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Abstract

The anomalous moment of the muon is one of the most fundamental observ-
ables. It has been measured experimentally with a very high precision and on
theory side the contributions from perturbative QED have been calculated up
to five-loop level by numerical methods. Contributions to the muon anomalous
magnetic moment from certain diagram classes are also accessible by alternative
methods. In this paper we present the evaluation of contributions to the QCD
corrections due to insertions of the vacuum polarization function at five-loop
level.
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1. Introduction

The anomalous magnetic moments of electron and muon are among the best
experimentally measured quantities and are also very well understood from the-
oretical side. In particular, the perturbative QED corrections have been under
consideration for a very long time. The leading-order QED corrections have
been considered by Schwinger in Ref. [I], the next-to-leading order corrections
not much later in Refs. [2, B]. At three loops, i.e. next-to-next-to-leading order,
the QED corrections have been first calculated numerically in Ref. [4] and later
analytically in Refs. [5H7]. At four and five loops the complete QED contribu-
tions have been calculated numerically in Refs. [8,[9] while only partial analytical
results exist [TOHI]. For a more thorough review of the current status see e.g.
Ref. [19].

In the case of the muon anomalous moment, next to the universal contribu-
tion, contributions from diagrams with closed electron loops are of particular
interest. A subgroup of this class of diagrams, contributions from corrections to
the photon propagator, can be easily obtained using already available building
blocks [10} 20]. At five loops the leading contributions have been obtained from
considering the asymptotic form [I7], which resulted in unexpected discrepan-
cies with the results obtained in Ref.[2I]. The aim of this paper is to improve the
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predictions for the anomalous magnetic moment of the muon made in Ref. [I7]
and to resolve the discrepancies. To this extend we approximately reconstruct
the photon vacuum polarization at four loops using all available information.

This paper is organized as follows: In Section [2] we collect the necessary
information to construct an approximation for the vacuum polarization function
at four loops. In Section [3| we present the calculation of the contribution to the
anomalous magnetic muon from vacuum polarization insertions.

2. QED vacuum polarization at four loops

We define the vacuum polarization function IT(¢?) as usual by
(@4~ g ) = [ do (0T ()7 (0)0). (1)

with the current j* = 1y and write it as an expansion in the fine-structure
constant «

() = 2n0 () + (2) 1) + () 1) + (2) 19 (e2) + 0.
T T 7r 7r

(2)
At three and four loops the vacuum polarization can only be calculated in a
low-energy, high-energy or threshold expansion at the moment. The available
information can then be used to construct an approximate function using Padé
approximation. In the following we will present the results for the corresponding
expansions and construct an approximating function. The renormalization of
lepton mass and fine-structure constant « is performed in the on-shell scheme.
Note that in this scheme the condition II(0) = 0 is being imposed.

2.1. Low-energy expansion

In the low-energy limit the polarization function can be expanded in a power
series in z = ¢*/(4m?2) < 1

my _ 1 (n) _k
M = 2 ;Hlekz : (3)

For the QED case at hand, the result for the non-singlet contribution can in
principle be obtained from the QCD results given in Ref. [22]. But since the
results are not given expressed through colour factors they cannot easily be
translated to the case of QED. The low-energy expansion was therefore recalcu-
lated for the case at hand. The calculation follows a well-established path. The
Feynman diagrams are generated using qgraf [23] and mapped onto six topolo-
gies using g2e and exp [24] 25]. Then a FORM [26] program is used to apply
projectors and take traces. The resulting scalar integrals are then reduced to
master integrals using Crusher [27], which implements Laporta’s algorithm [28]
for solving integration-by-parts identities. The needed master integrals have



been calculated in Refs. [29H37]. Combining all steps and performing the renor-
malization of all quantities in the on-shell scheme, the first three moments are
obtained
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where n; denotes contributions from closed lepton loops and where we used
the abbreviations a; = log2 and a,, = Li,(1/2). si marks contributions from
singlet diagrams.

2.2. High-energy expansion
In the high-energy region we write the result in the form

(my _ 1 (n) —k
I, = 1672 I;Hhe,kz . (7)

The coefficients of Eq. can be expressed through four-loop massless prop-
agator integrals which, in turn, can be reduced to 28 master integrals. This
reduction has been done by evaluating sufficiently many terms of the 1/D ex-
pansion [38] of the corresponding coefficient functions [39]. The master integrals
are known analytically from [40].



As the result, the leading two coefficients of Eq. are
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where n; denotes contributions from closed lepton loops and where we used
the abbreviations a; = log2 and a,, = Li,(1/2). si marks contributions from
singlet diagrams.



