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Photonia

Photonia has imported a single electron from Qedland, and
physicists are studying its interaction with soft photons
(both real and virtual)

The ground state (“vacuum”) — the electron at rest ¢ = 0

=2
— . p
e(0) = 537
The leading-order mass shell
e(p) =0

Velocity
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Lagrangian

L = htidyh
equation of motion
Charge —e
g = —€A0
Equation of motion
1Doh =0
D, =0, —1ieA,
Lagrangian
L = h"iDyh

Not Lorentz-invariant



Lagrangian

+ Lagrangian of the photon field

0, F" = j¥
%= —eh™h

The electron produces the Coulomb field



Spin symmetry

At the leading order in 1/M, the electron spin does not
interact with electromagnetic field

We can rotate it without affecting physics

In addition to the U(1) symmetry h — e'®h,

also the SU(2) spin symmetry
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Spin symmetry

At the leading order in 1/M, the electron spin does not
interact with electromagnetic field

We can rotate it without affecting physics

In addition to the U(1) symmetry h — e'®h,

also the SU(2) spin symmetry

h— Uh

The electron magnetic moment i = uc
interacts with magnetic field: —ji - B
By dimensionality p ~ e/M

(Bohr magneton e/(2M) up to radiative corrections)

(& —
L —— S 1tB.5h
™= oM 4

Violates the SU(2) spin symmetry at the 1/M level
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Spin-flavour symmetry

ny flavours of heavy fermions
ny

L= hfiDoh;
i=1

U(1) x SU(2nys) symmetry

Broken at 1/M; by kinetic energy and magnetic interaction
At the leading order in 1/M, not only the spin direction
but also its magnitude is irrelevant

We can, for example, switch the electron spin off:

L = ¢*1Dyp
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Superflavour symmetry
The scalar and the spinor fields together

U(1) x SU(3) symmetry

The superflavour SU(3) symmetry:
> — X% h— e h
» SU(2) spin rorations

o(7)=(29) ()

¢ — an infinitesimal spinor
Broken at 1/M
We can consider, e. g., spins % and 1
SU(5) superflavour symmetry

>
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Feynman rules
Leading order in 1/M
* 1 v
L = pgiDopo — 1 o by — g(auAg)z

The usual photon propagator
The momentum-space free electron propagator

1
= o(p) o(p) P——T7
depends only on pg, not on p
(spin-3 field kg — the unit 2 X 2 spin matrix)
The coordinate-space propagator
x
Static electron does not move
Solving the equation

1
0
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Feynman rules

Vertex
1
:‘,}j:;: = ieovl‘
v* = (1,0)

The static field g (or hg) describes only particles,
there are no antiparticles.

No loops formed by static-electron propagators.

The electron propagates only forward in time;

the product of 6 functions for a loop vanishes.

In the momentum space: all poles of the propagators
are in the lower pgy half-plane;

closing the integration contour upwards, we get 0.



Wilson line
In an external field A*(z)
iDoS(w,2") = (i0y + eoA°(1))S(x,2") = §(z — o)
Solution
S(x,a") = S(w, 2)0(T—7") S(wo, ) = So(zo—20)W (0, 77)
Wilson line from 2’ to x (along v)

W (xg, ) = expieo/A“(t,a_f)vudt

!
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Wilson line
In an external field A*(z)
iDoS(w,2") = (i0y + eoA°(1))S(x,2") = §(z — o)
Solution
S(x,a") = S(w, 2)0(T—7") S(wo, ) = So(zo—20)W (0, 77)

Wilson line from 2’ to x (along v)

Zo

W (xg, ) = expieo/A“(t,f)vudt
o
Quantum field (operator Af(x)): Pexp
DoW (z, 2")o(x) = W(z, 2")0opo(x)

The HQET Lagrangian has been introduced as a device to
investigate of Wilson lines



Gauge A" =0

The field ¢o(x) does not interact with the electromagnetic
field (and thus becomes free).

However, this gauge is rather pathological.

The static electron creates the Coulomb electric field E.
In the A = 0 gauge, A has to depend on ¢ linearly.



Gauge A" =0
We can formally express the field () in any gauge via a
free field ¢ (z):

po(z) = W (2)p(2)

T
W(xo,Z) = Pexpz/Ag(t,f)vudt

Zo

Io,f)

Then W~1(x)D = 0y, and
L = p0%i9,0



Residual momentum
The full-theory energy M is the HEET zero level
E=M+c¢

€ — the residual energy



Residual momentum
The full-theory energy M is the HEET zero level
E=M+c¢
€ — the residual energy

P* = Mot 4 p#

» P* — 4-momentum of some state (containing a single
electron) in the full theory
» pt — its momentum in HEET (the residual
momentum)
v* — 4-velocity of a reference frame in which the electron
always stays approximately at rest
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HEET is applicable if there exists such v that

<M pli< M



Reparametrization invariance

HEET is applicable if there exists such v that
< M phy <M

This condition does not fix v uniquely: v — v + dv,

dv ~ p/M.

Effective theories corresponding to different choices of v
must produce identical physical predictions:
reparametrization invariance.

Relations between quantities at different orders in 1/M.



Relativistic notation

Lagrangian
L = pjiv - Dy + (light fields)

Free propagator

Mass shell



Spin %

4-component spinor field

Phy = h,
Lagrangian
L = hygiv - Dhyg + (light fields)
Propagator
Solp) = 1;¢p-v1+z'0

Vertex tequ?



Qedland

So(Mv +p) =

M+ Myp+p 149 1

(Mv+p)2 — M2 +4i0

Mv+p

e 0(2)

[2 M

2 p-v+4+10



Qedland

M+ Mp+p l+y 1 p
So(M = = M
o(Mv +p) (Mv + p)® — M2 + 0 2 p-U+iO+O<M>
_ . P
Mo+p p +O(M>
Ly W1td 144,14
2 2 2 2

We may insert the projectors (1 + )/2 before u(P;) and
after u(FP;), too, because

pu(Mv +p) = u(Mv+p)+ O (%)



Qedland

We have derived the HEET Feynman rules from the QED
ones at M — oo. Therefore, we again arrive at the HEET
Lagrangian which corresponds to these Feynman rules.



Qedland

We have derived the HEET Feynman rules from the QED
ones at M — oo. Therefore, we again arrive at the HEET
Lagrangian which corresponds to these Feynman rules.

We have thus proved that at the tree level any QED
diagram is equal to the corresponding HEET diagram up to
O(p/M) corrections. This is not true at loops, because loop
momenta can be arbitrarily large. Renormalization
properties of HEET (anomalous dimensions, etc.) differ
from those in QED.



One-loop diagrams
k
e
U]

ni

>3

D k+ D

M
M

1 / 'k
ind/2 | [=2(k + p)o — i0]" [—k* — 0] ™

= I(ny,ny)(—2w)4—m 2

Depends only on w = pg, not p
w > 0 — real pair production, cut

» integer n; < 0 — massless vacuum diagram
I(nl, ng) = O
» integer ny < 0 — HEET loop I(nq,n2) =0



Coordinate space

+o00 —jwt . . n—1
/ LR L R0
roo (F2w—d0)" 27 2T'(n) \ 2

oo

oo . n—1 .
[ (1) m - 200D
0 2 (—2w —i0)"



Coordinate space

oo —iwt ) .
/ e~ ()€
oo (F2w—i0)* 2w 20(n) \ 2
fe’e) ) S .
| (5) - 20T
’ 2 (—2w —i0)"

/ " ; ‘0 dd]; “a i)d/? (dr/?rE U)o

T(n)  (—p* —i0)%/2n



Coordinate space
U

Pl

0 m =z
Product of propagators (z = vt, —2%/4 = —t*/4 = (it/2)?)

11 T(d/2—mny) fit\™Tdt
T2 [@m) 2 T(n)T(ma) (5) o)




Coordinate space
U

Ll

0 m =z
Product of propagators (z = vt, —2%/4 = —t*/4 = (it/2)?)

