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e One-loop (NLO) computations for hadron collider processes are very important for

Introduction

successful hadron collider phenomenology — they often provide first approximation in
perturbative QCD which is reliable.

* In the past few years — remarkable progress with one-loop computations, right in time for
the LHC start up.

» Complexity of NLO computations increases with partonic multiplicity of the process. The
rule of thumb — increase of multiplicity by one unit requires decade of theoretical progress.

This rule was true for about 30 years but, finally, it was broken.

An experimenter’s wishlist
B Hadron collider cross-sections one would like to know at NLO
Run Il Monte Carlo Workshop, April 2001
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Introduction

NLO predictions are currently available for
major production channels:

1) multiple jets (up to 4 jets )
2) a gauge boson and up to 4 jets

3) multiple gauge bosons in association with
jets (up to VV + 2j)

4) top quarks in association with jets (up to
two) and gauge bosons (W,Z, photon)

5) Higgs and up to two jets

Process (V £ {Z,W. 4P

Comments

Calculations completed since Les Houches 2005

1 pp— VV jet

2 pp — Higps+2jets

pp=2VVY

4. pp — tEbh

5 pp - V+3jets

WW jet completed by Dittmaier/Kallweit/Uwer [27, 281
Campbell/Ellis/Zanderighi [29].

Z Zjet completed by
Binoith/Gleisberg/Karg/Kaner/Sangumnett [30]

NLO QCD to the gg channel

completed by CampbellVEllis/Zanderighi [31];

NLO QCD+EW to the VBF channel

completed by CiccoliniDenner/Dittmaier [32, 33]
Interference QCD-EW in VBF channel [34, 35]

Z ZZ completed by Lazopoulos/Melnikov/Petriello [36]
and W W Z by Hankele/Zeppenfeld [37],

see also Binoth/Ossola/Papadopoulos/Pittan [38]
VBENLO [39, 40] meanwhile also contains

WWW, ZZW, WWry, Z2Z~, WZ v, Wy, Zvy, yry
WZ3, Wryj,vid, Wi

enntDitifaier/Pozzorind [41, 42]
KO Papadopoulos/Pittan/Worek [43]

W £3iet the Blackhat/Sherpa [44]
Rocket ollaborations
Blackhat/Sherpa [46]

Calenlations remaining from Les Houches 21
6. pp — t+2jets relevant for t£H | computed by
evilacgua/Czakon/Papadopoulos/Worek [47, 48]

T pp— VV bb,
B pp = VV+2jets

NLO calculations added to Q

Pozzorim et al [25] Bevilacqua et al [23]
WHIW++2jets [49], W+W—+2jets [50],
VBF contributions ealculated by
(Bozzi)Jager/OleariZeppenfeld [51. 52. 531

9. pp — bbbb

Binoth et al. [54, 55]

NLO calculations added to List in 2009

10. pp = V + 4 jets

11. pp — Whbj

12, pp — i

also: pp — 4 jets

top pair production, various new physics signatures
Blackhat/Sherpa: W-+djets [22], Z-+4jets [20]

see also HEJ [56] for W + njets

top, new physics signatures, Reina/Schutzmeier [11]
various new physics signatures

Blackhat/Sherpa [19]

In most cases, one can get the one-loop ingredients that are required for even higher-
multiplicity processes in a relatively straightforward way. The real bottleneck now is the
computation of real emission corrections for higher-multiplicity processes



Introduction

The breakthrough that I just described is the consequence of a radically new technique for
one-loop computations that has been developed in recent years. The goal of these lectures
is to review this technique.

We will start with a brief summary of traditional approaches for one-loop computations
since it is important to understand what we attempt to improve upon; we will discuss the
new framework after that.



Traditional approaches to one-loop computations

* One-loop integrals can be represented by a linear combination of four-, three-, two- and
one-point master integrals and a remainder which is called the rational part. This
distinction appears because the reduction coefficients are computed in four dimensions (D
— 4 limit is taken)

[ dPi Num(l)
I / 2m)P (14 q0)? = mg) (L + q1)? = mP)...((I + gqnv-1)? = mF_;)

J
- D =4 —2e szzpk p1+p2+..pny =0
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P

P2

IN = ca;jlaj + c3;513,5 + coyjlaj + c1501,5 + R + O(e)

Pz Ps
1+q;
mnj Master integrals can be
4+a.Aim. m4 1+ computed numerically using
P R b ST F77 program QCDloops
! (Ellis, Zanderighi)
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Traditional approaches to one-loop computations

e The reason any integral can be reduced to a linear combination of scalar integrals is,
essentially, Lorentz invariance. Let us consider an example of how such a reduction
(Passarino-Veltman) can be performed

1—1
dP1 [H 2 2
po— _ p di =+ ) pr)°—m;
¢ /(%)D Didod, PO+ pCh ,;1

1
l°p1=§(f1+d2—d1), fi=m3—mi—pi
1
l-p2=§(f2+d3—d2)a fo=m3—m3 —p3 —2p1 - p2

Contracting the integral with two vectors, p, and p,, we obtain a system of linear equations
& R p1-P1 P12
G — 1 Go =
2<01> <R§> ? (pl-pz P2 - P2
1
Ry = 2 (f1Co(1,2,3) + Bo(1,3) — Bo(2,3))

1 ( Ch ) _ G;l( 1 )
RS = 2 (£200(1,2,3) + Bo(1,2) — Bo(1,3)) C? 5



Traditional approaches to one-loop computations

If we consider higher-rank integrals, we can see that a reduction pattern emerges

ow = [ ALy 3 O = 0
— (27)D dydads =g 00 pzpj 21 = L12

1,7=1

By contracting with p, and p,, canceling scalar products in numerators and denominators
and equating terms with same momentum-dependence on the l.h.s and the r.h.s, we find

Cin \ -1 ( R$ ( C12 ) _ -1 ( R{?
(o) () (en)=o (m

1
R¢! 5 (f1C1(1,2,3) + B1(1,3) + By(2,3) — 2Co0(1, 2, 3))

R5' = £ (1Co(L,2,3) + Bi(L,2) ~ Bi(L3))

C,, is obtained by contracting the integral with the metric tensor

C100 — Q(Dl— 2) (leco( ) o f2C2(]-7 273) o flCl(la 273) + BO(273)>




Traditional approaches to one-loop computations

e The emergent structure of reduction ; the complexity decreases when going from top to
bottom . Fully established procedure to reduce any one-loop diagram to scalar integrals

Table 2.1

Reduction chains for the Passarino-Veltman proce-
dure; see Appendix A for a definition of all coefficients.

Dijxi — Doojj» Djjk, Gijk, Gij, Ciy Go
Dooij — Dijk, Dy, Gy, Gi
Doooo — Dgoi, Dog, Coo
Dijx — Dooi, Dy, Gyj, G

Dooi — Dy, Di, G, Go Diini1, Ciji, Bij, A

D — Dqo, Di, G, Go . .