2.3. Threshold expansion

The polarization function in the threshold region can be written as

n n k
H§h3= Z Hihz,k\/l_z .

k=2—n

(10)

In non-relativistic quantum field theory the NNLO expression for the threshold
cross section is known for an arbitrary SU(N) gauge group [4I]. This means
that the derivation of the threshold expansion is essentially the same as for the
QCD case, which is described in Refs. [42][43]. The only additional steps consist
of setting the group invariants to their U(1) values and converting the coupling

to the on-shell scheme.
The resulting coefficients read

() :L3 n
thr,—1 384 ’
2 17 11 11 )
HEh)r,O :<768 + 128a1>m log(l —z2) + BTk log“(1 — %) + const,

@ (17 397 5 13 4 41
I (=L _ 27 el 2 il
(1927r 2304 24" T 3304™ T Gax )™

11 11 o«
~ oy log(1 — RGN
* qgpnulos(l = 2) + ( 7r + 72)”’ ’

for n =3 and

Eﬁ)r,—g :17;87#@3711,
Hgﬁ)r,q :<23704773 - %773651 - ;WC?,) n — %71’3711 log(1 — z),
Hiﬁ)r 0 :( - % + %al - %a% - %ﬁ + 45—87T2a1
+ ﬁw‘l 1§i§3>nl log(1 —2)
+ (— % + fi)n?log(l —2z)

115 121 11 ,
[ttt il log?(1 —
(1536 52 T 7R” >”l og"(1-2)

p— 3 p—
3073 log®(1 — z) + const,

for n = 4, where we again used a; = log 2.

2.4. Padé approximation

(11)

(12)

(13)

Having all building blocks at hand the polarization function can be recon-
structed using Padé approximation [I5], [42H48]. For the four-loop contribution



we closely follow the procedure outlined in Ref. [43]. In the three-loop case we
introduce slight modifications to accommodate the large amount of information
in the available low- and high-energy expansions. We first give a brief review of
the method as used in the four-loop case and then discuss the changes for the
application to the three-loop contribution.

2.4.1. Approzimation procedure at four loops
As in Ref. [43], we first split II(¥)(2) into two parts,

M (z) =TI (2) + TEN(2), (17)
using the ansatz
0 3+25
4 4
1_[l(oé Z Z kl]’C( ) + Z Z dmnDS@ln ) (18)
j=—1 i=1 n=0m=0
(Al—i—%) fori=3,7=0
K () =P () Gz) x ¢ (A + 1) fori=1,j=~1, (19)
1 otherwise

- 1+ B%z forn=3
735331(2) :(Z G(z)) (1 1/2) 7 rlle 1+ BIQZ forn=2, (20)

1 otherwise

with the known two-loop polarization function II?)(z) as introduced in Eq.

and
Gy = 218 () g VIZ=T! (21)

22\ i-t Ji-1+1

The coefficients k;; can be fixed so that all known logarithms in the threshold
expansion (Egs. (10, (14)— (16)) are absorbed into the first term on the right-
hand side of Eq. . Expanding Eq. in the threshold region generates the
required logarithms and half-integer powers of 1 — z, as can be seen from the
expansions

G() = S +0((1 - 2)"), 22)
1 (z) = — % log (1 — 2) + const + O(V1 — 2). (23)

In a similar way the factor zG(z) in Eq. generates logarithms in the
high-energy region:

2G(2) = —% log(—42) + O (i) . (24)



This means we can choose the coefficients d,,,, with m > 0 in such a way that

these logarithms are also absorbed into Hl(;l;(z). The remaining coefficients dy,,

are fixed by requiring that Hgg%(z) has no poles for z — 0 and, more specifically,
11 (0) = 0.
To estimate the error of the approximation we vary the parameters A;, B;
independently with
A;e{-1+1, —-1+4, -1+£16, —1+64},
B; €{+£1, £+4, +16, +64}. (25)

In a second step we define

A = (152 (1)) -t -=0) (26)

with z(w) = 4w/(1 + w)? and construct Padé approximants

n—1 i n
_ Dig GiW F W

pam(e) = S (27)
using the constraints
Pnm(1) =Pi(1), Pp.m(1) =P(1),
Pam(=1) =Pi(=1), P00 =P"(0),  i=0...3, (%)

and requiring the absence of terms proportional to z~'/2 in the high-energy
expansion of HE;%. In total there are eight constraints, i.e. we obtain Padé
approximants with n +m = 7.