11 T(d/2—mny) fit\™Tdt
T2 [@m) 2 T(n)T(ma) (5) o)

Inverse Fourier transform
1

) (-2t

[(ny + 2ny — d)F(g — 7l2)
['(ny)T(ng)

](nla n?) -
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« parametrization

1 1 o0

I / dO/ an—l e—aoz

ar  T'(n) Jy
1
['(n1)(ng)
X =ak*+28(k+p)-v

« has dimensionality 1/m? 8 — 1/m

/ daa™ 1 dp gt @k e



« parametrization

1 1 o
I / dov an—l e oo
ar  T'(n) Jo

1
['(n1)l(ng2)
X =ak*+28(k+p)-v

« has dimensionality 1/m? 8 — 1/m
k=K —2v

/ daa™ 1 dp gt @k e

52

«

X = ak” + 28w



« parametrization

1 1 o
_ / dov an—l e—aoz
a®  I'(n) J,

1
I'(n1)I(n2)
X =ak®>+2B(k+p)-v

« has dimensionality 1/m? 8 — 1/m
k=K —2v

/ da o™ tdg Mt dik eX

52

«

X = ak” + 28w

Wick rotation kg = tkgo
Euclidean momentum space (k? = —k%)

/2
/ Ak et = / d'kp et =i (1)
«



« parametrization

o
T(n)T (n2)

2
X /da a2t dg gt a2 exp (—ﬁ— + Qﬁw)
a

(—2w) ™M =2m2 [ () my) =



« parametrization

b
['(n1)T(n2)

(_QW)d_nl_anl(n1’ ’I’LQ) =

2
% /d& Oéanl dﬂ ﬂmfl Oéfd/Z exp (_% + Qﬁw)

B = ay, integrate in «

F(nl +ng — g) /°° . /2y —ns
dy y™ —2
T(n)C(ns) Jo VY [y(y — 2w)]

HQET Feynman parameter y has the dimensionality of
energy and varies from 0 to oo



HQET Feynman parametrization

1 1
= d n—1 d m—1 _—aa—bs
arb™ F(n)F(m)/ aa BE e

B = ay, integrate in «

1 F(n + m) /OO ymfldy
o (

@b~ T()T(m) Jo  (a+by)r




HQET Feynman parametrization

1 1
— d n—1 d m—1 _—aa—bf
arb™ T (n)'(m) / ad pom e

£ = ay, integrate in «

1 I'(n+m) /OO y"™ Ly
o (

arbm  T(n)T(m) a+ by)rtm

['(ny + no) / y L dy dik
L)l (na) J (=K = 2y(k + p) - v)ratra

k=Fk —yv



Static-electron propagator

The full propagator S(p) depends only w = pg, not p’

S — e + = @ >> »

G

Static-electron self-energy

,t@;z = —i¥(w)




Static-electron propagator

The full propagator S(p) depends only w = pg, not p’

S — e + = @ >> »

G

Static-electron self-energy

,t@;z = —i¥(w)

iS(w) = iSp(w) + iSp(w)(—1)E(w)iSp(w)

150 (@) (—)S(w)iSo(w) (—i) £(w)iSo(w) + -+

So(w) = 1/w — free propagator



Static-electron propagator




1 loop

P kE+p P
dk 1
S o) = -
() Z/ (27r)dzeov ko 4+ w

§=1-ao

, —i
legv’ —

k2

' (g,uu _f

k. k

“w

v

)



1 loop

k
m
p k+p p
[ d% =i kK,
Y(w) = z/ (2#)‘1260@# o eV’ o (g,w —£ 22 )
E=1-ao
Numerator (k-v)? = (ko + w — w)? — w?
2 1-2¢
_eg(—2w) 3
Sw) = i {2](1,1) +31(1,2)

A(-2) FT 21— [, 2
TSE i—4 (5 + ﬁ)



Vanishes in the d-dimensional Yennie gauge

: +1
) = ——
) d—3



Vanishes in the d-dimensional Yennie gauge

72 +1
10 =
“wTa3
T space
Free photon propagator

I al(d/2 = 1) (1 + ao)2®gu + (d — 2)(1 — ag)z,,
wl®) = g (=22 + i0) %2




Vanishes in the d-dimensional Yennie gauge

& +1
g = ——
Qo d—3
T space
Free photon propagator

iL(d/2 —1) (14 ag)x?g + (d — 2)(1 — ag)z,z,
8mrd/2 (—a? +140)4/2

Dy, () =

S(z) = —ef D), (vt) o v 0(t)

= ieg%(d —3) (5 + %) (it)*~0(t)

Transform to p space



Propagator to 1 loop

eB(—2w) =% 20(1 + 26)1'(1 — ¢) 2
S(w) = So(w) [1 T (@) d—4 (f ! d——3)

+ 0(63)}



Propagator to 1 loop

ed(—2w) % 20 (1 + 26)T(1 — &) 2
S(w) = So(w) [1 T (@) d—4 (5 ! d——3)

- O(eg)}

x space

S() = So(t) [1 - (%)%n—e) (64 725) + ot

(So(t) = —i6(1))

Real in the Euclidean space t = —iT




Renormalization

S(w) = Sp(w) [1 + %e‘”& (3—a+4e+0(?) + O(OE)}

—2w

L =log



Renormalization

S(w) = Sp(w) [1 + %e‘”& (3—a+4e+0(?) + 0(042)}

)
L=log 2

Should be Zj(a(p), a(p))S,(w; 1)

Zp(a,a)=1— (a— 3)4i7re + O(a?)



Renormalization

S(w) = Sp(w) [1 + %6‘2“ (3—a+4e+0(?) + (’)(oﬂ)}

—2w

L =log

Should be Zj(a(p), a(p))S,(w; 1)

Zn(a,a) =1— (a— 3)4% + O(a?)

Anomalous dimension of the static electron field
o

2
- o)

Yn(a,a) = 2(a — 3)

Vanishes in the Yennie gauge a = 3



T space

S(t) = So(t) [1+ pome®™ (3= a+ 4+ O()) + O(a?)]

e



Exponentiation

1-loop correction to x-space propagator, multiply by itself
Integral in ¢y, to, ¢, ), with 0 < t; <ty <t,0<t] <t, <t
Ordering of primed and non-primed t’s can be arbitrary

6 regions corresponding to 6 diagrams

01t tgt

E‘ﬁ’j&‘“ e e



Exponentiation

This is 2x the 2-loop correction
1-loop correction cubed is 3!x the 3-loop correction, ...

S(t) = Sy(t) exp [_(4;?0{/2 <2’2t>2€r(—€) <€+ d33>]

In the d-dimensional Yennie gauge the exact propagator is
free



Exponentiation

This is 2x the 2-loop correction
1-loop correction cubed is 3!x the 3-loop correction, ...

S(t) = Sy(t) exp [_(4;‘31/2 <i2t>2€r(—6) <€+ diB)]

In the d-dimensional Yennie gauge the exact propagator is
free

No corrections to the photon propagator: Z4 =1,
Therefore, the photon field is not renormalized: Z4 =1,

a = Qg



Vertex

la
Ié:/ = iegv"T (w, w') MNw,w') =14+ Alw,w)
w w



Vertex

la
Ié:/ = iegv"T (w, w') MNw,w') =14+ Alw,w)
w w

Identity

iSo(p') ieqv - q 1So(p) = ieg [So(p') — So(p)]

:zé.;[ R



Ward identity

Starting from each diagram for ¥, we can obtain a set of
diagrams for A by inserting the external photon vertex into
cach electron propagator. After contracting with g,, each
diagram in this set becomes a difference. For example,

BT



%W%ﬁ?




Ward identity

oty B 50
F(w,w’) _ Sil(w/), B Sil(w)

W —w



Ward identity

Aw,w') = _E(wc;)/ — f(w)
D (w,w') = S (WC;), - jl(W)

ZrZy =1, Zy = (ZrZy)"2Z ' = Z;' =1 — the electron
charge is not renormalized in HEET



Ward identity

) - -5 =50
oy = S22~ 570

Iy =1, Z, = (Zth)*QZ;X1 = Z;l =1 — the electron
charge is not renormalized in HEET
ey — €, ap — a in the bare propagator

Vanishes in the Yennie gauge



Operators

Full QED operators — series in 1/M
via HEET operators

Matching on-shell matrix elements



Electron field

bolx) = e~ Mva 12 0y o ]



Electron field

dolx) = emiMve [Zé/zhvo(x) L. ]
On-shell matrix elements
<Ofdole(p)> = (25) " u(p)
<Olhuole(p)> = (Zi)" . (k)
Bare matching coefficient (Z;° = 1)
_Zg(e”)

0= ——"
Zir(ey)



Electron field

wo(x) _ e—in-x [Zé/zhvo(.f) 1. ]
On-shell matrix elements
o5\ 1/2

<Ofaole(p)> = (Z2)""* u(p)

<0|huole(p)> = (Z5%)"? u, (k)
Bare matching coefficient (Z;° = 1)
_Zg(e”)

Z2(ey)”)

20

Renormalized matching coefficient

_ 2@ (), a® () _

z(p) = Z¢(ag1)(u),a(1)(u)) 0




Gauge dependence of QED propagators

1 k. k.,
Dgu(k) 12 (guv - 22 )

S(x) = Si(x)



Gauge dependence of QED propagators

1 k.k,
Dlouj(k') = ﬁ (gl“/ - %) + A(k;)k;uky
S(z) = Sp(x) e 0@ -A0)

B qd
A= [ A5



Gauge dependence of QED propagators

1 v
D) = 5 (o = 255 + AR,




Gauge dependence of QED propagators

1 k. k,
Db (k) = 25 (gyy -l ) L ARk,

S(z) = Sp(x) e 0@ -A0)

d
1= [ et

A(0) = 0 in dim. reg.