Doo — D;. Dy, Co are the 4-point, 3-point, 2-

D < s point and tadpole integrals,
respectively

Ciix — Cooi» Cij, By, B;
Cooi — Cii, G, B;, By

Cg’j — Cm},Cf,B;',B{]

C[]D — CJ,CQ,BD

Ci — CD,BQ

Bii — Byo, Bi, Ag
Byo — Bi, By, Ag
B;‘ — B[],A[]




Why non-traditional approaches ?

e There are few issues with traditional approaches that require care

— large number of diagrams (factorial growth with the number of external particles)
— huge expressions that appear in the course of the reduction procedure
— Gram determinants in high powers may lead to numerical instabilities

— for multi-particle processes, hard to express the result in terms of truly independent
structures which may be important for getting rid of spurious complexity

e It was thought for a while that these features will be a show-stopper for the Passarino-
Veltman reduction but it did not happen; it turned out that all of these issues can be solved
with a little bit of ingenuity and improved computing power

 However, in recent years an interesting alternative to the Passarino-Veltman reduction
appeared. It was originally developed by Ossola, Papadopoulos and Pittau as a reduction
procedure for one-loop integrals that operates at the level of an integrand.

e It was realized later on that this OPP procedure can be connected in an interesting way to
deeper aspects of Quantum Field theory such as unitarity.

e Very often, the OPP procedure is presented using spinor-helicity formalism which is useful
for certain things but leaves some other aspects of the construction (extension to D-
dimensions, inclusion of masses etc.) somewhat unclear. We will start by preparting
framework to discuss the OPP reduction procedure without spinor-helicity formalism.



Van Neerven — Vermaseren vector basis

The important element of the construction of OPP procedure is the van Neerven —
Vermaseren vector basis.

Consider a linear vector space spanned by two non-orthogonal vectors g, and g, . While
we can write [F = ¢ qib + CQQS it is not very convenient for finding c, and c, .

A more convenient basis is [* = clv’f + CQU'g , where

6:“’@12 " eqllu’
U

m
L™ cqign €9192

L

(%

Since ¢;  V; = 035 wefind ¢ =101-q, ©1=1,2.
P= (gt + (0 go)ek

This representation may be useful for facilitating reduction if we think about momentum 1 as
the loop momentum and momenta q, , as the propagator momenta in a Feynman diagram

(T +q)* =my) = (17 = mg) + mi —mg — q;] .

DO |

[-q =



Van Neerven — Vermaseren basis

To extend this discussion to higher-dimensional spaces, we can re-write the basis vectors as

u elqu ¢ 1492 elqu 551616122 v v | 1/| V1 SV v, SV

vy = = = € €12 =912 = det|0 071072 — 0,102

1 g192 K1 p2 M1 2 7 M1 2 M2
€4192 €q1qo €9192 5q1q2

Consider now a Feynman integral that depends on N (independent) incoming momenta
k, ...k, . Introduce the vINV basis by the straightforward generalization of the above

5]431...]451'_1/1,1']{31'4_1..]{,’]\7
_ _ki....kNn 5’“1 MN = det|5‘,j| k; - v = 5@'

L
/Ui 6
k‘N

Beware that basis vectors are not orthonormal  V; - U; # 0; j

For N < D, need to introduce additional basis for part of the vector space that is not
spanned by the external momenta (the transverse space)

z—N—|—1
Z Koy + Z ninY = Z kYol + Z ntnY Completeness relation
1 =N—+1

1 =N-+1
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Van Neerven — Vermaseren basis in two dimensions

We will now use the vNV basis to investigate some properties of one-loop integrals in two
dimensions. This is a useful exercise since

— everything that we will learn is directly generalizable to four-dimensions

— algebra is much more simple in two dimensions compared to a four-dimensional case

General statement: in D-dimensional space-time, the basis of master
integrals consists of D-point, (D-1)-point, ...one-point integrals, so all
integrals higher than D-point are completely reducible . We will try to
understand why this statement is true for D=2

d?l 1
I3 = I3, Iz = di = (I +q;)* —m? =
3 / (27_‘_)2 3 3 dodldgj ( +Q) mza 4o
Shaz 5qi'“2
=vi(l-qi) +vy(l-g2), of = ch. vy = qAZ Az = q1q5 — (q192)°
2



Van Neerven — Vermaseren basis in two dimensions

e Contract the loop momentum with itself

2
=o'l q) + 0 (1 q2) m 2(do+md) =Y (1-vi)(di —do) — Y (I-vi)rs
i=1
Rewrite the last term in that equation using representation of 1 in terms of vINV basis vectors
2
1
Z(lvi)ri =5 Z(w cv)(dj —do —r;), wh= vari
j i=1

1
2(do +m3) = 5 (Z 120 - v; —w - v]d; — Z(Ql —w) - vidy + Zri(w : vz)> :
Dividing by d , d,, d, and collecting the terms, we find the reduced form of the integrand
1 {2l-vl—w-vl 20 - vy — W - Vo 4—|—(2l—w)°(?}1—|—?}2)}

dodg * d0d1 dl d2

Note that each reduction coefficient is linear in momentum and that the integration over 1 can
be easily performed because this vector integral in the numerator is projected on the transverse
space for particular integrals. This makes integration over loop momentum trivial

I3 =
4m3 — w2

_ 4 (1)
I3 = / (2ﬂ)2f3 T [(w - v1)lo2 + (w - v2)Io1 + (2 —w - (v1 +v2))]12).



Van Neerven — Vermaseren basis in two dimensions

e As the next example — consider the reduction of a (special) rank-two tensor integral to
scalar integrals in two dimensions. We will, however, consider a d-dimensional integral, to
account for a possible UV divergence

Al2
@:%Lﬁ,dpd%mﬁ do=(1+k)?*—m3 n-k=0, k*#0, n*=1.

W =-n)n"+ A -n)n" 4+ (1 n)n¥ nt = ——

(7 - 1)? Nrp?2 1 [r2—-20-k 72420 k4 2k?
= — + +
dldg dl dg 4k‘2 dl d2

kY — 2k2(mi + m3) + (mi — m3)*
4k2 '

2 _ (s N2 .2 1.2 2 2 2 _ 12 2 2 42
pe = (-0, r{=k"+mi—ms3, r3=k“+m5—mi, A\ =

(fl . l)2 B bo + b1n -1+ bg(l’fle)z n aio+ al,l(n . l) + al’g(’fl . l) n as.o + ag,l(n . l) + ag’g(ﬁ . l)2
didy dyda dy da '

bo=—M\2, b1 =0, by=—1

We can find those coefficients in a different — and quite instructive — way



Van Neerven — Vermasseren basis in two dimensions

e Rewrite the previous reduction formula as
(’fL . l)2 _ bo +bin -1+ bg(lﬁe)Q n aio+ al,l(n 1)+ al’g(’fl . l) n azo+ a2’1(n 1)+ az,z(’fL . Z)2

dyds dids dy da
(A -1)? = bo + b1i - 1+ ba(Ine)* + O(dy, do)

Note that the right hand side simplifies if the above equation is studied for the loop
momenta such that d; and/or d, vanish . In particular, by requiring that both d ,

vanish, we project the right hand side on b-coefficients only ,

di(l.) =0, dy(l.)=0 1,-n.=0. - Wi

Note that the momentum for which both propagators vanish is, in general, complex
Compute the left-hand side and the right-hand side for two values of the 1 momentum
XN =by+biA-1F, A =bg+bn-l, A 1E = i) #£ 0
bo = =A%, b1 =0.

The reduction coefficients is found from the loop momenta that force the two
propagators to be on the mass-shell. Clearly, these momenta are special. Also this
feature of the reduction is not at all obvious in the regular Passarino-Veltman approach.



