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Abstract

We evaluate a Laurent expansion in dimensional regularization parameter
€ = (4 — d)/2 of all the master integrals for four-loop massless propagators
up to transcendentality weight twelve, using a recently developed method of
one of the present coauthors (R.L.) and extending thereby results by Baikov
and Chetyrkin obtained at transcendentality weight seven. We observe only
multiple zeta values in our results. Therefore, we conclude that all the four-
loop massless propagator integrals, with any integer powers of numerators
and propagators, have only multiple zeta values in their epsilon expansions
up to transcendentality weight twelve.
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About one year ago Baikov and Chetyrkin published their results of eval-
uation of all the master integrals for four-loop massless propagators in a
Laurent expansion in dimensional regularization parameter ¢ = (4 — d)/2 up
to transcendentality weight seven [1].

These integrals are associated with graphs depicted in Fig. 1. The corre-
sponding coefficients at powers of € turned out to be linear combinations of
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multiple zeta values (MZV)
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(see, e.g., Ref. [2]). In our recent publication [3], we studied three four-
loop non-planar massless propagator integrals (corresponding to non-planar
graphs) where, according to the analysis of Brown [4], one could meet not
only MZV but also Goncharov’s polylogarithms [5] with sixth roots of unity
as arguments. One of them is M, 5 in Fig. 1 and the other two integrals are
not master integrals and reduce to some master integrals in this figure. We
performed calculations up to transcendentality weight twelve [3] and observed
only MZV in results.

In this paper we continue our experimental investigation of the four-loop
massless propagator diagrams and present results for all the master integrals
up to transcendentality weight twelve. Our motivation is twofold. First,
we would like to check explicitly whether there are only MZV in results.
Second, we would like to demonstrate further the power of the ”dimensional-
recurrence-and-analyticity” (DRA) method [6] that we use. The method is
based on the use of dimensional recurrence relations (DRR) [7] and analytic
properties of Feynman integrals as functions of the parameter of dimensional
regularization, d, and was already successfully applied in previous calcula-
tions [8, 19, 110, [11, 12, 13].

A necessary condition of the application of DRA method is the possibility
to make an integration-by-parts (IBP) [13] reduction of integrals participat-
ing in DRR to master integrals. To do this, we use the C++ version of the
code FIRE [14]. To reveal analytic properties of the master integrals we used
a sector decomposition [15, |16, [17] implemented in the code FIESTA |17, [18].
To fix remaining constants in the homogenous solutions of dimensional re-
currence relations it was generally not sufficient (contrary to our previous
work [3] on the evaluation of three non-planar diagrams) to use analytic re-
sults for the four-loop massless propagators master integrals [1] (confirmed
numerically by FIESTA in Ref. [19] where one more term of the e-expansion
was obtained) up to transcendentality weight seven. To obtain additional
information here we applied the method of Mellin—Barnes (MB) represen-
tation |20, 21, 22]. For each integral the number of terms calculated with
the help of MB representation was sufficiently large to provide at least one
consistency check of our results.



At the final stage of the method, we applied the PSLQ algorithm [23] as
well as the code HPL [24] for dealing with MZV. Since the rational coefficients
at transcendental numbers turn out to be quite cumbersome we applied PSLQ
with the rather high accuracy of 1500 digits.

In our results presented below, we tried to reveal as much as possible
the homogeneous transcendentality. This is achieved by pulling out suitable
rational functions of € and by considering a linear combination, with rational
coefficients, of a given master integral and some of its lower master integrals.
However, for the last three integrals, the task of finding such linear combi-
nation is quite complicated because of the large number of the lower master
integrals. For these three integrals we have succeeded to find their repre-
sentation in the form of a sum of several homogeneous terms with rational
coefficients in d. This representation allowed us to pull out a rational factor
so that any transcendental number appeared only in the limited number of
consecutive terms of ¢ expansion. We choose the following loop integration
measure
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so that M3;(4 — 2¢) = ¢~*. This choice corresponds to the normalization of
Refs. |1, 13].
Below we list our results ordered by the complexity level (c.l.) [8].
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Figure 1: Master diagrams for four-loop massless propagators. Here c.l. means the com-
plexity level — see Ref. [§].
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One may notice that rational coefficients in front of (5 involve the very
big prime number 691 in the denominator. This is because the same num-
ber appears in the numerator of (5 = 691712/638512875. If we use 7'2,
instead of (j9, this number will disappear, and the highest prime factor in
the coefficients denominators will be only 13.

Our results are in the full agreement with the results of Ref. [1] up to
terms considered in that paper. Partly, this is because we used some of
the data from Ref. [1] for the determination of the homogeneous parts of
the solution of DRR. Nevertheless, our calculation can be considered as a
nontrivial check of the results of Ref. [1] because of many constraints on the
terms of e-expansion provided by the DRA method and fulfilled by the results
of Ref. [1].

We also confirm the numerical results of Ref. [19] where one more term (as
compared with Ref. [1]) of the e-expansions of the most complicated thirteen
master integrals was obtained using FIESTA [17, [18].

We observe that only MZV are present in our results for the four-loop
massless propagator master integrals. Since any other four-loop massless
propagator integral, with any integer powers of numerators and propagators,
can be represented, due to an IBP reduction, as a linear combination of the
master integrals, with coefficients which are rational functions of d, we come
to the conclusion that any four-loop massless propagator integral has only
MZV in its epsilon expansion up to transcendentality weight twelve. This
means that if we want to find something beyond MZV in four-loop massless
propagator diagrams we have to go to higher transcendentality weights. This
is certainly possible within our approach. In fact, we have chosen weight
twelve because it looks to be already a sufficiently big number. We can
perform calculation up to higher weights and will do our best on demand,
for example, if somebody has reasons to believe that unusual transcendental
constants can appear at some specific weight.

This possibility is due to an important feature of the method that we use.
Once we have a result in terms of a multiple series which always appears to be
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well convergent, going to higher powers of € is an easy procedure, in contrast
to other methods/]

Taking our results into account one obtains more motivations to try to
prove that there are only MZV in massless propagator diagrams. Another
alternative is to continue to look for unusual constants in higher loops. Keep-
ing in mind the dramatic progress of the last years in the field of evaluating
Feynman integrals, this also looks to be a possible scenario. All results pre-
sented here are available in computer-readable form on
www-ttp.particle.uni-karlsruhe.de/Progdata/ttpl1/ttp11-20/.
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