Qg

A(k) = (k2)2

Landau, Khalatnikov (1955)
Fradkin (1955)

Zumino (1960)

Fukuda, Kubo, Yokoyama (1980)
Bogoliubov, Shirkov (1980)



Gauge dependence of Zy, vy

Massless electron

S(x) = So(z)e”™



Gauge dependence of Zy, vy

Massless electron

S(x) = So(z)e”@




Gauge dependence of Zy, vy

Massless electron




Gauge dependence of Zy, vy

Massless electron




Gauge dependence of Zy, vy

Massless electron




Gauge dependence of Zy, vy

Massless electron

S(x) = So(z)e”@

el —22\°
o(x) =orp(x) + ag (i) 772 e ['(—e¢)
« —p2x?\°©
—oula) + a5 (T ) @i
= log Zy + o,
a
log Zy(ov,a) = log Zp(a) — a—

[0
. a) = 20— + A
Yo (v, @) a -+ y(@)

dlog(a(p)a(p))/dlog pp = —2¢ exactly
vr(a) starts from o



Gauge dependence of Zy, vy

Massless electron

S(x) = So(z)e”@

el —22\°
o(x) =orp(x) + ag (i) 772 e ['(—e¢)
« —p2x?\°©
—oula) + a5 (T ) @i
= log Zy + o,
a
log Zy(ov,a) = log Zp(a) — a—

(%
Yy, a) = 2a— + 7
(e, @) = 2a-= + 7 (a)

dlog(a(p)a(p))/dlog pp = —2¢ exactly
vr(a) starts from o

4 loops: Chetyrkin, Rétey (2000)



Gauge independence of z(p) in QED

> 2o = Z,; gauge invariant

(0)
log 7 — (3 — )&
> logZy = (3 —a )47r€
) = s & 1/137
(1)
» log Zy = —a(l)(p)%m + (gauge invariant)
e

» Decoupling aMa® = a0 )
Gauge dependence cancels in log(Zy/Zy)



Result

55 , 5957\ ray2
(W 10g2__<3_@ e 1152) (%) *



Electron propagator near the mass shell
On-shell mass M = My + oM, w < M

p=M+wp  Ep)=Yo(w)+ () —1)



Electron propagator near the mass shell
On-shell mass M = My + oM, w < M

p=M+wp  Ep)=Yo(w)+ () —1)

B 1
~ p— My —X(p)

S(p)
1

M+w—%1(w)]p— M+ M — 3p(w) + X1 (w)



Electron propagator near the mass shell
On-shell mass M = My + oM, w < M

p=M+wp  Ep)=Yo(w)+ () —1)

B 1
~ p— My —X(p)

S(p)
1

M+w—%1(w)]p— M+ M — 3p(w) + X1 (w)

The denomunator
(M 4w — 3 (w)]> = [M = M + So(w) — By (w))
should vanish at w = 0:

SM = %(0)



Electron propagator near the mass shell

1
S(p):[Mer— S )] — M — So(w) + S(0) +

) 1(w)
_ (M +w—3(w)]p+ M+ Zo(w) — 3(0) — 31 (w)
(M +w =1 (w)]” = [M + So(w) — £o(0) — Sy (w)]?



Electron propagator near the mass shell

1
S0 = o TS )] = M = S + 5a(0) 7 5

1(w)
_ M 4w =5 (W)]f+ M+ ¥o(w) = %(0) — X4 (w)
(M +w — 5y (w)]* = [M + Zo(w) — £o(0) — Ty (w)]”
The denominator at w — 0
[M —$1(0) + w — 21 (w) + 21(0))°
— [M = %1(0) + Zo(w) — Z6(0) — 21 (w) + 21(0)]?
~ 2 (M —%4(0)) [w — Xo(w) + Xo(0)]



Electron propagator near the mass shell

1
S0 = o TS )] = M = S + 5a(0) 7 5

1(w)
_ M 4w =5 (W)]f+ M+ ¥o(w) = %(0) — X4 (w)
[M +w — 51 (w)]* = [M + So(w) — £o(0) — Sy (w)]?
The denominator at w — 0
(M — £1(0) + w — 21 (w) + 21(0))°
— [M = %1(0) + Zo(w) — Zo(0) — By (w) + Z4(0))?
~ 2 (M = £41(0)) [w — Zo(w) + o (0)]
The numerator at w — 0
(M —%4(0) (f + 1)



Electron propagator near the mass shell

1
S0 = o TS )] = M = S + 5a(0) 7 5

1(w)
Mt w = S @)+ M+ So(w) — Zo(0) - Ty(w)
(M +w — 5y (w)]* = [M + Zo(w) — £o(0) — Ty (w)]”
The denominator at w — 0
[M —$1(0) + w — 21 (w) + 21(0))°
— [M = %1(0) + Zo(w) — Zo(0) — By (w) + Z4(0))?
~ 2 (M = £41(0)) [w — Zo(w) + o (0)]
The numerator at w — 0
(M —%4(0) (f + 1)

p+1 1

) TS @)+ 500)




Electron self-energy

L
M p:(M+w)1)
D1:M2—(k‘+p)2
- k= p i Dy = —Fk*

)= {5050 =i [

Dy + M?

{(d+2)M—(d—2)w—(d—2) s

£w? Dy + 4Mw + w?
D2 M—|—(JJ



Hard contribution k ~ M

w

DlzDh—(DQ—Dh+2M2)M

Dy = M?* — (k + Mv)?
Dy, ~ M?, Dy ~ M?; Taylor series in w; single scale M



Hard contribution k ~ M

w

DlzDh—(Dg—DthZMQ)M

Dy = M?* — (k + Mv)?
Dy, ~ M?, Dy ~ M?; Taylor series in w; single scale M

270 71—2¢
2M d—1 w
Enlw) = L T3 ( )



Hard contribution k ~ M

w

DlzDh—(DQ—Dh+2M2)M

Dy = M?* — (k + Mv)?
Dy, ~ M?, Dy ~ M?; Taylor series in w; single scale M

I\ d—1 w
by — 0 r (1 - = 4. )

nW) = i PE T -
On-shell mass renormalization (gauge invariant)

27 —2¢
eq M d—1
r .

(47r)d/2 (E)d -3 * ]

5M:M{



Hard contribution k ~ M

w

DlzDh—(DQ—Dh+2M2)M

Dy = M?* — (k + Mv)?
Dy, ~ M?, Dy ~ M?; Taylor series in w; single scale M

2a71-2
M2 d—1 w
Sn(e) = g g5 (L= 57 )

On-shell mass renormalization (gauge invariant)
2 —2¢

eq M d—1

T ...
(47r)d/2 (E)d -3 * ]
On-shell wave-function renormalization
(gauge invariant in QED)
1 M2 d—1

79 = —— = 1-—
CTIoN0)  (m

5M:M{




Soft contribution k ~ w

Dy =MD, — (k+wv)®> Dy=-2k-v+w)

D, ~ w, Dy ~ w?; Taylor series in 1/M; single scale w



Soft contribution k ~ w

Dy =MD, — (k+wv)®> Dy=-2k-v+w)

D, ~ w, Dy ~ w?; Taylor series in 1/M; single scale w

&@g:zwﬂﬁ+o(%)>

S(w) = e2(—2w)17E (1 + 2e)T(1 — ¢) <£+ 2 )

(47)d/2 d—14 d—3

Y (w) — HEET self-energy



Electron propagator in QED and HEET

149 1

S) = ———— SAUFEDAO 205 (w)
oS __ 1
AR BT
IREE
Sw) = 2 w—Xw)

S(w) — HEET propagator



Electron propagator in QED and HEET

1+ 1

Sb) = — oo (O)M_ZS(M)ZZOS(M)
oS __ 1

ZOZZw—T;l(O)
1+ 1

Sw) = 2 w—Xw)

