Lecture 12

The Standard Model of particle physics

We will discuss the current theory of subatomic world — the Standard Model of
particle physics. This theory was formulated in a series of papers by Sh. Glashow,
S. Weinberg and A. Salam. By the time the theory was proposed (late 1960s), it was
known that there exists an electron (discovered in 1897) and an electron neutrino (1956),
a muon (1936) and a muon neutrino (1962). The 7-lepton and the 7-neutrino were
unknown.

It was also understood that there is an electromagnetic interaction, facilitated by
massless photons, that can be described by a gauge theory known as Quantum Electro-
dynamics. It was also known that there are weak interactions that cause neutron decay
n — p+ e+ U, and the muon decay u — e + e + v,. There was Fermi theory, which
stipulated that weak decays are described by the following Lagrangian

Le = =S (91— 5)n] [y*(1 — 5)0] + he., (1)
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and a similar one for the muon decay. The Lagrangian Eq. (1) displays maximal par-

ity violation in that only left-handed fermions (vr, ~ (1 — 75)v) participate in weak

interactions. Also, weak interactions were known to be short-range, at variance with

electromagnetic interactions.

These two points imply that if weak interactions are to be described by gauge fields,
these gauge fields have to couple differently to left- and right-handed fermions and,
moreover, these gauge fields have to be massive to make sure that weak interactions are
short-range.

The first point — a different role played by left and right fields in weak interactions —
has important consequences. Indeed, as we have seen in Lecture 10, a massive electron
requires a term L,, = mirig + migir in the Lagrangian. If ¢;, and 1g transform
differently under gauge transformations, the mass term in the Lagrangian will not be
gauge-invariant. A possible way out is to re-use the idea of spontaneous symmetry
breaking and apply it to fermions. Indeed, we start by considering a theory with mass-
less fermions that couple to a scalar field, e.g. L,, — Ly ~ ¥rrp + ¥rtpre’. The
difference with the mass term is that now the field ¢ can also transform under gauge
transformations and it may be possible to adjust quantum numbers of ¢r, r and ¢ in
such a way that Ly is invariant under gauge transformations. If, however, the field ¢
undergoes spontaneous symmetry breaking ¢ — v, the Yukawa Lagrangian Ly produces
a mass term for the fermion v, i.e. Ly — rtrm + gbrm. So, similar to how gauge
bosons get their masses in the process of spontaneous symmetry breaking, we can set
up a gauge invariant theory with massless fermions that, after spontaneous symmetry
breaking, turns into a theory with massive fermions. This is important since electrons
and muons are, in fact, massive.



Let us now discuss how to couple fermions to gauge fields. We have seen in Lecture
10 that if we put a proton and a neutron into an SU(2) doublet, there are terms in
the Lagrangian that describe neutron-to-proton transitions. If we look at the Fermi La-
grangian Eq. (1), we see that such transitions are present there. In addition, there are
electron-to-(electron) neutrino transitions in the Fermi theory Eq. (1); we can accom-
modate them by putting the electron and the electron neutrino into an SU(2) doublet.
Since the Fermi Lagrangian only contains left-handed fields, we combine the left-handed
electron and the left-handed neutrino into an SU(2) (gauge) doublet

\IJL:<:§> (2)

Since electrons are massive, we require a right-handed field er as well. This field does
not participate in weak interactions, i.e. it is not part of the Fermi theory in Eq. (1).
However, since QED is parity-conserving, photons do couple to left- and right-handed
fields with equal strength. For this reason, we assume that both left-handed and right-
handed fermions couple to an U(1) field, but we cannot associate this field with the
electromagnetic field right away (e.g. neutrinos do not couple to photons). We will
also assume that electron neutrinos are massless and for this reason the right-handed
neutrino field vg is not needed.

Therefore, we consider a theory based on the gauge group SU(2) x U(1). Both ¥
and ep transform under U(1) but only ¥y, transforms under SU(2). We will have to
break the symmetry, to give masses to (some) gauge bosons and to the electron. We will
do this with the help of a scalar complex doublet ¢ that transforms under both SU(2)
and U(1). We will continue with writing down the Lagrangian for such a theory. We
will call it Lg.