OPP reduction algorithm: parametrization of the integrand

In a renormalizable quantum field theory, the rank of a tensor integral can not exceed the
number of external legs. We will be concerned with this situation.

We will prove the following equation for the integrand of a one-loop integral

d°l Num(l) f o1 1
Iy = = é (1) di(I
" f (2m)° H d;(1) (2m)? H an |, 2. Fubisiv [] j(l)

!],i:,i3,ilq,|5 |#|||,iz,j3,i4~i5|
+ Z minisia( [ ] dfh+Zc.l|” [T 40
] 2 E]_ I_-| '?é[j].iz..i.i]_,lq] 1y, 2 E]_ |_T"I'||| !2 ! |
+> biu,( ] du+ZaH I]l_[d{.‘}
Iy, 1z JFliy, iz] J#Fh

The reduction formula is valid in D-dimensions assuming that external momenta ar
dimensional

The highest level master integral is a five-point function — this is a
consequence of dealing with D-dimensional space

Each propagator appears on the right hand at most in first power

We will find that the reduction functions e,d,c,b,a have very particular dependence
on the loop momentum that facilitates the reduction to master integrals



Parametrization of the intergand: the 5-point function

 We will begin with the discussion of the five-point function. The highest possible rank of
a tensor integral is five. We assume that vectors u,_, _ are ~external" and therefore four-

dimensional
5 4
Hurl / Hdi , di=(I+aq@)*—mi, q=0.
=1 1=0
4
#= D g = (i do — (2 — 2+ )
i=1

4

4 4
N:(l) = (l_[u )[u5-f}:%ZEu5 (nu )id —dn —%Z(’uﬂ-uj'] (l_[ui-f) {q_f—mf+mﬁ},
=1 i

i=1

First term on the right-hand side is a collection of rank-four four-point functions; the last term
is a rank-four five-point function. We can disregard the four-point function for now and
continue with five-points.

Repeating this procedure over and over we get rid of the tensor structure from the five-point
function and conclude that, in the OPP reduction formula, the coefficient of the 5-point
function is a constant

€01234(1) = €p1234.



Parametrization of the integrand: the four-point function

e For the four-point function, the highest rank of a tensor integral is four. We use the vVN

basis and perform a computation similar to the five-point case
3

l“:Z(l g )Vt + (1 - ng)nl] + (1 - ne)nk.

1=1
3

:(l_[ul-f) (Uug - ) = Z““ b.(l_lu| )id—dg
i
.l 3 . ) 3 3
—EZuq-u_;{qf—m_f+mﬁ‘]l_[u|--1'+t'f-n4][ti4-n4}l_[uj-f
=1 i i

The first two terms on the right hand side are " "reduced"; they are either lower-point or lower-
rank integrals. The last term is the rank four again. To simplify it, repeat the same procedure
for one of the scalar products

(f[luz) (I na) (Huz ) (1 n4)?

2-q=di—do— g2 +m?—m2, i€l.3 12 = dy 4+ m?

(I-n4)* = —(1-ne)? + const + O(do, dy, da, d3)

doras(D) = do + di(1- ng) + dy(1-n.)* + ds(1-n.)*(1- ng) + da(l-n.)*,



Parametrization of the intergand: the three-point function

* For the three-point function, the highest rank of the integral is three.
2

= (- @)l ++( - na)nk + (1 na)nly + (1 no)nk.
=1

4 4 4 4
l_[”,u!:] Ly Zcii“'nr’]‘“‘ZC}_H'“‘nf}E-i-ch“'an
j— i=3 i=3 i=3

=3
+ ca(l-ng) (I - n3) + cs(l- n3)2(1- ng) + (- n3)(1 - ng)%.
We have one constraint on the projection of the loop momentum on the transverse space
(I-n3)* + (I-n4)? + (I - ne)* = const + O(dy, dy, ds)
Use this constraint to trade some scalar products for other scalar products
(1-n3)%l-ng, (I-n4)?l-n3 = (I-n)*l-ng, (I-n)?l-ns.
and choose (I -n¢)?, (I-n3)® —(I-n4)®  asindependent scalar products.

Co12(l) = Co + C1(1- n3) + & (1 nyg) + 3((1- n3)? — (1- ng)?) + C4(1- n3)(1 - ng) + &s(1- n3)° + (1 - ng)’
+ & (- ne)* +T(l-no)*(I-n3) + Co(l-n)*(l- ng).



Parametrization of the integrand: the two- and one-point functions

 We follow exactly the same way to derive the parametrization of two- and one-point
functions. We find
4

7!
= (gt + S0 mnt o+ (o, ol = L
P q;

boi(I) = bo + by(I- ny) + by (I n3) 4 bs(I- ny)
+ ba((1- n2)® — (I- n4)) + bs((1- n3)*> — (I- ng)*) + be(l- nz)(1 - n3)
+bs(I- n3) (- ng) + bg(l - ny) (I - ng) + bo(l- nc)?,

Note that the above parametrization is only valid if q is not a light-like vector. To deal

with light-like vectors — external massless particles — we need to use a differentl
parametrization

ai(l) = ao + a(I- n1) + ax(I- ny) + as(l- n3) + as(l - ny).
We have constructed the most general parametrization of possible numerators of various
N-point functions using physical and transverse space. Why this is a useful thing to do?

To understand this, lets try to integrate one of the terms in the OPP reduction formula
over the loop momentum



Usefulness of the OPP parametrization

e Recall how the OPP parametrization looks like:

d°l Num(l) f 11
= = iy iz inainis () dj (1)
! ferr‘l”Hd;uJ er)P [Td) 2. Eniia® ] i)
! i

i].iz.f}.ilf.,lg __|-',r—""|||.li2.j3.il4.ilﬁl
+ Y diau® ] a0+ D Gnpu® [ 4O
.i].ilz..li:{,i._‘ Ji:,é[i],ilz.il:{.i._‘] j].fz..i] Jlfr—’t|!|.li),i;|
+Y by ] q.m+Zaj]m]_[q.m}.
iy,dp J#liy,ia] iy J#Fh

We take a few of the contributing terms and check to what extent the integration over
the loop momentum can be performed. We begin with the 4-point function.

dPl  dpias(l)
.[ — e . 2 _ 2 — 7/: . —
4 / (2m)D dodidads di = (I + q;) my, qo =0, Gi=1.3 M4 =0

doras = do +di (1-ng) +da (1- ne)2 +ds (1- ne)2 (1-ng)+ds(1- ne)4 :

dPl 1 ny - [ dPl 1 irP/2d
= 0. I = d _ 4
/ (27T>D d0d1d2d3 4 O/ (27T)D d0d1d2d3 6(27T)D + (9(6)

The integration over the transverse space can be performed trivially; it
removes a large number of the reduction coefficients



Usefulness of the OPP parametrization

e A similar simplification occurs for three-, two- and one-point integrals. The three-point
example

; _/ dPl E12(l)
3 (27T)D d0d1d2

di = (+q)*—m?, qo=0, ¢i=1,2 - N34 =0

Cora(l) = Co+Ci(1-n3) + & (- ng) + C3((1- n3)* — (I- ng)*) + C4(l - n3)(1- ng) + Cs5(1- n3)> + o (1 - ny)?
+& (- n)? +Cs(l-n)*(L-n3) 4 Eo(1- ne)*(1- ny).