S(w) — HEET propagator
» Higher terms in Y;, = corrections to ¥y via h,g

» Higher terms in X, = corrections to S(w) due to 1/M
terms in the HEET Lagrangian



Power counting

Small parameter (p — residual momentum)

p
A~ L
M

Soft fields: @ ~ A\, A~ X, D ~ A



Power counting

Small parameter (p — residual momentum)

p
A~ L
M

Soft fields: @ ~ A\, A~ X, D ~ A

d*k

<Tlpla)e O} ~ [ e

k-v+10

© ~ )\3/2



Power counting

Small parameter (p — residual momentum)

p
A~ L
M

Soft fields: @ ~ A\, A~ X, D ~ A

Ak . 1
T + 0 ~ —ikr __ —
<Tlple)e 0> ~ [ e
© ~ )\3/2
@*iDop ~ A*

etD?p~ X oTB-Gp~

Action: main ~ 1, corrections ~ A



1/M corrections: spin (

Kinetic energy
CO
L=1Ly+ —kOk

0% = p¢ D2po = —o3 D2 o



1/M corrections: spin (

Kinetic energy
CO
L=1Ly+ —’“Ok
Of = @5 Diwo = i Dl o
New vertices (¢}” = g" — v'v")

0
k 2

=—m>— — ]
D D ZQMPL
iuéjz

i
D —lmeo(erp)
i v

Cy y
;L:LHJ:J:Jf: = Z—egg’i



1/M corrections: spin (

w — Z(W) — m (p + Ek(w,ﬁ))
Mass shell Hz
— Cop_
DYV



1/M corrections: spin (

Mass shell

Y =1
CROL = Cr(n)Ow(p) = C}f = Zi(a(p))Ci(p)

Zk:1 /Vk::O Ck:(ﬂ)zl



Scattering in external field: spin 0




Scattering in external field: spin 0
0

L

P P’

F(@)(P+P)y  F0)=1

g =2PH|®)?, ' =1= |®| =1/V2F
Pt = Mo 4+ pt, E =M +p°

Py ) 1
F)S, e ="+ i+ 05



Scattering in external field: spin 0
0

L

P P’

F(@)(P+P)y  F0)=1

g =2PH|®)?, ' =1= |®| =1/V2F
Pt = Mo 4+ pt, E =M +p°

Py ) 1
F)S, e ="+ i+ 05

HEET

1\ 1
ot + C,S—(p ;r]\];h +0 (%)



1/M corrections: spin 1/2

Magnetic interaction

0 o
L="Ly+—L0%+ 00
0t ok T o Ym

O?n = —€0h3_§0 . 6710 = %BvoFoquuyhvo



1/M corrections: spin 1/2

Magnetic interaction

CO CO
L=1Lo+ L0+ mQOP
0+ 5079+ 3O
O?n = —€0h3_§0 . Eho = %BvOFO/WO'MVhUO
New vertex
1

0
:>:§i:=ﬂ: = %eoa”“qy

2M



1/M corrections: spin 1/2

Magnetic interaction

o 0N
L=1Lo+ L0+ mQOP
O?n = —€0h3_§0 : 5h0 = %BvOFO,uVO—MVhUO
New vertex
)%
oo
ji;: = Weoay'uql,

Scattering in external field loop corrections vanish

) o+ 0PI 1 en Brl )



Scatterin§ in external field in QED

%q

) | R + Rl L ) -

)| (B + 2l - ) L i) -

) | o () + ) S




Scatterin§ in external field in QED

%q

) [Aire + T u(p) -

) | (F) + () 2 - R ) =
4

) [ E o+ (mia) + i) B2 i)

2
(g = 1+ F(0)35 +-+-

Fm(QQ) = F1(q2) + Fg(q2) = F,(0) +---



Foldy-Wouthuysen transformation

P=Mv+p

u(P) = {1-}—%—!—---}%@)

ﬁuv = Uy



Foldy-Wouthuysen transformation

P=Mv+p
P
P)= |1+ +...
uP) = 1+ B

ﬁuv = Uy
Scattering amplitude

. +0)) [4,7"]

" k/ s (p 1 Fm

u(){an oar T (0)4M



Foldy-Wouthuysen transformation

P=Mv+p
P
P) = LR
uP) = 1+ B

ﬁuv:uv
Scattering amplitude

.y (p+p)L (4, "]

’Uk s m v

Uy ( )[v + + F,,.(0) T uy (k)

Cm:Fm(o):1+F2(o)=1+%+---



1/M? corrections

Darwin term and spin—orbit interaction

Ck C Cd CS
L= L0+—Ok+2MO i Od+8M203+"

—

Og=—eh* (D-E—E-D)h=—ehv"[D",F,lh
Ll

— —

O, = —ieh™ <5 x E—FE x 5) - &h = ieh[D , ], v\ouh



1/M? corrections

Darwin term and spin—orbit interaction

Ok C Cd CS
L= L0+—Ok+2MO i Od+8M203+"'

Oy = —eh* (D E—E- D) h = —eho"[D, Fulh
O, = —ieh™ <l_j x E—F x 5) - &h = ieh[D , ], v\ouh
Scattering amplitude (loops vanish)

(p+p)" e [4,7"]

m
Vi G AM

Uy (p/)

¢ 123/
+Ci—— ek b4 Cs— o2V




1/M? corrections
Scattering in full QED

Uy (p')

) (s )

2M 8M?

ty(p)




1/M? corrections
Scattering in full QED

—
(p') oM 80?2

) (vu+ (k+K)y ¢+ [ﬁ,yi]vu__.)

ga’)/”] q2+[ﬁ7¢]vu_’_”.)

+ Fulq?) <[4M + a5 uy(p)

Co=1  Cp=F,0)
Cy=8F/(0) +2F,(0) —1  C,=2F,(0)—1



1/M? corrections
Scattering in full QED

) (vu+ (k+K)y ¢+ [ﬁ,yi]vu__.)

—
i (p') oM 80?2

ty(p)

Co=1  Cp=F,0)
Cy=8F/(0) +2F,(0) —1  C,=2F,(0)—1

Reparametrization invariance v — v + dv, ov ~ p/M

Okt =1 Cs - QCNL -1



Qualitative explanation

Spin—orbit interaction: a moving electron in an electric field

Cs =20, —1

» In the electron rest frame there is magnetic field
(Lorentz transformation), and the electron magnetic
moment C,, interacts with it.

» Kinematical effect — Thomas precession, no radiative
corrections. If we neglect corrections to C,,, it
compensates 1/2 of the first term.



Another derivation at tree level

U(x) = =M (hy(2) + Ho(2))

(o) = M ) ) = e L g

}/th(l') = hv(x) ﬁHv(:C) = _Hv('x)




Another derivation at tree level

U(x) = =M (hy(2) + Ho(2))

(o) = M ) ) = e L g

}/th(l') = hv(x) ﬁHv(:C) = _Hv('x)

hyiv - Dhy + H, (—iv - D —2M) H, + hyilp, H, + H,ilp, h,



Another derivation at tree level

U(x) = =M (hy(2) + Ho(2))
(o) = M ) ) = e L g

}/th(l') = hv(x) ﬁHv(x) = _Hv(x)

L=y (ip—M)y
= hyiv - Dh, + H, (—iv - D —2M) H, + h,ilp, H, + H,ilD, h,
Solution of the equation of motion
1 w -

U:— h/u h h
M+ D 2M”Dl (@M )”DL -



Another derivation at tree level

U(x) = =M (hy(2) + Ho(2))
(o) = M ) ) = e L g
Pho(x) = ho(x) — pH,(z) = —Hy(2)

L=~ M)y
= hyiv - Dh, + H, (—iv- D —2M) H, + h,ilp, H, + H,ilD, h,

Solution of the equation of motion

—_

1

U:— h/u h h
W+ Dt 2M”Dl M )”DL T

D?  eF, oM
2M 4M

he



Heavy—heavy current

Jo = ©poPu0 J(p) = Z;71(9)Jo coshd =v -



Real radiation




Real radiation




Real radiation

2 e? 1
I(1—¢) (4m)4/2 wi+2e

></+1dc [1+ 2 coth ¢ N 1 1
1 ¢ —cothd ~ sinh® ¥ (¢ — coth¥)?

