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Exercise 1: Scattering off a surface

In the lectures we have calculated the cross section for scattering off a solid sphere.
In this problem we consider elastic scattering of particles, coming from z = +o00
with initial velocities parallel to the z-axis, off a solid object consisting of the points

{(z,y,2) € R® | /a2 +y? < bsin(%) and 0 < z < ma} . (1)

In other words, the edge of the object is the surface of revolution around the z-axis
generated by

p(z) = bsin <§> for 0<z<ma. (2)

The parameters a and b are positive.
(a) Make a sketch of this surface. Draw the path of a particle with impact
parameter 0 < p < b and indicate the deflection angle y. Demonstrate from

the sketch that half of the deflection angle is related to the slope of the
surface,

() -2 o

(b) Derive from eq. (3) the relation between the impact parameter and deflection

angle,
p(x) = \/62 — a? tan? (g) : (4)

(c) Calculate the differential cross section

do dp(x)
% — 2ot |22 5)

(d) What are the minimal and maximal values of the scattering angle, xi, and
Xmax, corresponding to impact parameters p — b and p — 0, respectively?

(e) Compute the total cross section

Xmax do
o= dx — . (6)
/x dx

min

Can you explain the simple result for o from a geometrical point of view?
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Figure 1: Definition of the impact parameter p, scattering angle y and angle ¢q in
Exercise 2.

Exercise 2: Scattering in 1/r? potential

In the lectures we have discussed scattering in a Coulomb potential U(r) = ta/r
and derived the famous Rutherford formula

do [ « 2 1 (1)
dQ  \4E ) sin*(x/2)’
where d€) = 27 sin(y)dx. In this problem we will compute the cross section for
scattering in a more strongly localised repulsive potential,

U(r) =a/r* with a>0. (2)

The scattering angle is denoted by x = |1 — 2¢o| with ¢ given by

2

p/r
= —UE @)

The lower bound of integration r,;, is equal to the distance between the origin and
the turning point A, see Figure 1.

(a) Give the defining equation for r,;,. Show that in this case ryin = \/p? + o/ E.

(b) Perform the integral in eq. (3) and show that a particle with energy E and
impact parameter p is deflected by an angle

1
X:W(l_ 1+a/(Ep2)> ' @)

(c) Invert eq. (4) to obtain p = p(). Show that the differential scattering cross
section, defined in eq. (5) of the previous exercise, evaluates to

o

$o =

do  2m%a  mw—x

= : (5)

dx B X221 —x)?

(d) Sketch the differential cross section as a function of y between y = 0 and
x = m. How does the function behave as xy — 07 Is the total cross section
finite, or divergent?
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Exercise 3: Particle capture 10 points

In this problem we are interested in the process where a particle comes from far
away and goes toward the origin » = 0 as t — co. In other words, the particle is
captured by the central potential.

(a) The characteristic aspect of this problem is that there is no turning point.
Show that this implies that the energy £ must be larger than the effective
potential Ueg(r) = U(r) + Ep?/r?:

E —Ueg(r) >0 forall r . (1)

(b) For eq. (1) to hold, Ueg(r) must in particular be finite as 7 — 0. Show that
particle capture can therefore only happen if U(r) tends to —oo as —3/r?
with 8 > Ep?, or if U(r) is proportional to —1/r™ with n > 2.

Consider an attractive potential U(r) = —3/r? with 3 > 0.

(c) Calculate the effective potential Usg(r) and sketch it for the two cases
B> Ep? and B < Ep?.

(d) What are the minimal and maximal values of the impact parameter for
which particle capture takes place? Calculate the total cross section for

particle capture
az/doz/dp%r,o. (2)

Consider now the potential U(r) = a/r — 3/r* with a > 0 and 8 > Ep*.
(e) Sketch the effective potential Uyg(r) in this case.
(f) Calculate the maximum value Uy of the effective potential.

(g) For a particle to reach the center, its energy must certainly exceed Uy. Show
that this gives the following upper bound on the impact parameter:

2
pal_ o

YR (3)

(h) Using the fact that the impact parameter is positive, derive that

in order for a particle to reach the center.

(i) Show that the total cross section for particle capture is given by

5_ ) g
a_{”(i i) E>5 (5)
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