/ dPl (I-nga) / dPl (L-mg)* —(1-na)® _
(27T>D dodldg B (27T>D dodldg B

dPr 1 inP/2¢,
Is =c¢ — O
3 CO/ (27T)D dodldg (27T)D2 + (6)

The c(1) reduction function is parametrized in terms of traceless tensors defined on the
transverse space. The integration over directions of the transverse space can be done
trivially



Usefulness of the OPP parametrization

e The OPP parametrization allows us to integrate over the transverse momentum spaces in
the trivial way, so that we can write the result of the reduction in full generality.

(1dl PQiJIIl(l) (0) (0)
I — — e 7, Z5 7,1 '4
N / (2m)P [1d:(1) 2 Gt D dil,

11..15 i1..1a
~(0) b(o) I (OI D/2R o
—|_ Z 7,1’627,3 11'52'53 _|_ Z 2112 ’LlZQ Z ) —|_ (6)
11..3 2119
7(4) ~(7) 2 9
R =— Z dilé.u _ Z Ci1;2i3 _ Z [mil ‘;mh (g, _6%'2)2] 52)32
11121314 111213 1112

We see that, to compute any one-loop integral, we require several momentum-independent
coefficients e, d,, c,, b,, a, and a few terms that contribute to the rational part.

We will now turn to the discussion of how these coefficients can be computed



How to compute the reduction coefficients: five-point
* We have established that it is possible to write any relevant numerator function as

Num(l) :Zei1i2i3i4i5 H d +d21222324 H d + .

J#[i1]i5] J#[i1]44]

We now discuss how to compute the reduction functions in the above equation. We begin
with the five-point coefficient e which, as we know, is momentum-independent constant

€01234 = dz(lc) = 0, 1 E [04] d = (l + qi)2 — m?, qo = 0.

1
l“:Z(l-qi)vf—l—xnfj, l-q; = (d—do—( —m; +mg))
i=1
1
dz(lc):O = Qi_>_§(q2_m +mg)
1
1
= =V panl!, VF= o ;(q? —mi +mg)v;
_ Num(/.)
P=mi = x=d244/mi-V2 01034 =
\/ I di(le)
i#0,1,2,3,4

It is more reasonable to trade a constant, as a five-
point reduction coefficient, for ([ - n€)2



Refining the five-point computation

We get the constant, D-independent coefficient for the five-point because we compute
regularized integrals rather than four-dimensional integrals.

There is a price to pay: when we take the D — 4 limit, the computed five-point functions
turn into a combination of the four-point functions, in accord with a general statement
discussed earlier

We have found, empirically, that this leads to numerical instabilities which can be qutie
severe. To get rid of them, it is useful to change the normalization

- ~(0 ~(0
E01234(1) = E\Thaa = E4rasa(l - 1e)?.

With this change, the five-point integral decouples completely in D — 4 limit and does not
destructively impact calculation of the four-point reduction functions

/le L) _ o
(2m)P dodydodsds ‘




How to compute the reduction coefficients: four-point function

* Having computed the five-point reduction coefficient, we can re-write the numerator
function in a way that is suitable for the direct extraction of the four-point coefficients

Num Zei1i2i3i4i5 H d +d7,17,27,37,4 H d —|_

jF#£[i1]i5] J#i1|14]

Numl(l) — Num(l) - Zéi1i2i3i4i5 H dj — 11%22324 H d T+ ..

J#[i1]i5] j;é [41]24]

The four-point function reduction coefficients can be computed using
Num1 in which case there is no need to worry about leftovers of the five-
point function coefficients.

Once the four-point reduction coefficients are found, they are also taken to
the “"left hand side", offering the opportunity to find the three-point
reduction coefficients in a simple way.



How to compute reduction coefficients : four-point function
* We need to design an algorithm that allows us to compute all the coefficients that enter the

four-point reduction function . To a large extent, this is a repetition of what we just did for
the five-point function.

dotos(D) =do+di (L-na) +do(1-n)> +ds (1-n)? (L-na) +da (1-n)*.

dv0123(l) = dz(lc) =0, 7€ [03], d; = (l + qi)2 — m?, qo = 0.
3

1
H = Z(l g v +xink +ant, g = 5 (di — do — (¢; —m; +mg))
i=1
1
di(le) =0 = 1-gi— —5(qf —mi +mj)
4
1
*—1F=VH*+ 2, (cosgnly +singnt) VH = 5 Z(QE —mg +mg)vy

i=1

) ) N Choose special values of ¢ to project on
l2=my = xL= \/ mg — V2. different reduction coefficients.

- 1 - -
— 5 (Aol +dorma(0)) . = 5 (draalle) = o)




How to compute reduction coefficients : three-point function

* For the three-point reduction coefficient we use a similar procedure

Cor2(l) = G+ C1(1-n3) + & (1- ng) + &((1- n3)> — (1-ng)*) + C4(l - n3)(1- ng) + T5(1- n3)> + (- ng)’
+7(1-n)? +T(1-no)*(1-n3) + To(1-n ) (- ny).

2

"= Z(l - @i )V 4+ 4x 1 (cospnf + singnf) + xnt.
i=1

L 9

di(le) =0 = [-q — —5((1

7 —m; +mg)

4
1
I —*=VHF+ 2, (cosgnk +singnl) + xnt VF = —5 Z(q? —m; +mg)vl
i=1

P=mi = 25 +z2°=mi—-V~-

Choosing x| ,x.,¢ we determine all the relevant c-coefficients

Discrete Fourier transform is a useful way to solve the system of equations for ep-independent
coefficients



Discrete Fourier transform for the three-point function

e The discrete Fourier transform allows us to write simple formulas to find coefficients of the
reduction function for three-points. Focus on the cut-constructible part.

Cor2(l) = Co+ Ci(1-n3) + & (1- ng) + &((1- n3)> — (1-1g)*) + Ca(1- n3)(1- ng) + (1 - n3)> + e (1 - ny)°
+&(1-n)? + (- n)%(L- n3) + Eo(L- n)2(L- ny).

3
| oo (t) = cth
" ~ +x) (cosgnk +singnk), t=e 012(?) k;:s
k |8
2mwirn . _
d e T =0k +1), r<k+1 em == Cora(tn)t "
n=0 n=0

The discrete Fourier transform is neither unique nor superior way to solve a system of
linear equations



The OPP reduction: the re-cap

We now summarize what we learned about one-loop reduction procedure using the OPP

method
[ _f d®l Num(l) _f 1 - ’ .
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OPP reduction coefficients can be obtained from values of the loop momentum such
that certain combinations of propagators vanish

Once the integrand-level reduction is performed, the integral-level reduction is
obtained straightforwardly by means of parametric (rather than real) integration



Why the OPP procedure is important

The OPP procedure allows us to reduce any one-loop integral to a basis set. It can be used
in a calculation of Feynman diagrams as any other reduction procedure.

It is not clear to me if the OPP applied to individual diagrams is " "better" than say the
Passarino-Veltman. OPP can be used to obtain numerical results for individual Feynman
diagrams without much preparation. This is in contrast to PV reduction of high-rank high-
point tensor integrals which requires quite a bit of analytic work. On the other hand, PV
reduction is analytic while the OPP is numerical.