Flw) = —




Real radiation

2 e 1
Fw) = - T(1— &) (4m)d/2 Wi+
></+1dc [1+ 2 coth ¢ N 1 1
1 ¢ —cothd ~ sinh® ¥ (¢ — coth¥)?
8 e Ycothd —1

I(1—¢)(@dm)d/2  wl+ee

Soft radiation function in classical electrodynamics



Bjorken sum rule

¢ — amplitude not to emit a photon

2 OOF dw =1
£+/0 () dow



Bjorken sum rule

¢ — amplitude not to emit a photon
§2+/ F(w)dw =1
0

IR regularization, UV 1/e only

1 [ o
=1—-- Flw)do=1—-2—(9cothd — 1



Cusp anomalous dimension

a
Zy=1-2-% -
J o (Y cothy) — 1)



Cusp anomalous dimension

o
Zy=1-2-% -
J o (¥ cothd — 1)

T(9) = (Jcothd) — 1)<
e

given by the classical soft radiation function



Cusp anomalous dimension

o
Zy=1—2— hd—1
J 47T€(1900t v —1)

T(9) = (0 coth 9 — 1)
m

given by the classical soft radiation function

The Guinness book of records
The anomalous dimension known for the longest time
(definitely > 100 years)




Coordinate space
0

_,Ut 'U,t/

A(t,t';9) = ie* D), (x)v" v 0(t)0(t')

2

€ /
(1+ a)z?coshd + (d — 2)(1 — a)(t + t' cosh ) (¢’ + ¢ cosh¥))
X (—x2)ir2
x=uvt+ 't

Aw,w';9) = /dt dt’ YN (8 1 9)



2
Tdr
A0,0:9) = 167rd/2 / Tl 2 / “
(1 + a) cosh ¥(c? 252) )1 —a)(ct — s'¢?)

(—c2 + 8262)d/2
¢ = cosh(¥/2) s = sinh(¥/2)



t=rT1 2 =
T dr +1
A0,0:9) = 167rd/2 / Tl 2 / “
(1 + a) cosh ¥(c? 252) )(1 = a)(c* — 5%¢?)

(—c2 + 8262)d/2
¢ = cosh(¥/2) s = sinh(¥/2)

a [T cosh ¥ 1
W) =1-p= | & [(1 ) cosh?(9/2) 1 € tan(92)
1 — &2 tanh*(9/2)
+ >[1 — &2 tanh2(19/2)]2]



tanh v

= fanh(02)

o [T

Zr(¥)=1— — di {200th19—|—
4dme —9/2

1—a

sinh ¢

cosh 21

=1- %M(ZﬁcothﬂﬂL 1—a)



tanh v

= fanh(02)

o [T

Zr(¥)=1— — di {200th19—|—
4dme —9/2

=1- %M(ZﬁcothﬂﬂL 1—a)

1—a

sinh ¢

cosh 21

Z,09) = Ze(9)Zp =1 — 24i(19coth19 _1)

e



Momentum space

<—

k

Aw,w;9) = 8ie? cosh v

/ d dydyf
2
(&
= —AI'(1 +¢) (dm)i2 cosh 9

/ dy dy’
[92 + yrz —+ ny/ cosh ¥ — 2(wy + w’y’)]1+a



y=zx,y = z(1 — z), integrate in z

o2

(47)3/2
dz

1 — e x]l=¢[—2wx — 2w'(1 — x)]?%

Aw,w';9) = —4T(2e)(1 —¢)

cosh ¢

/0 [1— (1 —e?)z]t=[1 —(
= 2%19 cothd + O(1)



Exponentiation
0

—ut v't!
2

G(t,t';9) = 0(t)(t") exp MW

F(t,t; 19)]



Exponentiation
0

_Ut ,U/t/
2

G(t,t';9) = 0(t)(t") exp MW

F(t,t; 19)]
Divide by G(¢,t';9 = 0) =iS(t 4+ t')0(t)0(t")

;o Gt 0)
G(t,t39) = iS(t+t)
2

e
= exXp |:(47T)d/2

(F(t,t';09) — F(t, t';9 = 0))}



Exponentiation

Should be Z;(9)G, (¢, t';9):

Z,(0) = exp | 1 (F(0) = (9 = 0))|

e F(t,t';9) = f(9) + O(e)



Exponentiation

Should be Z;(9)G, (¢, t';9):

Z,(0) = exp | 1 (F(0) = (9 = 0))|

e F(t,t';9) = f(9) + O(e)

T(9) = (0 coth 9 — 1)%

exactly



Muon magnetic moment




Form factors

7
A= 2)(1+1)7
x %Tr[(d Do — (L £ (F + DI+ 1)
7
(A= 2t +1?
« %%[(1 (A= 2))v, — (1+ ] (F + DI+ 1)

Fi(¢) = 5

Fy(q) = 5




Form factors

F(0) =1

7% 11
o
2 1 pv
+ =77 T (w2t = W — o) T (4 1)

F5(0)

I*(Mv, Mv +q) =T + Fﬁ”% o



Muon magnetic moment
é D1:M2—(M'U+k)2

7\‘—\1_@_/—'-; D2 = _k2

D3

2 d 2

h= _ide—ol/(gwl;dn(m[ ey R

20 —9d 413  (d+2)(d —3)D,
(d—2)D?  2M2D?

P —4d+5 d—d-3 (d+1)(d-2)

2
T —2DD, T aPD, 202D,

d—2D3 “d—2D} M2D}



Muon magnetic moment
é D1:M2—(M'U+k)2

7\‘1\_@_/—'-; D2 = _k2

D3

2 d 2 _
e dkn(kQ) 16 M d—3D,
( d

F=7%"1) @n
20> —9d + 13 (d+2)(d —3)D,
(d—2)D?  2M2D?
L d? —4d + 5 +d2—d—3 C(d+1)(d-2)
(d—2)D;D, = M2D, 2M2D,

I(k*) =1=1loop

d—>5 6(2)]\4*25

— 9=
HO = "2 73 (4m)ar

I'(1+¢)

d—2D3 “d—2D} M2D}



Hard contribution k ~ M

D, ~ Dy ~ M?; Taylor series in m?; single scale M

) d 2e2(—k?)~e m?
) = 2= e [0 ()
2 L(1+¢e)%(1—¢)

(d—3)(d—4) T(1-2¢)

Gy =



Hard contribution k ~ M

D, ~ Dy ~ M?; Taylor series in m?; single scale M

= A0 o 1)
G, = — 2 T(1+¢)2(1—e¢)

(d—3)(d—4) T(1—2¢)

i _ g (d—2)(d* —7d+11) eAM %
po  (d—1)(d—4)(d—5)(3d — 8)(3d — 10) (4m)d/2
D(1 4+ 26)02(1 — &)1(1 — 4e)
T(1+e)D(1 — 22)0(1 — 3¢)

I'l14+¢)R

R = =1+0(?)




Hard contribution k ~ M

Re-expressing via renormalized o(p):

N _a(M) 1_§g
ot i = Tor 187
2 M
a(M) = a(m) (1 + 2 log —)
T oom



Soft contribution k ~ m

Dy, =MD, Dy =-2k-v

D, ~ m, Dy ~m? Taylor series in 1/M; single scale m



Soft contribution k ~ m

Dy, =MD, Dy =-2k-v

D, ~ m, Dy ~m? Taylor series in 1/M; single scale m

—2@60 / ddk: 8 d?> —4d+5
o = e
(d—1)( 2)M Dg D.D,




On-shell HQET diagrams with mass

II(k?) d%k

= Dy = —k*> —i0

"

2




On-shell HQET diagrams with mass

I1(k%) d?k
k/ F(nl, ng) = —D?IDSQ
2 . Dy = —2k v — i0
= Dy = —k*> —i0

k

o D, \ (k2 D,7 TI(k2)
A T e — ld—n —2—4(m + 1) =2
(k Df)) ppop ~ |4T™ o b




On-shell HQET diagrams with mass

T1(k2) d'k
F — =/
k/ (n1,n9) / DI DE?
2 Dy = =2k v —i0
> Dy = —k*> —i0
0 Dy, \ TM(k?) D, TI(k?)
ok (k - 2D ) pppg ~ |47 m T2 D | B

(d — Ny — 2)F(n1, n2) = 4(711 + 1)1++2*F(n1,n2)



On-shell HQET diagrams with mass




On-shell HQET diagrams with mass

¢ (4 F(1—n1) n
(=)™ 72n1 : F<Oan2 + _> even n,
F( ) ?(<dd2 1)) re)
ny,Ng) = 9§ . a-l ng — 1
2! 1F(n12—1—1)12-1(d—2n1)F(1;n2+ ) odd nq > 0
0 odd n; < 0