The first term in Lgyg, that is completely fized once the gauge group is specified, is
the kinetic term for gauge fields. We write

Lgauge = LSU(Z) + LU(1)7 (3)
where
1 % nxs 1 %
LSU(Q) = _ZWNVW i LU(I) = _ZB/JZ/B ) (4)
with ‘ ' ' - ‘
W, = 0,Wi — 0,W}, + ge T Wiw}. (5)
and
B,, =0,B, - 0,B,. (6)

To move further, we need two covariant derivatives, one for the SU(2) group and the
other one for the U(1) group. We have

DV =9, — igriw, (7)



where 7! = 0% /2 and

Y
A zg’;Bu, (8)

where Y defines a U(1) charge (a “hypercharge”) of a particular field in units of the
fundamental U(1) gauge coupling ¢'.

The Lagrangian Lgauge describes 3 + 1 massless gauge bosons. The theory has to
describe weak and electromagnetic interactions that require three massive (weak inter-
actions, charged and neutral currents) bosons and one massless gauge boson (electromag-
netism). As we know, this can be achieved by breaking the symmetry spontaneously. To
this end, we introduce the Higgs field that is a SU(2) doublet and has a U(1) hypercharge
Y;,. We write

LIIEIiirzggs = (DMSD)T (D'u(vp) ) (9)
where
p1 + 12
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4 ( Y3 + 14 ) (10)

and where
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Dy = 0y —igr'W, —ig Bu?~ (11)

The part of the Higgs Lagrangian that is responsible for breaking the symmetry is

A 02 2
Lywss = 1 (CPTSD - 2> . (12)

The EWSB Lagrangian requires that we choose the non-vanishing vacuum field. We

write
0
o) = ( e ) 13
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We know that this is a complete parameterization of the doublet after the symmetry
breaking since the rest can be removed by a gauge transformation.

Let us compute the mass spectrum of gauge bosons in such a theory. The mass
spectrum follows from L upon substituting ¢ — @yac there. We find

Higgs
_ o Y; o Y;
Lkn _, T igW,m" + ig'Bu;] [—igW“’JTJ — ig’B”;} Pvac (14)
where
0
Pvac = v (15)
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We expand Eq. (14) and write
T PR Yh2 2 , ) )
Prac |9 W, W) + = g7 BuBY + g9 YhWZLB“TZ] Pvac- (16)



Then, we compute
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It follows from Eq. (18) that the two fields W', W?2 acquire the mass
v
m172 = g?, (19)
whereas a combination of W3 and B fields
Z,, = cost W/S?’) —sinf B, (20)
acquires the mass
my = —9 (21)
27 9cos0

In the above equations, we introduced the so-called weak mixing angle 6; the cosine
and sine of this angle is fixed in terms of the gauge coupling and the Higgs boson
hypercharge,

/
Y,
COSQZL, sinf = ——JI (22)
\/ 9%+ Y2g? \/ 92 + Yi2g"?
A combination of fields that is orthogonal to Eq. (20) reads
Ay =sind W3 + cos6 B, (23)

An important consequence of Eq. (18) is that the field A, remains massless. We would
like to associate it with the photon.

We continue with the discussion on leptons. We will only consider an electron and
an electron neutrino since muons and muon neutrinos are included into the SM in an



identical way. As we already said, the left-handed fields are SU(2) doublets and the right-
handed electrons are SU(2) singlets. We consider massless neutrinos and, therefore, we
do not introduce the right-handed neutrino field. We write the Lagrangian

Ly = @LiﬁL‘l’L + éRiﬁReR, (24)
where

Yr

D =" —igW,r" — z‘g’Bﬂ?,
(25)
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D=0 —ig'B,~".

As we already discussed in Lecture 10, we cannot write the mass term for an electron
since it mixes left- and right-handed fields and these fields transform in a different way
under SU(2) and U(1) gauge groups. We will return to this question after we study how
gauge bosons interact with fermions.

To understand this, we neglect partial derivatives in Eq. (25) and consider only terms
of the type @Z;V,ﬁ“w = 1/;‘7@&, where V), is a gauge field. Then
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UriDW — 5 [EL(gW3 + g,BYL)I/L + éL(—gW3 + g'BYL)eL

—|—gI7L(W1 + iW2)€L + géL(Wl — iW2)VL , (26)
N gl ~
ertDrer — §YR6R36R~

To understand how electrons and neutrinos interact with gauge fields, we express Wj’
and B, through mass eigenstates of gauge fields. To this end we write

Wﬁ =cos0Z, +sinbA,,

(27)
B, = —sinfZ,, 4 cos0A,,.