The true strength of the OPP reduction procedure is different. Recall that the OPP-
reduction coefficients can be computed using special values of the loop momenta. As we
will explain now, this allows us to organize computations based on OPP in such a way
that one deals directly with scattering amplitudes bypassing Feynman diagrams entirely.

To accomplish this, scattering amplitudes need to be written in the "“color-ordered" form.
This is the next topic that we will discuss.



Color ordering for scattering amplitude

e While color algebra seems like a minor nuisance, compared to what we have to deal with
anyhow, it is useful to organize calculations in QCD in such a way that color degrees of
freedom factorize. Consider tree-level gluon scattering.

[Ta, Tb] — Z'\/ifabcTC, Tr (TaTb> — 5ab
[F* F°| = —FAF¢, F2=—iV2f%, Tr(F*F®) =2N.6%.

Up to possible permutations, any N-gluon scattering amplitude is then given by the matrix
element of product of (N-2) F-matrices [f92 93 [r9n—1]

alan
1
2N,

= Te([[... [[T*, T], T, ..., T*2] [T%1, T%])

(F2F% .. F%n-dF%m-1) ok [Lsn [P FRLEYs os P 2] [F%-1,F7])

n—2

Z Tr (F COFRFEE ok ag””) A;l:irev Amplitudes that multiply traces

€ oe€Sn/Zy of products of F and T matrices

. lled color-ordered
A =& Z ir (T re@r T )An,o‘ scattering amplitudes
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Properties of color ordered amplitudes

For N-gluons, there is just one color-ordered amplitude (Bose symmetry)
Color-ordered amplitudes are gauge-invariant
Color-ordered amplitudes are cyclic-symmetric  m(g1, g2, ..-gn) = m(g2, .., Gn, g1)-

They satisfy reflection identity m(g1, 92, --9n) = (=1)"m(gn, .., 92, g1)

and abelian identities, e.g
Ma(1,2,3,...,n) = Ma(81,82, 83, -->8n) + Mn(81, 83,82, -+, &n) + - - Mn(&1, 83, - .-, &n, 82) = 0.
Color-ordered amplitudes can be computed from the color-stripped Feynman rules

Only such diagrams where physical ordering of gluons coincides with their ordering in a
color-ordered amplitude m(g1, g2, g3, ...9n)  have to be considered

These properties of color-ordered amplitudes are valid both at tree- and the one-loop level

,u.l:kl § 2
P l\/ﬁ ‘('L‘l k2)ﬁ13 Jupn M i 3% [29’;51;13 Gpuopry
fa, ko = >
1 4 = *(kZ - k?))ﬂ-l Gpopez u1p gﬂzﬂ-sJ
: . 1 —Gupo s
+(k3 — k1) o Guap] fripry Jpizpiy

2 p3, ks i M3

3
__ s _ ;8
1 " >vvm‘ = gﬁf‘m >vvm‘ = —Lﬁ Vit



Proof of the abelian identities

e As asimple illustration of the color-ordering concept, we will prove the Abelian identities

muy(1,2,3,...,n) = Mn(81,82,83,---,8n) +Mn(g1,83,82,.--,8n) + - -Muy(81,83,...,8n,8) =0.

Consider a gauge theory where the gauge group is the ""direct product” of two groups
SU(N,) and SU(N,) and consider the color-ordered amplitude in such a theory. The gluons

from two different groups do not interact.

L=L+Ly [T Tb} = /2 febee where structure constants vanish if gluon indices
belong to different groups

Take n-gluons from the first and m-gluons from the second group. The scattering amplitude is
zero — no scattering — but we can write it in a sophisticated way.

M=) Tr (T . T+ )m(L,...n1m) = 0.

Because generators of different SU(N)'s commute, traces are not independent. Collecting
similar terms, we find that linear combinations of amplitudes that differ by relative
placements of gluons that belong to two different gauge groups should vanish

m (1, 2,..n,n+1,..n+ m) =0




Calculation of color-ordered amplitudes

e Color-ordered amplitudes can be calculated both analytically and numerically. Analytic
computations are based on spinor-helicity methods that are applicable in a most
straightforward way for D=4 and for massless particles.

 We will see that for one-loop computations tree-level color-ordered amplitudes in higher-
dimensional space-times and for massless and massive particle will play an important role.
A robust framework to compute those is provided by Berends-Giele recurrence relations
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G"(g) = €" is the initial condition for the gluon current . To obtain amplitude from the
current, need to multiply with the gluon polarization vector provided that
the external momentum is light-like.

M(Gn+1, 91, --n) = € (gn+1)G" (91, ---gn)



Calculation of color-ordered amplitudes

e Similar currents can be introduced for other amplitudes, for example qq + N gluons current
satisfies the following relation

W Ik:') s
ny nq @g:{i n m
e E £
\% (g np—1
F)—(H)—o— — Z
éE(@ m=0
L'F} 3 E’ -

Tig

Note that for dealing with fermion amplitudes, color-ordering is not sufficient and one has
to introduce the so-called left- and right- primitive ampltiudes

The Berends-Giele recursion relations for various currents provide a robust (masses are
allowed, arbitrary space-time dimensionality is not a problem) way to calculate
color-ordered amplitudes of arbitrary complexity.

Since modern incarnations of Fortran contain a notion of recursive functions, coding up
recursion relations becomes very easy



BCFW relation for scattering amplitudes

 Asan example of how Berends-Giele recursion relations can be used, we will prove a
particular relation for scattering amplitudes due to Britto, Cachazo, Feng and Witten .
N

* Consider a color-ordered N-gluon scattering amplitude M((g; , 952, .. 9;5--9n )

P1

%M(z) =0,

zZ

P1 —>]91(Z) —
pi(z) e =0, p;(2) €

z-pole

if

:,U(].,0,0,].), pj::u(]-aoaoa_]-)
p1+z2pq, pj — pi(2) =pj — 2pq.

lim M(z) — 0

z2— 0

—e;rzq/\/i qg=(0,1,%,0)

€1 =

T =0.

> M(0 Z Res
z=z;7#0

ax M(7¢, M(ﬂ;?‘, —))

0--13 %
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The N-point amplitude is expressed through on-shell

amplitudes of lower multiplicities, under the
assumption that the amplitude vanishes at large z



BCFW relation for scattering amplitudes

e To prove that the amplitude vanishes at large values of z, we use Berends-Giele relations

M(z2) = € Ai(2), p1(2)*Au(z) =

Hy, ~ (pr +ps)~? (2(pw - S)H, + (ps — pu)u(H - S) — 2(ps - H)Sy, + Vi, (S, H, S))
pg = —zpuq+ O(1), ps~ O(1) Assume that H ~ O(1).
H, ~z1'(22(q-S)H, — 2q,(H - S) — 2(ps - H)S,.) .
H, ~(2q-8)H, — q.(H-S)+ O(z™")
The initial condition ~ H,, ~ e/, ~ ¢* H, ~Jg,+0(z"")
A(2) ~ (pr +ps) H ~ 2Jg" + O(1).

piAY(z) _ Jpi-q
V2pz V2p

M(z) = ey A*(2) = — +0(z77) = 0(z7").



Colorless loop integrals

* The importance of color-ordering is that scattering amplitudes can be represented in a
unique way. To see this note that because in a color-ordered amplitude external particles
are physically ordered, there exists a well-defined
P> Ps ““parent diagram" — a diagram with the largest number of
I+ propagators that depend on the loop momentum. All
other diagrams can be obtained from the parent one by
pinching and pulling ( these operations do not change the

P P4 ordering of external particles).