On-shell HQET diagrams with mass

( ) rs®) n
(—4) ™M/ 222 2 F(O, ny + —> even n
ny,Ng) = < 1-ny % ( ny — 1>
2 F(m;l)F(d_2m)F 1,no+ odd n; > 0
0 odd n; <0

ny < 0: i0 = 0 in D™, averaging over k directions



Symmetry 3 <> 4

Oifns <0orng <0

F(nlan27n37n4) —

1 d?hy d¥hsy
(im?/2)? / Dy Dy* D3* Dy
Dy = —2k;-v—i0  Dy=—k?—i0
D3=1—k;—i0 Dy=1— (ki +ky)*—i0



F(3)T (5 — o)

2T (n1)C(n3)T(ny)
F(’“Q_d+n2+n3)F(”12_d+n2+n4)F<%+n2+n3+n4—d>

F(?’Ll, Ng, N3, 7’L4) =

T (d;;l) F(Tll + 2ng + ng + 1y —d)



F(3)T (5 — o)

2T (n1)C(n3)T(ny)
F(’“Q_d+n2+n3)F(”12_d+n2+n4)F<%+n2+n3+n4—d>

F(”la na, N3, 7’L4) =

r (d;;l) F(nl + 27’LQ +ng +nyg — d)
Apparently even = F(0,ny + ny/2,n3,n4) (vacuum)

12 =



L ()T (5" —no)
2T (n1)C(n3)T(ny)

F(’“Q_d+n2+n3)F(”12_d+n2+n4)F<%+n2+n3+n4—d>

F(”la na, N3, 7’L4) =

r (d;;l) F(nl + 27’LQ +ng +nyg — d)
Apparently even = F(0,ny + ny/2,n3,n4) (vacuum)

12 =

Apparently odd
> N1 S 0=0
> n1>O:>F(1,n2+(n1—1)/2,n3,n4)

_ __ 04d—9_2 F<5_2d)
o= ’%‘ =2 T a)



Soft contribution k ~ m

_ —2ie} [ d'k T(E?)  o*m
P="3 ) Gr)iD,D, ~ 4 M




HQET propagator

:ébﬁ&ﬁ.&.::é%?:
L T O



Non-abelian exponentiation

Unlike the abelian case

S(t) = —if(t) exp [OF ( 9;/2 (g)Q Sp

g (it
+Cp (am) \ 2 (CASFA + TrniSpr)

2
6 . 6e
90 it 2
+ O (5) (Cisa

+ CrTpnSrr + CaTpnySpar + (TFnl)2 SFZZ)

+}



Non-abelian exponentiation

If the colour factors of 3 diagrams were the same as that of
the one-particle-reducible diagram, i.e. equal to the square
of the colour factor Cr of the one-loop diagram (as in the
abelian case), then the sum of these diagrams would be
equal to % of the square of the one-loop correction Sg.
However, the colour factor of 1 diagram differs from C% by
—CrCy4/2, which is the colour factor the diagram with a
3-gluon vertex:

AN N R4

[ta’ tb] — Z'fabctc




Non-abelian exponentiation

We should include this contribution with —CrC4/2 instead
of its full colour factor into the term Spu (maximally
non-abelian or colour-connected part). Of course, the
diagram with 3-gluon vertex also contributes to Sga. The
diagrams with the one-loop gluon self-energy contribute to
Spi (quark loop) and Sga (gluon and ghost loops).



Diagram 1

Symmetry 1 <+ 2, 3+ 4

0 if two adjacent indices < 0

1 Ay dh, B
(i?Td/Z)Q D71’b1 D;m D§L3DZ4DQS -

2d—n1—n2—2(n3+na+ns)

I(n1,n2,n3,14,M5)(—2w)
D1 = —Q(klo + w) D2 = —2(l€20 + w)
Dy=—ki  Dyi=—kiy  Ds=—(k1— ko)’



Trivial case ng =0

n3 Ty
I(ny,n2,n3,n4,0) = W
ni 2

= [(nl, TLg)](TLQ, 7’L4)



Trivial case n; = 0

Inner loop G(ns,ns)(—p?)¥? ="
ng
n
](O’n27n37n4an5) — 4
ns
na
ng
’fl4—|—n3—|—n5—d/2
= X
na
ns5

= G(ng, n5)](n2, Ng +ng +ns — d/2)



Trivial case n3 =0

Inner loop I(ng, n5)(_2w)d—n1—2n5

Ty
I(ny,m9,0,n4,n5) = ns
o) ‘|— ny + 2”5

= ](nl, TL5)](TL2 +ny + 27’L5 — d, 7’L4)



Integration by parts

When applied to the integrand

0 N9 Ny ns
—_— —2 —2 —2 —
8k2 — D2 v+ D4 kQ + D5 (kg kl)



Integration by parts

When applied to the integrand

0 N9 Ny ns
—_— —2 —2k —2 —
8k2 — D2 v+ D4 2 + D5 (kg kl)

Applying (0/0ks) - ko, (0/0ks) - (k2 — k1) and using
2]€2"U:—D2—2w, 2<k2—k1)'k2:D3—D4—D51
N2

n
d—ng—n5—2n4—2wﬁ2—|—D—Z(D3—D4)

n n
d—ng—n4—2n5+322D1+Fi(D3—D5)



Integration by parts

[d — Ng — Ny — 27?,4 + '71122+ + n55+(3* — 47)] I=0
[d—ny —ng — 205 +n9271" +nyd" (37 —57)] I =0



Integration by parts

[d — Ng — Ny — 2n4 + '71122+ + n55+(3* — 47)] I=0
[d—ny —ng — 205 +n9271" +nyd" (37 —57)] I =0

Applying (0/0ks) - v

[—2n227 + nyd* (27 = 1) +ns57(27 = 17)] 1 =0



Homogeneity

Applying w(d/dw) to the integral
[Q(d—ng—n4—n5) — N1 —n2+n11++n22+] I=0

This is the sum of the (0/0ks) - ko relation
and the symmetric (0/0k;) - k1 one



Homogeneity

Applying w(d/dw) to the integral
[Q(d—ng—n4—n5) — N1 —n2+n11++n22+] I=0

This is the sum of the (0/0ks) - ko relation

and the symmetric (0/0k;) - k1 one

The (0/0ks) - (ky — k1) relation minus 1~ times the
homogeneity relation:

[d—nl—ng—n4—2n5—|—1
— (2((1—713—714—715)—nl—ng‘l'l)l_
+nd*t (37 =57)]1=0



Integration by parts

(2(d—n3—n4—n5) — —TL2+1)1_+7’L44+(5_ —3_)
d—nl—ng—n4—2n5+1

I = I

ni1 + n3 + ns reduces by 1

%‘%&

Y



Integration by parts

I =

ni1 + n3 + ns reduces by 1

(Z(d—ng—n4—n5) — Ny —n2+1)1_+n44+(5_ —3_)
d—nl—ng—n4—2n5+1

I

DA



Integration by parts

(2(d—n3—n4—n5) — —TL2+1)1_+7’L44+(5_ —3_)
d—nl—ng—n4—2n5+1

I = I

ni1 + n3 + ns reduces by 1




Diagram 2

k1 Symmetry
N4 1+ 2, 45
nq ng k?z()—l-w Oifn4§0

or ns <0

or 2 adjacent

?2 ni.3 <0
1 A%k, d%ks
(ind/2)2 / Dy Dy*Dy*Dy*DEs
J(n1,n2, 13,14, n5)(_2“))26!7”17n27n372(n4+n5)
Dy = —2(ky+w)  Dy=—2(kyo +w)
D3y = =2(ko + ko + w) Dy =k} Ds = —k;




Partial fractioning

Trivial cases: n3 =0, n12 =0

Denominators are linearly dependent:
D1+D2—D3: —2w
J=(1"42"-3")J

n1 + no + n3 reduces by 1
Numerator (k - k2)™ — not a problem



2 loops: summary

2 generic topologies (for all integer n;)

A




2 loops: summary

2 generic topologies (for all integer n;)

T
A S
Basis (all n; = 1)

T gy




2 loops: summary

2 generic topologies (for all integer n;)

ﬁﬂ

Basis (all n; = 1)

S
T =R gy =

Sunset
7 [(1 4+ 2ne)I™(1 — )
Loy R Towid-



HQET self-energy

1—-2¢

() = _c, % 2w)

i = DhA
go(—2w)'~* | (d—2)(2d - 5)
O { Y a—na—e "
_o, M- Z)i(id =51
+ (O - %) 2(d —3) [(d—3)I} —2(2d — 5)I,] A®

L Ca(d—3) [(d _2y 225__4512} A1 — ag)}



HQET self-energy

2
A:ao_l—dTS é-:]-_a/(]

3d — 2+ (d— 1)(2d — T)§ — 5(d — 1)(d — 4)¢?

