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1. Introduction
Together with direct searches at the LHC, rare B meson decays are very important for the
search of physics beyond the Standard Model (SM). Therefore, it is necessary to provide precise
theory predictions to those decays.
The decay Bs → µ + µ − yields important constraints on extensions of the SM. Recently, LHCb
and CMS have provided first measurements of the branching ratio [1–3] and their combined result
reads [4]
B(Bs → µ + µ − ) = ( 2.9 ± 0.7) × 10−9 .
(1.1)
Previous upper limits can be found in Refs. [5–9]. In the future a significant reduction of the
experimental uncertainties is expected. On the theory side the leptonic decay constant fBs was the
dominant uncertainty in the last years. Recent progress in the determination of fBs from lattice
calculations [10–15] provides a motivation for improving the perturbative ingredients, in particular
the two-loop electroweak [16] and the three-loop QCD corrections [17]. In Section 2 some aspects
of the three-loop matching are discussed, the full discussion can be found in [17].
The inclusive decay B̄ → Xs γ also provides very strong constraints on physics beyond the SM.
Especially in the Two Higgs Doublet Model (2HDM) of type-II, where B̄ → Xs γ gives one of the
highest exclusion limits for the charged Higgs boson mass MH + . Therefore it is worth to calculate
the three-loop QCD corrections to the corresponding Wilson coefficients in the 2HDM, which was
done in Ref. [18] and is shortly described in Section 3. Together with all the other NNLO QCD
ingredients [19, 20] obtained for the SM prediction of B(B̄ → Xs γ), it is now possible to give also
for the 2HDM a consistent prediction at NNLO in QCD.

2. Bs → µ + µ − in the SM at NNLO in QCD
A convenient framework for calculating the branching ratio Bs → µ + µ − , is an effective theory
derived from the SM by integrating out all heavy particles like the top quark, the Higgs boson and
the massive electroweak bosons. The relevant effective Lagrangian for Bs → µ + µ − reads
Leff = LQCD×QED (leptons and five light quarks) + N ∑ Cn Qn + h.c. ,

(2.1)

n

2 /π 2 . The necessary operators are
with N = Vtb∗ Vts G2F MW

QA = (b̄γα γ5 s)(µ̄γ α γ5 µ) ,

(2.2)

QS = (b̄γ5 s)(µ̄ µ) ,
QP = (b̄γ5 s)(µ̄γ5 µ) .
In the SM only the Wilson coefficient CA matters, because contributions from CS and CP to the
2 . In this case, a formula for the measured average timebranching ratio are suppresed by MB2s /MW
integrated branching ratio [21] reads
B(Bs → µ + µ − ) =

|N|2 MB3s fB2s
β r2 |CA (µb )|2 + O(αem ) ,
8π ΓsH
2

(2.3)
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Figure 1: Sample W -boson box diagrams contributing to CA .

√
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with r = MBµ and β = 1 − r2 . ΓsH is the total width of the heavier mass eigenstate.
s
In the SM there are two types of diagrams contributing to CA = CAW + CAZ , the W-boson box
and the Z-boson penguin diagrams (see Fig. 1 and Fig. 3), which are discussed in the following.
The one-loop contribution to CA has been calculated for the first time in Ref. [22] and two-loop
QCD correction can be found in Refs. [23–26].
Sample diagrams to CAW at one-, two and three-loop order are shown in Fig. 1. Since the up
and charm quark masses are set to zero, CAW can be written as
CAW = CAW,t −CAW,c ,

(2.4)

due to the unitarity of the CKM matrix.
The matching can be performed in two different ways, in d = 4 − 2ε and in d = 4 dimensions.
In the first approach we set all light quark masses to zero, which leads to spurious infrared divergences in ε in the full and effective theories which cancel out in the matching procedure. Due to the
presence of those additional poles at intermediate steps, it is necessary to introduce an evanescent
operator
QEA = (b̄γα1 γα2 γα3 γ5 s)(µ̄γ α3 γ α2 γ α1 γ5 µ) − 4 QA ,