If pm(w) has poles inside the unit circle |w| < 1 the corresponding re-
constructed polarization function shows unphysical singularities in the complex
z plane. We therefore discard such approximants. Furthermore, we require
|Prm(w)] < 1.5 for |w| =1 in order to remove approximants with pronounced
additional peaks above the physical threshold at z = 1. A notable effect of this
cut is the elimination of all Taylor approximants pr o(w).

Since the approximants are only available in numerical form we show the
general features in Fig. At the top of the figure we show the envelope of
all Padé approximants that have been calculated and compare with the low-
and high-energy expansions. In the bottom half we show the maximal deviation
from the mean in percent. As can be seen there are only significant deviations in
the range = > 0.8, which correspond to the uncertainty due to a limited number
of terms in the high-energy expansion.

2.4.2. Modifications at three loops
At three loops much deeper expansions can be used for the construction of
the Padé approximants and solving the resulting large system of constraints
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Figure 1: Padé approximation for () (7 ﬁ—zmi) . We show in the top half the approximants

and in the bottom half the relative error with respect to the local mean of all approximants
obtained.

becomes more involved. Our strategy will be to incorporate as much of the
threshold information as possible into the logarithmic function Hl(gg);(z), so that
all constraints are imposed at w = 0. The resulting system can be solved very
efficiently using well-established techniques of one-point Padé approximation.

As in the four-loop case we first split the polarization function into two parts,
using

I (2) = Y kyKS (2) +denp<3> (29)
i2>0,j
) ) 1—2) forj
K& (2) =T (2)iG () x {< 2y forg>0 (30)
1 otherwise
DI (2) =(2G(2)" (1 = 1/2)1 %] (31)

Z’Il

to absorb the logarithms and the threshold singularity. Since we expect to obtain
sufficiently many different Padé approximants for a reliable error estimate we
refrain from introducing additional parameters at this point.

To map all available information from the low- and high-energy expansions



onto w = 0, we define

30 7(3)
Puo(e) = ()" (Hﬁzg(zw) - z<;>i> ,
i=0
) 1 9 i
H® = = e _ -
SR (au/z)) ros (2) (32)
Z——00
The Taylor approximant is fixed by imposing
pé?,o(()) = ngé)(o), i=0,...,61. (33)

We can deduce all further approximants with n+m = 61 and n+m = 60 using
Baker’s recursion formula [49]E|

>

N _ Mj—2 —W7hj—1

ii = = = | even , 34
= Il Nl N j (34)
nj _ Tj—2 —Mj-1 ,
J il = =5 Odd, 35
Pn-T41,14] T R J (35)

where the numerator 7); of the Padé approximant is normalised as in Eq. .

It should be noted that the known threshold constant at order 1 — z is
not included in the approximants. We find however that the information from
the threshold region has virtually no effect on the reconstructed polarization
functions in the Euclidean regime z < 0. This is contrary to the four-loop case,
where the approximants are far less constrained by the low- and high-energy
expansions.

3. The anomalous magnetic moment of the muon at five loops

The QED corrections to the anomalous magnetic moment can be calculated
in perturbation theory and can thus be written in form of a power series in the
fine structure constant «

w=30(5) . £
k=1
(2k)

where a;, ~ can be further decomposed — following the conventions in Ref. [8] —
as

a® = APY £ AP (e fmy) + ATE (mr fmy) + AT (me fmyme fmy) - (37)

I Note that the denominator in the first equation of Eq. (13) in Ref. [49] contains an obvious
typo. The proper expression is 72;_1602j_2(x) — 272, _202;_1(x).
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Figure 2: Prototype diagram
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Figure 3: Classes of diagrams accessible by the used method.

Ag%) contains the universal contributions, which in case of the muon anoma-
lous magnetic moment only contain muon loops. The diagrams contributing
to Agzk) (me/m,,) and A(sz)(mT/mu) have at least one electron or tau loop,
respectively. In Agzk)(me /My, my/m,,) contributions from diagrams with both
electron and tau loops are collected. In this paper we are mainly interested in
contributions to Ag%)(me /m,,) without any muon loops.

The contributions to the anomalous magnetic moment of the muon due to
photon polarization effects can be calculated (cp. Fig. [2]) by using

2
< 2

m- .
1—z *

1
Gy = 9/ de(1 - 2) [-TI(s,)] , 85 = — (38)
T Jo
Multiple insertions of one-particle irreducible vacuum polarization can be ob-
tained by using
1
a, = g/ dz(l —x) [—Hlpl(sw)]n , (39)
0

s

leading to e.g. at two-loop order

= j/ol dﬂ?(l — .1:) [—HQL(Sx) + 2H1L(8$)H1L(Sw)] ) (40)

The classes of diagrams accessible by this method are shown in Fig.