Pt 1(d—2)

Ca




HQET propagator

2 —2¢
g5(—2w
wS(w) =1+ CF%Q(d —3)1A

gi(—2) { 3 (@ = 2)(2d =)

+Crg Trny o

(4m)d (d—4)(d—6)

(d - 3)(2d — 5)(2d — 7)
+8 —

—4(d — 3)ACLI;

(2d —5)(2d —7)  [(d—2)%(d —5)
(d—3)(d—4)(d—6) [(d —3)(2d—7)

A2Cpl,

+38

+(d® = 4d+5)A — i(d —3)(d?® — 9d + 16)A2] CAJQ}



HQET propagator

, @ [it\*
S(t) = —if(t) eXp{C’F( Tm)ir2 (5) I(—e)A

g5 (it d—2
+0F<47r>d(2) “[(d 3(d_6)ed_7) "

)
1 (d —2)*(d —5)
2(d = 3)*(d = 6) \ (d = 3)(2d = 7)

+ (d* — 4d + 5)A — i(d 3)(d* — 9d + 16)A2) Cy

A T%(1+2e)
Cd—3T(1+4e) CA]}

+




Scattering in an external field
Background field Af — Al + Al

— . 1 a aur
L= Z Gio(11Do — M) Gio — ZGO;WGOM

1 B 2 N = a
RGN (DMAS) + (D) (Dycp)
2610



Scattering in an external field
Background field Af — Al + Al

— . 1 a aur
L= E Gio(11Do — M) Gio — ZGOWGOM
1 N w2 N A0 ©a
T S (Dqu) + (Dyucy)(Dycp)
Qo

a
Hie 31 go fUe2e [(k2 — Jog )1 ghams

1 He
+ (k3 _ kl + —kg) g#:‘s#l
ag

as 3 1 13
Mg/k’g ol + <]€1 o k2 o a_k3> gM1H2:|
0



Chromomagnetic interaction

~

Fy(0) = igf);/; . (2(5)3) [2(d — 4)(d — 5)Cp — (& — 8d + 14)C4]




Chromomagnetic interaction

~

Fy(0) = igf);/; . (2(5)3) [2(d — 4)(d — 5)Cp — (& — 8d + 14)C4]

CY =1+ F,(0)

Con()Z2 (s (1)) = 1+ %ﬁ%—w [QCF + G + 2) (JA}

M
L =log —
]



Chromomagnetic interaction

« 4 g\ 2
= 2042 4 20, (17C — 13T, (—)
. 20A47T + 90,4( 7C 4 3 Fnl) I +



Chromomagnetic interaction

Qg 2
— 20,2 + (JA (17C4 — 13Twm) (M) +

Ma = M5 = 2o +0 (172

pe (1) = figscus (1) %) [1 4+ O(av,)]



Chromomagnetic interaction

a2
— 20,2 + (JA (17C4 — 13Twm) (M) +

Mp- _MB—?)]%/[C (1)1 (n )+0(]\;g>

He(1) = figos(u) /PR 1+ O(ay)]

M2, — M2 B (Oés(]\/fb)>%0/(%0) [1 o <a AQCD)}

M2 = M2~ \a,(M,) M.,




HQET heavy-light current

:éizl Jo = dopo = Z;j(n)

- ‘ dk v (g — (1 — ao)k,uk, /K]
A= —ZCFgg/ (27T)d . (k’2)2k0 .

. dd/{? ’}/Ok — (1 — CLO)]{ZO
_ 2
= ZCFgo/ (27T)d (/{Z2>2]€0




HQET heavy-light current
:éﬁp Jo = Qoo = Z;3(1)

< ‘ Ak ARV (g — (1 — ao)kuky /K2
- _ 2 v puhy
A =—iCry / (2r)d (k2)2kq

ZCFg2/ dd/{? ’}/Ok — (1 — CL())]{ZO
0
(2m) (k2)2ko
}é =koyo — k-7
- dk 1
. 2
A= —iCriao | 2y (k22
5 A 5 1/2 71/2 5 3 As
Zr=14Crar > Z; =22 2y =14 SCp —



HQET heavy-light current

«Q
V. = 30—
i Fan

8, 5 2, 49 10 g\ 2
+Cr [(—5” *5) U+ (57? 6)OA+ 3TF"1} (3)



QCD/HQET matching

50 = Gl 300 + 537 3 BE s )0i0) 4.0 (5

Matrix elements of j(u), in situations amenable to HQET
treatment, after expansion to a given order in 1/M,
coincide with the corresponding matrix elements of the
right-hand side of this equation.



QCD/HQET matching

Let’s consider the decay of a heavy quark into a light quark
with energy w < M via a heavy-light weak current. The
matrix element in QCD depends on two widely separated
large scales M > w and the renormalization scale u (if the
current has a non-zero anomalous dimension). For no
choice of u can we get rid of large logarithmic corrections.
When we go to HQET, all M-dependence is isolated in the
matching coefficient of the heavy-light current Cr. The
HQET matrix element knows nothing about M, and
depends only on w and p’, where the p/-dependence is
determined by the anomalous dimension of the HQET
heavy-light current. If 4’ is chosen to be of the order of w,
then there are no large logarithmic corrections.



QCD/HQET matching

On-shell matrix element of j(u)
M(P,p, ) = (Z2)2(28) 2 27 ()T (Pp)
should be equal to
Cr(p, 1 YM (p, 0/, 1) + O((p, p) /M)
where
M(p,p', 1) = (Z2)(ZE)? 2 (W)L (p, p)
Both matrix elements are UV-finite; their IR divergences

coincide, because HQET coincides with QCD in the IR
region.



QCD/HQET matching

On-shell matrix element of j(u)

M(P,p', 1) = (Z&)2(28) 227 ()T (P, p)
should be equal to

Cr(p, )M (p,p', 1) + O((p, ') /M)

where

M(p,p/7 M/) _ (Z;OS)1/2(Z(OQS)1/2Z]'_1(M/)f(pyp/)
Both matrix elements are UV-finite; their IR divergences
coincide, because HQET coincides with QCD in the IR

region.
2o\ (28N 7,00 T (P ) ’
CI‘(,U/;,LL/) _ ( q > ~Q VY d Y +O (p7p)
Zs zg ) Ziw) T(p,p) m

p=p =0



QCD/HQET matching

£

* ®
|

- ggM—Qs (1 — h)(d -2+ 2h>
A= =Cr i O =g @ —a)
ﬁr — O'Fﬁ o= =+1

7T = 20h(d)0

b =n(n-3)  n=(-1"



QCD/HQET matching

£

* ®
|

- ggM—Qs (1 — h)(d -2+ 2h>
A= =Cr i O =g @ —a)
ﬁr — O'Fﬁ o= =+1

7T = 20h(d)0

b =n(n-3)  n=(-1"

Cr(M,M) =1+ CFOZSZSY) [3(n—2)* + (2 —n)(n—2) — 4]



/B

<0|by"v2Cq| B(P)> = ifg P"
B(P')|B(P)> = 2P°(2m)%) (ﬁf _ ﬁ)
< B(P)B(P)>w = 8 (P~ P)

Mg
2Mp

<0‘b”)/0 ACC]‘B(]\/[@)>nr iF — i

M, (o, (M, j0/(2Bo)
- <a< b)> {1+O(as,

as(M,)

[

Aqcp

c,b

)



/B

S Ol
[ C’YO(
=1-2Ck




Heavy—heavy currents

\ 5
T(¥) = (0 cothd — 1)Cps + {—5(19 cothd — 1)Tpmy
T

oo tie-1a(c)

1 67 , P
— écothﬁ(@—i— <2C2— 1_8) v+ —i-?