PN Because of that, a one-loop color-ordered amplitude has a well-defined integrand
that we can write as

/ dPl Num(l, p, €)
An =
(27T)D dodl---dN—l

At this point, we do know what the propagators are and we do not quite know what
Num is. It turns out that we do not need to specify this explicitly since, for a one-
loop computation, we need to know Num for very particular value of the loop
momentum.



Colorless loop integrals, amplitudes and the OPP

* The key idea is to combine the existence of color-ordered representation for the amplitude
and the OPP technology. These two things allow us to write

/ dPl Num(l,p,¢)
AN p— p—
(27T)D dodl---dN—l

P2 P3
1+q2

P4

b 2 G odi, 2 ddndy,

7:1|’I:5 11..74 11..13

/ dP1 éil...i5(l> + Jil--i4(l) 4+ 6il---ii%(l)

(2m)"

PN

Following our discussion of the OPP procedure, each of the reduction coefficients is
computed from the loop momenta that forces relevant subset of propagators to vanish.

If this happens for the loop momentum 1_, the integrand factorizes into products of tree

on-shell amplitudes, as the consequence of unitarity. These amplitudes are almost
conventional except that they are needed for complex on-shell momenta and in D-
dimensional space-time

We conclude that the OPP reduction coefficients for full color-ordered amplitudes can be
obtained directly from tree-level amplitudes — no Feynman diagrams are required

Num(k, p
[1D;

b T A (i), (ki)



Four-point cut-constructible coefficient: BCF relation

e One of the beautiful consequences of this analysis is a very simple formula for the
reduction coefficients of any four-point function that contributes to N-point scattering
amplitude

di (1) =0, di,(l.) = 0, di, (I.) = 0, di,(l.) = 0.

le =1y :V“:I:\/V2 —mZ nj.

Ji1i2i3i4 (l) — ~(0) ; + d(l)

’1,1’1,2’1,3’1,4 ’1,1’1,2’1,3’1,4

’1,1’1,2’1,3’1,4 = 5 Z Al AS(lC)A4(lC)

We have derived a very general result for the box
reduction coefficient(s) first pointed out by Britto,
Cachazo and Feng



Getting the amplitude in D-dimensions

e To determine all relevant coefficients that are produced by a four-cut, we should allow the
loop momentum to be D- or more precisely 5-dimensional. If we want to apply the same
algorithm as before, we have to understand two things:

— the D-dependence of the integrand

— how calculation of tree-level scattering amplitudes in D-dim. space can be approached

D-dependence of the integrand ( gluon scattering amplitudes) is linear. For one-loop
computations, it is sufficient to know the function N, (I) (four-dimensional helicity scheme).

) _/ dPl Ni(1) + (D — 4)No(1)
Hoop = (27T)D dodl...dN

The reduction procedure outlined above works for any integer D. To obtain N, we need

to compute the integrand for two different values of D and take the difference . For
example, D=5 and D=6 can be used.

From the described procedure, it follows that we need to be able to compute tree
scattering amplitudes for higher-dimensional space-time to implement this construction



Getting the amplitude in D-dimensions

* We have the machinery to obtain amplitude in D-dimensions since Berends-Giele
recursion relations are D-independent.

e The only thing we should carefully consider are the polarization degrees of freedom.

e Momenta are at most five-dimensional ( external — four-dimensional, loop-momentum —
five-dimensional).

e Gluon polarization states for 5-d momentum; three different polarization states

p = (E,pssinf cos¢, pysind sing, pscoséb, ps), Ez—ping, E>0
+ 1 . . . :
£ oz E[U,cns&c&sqﬁ::p ising, cosfsing + icosg, —sinf, 0)

et = p;l (ps4, Esiné cos ¢, Esinf sing, Ecos#, 0) .

For fermions, very similar procedure can be employed ; it requires extension of the Dirac
algebra and construction of spinors that are solutions of the Dirac equation in higher-dimensional
space-times



The algorithm: numerical implementation

* For numerical implementation

fix the color-ordered amplitude; draw a parent diagram

specify all possible cuts that lead to non-vanishing contributions
in dimensional regularization, starting with the quadruple cut

loop momentum on the cut assumes complex values P P

each cut produces a sum of products of certain number of
tree amplitudes

tree-amplitudes for complex on-shell momenta are computed
using Berends-Giele recursion relations

products of tree amplitudes provide reduction coefficients for master integrals

for proper treatment of ultraviolet structure of the theory, one needs to perform this
procedure in higher-dimensional (integer) space-time. For pure Yang-Mills, for
example, D=5 and D=6 is sufficient to reconstruct full one-loop scattering amplitude
from on-shell unitarity cuts.

The procedure allows us to obtain an answer for a one-loop scattering amplitude without
having to deal with Feynman diagrams AND off-shell degrees of freedom including ghosts !



Complications: charged massive particles

 The OPP reduction procedure is independent of whether external or internal particles have
masses. However, when we put the OPP and the unitarity ideas together, a peculiarity
appear.

* The reason is that one-particle reducible corrections to the external legs — which we so
easily disregard when we do diagram-based computations — are part of many contributions
that are required to get gauge-invariant amplitudes that contribute to a given cut.

/ Res [M(q, {g;9})] = D Molg,q",9") x M(¢",9",{q,9})
~ -._!L!UUL!L: = R(pq*7pg*’{q’g})

{\ MU0 = T e m2 T BP0 gh),
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NN L Disregarding the singular part is not a good option
w NN gy —\ em since the remainder is not gauge-invariant. One of the
| ANNAY ;:{c S, . most appealing features of our construction gets,

| | \Q((‘;( . effectively, violated.

g\ € This problem is related to wave-function
Zy=1—Cp g2 cr ( B ) (§ 45— 77) renormahz.atlon.for massive EX’.[EI.‘I‘lal particles being
5 m?2 not gauge-invariant ( although it is gauge-parameter
independent for covariant gauges in dim. reg.



The power of unitarity: gluon amplitudes

10
P1 Pa E
1h]
E10°
'_
4 atree
2 10* A"®(4-4-) [DP] + |
10 A'(+-+-..) [DP] *
PN fit to degree 4 polynom. - -
102 fit to degree 9 polynom. —
18 5 10 15 20
20! ~ 2.4 x 10 diagrams
Number of gluons

Giele, Zanderighi

N-gluon amplitudes can be calculated for arbitrary N. Explicit numerical results
available for N through 20. Factorial growth in the number of Feynman diagrams
makes this computation impossible with traditional methods.



Analytic methods

Our discussion suggests that any scattering amplitude can be expressed as a linear
combination of boxes, triangles etc. Not counting the rational part, we need to know one

coefficient per master integral to derive the final result. Yet, we compute much more. Can
we do better?

D
I, — d’l Num(l) Z 50 Foiins
D 11 f2 !'3 f4 f5 1112131415
(27) n () R
"(0) (0) (0) ~(0)
+ Z i1,ip,13,i l1121314 + Z i1,i7,i3 i11213 Zbrl 12',1112 + Z ai[ JrI'1 = R.
i1,i2,i3,i4 i1.i2.13 i1,i2 i1

The answer to this question is provided by computational techniques developed by
Forde, Mastrolia and Badger. These techniques, in princple, are more suitable for
analytic, rather than numerical, construction that was the main focus of our discussion
so far.