(2.5)

which vanishes in d = 4 dimensions. With the mixing of QEA into QA , the Wilson coefficient of the
evanescent operator gives a contribution to the Wilson coefficient CA .
In the second approach we introduce small masses for the strange and bottom quark as regulators for the infrared divergences. The matching of the full and effective theory can be performed
in d = 4 dimensions, so without contributions from evanescent operators. After the matching it is
possible to take the limits ms → 0 and mb → 0. We have used both methods and have obtained
identical results for CA .
In the SM three-loop vacuum integrals with two different mass scales have to be computed.
Some classes of Feynman diagrams of this kind are known (e.g., Ref. [27]), nevertheless we follow
the same strategy as in Ref. [28]. We expand the integrals in the limit MW  mt and MW ≈ mt .
A combination of those expansions gives a very good approximation to the exact three-loop result
and is sufficient for all practical purposes. For the calculation we used the programs QGRAF [29]
to generate the Feynman diagrams, q2e and exp [30] for the asymptotic expansions [31] and
MATAD [32], written in Form [33], for evaluation of the three-loop diagrams.
3
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Figure 2: CA
as a function of y = MW /mt for the charm (left) and top quark sector (right). The (blue)
dashed lines are obtained in the limit y  1, and the (grey) solid line for y ≈ 1. Thinner lines contain less
terms in the expansions. The physical region for y is indicated by the (yellow) vertical band.
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Figure 3: Sample Z-boson penguin diagrams contributing to CA .

In Fig. 2, the results for the three-loop corrections to CAW are shown as functions of y = MW /mt .
The dashed and solid lines correspond to the y → 0 and y → 1 expansions, respectively. For the
charm quark (left panel of Fig. 2) as well as for the top quark contribution (right panel of Fig. 2),
the two different expansions show a nice overlap. Considering the thin lines in Fig. 2, which
represent lower terms in the expansions, they indicate a good convergence for both expansions. In
the physical region of y (yellow band), the expansion arround mt = MW is sufficient.
The second type of diagrams contributing to CA are the Z-boson penguins, sample diagrams
are shown in Fig. 3. For those contributions it is necessary to introduce an electroweak counterterm.
In addition, at the three-loop level one encounters diagrams with triangle quark loops that involve
axial current couplings to the Z-boson. In these cases, one needs to be careful about the treatment
of γ5 . In this work we follow the strategy of trace evanescent operators [34] and cross-checked it
against Larin’s method [35]. In the left panel of Fig. 4 the sum of the three-loop contributions to
CAZ are shown. The two expansions for y → 0 (dashed line) and y → 1 (solid line) again overlap. In
the physical region (yellow band), the expansion y → 1 is again sufficient.

In the right panel of Fig. 4 the matching scale dependence of |CA |2 is shown. In the SM the
branching ratio is proportional to |CA |2 (cf. Eq. (2.3)). The dotted, dashed and solid curves in the
right panel of Fig. 4 show the leading order (LO), next-to-leading-order (NLO) and the new next4
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Figure 4: Left: y2 CA
as a function of y = MW /mt . Right: Matching scale dependence of |CA |2 at LO,
NLO and NNLO in QCD without higher order corrections in EW interactions.

to-next-to-leading order (NNLO) results. The variation of the matching scale for 21 mt < µ0 < 2mt
amounts to around 1.8% at the NLO. With the new three-loop QCD corrections the uncertainty
gets reduced to less than 0.2%.
The results shown so far are at LO in EW interactions. The combination with the recently calculated NLO EW corrections [16] and the RGE running from Refs. [36, 37] leads to the branching
ratio B(Bs → µ + µ − ) = (3.65 ± 0.23) × 10−9 . Details on the numerical analysis can be found in
Ref. [38].