In the following, we compare the results obtained in our analysis with results
from previous calculations. The numbers shown are obtained by numerically
integrating over the best available approximation. In case there are several
equivalent approximations the result is obtained by taking the mean of all values
obtained. The errors are then calculated by taking the difference between the
mean and the smallest and largest values obtained, respectively.
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| this work | Ref. [I7] | Refs. [21] 50-52] |
I(a) 20.142 813 [ 20.183 2 [ 20.142 93(23) 150]
1(b) 27.690 061 | 27.718 8 | 27.690 38(30) 50
I(c) 4.742 149 481759 | 4.742 12(14) 50
I(d)+I(e) 6.241 470 6.117 77 | 6.243 32(101)(70)  [50]
I(e) -1.211 249 | -1.331 41 | -1.208 41(70) [50]
I(f)+I(g)+1(h) || 4.446 975 | 4.391 31 | 4.446 68(9)(23)(59) [50, 51]
1(i) 0.074 6 75 | 0.25237 [ 0.087 1(59) 211
1(3) -1.246 975 | -1.214 29 | -1.247 26(12) [52]

Table 1: Results for Aéw)(me /my) with pure electronic insertions. Please note that the
authors of Ref. [I7] only used the asymptotic form of II(s) and did not provide any error
estimate.

this work

Ref. [§]

22.566 976

22.566 973 (3)

30.667 093

30.667 091 (3)

C

5.141 395

5.141 395 (1)

I(a
I(b
I(
I(

~— | — ||

e

-0.931 839

-0.931 2 (24)

Table 2: Results for Aéw)(me/mu) including electronic and muonic contributions.

Table 3: Results for the universal contributions A

12

(10)
1.

| this work | Ref. [9] |
I(a) 0.000 471 | 0.000 470 94 (6)
I(b) 0.007 010 | 0.007 010 8 (7)
I(c) 0.023 467 | 0.023 468 (2)
T(d)+1(e) 0.014 093 | 0.014 008(5)(4)
I(e) 0.010 291 | 0.010 296 (4)
I(f)+1(g)+1(h) || 0.037 795 | 0.037 833(20)(6)(13)
() 0.017 167 | 0.017 47 (11)
1(j) 0.000 390 | 0.000 397 5 (18)




For classes I(a)-1(j) we present our results for the case of purely electronic
vacuum polarization insertions in Tab. We compare our results with the
values obtained in Ref. [I7], which relies only on the leading asymptotics of
I1(¢q?), and results obtained by purely numerical calculations.

Since the results for classes I(a)-I(c) are obtained by numerical integrating
the exact analytical expression for the one- and two-loop vacuum polarization
they are exact.

In the case of classes I(d) and I(e) the used three-loop Padés are highly
constrained by a large number of terms in the low- and high-energy expansion.
Thus the error from the spread between different approximants is negligible.
As can be seen the results are in good agreement with the results obtained
in Ref. [50] and the analysis in Ref. [I7] can clearly be improved by including
sub-leading contributions.

In case of classes I(f)-I(j) the used four-loop Padés are less precise but also
here we find good agreement within the quoted errors with the results obtained
in Ref. [§]. In all cases one finds a significant improvement when comparing to
the leading logarithmic approximation used in Ref. [I7].

For classes I(a)-(c) and I(e) we can obtain the full result for Aélo) (me/my,)
including muonic contributions. These results are presented in Tab.[2] In Tab.
we present our results for the universal corrections and compare with the results
given in Ref. [9]. In both cases the discussion as for the purely electronic contri-
butions can essentially be repeated and also here good agreement with results
available in the literature is observed.

As a check of our setup we repeated the analysis of Ref. [I5] and found
complete agreement with their work.

4. Conclusions

We presented results for a certain set of five-loop contributions to the anoma-
lous magnetic moment of the muon that stem from corrections to the vacuum
polarization of the photon. We have shown that an improved treatment of the
vacuum polarization, including more than its asymptotic form, leads to a signif-
icantly better agreement with results obtained by purely numerical methods. It
can be clearly seen that for certain classes of diagrams the asymptotic form of
the vacuum polarization function is not sufficient and power suppressed terms
play an important role and have to be included in the analysis.
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