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Problem 9: Two-Higgs doublet model

In two-Higgs doublet model one extends the Higgs sector of the standard model with one
additional Higgs doublet. Consider two Higgs doublets:

Φ1 =

(
φ+

1

φ0
1

)
, Φ2 =

(
φ+

2

φ0
2

)
with hypercharge +1.

a) The vacuum expectation values of Φ1 and Φ2 break the SU(2) × U(1) symmetry to
U(1)em. Through suitable global phase transformations of Φ1 and Φ2 one can bring
them to the form

〈Φ1〉 =
1√
2

(
0
v1

)
, 〈Φ2〉 =

1√
2

(
0
v2

)
where v1 and v2 are real and positive. Express the W - and Z-boson masses through
v1, v2 and the gauge couplings of the standard model.
Hint: Consider the so called Higgs basis, that is defined through Φ = Φ1 cos β+Φ2 sin β
and Φ′ = −Φ1 sin β + Φ2 cos β with the definition tan β = v2/v1.

b) The quark Yukawa sector of the two-Higgs doublet model has the general form

LY = −Y 1u
ij Q̄LiΦ̃1uRj − Y 1d

ij Q̄LiΦ1dRj − Y 2u
ij Q̄LiΦ̃2uRj − Y 2d

ij Q̄LiΦ2dRj + h.c.

with Φ̃1,2 ≡ εΦ∗1,2 ≡ iσ2Φ∗1,2. The i and j are generation indices and Y 1u, Y 1d, Y 2u and
Y 2d are Yukawa matrices. The mass eigenstates for the Higgs bosons are H±, G±, G0,
A0, H0 and h0. For the CP -conserving Higgs sector these fields are defined through:

Φ1 =

(
cβG

+ − sβH+

1√
2
(v1 + cαH

0 − sαh0 + icβG
0 − isβA0)

)
,

Φ2 =

(
sβG

+ + cβH
+

1√
2
(v2 + sαH

0 + cαh
0 + isβG

0 + icβA
0)

)
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with sβ = sin β, cβ = cos β, sα = sinα and cα = cosα. The angle α is determined by
the couplings in the Higgs potential.

Diagonalize the quark mass matrices through unitary mixings of the quark fields

uLi → V uL
ij uLj , uRi → V uR

ij uRj , dLi → V dL
ij dLj , dRi → V dR

ij dRj

and determine the couplings of the Higgs fields A0, H0 and h0 to the quark mass
eigenstates. Which terms in LY lead to flavor changing neutral currents (FCNCs)?

c) To forbid the FCNCs one should add an additional symmetry. The simplest choice is
a Z2-symmetry Z in the form

(Φ1,Φ2, uRi, dRi)→
Z

(±Φ1,±Φ2,±uRi,±dRi) .

For which combinations of the signs does the Z forbid the FCNCs?

Problem 10: Dirac basis and Fierz identities

One can construct the basis for the space of complex 4×4 matrices from the Dirac matrices
γµ. The basis matrices are:

B = {PL , PR , γµPL , γµPR , σµν | µ, ν = 0, . . . , 3}

with
σµν = i

2
[γµ, γν ] , PL = 1

2
(1− γ5) , PR = 1

2
(1+ γ5) .

a) Calculate the traces Tr(Γ1Γ2) with Γ1,Γ2 ∈ B.

b) Let the Γ be arbitrary complex 4× 4 matrix. In the Dirac basis one can expand Γ as

Γ = sLPL + sRPR + vLµγ
µPL + vRµ γ

µPR + cµνσ
µν .

Express the coefficients sL,R, vL,Rµ and cµν through the traces Tr(Γ′Γ) with Γ′ ∈ B.

c) Expand the matrices σµνPL and σµνPR in the Dirac basis B. Calculate the outer
product (σµνPL)ab(σ

µνPR)cd.

d) One can expand the tensors Tabcd with four Dirac indices in the basis of outer products
of Dirac matrices:

Tabcd =
∑

Γ,Γ′∈B

CΓ,Γ′ΓabΓ
′
cd .

Calculate the coefficients CΓ,Γ′ of these expansions for

i) Tabcd = (PL)ad(PL)cb and Tabcd = (PR)ad(PR)cb,

ii) Tabcd = (γµPL)ad(γµPL)cb and Tabcd = (γµPR)ad(γµPR)cb,

iii) Tabcd = (γµPL)ad(γµPR)cb and Tabcd = (γµPR)ad(γµPL)cb.

These identities are called Fierz identities.
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