The very first example of such approaches is the BCF relation for the box reduction
coefficient that we derived earlier. We would like to see if a similar formula exists
for three- and two-point functions

~ 1
d?1i2i3i4 — 5 z;:Al(lC)A2(lC)A3(l6)A4(lC)



The three-point cut-constructible coefficient

« We consider a three-point function that corresponds to cut propagators d,, d,, d,

Recall that on a three-point cut, the loop momentum is fixed up to a one-parameter ambiguity

" =VH 4+ (cos ¢pnf + sin ¢nY)) e =t I =VF41 (ten” +t7'nl).
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The three-point cut-constructible coefficient
Therefore, we can write the triple-cut residue as  ¢p12(l4.) = é((ﬁ)g + Z c(()li)g
k=—3 k;«eo
al = r n;+ N
1, (1) T M- (0 k
Ar(t) A2t As(t) = Y | D~ g | + o + Z it
i=3 \ j=1 t+ — 1 i k=—3,k#0

We see, therefore, that the triple cut is a rational function of the variable t, . The Laurant

expansion of this function at infinity can be used to obtain the required reduction
coefficient of the relevant three-point function
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the reduction coefficient



The two-point cut-constructible coefficient

 We can use a similar framework to find the cut-constructible coefficient of the two-point
function; the resulting formula is, however, more complicated.

} 2 Z(n)

. 1
0 M — fm ' \
by, = [:f-z.n [ny.zn [A1A, ] 7 H =iz > [£:200414:431 (2, )
L=+

To understand this formula, we need to know the momentum parametrization for the double cut
that is employed in writing it down. To write it down, we start from the canonical OPP formula

1
M = —§q1 + 11 (nk cosf 4 nk sin 6 cos ¢ + n!| sin O sin @)
qy 4y(1 —
cosf@ =1—2y, z=tsinb, :>l“——7+lL(n§(1—2y)—|—zn”—|— y<z y)ni)

The formula for the double-cut coefficient implies that integration over y and z is performed
in a particular way, by substituting powers of y and z by some constant terms. To understand
why this is done, recall that dependence of the double-cut function on cog# is polynomial.

501(9) b(o) b( ) cos 6 + b( )(3 cos’f —1).  Substitution  y™ — m;—kl

allows us to project bo1 (0) on to b( ). The z-substitutions are similar but more
difficult to explain



Examples

We will consider some examples that will illustrate concepts that we discussed in these
lectures.

We will talk about two examples that will illustrate what is needed for constructing
numerical unitarity framework.

We will be particularly interested in the desplaying the rational part which reminds very
much what happens with various QFT anomalies in perturbation theory

Time permitting, we will also talk about spinor-helicity methods and show an example of
how these methods can be efficiently used in one-loop computations.



The photon mass in the Schwinger model

 We will compute the mass of the photon in two-dimensional QED (the Schwinger model)

. 2 dq'ﬂ&ﬁxﬁ%w
B / @mP P+ k)

Since we deal here with massless theory, single cuts vanish identically; the non-vanishing
result should come from the double-cut

2=0, (I+k)?2=0 L o o 2 K
=0, (I+k)"=0= = =k U+ (ngnt, B+ (1ne)? = =

le 1 k‘2 €1 °k‘€2 -k
H12=—262/(27T)D EEWSE [2(”_-6)1(”_-62)4‘7 (61-62— 12 )] .

We can average over directions of the transverse momentum components

(I e)(lL-e2) =17 (61 + €2 — (e ]22(6 . k)> = (—%2 —(1- ne)z) (61 - €3 — Gh ]2)2(6 ' k)>

II _—262 €1 € —61.k€2.k / d”1 (l°ne)2 _ﬁ e _€1°/€62°k
12 — 1" €2 L2 (27T)Dl2(l—|—k)2_ - 1€2 12




The Higgs boson decay to two photons

e The Higgs boon (scalar particle) decay to two photons through a loop of massless scalars
(the equivalence theorem regime). Note: no color ordering, so need to care about
momentum assignments

{3~ ¥ -~ W
’I/l/l/ kl k‘l
1
k1o = (my/2,0,0,4mp/2), e1s=—(0,1,44,0).
1,2 = (mug/ H/2), €12 \/5( )
The triple-cut condition for one of the diagrams: > =0, (I + kl)Q =0, (I- k2)2 — 0.
[ -k1=0, [-ka=0 :>l“:li—|—(l-n€)ng, lJ_'kl’QZO.

1 +(0-n)*=0

The numerator on the triple cut is proportional to the product of H gb2 and ¢27 vertices.
Because photon polarization vectors are transverse, we find that the numerator is proportional to

41 -er)(lL - e2) =211 uli nu (e el +efel) = —ZZﬁZZwW(kl, ko) = 2l2L (e1-e2) = —2(I - n6)2(61 - e2).

B 9 o dP1 (1- n6)2(61 - e9) (1 - n€)2(61 - e9)
Av = —20k¢ / (2m)P (l?(z TR )20 — ka)? (Lt ka)2(l — k1)2)




The Higgs boson decay to two photons

* Next, we need to compute the double-cut, with the Higgs boson to the left of the cut and
the photons to the right

The double-cut conditions 12 =0, (1 - K)2 =0, K==k +ks.

2 2
K:mH

1
M= KM U+ (mgnt, LK =10 one=0. 1 +(1n)?=—= I

2

1 1
T = —¢2%e? |4(1 - : 2e1 - ea] .
gie [ (I-e1)(l-e2) (21 T + 57 k2> + 2¢e; 62:|

m2

We can simplify this by using the following identities 2{ - k1,2 = TH +mu(l-n3).

2(1 . 61)(l . 62) = —e1 - €9 [(l . n1)2 + (l . n2)2} = €1 - €9 (li + (l . n3)2) .

(I-n¢)?eq - ez
m2; — 4(ng - 1)?
This is not yet a coefficient of the relevant two-point function because we need to subtract
from it the contribution of the triple-cut computed previously

73 = g3 €

[-n.)? [-n.)?
Toubtr = —2gH€%€1 - €2 (( B ) 11—k, + (l—z)lzﬁz—i@)

A simple computation yields 7(?) = 7., which implies that the reduction
coefficient of the two-point function vanishes



The Higgs boson decay to two photons

» Therefore, we find that only triple cut contributes to the final result.

4 3 4 ¥ -~ ¥
]Cl kl

dPl (1-n.)? .«
A = —49%162(61 '62)/ (27T>D (dod1d)2 = ZQﬂgﬁ * €2

The amplitude for the Higgs boson to decay to two photons through the loop of massless
particles is pure rational and can not be computed with four-dimensional set up . From
this perspective it looks very similar to the one-loop axial anomaly ( although it is not
protected from higher-order corrections).



Spinor-helicity methods

e An approach that is ultimately analytics requires spinor-helicity methods. First, a
reminder: in a massless theory, spinors with positive and negative helicity assume a very
simple form in the Weyl representation

VPt ] T 0]
— i
_ p—err 0
ut(p) = 0 u—(p) = | o= is
i 0 | —\/pt

. T 4 ipY T4 Y
etio - P =W P ZW s gy

_|_ —
\/Pz + Dy pTp

- p) — [0707 \/p+7 \/p—e’iﬁb]’ u__(p> — [\/]9__6i¢, —\/]9_+,0,0]

v+ (p) = uz(p)

i) = ut(pi), 1] = u_(p:) i = i (pe),  (i] = U= (ps).