3. B̄ → Xs γ in the 2HDM at NNLO in QCD
For B(B̄ → Xs γ) in the 2HDM type-II we calculate the three-loop QCD corrections to the
Wilson coefficients of the operators
e
mb (sL σ µν bR ) Fµν ,
16π 2
g
Q8 =
mb (sL σ µν T a bR ) Gaµν .
16π 2

Q7 =

(3.1)

The three-loop matching for C7 and C8 in 2HDMs works similar to the SM matching [28], details
of the calucaltion can be found in Ref. [18].
The interaction Lagrangian for the charged Higgs boson with quarks reads
√
LH + = (2 2GF )1/2

3

∑

i, j=1


ui Au mui Vi j PL − Ad md j Vi j PR d j H + + h.c. .

(3.2)

In the type-II model the coefficients Ad and Au are given by
Au = −

1
1
,
=
Ad
tan β

(3.3)

where tan β is the ratio of the vacuum expectation values of the two Higgs doublets. In analogy to
the calculation of CA , we have to consider vacuum integrals with two mass scales (MH + and mt ).
Sample diagrams for C7 up to three-loops are shown in Fig. 5. At the one- and two-loop level,
5

Bs → µ + µ − in the SM and B̄ → Xs γ in the 2HDM at NNLO in QCD
(a)

(b)

Thomas Hermann

(c)

γ

γ
t

b

t

b

γ
b

s

b

H
t

t

s
t

g

H±

t

t

±

b

g

t
g

t
H±

t
s

Figure 5: Sample Feynman diagrams contributing to C7 at one-, two- and three-loop order.
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Figure 6: Left: Three-loop coefficient C7,Ad A∗u as a function of MH + for the three different expansions.
Right: B(B̄ → Xs γ) in dependence of MH + . Solid and dashed lines correspond to the NNLO 2HDM and SM
predictions, the dotted curves represent the experimental average, all with their respective 1σ uncertainty
band.

the calculation can be performed exactly, and one obtains C7 as a function of mt /MH + [39–42].
At the three-loop level, we proceed as in Section 2 and consider expansions around mt ≈ MH + ,
for mt  MH + and for mt  MH + . In the left panel of Fig. 6 the part of the three-loop correction
to C7 proportional to Ad A∗u is shown in dependence of the charged Higgs boson mass. The thickdashed, solid and dash-dotted lines show the results for MH + → ∞, MH + ≈ mt and MH + → 0,
respectively. There is an overlap between the expansions for MH + → 0 and MH + ≈ mt as well as
for the expansions MH + ≈ mt and MH + → ∞, which implies that the expansions are sufficient to
obtain C7 for any value MH + . For the second part of C7 (proportional to Au A∗u ) and C8 the results
look very similar.
For the calculation of the branching ratio we use all known NNLO QCD ingredients from
Ref. [19, 20]. In the 2HDM the branching ratio depends on tan β and MH + . For the type-II model
the branching ratio is almost independent of tan β , for tan β ' 2. For tan β / 2 the branching ratio
is strongly enhanced and much higher than the experimental results. In the right panel of Fig. 6 the
branching ratio is shown as a function of the charged Higgs mass for tan β = 50 (solid lines). In
6
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addition, the SM prediction (dashed lines) and the experimental average (dotted lines) are shown.
The middle lines represent the central values, while the upper and lower ones are shifted by ±1σ .
From Fig. 6 one can extract the following limit for MH + [18],
MH + ≥ 360 GeV

at 95% C.L. ,

(3.4)

where the experimental average B(B̄ → Xs γ)|Eγ >1.6 GeV = (3.43 ± 0.22) × 10−4 from the HFAG
web page [43] has been used.

4. Conclusion
In this contribution the calculation of the Wilson coefficients CA in the SM and C7 in 2HDMs to
NNLO in QCD were discussed. Inclusion of the three-loop corrections leads in both cases to a significant reduction of the matching scale dependence. Together with the NLO EW corrections [16]
for CA , the SM prediction is given by B(Bs → µ + µ − ) = (3.65 ± 0.23) × 10−9 [38]. In the 2HDM
type-II a lower limit of MH + ≥ 360 GeV at 95% C.L. [18] for the charged Higgs boson mass has
been obtained.
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