+ 29 log (1 — e*w) — Lis (62§)>

49  ? g\ 2
+<2—%+7}0A}CF(?) T



One-loop self—gnergy diagram with mass

na
n

M

( m—

D k+p D

1 d?k
]mm(m,p()) = ind/2 / DmDnz

Dy =—-2(k+p)y—i0  Dy=m?—k*—i0




One-loop self—kenergy diagram with mass

na
n

M

( m—

D k+p D

1 dk
]nlng (m7p0> = Z'7Td/2 / Dnan2
Dy==2(k+plo—i0  Dy=m’—k —i0

Cut from the threshold w = m to +o00
Integer ny < 0: vanishes (HEET loop)
Integer n; < 0: vacuum diagram, e. g,

Ton(m,w) = m™*"V (n)




One-loop self—kenergy diagram with mass

na
n

M

( m—

D k+p D

1 dk
]nlng (m7p0> = Z'7Td/2 / Dnan2
Dy==2(k+plo—i0  Dy=m’—k —i0

Cut from the threshold w = m to +o00
Integer ny < 0: vanishes (HEET loop)
Integer n; < 0: vacuum diagram, e. g,

Ton(m,w) = m™*"V (n)

lir% Lyny (M, w) = 1(ng,ny)(—2w)4"2m—m2 if
m—



HQET Feynman parametrization

T (ny +ny—9)
['(n1)0(ny)

T (s w) = Y (YR 2wym?) T dy



HQET Feynman parametrization

o0

F n —l—n - ¢
Ly (M) = ——— / Y™ (Y= 2wy+m®) P2 dy

0

Ly (m, 0) = Io(na, n2)md_”1—2”2

P(3)T (B ) 2 T (5 )
2T (n1)T(ny) ~2m D (2H) T(ny)

vanishes at odd negative integer n; — odd in k

Io(n1;n2) =



Result

w<0

r (n1 —+ ng — g) F(n1 + 2712 — d)
F(HQ)F(Q(TH + 712) — d)

ny ni—d + 2
- o w
)
X 2F1 ( 2 2 d—1 1— —2>

ny + no — 5
The point w = 0 is regular; when we go from a small w < 0
to w > 0 along some path in the complex plane, we make a
full cycle around the branch point of the hypergeometric
function, and arrive at another Riemann sheet.

d—n1—2n2

Ly, (Mmyw) =m




w<<m

One integration region k ~ m
Expand D;™ in w

(o) N 2 n
In1n2 (m’ w) = md—m—?nz Z ]O(nl T, n2) (nT;') (%)
n=0
ny ni—d 2
-, + n w
2F1 ( 2 2 2 W)

I ("112-1-1) I (nl—d+1 —+ TLQ) 2w ( anH7 ni—d+1 +ny

=m0 [ (0 ny)

)]

Regular Taylor series in w,
power of m — dimension counting



w>m

OPE

» hard k ~ w — the (1-loop) coefficient function of the
unit operator

» soft k ~ m — the series of perturbative (1-loop)
vacuum averages of local operators (with 2n
derivatives) accompanied by their tree-level coefficient
functions

]mm (m7w) = Ih + Is



Hard k ~ w

Expand D;™ in m?

2

4w?

n=0
n12—d + Na, n1—2d+1 + ns
d
na + 1— 3

— (—2w>d7n172n2[(n1, ng) 2F1 <

Regular Taylor series in m?,
powers of —2w — dimension counting




Soft k ~m

Expand D™ in k (all odd terms vanish)

_ . d—2n n (nl)Zn m2 "
Iy =m* =" (=2w)™ ngo Iy(—2n,n9) @) (4w2)
d-2 | m?
— —4n2 1 )
=m (—2w) ™V (ng) o F1 ( %l 21 w2)

Regular Taylor series in w (after extracting (—2w)™"™),
powers of m — dimension counting



Soft k ~m

Expand D™ in k (all odd terms vanish)

_ . d—2n n (nl)Zn m2 "
Iy =m* =" (=2w)™ ngo Iy(—2n,n9) @) (4_w2)
d-2 | m?
— —4n2 1 )
=m (—2w) ™V (ng) o F1 ( %l 21 w2)

Regular Taylor series in w (after extracting (—2w)™"™),
powers of m — dimension counting

The leading term in [;, dominates over the leading term in
I at m — 0 if ny < d/2



Mellin—Barnes

100

(aib)n — &;%/jm dzT(=2)T(n + 2) (g)

» all poles of I'(- - - + z) are to the left of the contour
» all poles of I'(- - - — 2) are to the right of it



Mellin—Barnes

(aib)n — &;%/jm dzT(=2)T(n + 2) (g)

» all poles of I'(- - - + z) are to the left of the contour

» all poles of I'(- - - — 2) are to the right of it

» closing the contour to the right — the expansion in b/a

» closing it to the left — the expansion in a/b



Massive propagator via massless one

(m? in)n - ?(n;%/ - dzT'(=2)l'(n + 2) (i

—100

— .= m—2ni /HOO dzT(=2)['(n+ 2z)m™*
- I'(n) 27 J_

100



Massive diagram via massless one

Liin, (m, W) =

m=2"2(—2w)m 1 /““’Od
— z
L(ny)C(ny) 2w J_

100

T(ny—d—22)T (§+ 2)T(ny + 2) <%)2



Massive diagram via massless one

Liin, (m, W) =

m=2"2(—2w)m 1 /““’Od
L(ny)C(ny) 2w J_ ©

100

T(ny—d—22)T (§+ 2)T(ny + 2) <%)2

» Close the contour to the right: the sum over residues
of the right poles — the expansion in w/m.
1 series of right poles z, = (n+n; —d)/2 (n =0, 1,
2...) — the small w result

» Close the contour to the left: the sum over residues of
the left poles — the expansion in m/w (analytical
continuation to large w)
2 series of left poles: 2! = —n —ny and 25 = —n — 4 —
I, and I,



3 loops: 2 c-webs

Let’s multiply the 1-loop correction and the last diagram.
We can imagine that this set is obtained from the
one-particle-reducible diagram by allowing the gluon —
heavy-quark vertices to slide along the heavy-quark line,
crossing each other. These diagrams are said to contain two
connected webs. Everything is already accounted for by the
product of the one-loop correction and the part of)
two-loop correction in the expansion of the exponent,
except the contribution of the first diagram (and its
mirror-symmetric), taken with the maximally non-abelian
part of its colour factor. It contributes to the three-loop
correction in the exponent.



3 loops: 2 c-webs

Similarly, out of all the diagrams with two connected webs,
only 3 diagrams contribute to Spaa, with the maximally
non-abelian part of their colour factors. This part appears,
in the first case, for example, when we commute t* matrices
to obtain the colour structure of the reducible diagram; it is
identical to the colour factor of the ladder diagram equal to
CrC?% /4.



3-loop diagrams

LN NN
..
= AN
s A o




3 loops: 3 c-webs

We move the vertices along the heavy-quark line in such a
way as to disentangle those c-webs. While doing so, we get
extra terms from the commutators, having colour
structures of the corresponding diagrams with the
three-gluon vertex. These diagrams have fewer c-webs,
which are more complicated. Finally, each colour factor can
be expressed as a linear combination of three ones:

» C3% (3 1-loop c-webs)
» —C%C4/2 (2 c-webs: 1-loop and with 3-gluon vertex)
» CrC?%/4 (1 c-web: the ladder diagram)



3 loops: 3 c-webs

» Occurs with the unit coefficient in all 15 colour factors.
The sum of the corresponding contributions is just the
term with the cube of the 1-loop correction in the
expansion of the exponent.

» Occurs in the diagrams obtained by multiplying the
1-loop correction and the third diagram, the sum of
the corresponding contributions is contained in the
product of the one-loop term and the two-loop one in
the expansion of the exponent.

» We are left with the colour-connected parts of the
colour factors (a single c-web contributions). They are
present in 3 diagrams, and contribute to Sgaa.



3 loops: 1 c-web

» 2 diagrams have equal colour factors (just close the
quark line), they contribute to Spaa.

» 1 diagram has 0 colour factor:

» The diagram with the four-gluon vertex can be
decomposed into three terms, with colour factors of the
previous 3 ones.



3 loops: 1 c-web

» 2-loop gluon self-energy corrections, including
one-particle-reducible ones; it contributes to Spaa,
Srri, Srai, SFu-

» 1-loop corrections to the three-gluon vertex, including
one-particle-reducible ones (i. e., one-loop self-energy
corrections to each gluon propagator); it contributes to

Sraa, Srai-



Larin factors

. C’ysAC< ,,U/) _ Ol(:ual'b/)
1) Chonigeys(p, 1)




Equation of motion

i0ajg = 10aj" = Mojo = M (p)j(11)
Matrix element from Q(Mwv) to ¢(0)

MCo(p, pt') = M(p)Cr(p, 1)
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