[ij) = (i1 =0  (ig) = —(ji) = \/Isizle’®  [i] = —[ji] = —/|sie™""



Useful identities

» The spinor products satisfy some useful identities

(ab){cd) = (ac)(bd) + (ad)(cb) lab]|cd] = |ac]|bd] + |ad]|cb]
pi = |i]]t) + |4)[1]
(pq) = {p — 1q+), [pql = (p+ |q—)
ot (e — G it (T — 0 €, (k) = o B2 [ul)
P+ I1q+) =1{p—|q—) = {pp; = |pp] = % o
pe) = —(@p),  [pal = —lp V2(b F |k=+)
2p)(qt| = (1= ys5)y"(q* |yulpt)
2 " k(b + |b)|k
(pg)* = —sign(p - q)[pq] = sign(p - q)[qp] el (k,b) = \/§(| WURaUILD

p@) |2 = (P (pg)* = 2Ip - I = ISyq (bk)

(Pq)[gp] = 2p - g = Spq

(P Vg« v« Vg 19E) = G F Vigpay « - - Yoy IPF) VBl + |bl{k
B £ Vier - Ve GF) = —(Q % Vo -+ Yy IPF) yier (k,b) = VaUR) b + [Pk
(a+ 1y, 1b+)(c — |y"|d—) = 2[ad](cb), (Fierz) |kb]

(ax |y*“|bx)y, = 2| |laF)(bF | + |bx)(a+x ||, (Fierz + Charge conjugation)
L

(ab) (cd) = (ad)(cb) + (ac){bd). (Schouten)

These and other identities can be used to simplify results of the
calculations, in certain cases in a quite dramatic way



Three particle amplitudes

e The simplest thing we can do with these spinors is to compute the three-particle scattering
amplitudes; they are important building blocks for unitarity-based computations.

7. I __ 10s _ ) o |23|(b1
m(ar af ) = T (e us (o) = i 2

i+é+3=0:$<bl>[12]+<b3>[32]:0;$%:_%

I
m(T; 43595 ) = 19s [[2132]] m(dr 4395 ) = igs <<3112>>
(23)° —+ o= oF ML

m(q, 95,93 ) = —igs 12y m(d;, 45,95 ) = _ngm



The primitive amplitude for qqgg scattering

e I would like to describe computation of the maximally abelian amplitude foe qqgg
scattering using unitarity and the spinor helicity methods. The corresponding parent
diagram for this primitive amplitude is shown below.

* We can deduce the master integrals that are needed to compute this amplitude: there is one
box, two triangles, two bubbbles and the rational part.

LI(O-; Os Oa 0; S124 8233 01 Oa Oa 0) ™~ Dﬂ(php2a P3, 00 03 03 0)1
1‘3(0, 0, S12, Oa 0, 0) ™~ CD(PI: p21 01 09 0) = Cﬂ(p121 p3r0& 09 D)r

13(03 Oa 873, Oa Oa 0) ~ CD(ng p33 01 Ua 0) = Cﬂ(pla p23r Ur 0} O)r
I,(s12,0,0) ~ By(p12, 0, 0),
I,(s3,0,0) ~ By(pas, 0, 0).

c~ (1) = =
== ‘mi (41, 84, 83, 92) = dy 14(0, 0,0, 05 512, 5235 0,0, 0, 0)
+ Eém 15(0, 0, 512; 0,0, 0) + & 3(0, 0, 553; 0, 0, 0)

+ by I(s12; 0, 0) + b\ L (s3; 0, 0) + R,

—P1

1 13
~ (1) /= _ S 0
The reduction coefficients can be further g (@1, Bar Bsr ) = —ma(d, qz’g3’g“)[(e_2 T (5 w L”))] T
constrained using known divergences of the

— 240 i = .
amplitude and divergences of integrals where Lz = In (*/(—s12 = i0)). 512 = 2p1 - P2

Divergences fix coefficients of all integrals except the box and one two-point function.
These are the two things that we need to compute



The box reduction coefficient

 We will discuss how to compute the box reduction coefficient. The general principle we
know — the result should be given by the product of four tree amplitudes computed at the

fonr-cnt

lo=1, l3=1—ps3, lag =1lo—p2—p3 la =1+ Dpa.

1. .
lo = apls + Bplf + yehy +0ehs €y = 5 {i"]7]

e3q- €34 =0, e34-e43 =—5;;/2.

5=0=03=0 Ii=0=a=0

2 _ _ 23] _
— 2 _ _ <23> lo 25643
=>7—O=>l23—02>5——<24>

Consider first the case of equal gluon helicities — the box reduction coefficient vanishes

m (Q7 q 6;) ~ [4l4]27 m (Q7 q , €4+> ~ [3l0]2

The box reduction coefficient is the product of these amplitudes. We will now show that this
product must vanish



The box reduction coefficient

e Vanishing of the box coefficient for equal heliciities:

m (q,q",€e3) ~ [4a]?, m(q,q,e*+) ~ [Bl]*.  do ~ [414]%[310]? = [410)?[3l0]?
lg = %<3|’7“|4] = P34 - lo=0= [4l0]<l04> = (0and = [3l0]<l03> = 0.

Hence, to have d none zero, (lp4) and (lyp3) have to vanish.
But this is not possible for generic p, and p,

lo = l1o] o] + lio) Lol = 2 (817" |41, = v[13)[4] + 4](3])

lo]3) = llo](lo3) = 0, lo|4) = [lo]{lo4) = ~|4](34)

do ~ [414)2[310]? = [410]?[310]® = 0

We conclude that the box reduction coefficient of the (- + + -) ampltiude vanishes



The box reduction coefficient

 We will now compute the reduction coefficient for (+ - + -) amplitude

(132)%2  [3lp]*  (lg4)?  [lla3)?
@) " llslo) ~ (lolay (i)

~

1
d0:§

This expression can be simplified using the completeness relation, e.g.

[3lo](lol4) = [3lo4) = (3] (13)[4] + 4](3]) |4) = ~v[34](34).

-p1 o w 1(23)%([23][41] —[24][31])%[23](43)[43]
dU(Ql &g.q sgg BQE) - E (2 3)[2 4]3[41]
5 2t e ; i i _ 1{2 3)[2 1]1%[23](43)[43])°
_ (¥(23)[41]1 - (23)[31])*y (43)[43] = [241°[41](2 1)
N (23)[41] ’

1(21)[21]%[23](43)[43]?
2 [2 4
_ 1s7,53[210[43] 1515855302 117[3 4]

T2 (23)[241F 0 2 [24]P[41]




	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33
	Slide 34
	Slide 35
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42
	Slide 43
	Slide 44
	Slide 45
	Slide 46
	Slide 47
	Slide 48
	Slide 49
	Slide 50
	Slide 51
	Slide 52
	Slide 53
	Slide 54
	Slide 55
	Slide 56
	Slide 57
	Slide 58
	Slide 59
	Slide 60
	Slide 61
	Slide 62
	Slide 63
	Slide 64

