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Problem 8: Pions and isospin

We denote by (qu, qd) ≡ (u, d) the isospi-quark doublet of the first generation and consider
the following field operators:

πij(p) ≡
∫
d3x e−ipx:q̄i(0,x)γ5qj(0,x): with i, j ∈ {u, d},

where : · : denotes the normal ordering (all creation operators are to the left of all annihi-
lation operators). Pion states are created by acting with appropriate linear combinations
of the operators πij(p) on the vacuum |0〉.

a) The quark fields transform under charge conjugation C, parity transformation P and
Poincaré transformations U(Λ, a) as following:

Cqi(x)C† = iγ0γ2q̄Ti (x) ≡ Cq̄Ti (x) , Pqi(t,x)P† = γ0qi(t,−x) ,

U(Λ, a)qi(x)U †(Λ, a) = S(Λ−1)qi(Λx+ a) .

The S(Λ) is the representation of the Lorentz transformation Λ in the space of Dirac
spinors:

S(1+ ω) = exp(− i
2
ωµνσ

µν) with σµν = i
4
[γµ, γν ] .

How do the operators πij(p) transform under space translations, charge conjugation
and parity transformations? How do πij(0) transform under rotations? What are the
momentum, angular momentum and parity quantum number of the state πij(0)|0〉?
Hint: You can first show that Cq̄iC

† = qTi C and Pq̄i(t,x)P† = q̄i(t,−x)γ0.

b) If the masses of up- and down quarks are set equal the QCD has the additional SU(2)-
isospin symmetry. The quark fields transform under isospin transformations in the
fundamental representation:

qi(x)→ Uijqj(x) ,

with U ∈ C2×2, U † = U−1 and detU = 1. How do the operators πij(p) transform
under isospin? Define π̃ij(p) = −εikπkj(p), where ε = iσ2 is two-dimensional Levi-
Civita tensor. How do the operators π̃ij(p) transform under isospin transformations?
Decompose the vector space in the irreducible representation of SU(2) in terms of four



operators π̃ij(p), i.e. form the linear combinations (analogous to angular momentum
addition in quantum mechanics) πI,I3(p) of the operators π̃ij(p) that transform under
the spin-I- representation of the SU(2)-isospin. Determine the transformation behav-
ior of these operators under charge conjugation and parity transformations and their
electric charges. Hint: For every SU(2)-Matrix, U εU∗ = Uε.

c) Pion states with momentum p are created by acting on the vacuum with operators
πI,I3(p) with I = 1 and I3 ∈ {−1, 0,+1}. We denote these operators by π±(p) and
π0(p). The G-parity transformation is defined as the product of charge-conjugation C
and a specific isospin transformation:

Gqi(x)G† = (eiπσ2/2)ijCqj(x)C−1 ,

where σ2 is the second Pauli matrix. How do the operators π± and π0 transform under
G-parity? Does the QCD allow for the scattering processes as π+π− → π+π−π0?