We use these equations to determine couplings of Z,, and A, to electrons and neutrinos.
Of particular importance to us is the coupling of the photon field A, to fermions. This
is so because we know how this coupling should look like. In particular, the photon
should not couple to neutrinos since they have no electric charge and it should couple to
both left- and right-handed electrons with equal force that is proportional to the electric
charge of the electron. These features provide important constraints for the theory.

We begin with neutrino’s couplings to photons. This coupling will come from the
vr, -+ - v term in Eq. (26) if we replace both WS and B,, with A, following Eq. (27). We
find

1 “ A 1 A (Y] Y A
*I?L(gW:g + g/BYL)VL — *(g sinf + Q/YL CcOs (9)17LAVL = mﬂLAVL. (28)
2 2 /gg +g,2Yg



Hence, to ensure that photons do not couple to neutrinos, we need to choose hypercharges
of the Higgs boson and the left-handed lepton doublet to satisfy the following equation

Yy +Yr = 0. (29)

The second constraint is that photons couple to left and right-handed electrons with
equal strength (no parity-violation in QED). The electrons appear in Eq. (26) in two
places, as left- and right handed. Again, we replace W2 and B with A in a way compatible
with Eq. (27) and obtain

1 R R /
iéL(—gWS + g'BYL)eL + %YRéRBeR
L, . _ 2 g/ _ 2
— §(g Yy cos@ — gsinf)ep Aer, + §YR cosbferAer (30)
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To ensure that left- and right-handed fermions coupled to A, with the strength propor-
tional to the electric charge, the following equations have to be satisfied

erAeg.

99'Yr B
—F——————— = (e-
24/9% + ¢'*Y}

The first equation is the requirement that there is no parity violation in the electron
coupling to photons; the second requirement is that photons couple to electrons with a
strength defined by an electron charge g..

One can use the above considerations to write the couplings of electrons and neutrinos
to Z’s and A’s. However, we will not pursue this direction here; instead, we will discuss
how to make sure that the electron has the right mass. To this end, we need to write a
gauge-invariant coupling between left-handed and right-handed fermions and the Higgs
fields

Y, — Yy =Ypg, (31)

Ly = f. [Urpen+hel, (32)

where we assumed the Yukawa coupling f. to be real. The Yukawa Lagrangian in Eq. (32)
is obviously invariant under SU(2) transformations since both, the left-handed field and
the Higgs field are SU(2) doublets. However, if we perform the U(1) transformation
each field transforms in a way that involves individual hypercharges, i.e.

Yr

H iYL YR
9(””)@, Uy, — ez 0@y, er — €2

.Y,
o€z 9@)ep. (33)
Hence, the Yukawa Lagrangian is invariant under U(1) transformations if the following
equation

Yy +Yr— Y, =0 (34)



holds true. It is easy to check that Egs. (29), Eq. (31) and Eq. (34) are all compatible
with each other provided that hypercharges are chosen to satisfy the following equations

Yy =-Y;, Yr = 2Y;. (35)
We then choose Y, = 1 and obtain
Yy = —1, Yr =2, Y, =1. (36)

It is then easy to see that the Yukawa Lagrangian Eq. (32) provides a mass to
electrons after the symmetry breaking. Indeed, upon replacing the Higgs field with its
vacuum expectation value we obtain

_ v
Ly = fe [¥rpvacer + h.c.] = Jev [erer + h.c] = me [eper + h.c], (37)
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where m, = fev/ V/2 is the electron mass. As we see, neutrino remains massless.

We note that our theory describes interactions of photons, Z-bosons, W*-bosons and
the Higgs boson between themselves and with electrons and neutrinos. Electrons are
massive and Higgs interactions with electrons are proportional to the Yukawa coupling
fe which is given by the ratio of the electron mass and the vacuum expectation value of
the Higgs field. To make our theory complete, we need to introduce the muon and the
muon neutrino and 7-lepton and 7-neutrino as well as quarks. The additional leptons are
put in by simply repeating what we did for the electron and the electron neutrino. The
situation with quarks is slightly more complicated since different quark generations can
“mix” with each other. This mixing is described by the so-called Cabibbo-Kobayashi-
Maskawa matrix and leads to the phenomenon of CP-violation.



