the MSSM such corrections

are sufficient to generate quark mixing radiatively [14, 15]. Moreover, finite supersymmetric threshold corrections have
the power to generate fermion masses radiatively [16–19]. Large effects from supersymmetry are also known in lepton

flavour violation [20].
The renormalized electron-neutrino-W vertex can then be written as

i
g
p

2
γµPLU

†
PMNS→ i

g
p

2
γµPL

�

U (0)† + U (0)†∆U e +∆UνU (0)†
�

, (II.1)

with U (0) being the unrenormalized mixing matrix. The correction from the neutrino leg ∆Uν is sensitive to the mass
spectrum and the flavour-changing self-energy Σν

i j

∆Uν
f i
∼

mν f
Σν

f i

∆m2
f i

(II.2)
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Figure 3: Renormalization of the leptonic mixing matrix by flavour changing self-energies at external legs.
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Figure 4: Enhancement factors of radiative corrections to neutrino mixing (right). The shaded area shows the KATRIN discovery regime.

and the charged lepton contribution ∆U e small in contrast [21].
In the quasi-degenerate regime of neutrino masses, there occurs a strong enhancement of this type of corrections that

can significantly supersede loop suppression factors if the absolute neutrino mass is around the KATRIN discovery limit
m(0)
ν
≈ 0.35eV, Fig. 4:

fi j =
mν f

mνi

∆m2
f i

® 5× 105.

III. THE MSSM WITH RIGHTHANDED NEUTRINOS

The standard mass generation mechanism for fermions would force neutrino Yukawa couplings being orders of mag-

nitude smaller than the others. In contrast, the seesaw mechanism provides an effective and elegant way to cope with
light neutrinos by keeping their Dirac masses mD at the electroweak scale. A rough estimate of scales sets the mass of

righthanded neutrinos mR around 1013...14 GeV for mD =O(mt):

mνℓ ∼ m2
D
/mR ≈O(0.1eV).

The implementation of this simplest type of seesaw mechanism in the MSSM involves the addition of righthanded
neutrino superfields: chiral superfields that are gauge singlets under the Standard Model group, coupled to left-handed
SU(2)L doublets via a Yukawa-type interaction and that have Majorana-type masses in the superpotential:

W
ℓ = µHd ·Hu − Y IJ

ℓ Hd · L I
L
EJ

R
+ Y IJ

ν Hu · L I
L
N J

R
+

1

2
mIJ

R
N I

R
N J

R
, (III.1)

with LL = (ℓL , ℓ̃L) ∈ SU(2)L and ER = (e
c
L
, ẽ∗

R
), NR = (ν

c
L
, ν̃∗

R
). The dot-product denotes the SU(2)-invariant multiplication.

Summation over I and J is understood, for symmetry reasons we take the same number of NR fields as LL .
To softly break supersymmetry soft breaking terms have to be included in the sneutrino sector as well:

Vsoft = (M
2

ℓ̃
)IJ L̃ I∗

L
L̃J

L
+ (M2

ẽ
)IJ ẽI

R
ẽJ∗

R
+ (M2
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R
ν̃ J∗

R

−
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IJ ν̃ I∗

R
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R
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�

.
(III.2)
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Figure 5: Off-diagonal neutrino A terms to radiatively generate PMNS mixing. As can be seen from the right-hand side, this effect does

not decouple with increasing SUSY masses.

IV. SOME RESULTS

The SUSY one-loop corrections according to the flavour changing self-energies in Fig. 3 are dependent on the soft
breaking parameters introduced in Eq. III.2, besides the traditional MSSM parameters: ∆Uν =∆Uν(M2

ℓ̃
,M2

ν̃
,Aν).

Radiative lepton decays ℓ j → ℓiγ severely constrain the off-diagonal elements of the soft breaking mass M
2

ℓ̃
as well as

the left-right mixing of charged sleptons, basically Ae. To comply with those flavour observables, we set them to zero in

the numerical example below: Ae ≡ 0 and M
2

ℓ̃
=M

2
ẽ
=M

2
ν̃ ≡ m2

soft
1. The absolute mass scale for the light neutrinos lies

at the KATRIN discovery limit: m(0)ν = 0.35eV.
To show the power of the method, we artificially suppress potential flavour mixing in the neutrino Yukawa coupling

by alignment to the charged lepton Yukawa coupling which always can be rotated into a flavour diagonal basis without

affecting the charged current mixing (in the superpotential of Eq. (III.1)). The only flavour violation which is left sits in
the neutrino A terms—Fig. 5 shows the size of the off-diagonal Aν

i j
needed to produce the corresponding PMNS mixing

|U12| ≈ 0.52, |U13| ≈ 0.15, |U23| ≈ 0.58 (IV.1)

correctly.

V. CONCLUSIONS

As has been shown in this talk, there are radiative corrections to the leptonic mixing matrix which get sizeable if

neutrinos are nearly degenerate in masses. We have not included in the analysis the influence of those corrections to the
masses themselves. However, since the generic structure is not limited to supersymmetric corrections but only depends on

the size of the flavour changing neutrino self-energies Σν
i j

the description can be generalized to any theory with new flavour

structures allowing for non-vanishing Σν
i j

whith i 6= j. In the case of MSSM extensions, the corrections do not decouple

with increasing size of the SUSY scale. To reduce the influence on flavour changing branching ratios ℓ j → ℓiγ a specific

restriction on the SUSY parameter was taken. However, for the numerical example given in this talk BR(µ→ eγ) ® 10−28

complying with data and similarly other Lepton Flavour Violation constraints are obeyed as well. The evaluation of the
branching ratios was performed according to the results of [22].
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