KIT

Karlsruhe Institute of Technology i/i/ iSe 2019

Introduction to Theoretical Particle Physics

Lecture: Prof. Dr. K. Melnikov
Exercises: Dr. C. Brgnnum-Hansen, Dr. M. Jaquier

Exercise Sheet 5
Issue: 08.11. — Submission: 15.11. @ 12:00 Uhr — Discussion: 19.11. and 20.11

Exercise 10: Matrix identity

Let M be an arbitrary nxn matrix of complex numbers with eigenvalues Aj, Ao, ..., A,.

(a) Show that the determinant of the exponential of M can be expressed in
terms of the exponential of its trace, i.e. det(exp(M)) = exp(Tr(M)).

(b) Using the above identity, prove the identity you have used in the lecture to
derive the Noether theorem,

det(1 + eM) = 1+ e Tr(M) + O(¢?), (10.1)

where € is a small parameter.

Exercise 11: Relativistic normalisation

Under a boost of velocity v in the z-direction we have

p. =~(p. + BE)
E' = ’7(E + sz)v

1

where 8 = 7 and v = T

(a) Using the delta function identity

O(f(x) — flxg)) = 0lx —x 11.1
(1) = J(00) = 0o = o). (1L.1)

show that
EsV(p—q) =E PG - 7). (11.2)

Hint: Outside the delta function you can set By = Egz = E.

(b) Use the result above to argue that by defining momentum states as

5) = /2Ezal|0), (11.3)

we obtain a relativistically invariant normalisation of (p'|q).
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Exercise 12: Multiparticle states

You have seen in the lecture how excited states of the Hamiltonian for a scalar field
can be obtained by repeated action of the creation operator on the vacuum:

by, ... k) = <H w/2@,%) al ...ak |0), (12.1)

and that the energy of those states is given by

Hlky, ... ky) = (Zwi) k1, kN (12.2)

In this exercise we will investigate the action of two more operators on such states.

(a) It has been shown in the lecture that the three-momentum operator for a
scalar field ¢ can be determined as

pi— /d?’f T _ _/d?»fﬂ(t?f)aigp(t’f) 7 (12.3)

where T is the energy-momentum tensor for a scalar field. Use the repre-
sentation of ¢ and 7 in terms of creation and annihilation operators and
show that the momentum operator can be written as

. Bk -
P:/(zﬁ)gkaga,;. (12.4)

(b) Show that by acting with the momentum operator on the state |ky, ..., ky)
as defined above you obtain the sum over the momenta k;,

Plky, ... ky) = (ZE) k.. k) (12.5)

(¢) In analogy to the harmonic oscillator one can also define a particle number

operator,
- &Pk
_ Te
N = / (2W)3a’;ak : (12.6)
Use the calculation from the previous subquestion to argue that
Nlki, ... kx) = Nlky, ... ky) . (12.7)

(you don’t have to repeat the full calculation).

With this you have shown that the state |l;1, cee EN> is an eigenstate of the energy,
momentum and number operators with eigenvalues

> wi. > ki, N. (12.8)

One can thus identify this state as a multiparticle state containing N particles with
relativistic energy w; = \/l;iz + m? and momentum lgi, respectively.
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Exercise 13: Vacuum energy density

In the lecture, we have encountered the energy density of the vacuum

vac — Ty, YRR 13.1
P v (27)3 2 (13.1)

Boe / Bk w

where wy, = Vk2+ m2. We saw that the integral is divergent in general. We
introduced a cut-off, which was motivated by the energy scale at which gravity
effects become important and therefore, where we would expect our theory to break
down at the latest. This yielded a value for py,. which was 122 orders of magnitude
larger than the value expected from measurements of the cosmological constant
Acc. Here, we would like to get an idea of how large the contribution to pys. from,
for example, the electron is.

(a) As in the lecture, switch to spherical coordinates and regulate the integral
by replacing the upper integration limit of the radial integral by a cutoff A.
Solve the integral for 0 < m < A < oc.

(b) We expect the theory to hold at least up to scales of the electron mass m..
Calculate numerical values for py,. for m = m, and A = 2m,.. Compare
those numbers to the vacuum energy density expected from the cosmological
constant, gﬂ%. Use Acc = 4.30- 1079 eV? for the cosmological constant and
G = 6.71-107% GeV 2 for Newton’s gravitational constant. Think about
what you can learn from this comparison.

https://www.ttp.kit.edu/courses/ws2019/ettp/start page 3 of


https://www.ttp.kit.edu/courses/ws2019/ettp/start

