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Exercise 1: Galilean transformations 8 points

In the lectures, we have derived a general expression for the conserved quantity,
that follows from the action being invariant under the infinitesimal transformation

qi → q′i = qi + εΨi(q, t) , t→ t′ = t+ εX(q, t) , (1)

with q = {qi}. Let us now instead consider the case for which the action changes as

S =

∫ t2

t1

L(q, ∂q/∂t, t)dt =

∫ t′2

t′1

(
L(q′, ∂q′/∂t′, t′) + ε

df(q′, t′)

dt′

)
dt′ , (2)

where f is a function to be determined. Adding a total time-derivative to the
Lagrangian leaves the physics unaltered, as was seen during the first weeks of the
lectures.

(a) Show that for that case, the conserved quantity is

I = LX +
∑
i

∂L

∂q̇i
(Ψi − q̇iX) + f(q, t) . (3)

Hint: follow the same steps as in the lecture.

(b) Let us now look at the case of a (infinitesimal) Galilei transformation
qi → qi + εwit. What is the physical interpretation of this transformation
and of the wi?

(c) Derive an expression for the conserved quantity Ig for a free particle of mass
m, that follows from the action being invariant under Galilei transformations.
Hint: identify Ψi, X, and f .

(d) Show that this implies the conservation of

χi = mqi − pit , (4)

for i ∈ {1, 2, 3}. (pi = mq̇i denotes the momentum).

(e) A free particle conserves energy (one equation), momentum (three equations),
and angular momentum (three equations). Additionally the three quantities
of eq. (4) are conserved. That is 10 integrals of motion in total that
characterizes the physics. But the movement of the particle is completely
specified by six boundary conditions (e.g. the position and velocity at t = 0).
Why does the existence of 10 integrals of motion not over-determine the
system?
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Exercise 2: Conservation of the Runge-Lenz vector 12 points

In this exercise we are going to derive the conservation under certain conditions, of
a quantity known as the Runge-Lenz vector ~A. We will start from the expression
for a conserved quantity derived in the previous exercise,

I = LX +
∑
i

∂L

∂q̇i
(Ψi − q̇iX) + f , (1)

valid whenever the physics is invariant under

qi → q′i = qi + εΨi(q, t) , t→ t′ = t+ εX(q, t) ,

L(q, q̇, t)→ L(q′, q̇′, t′) + ε
df(q′, t′)

dt′
. (2)

(a) Let us consider a transformation with Ψi = βi(t) and X = 0. We will for
now leave the function f free, to be determined later. What is the conserved
quantity IA corresponding to invariance under that transformation?

(b) IA being conserved implies that dIA
dt

= 0. For a particle of mass m in a
potential U(q), show that this quantity becomes

dIA
dt

=
∑
i

((
mβ̇i +

∂f

∂qi

)
q̇i − βi

∂U

∂qi

)
+
∂f

∂t
. (3)

(c) We want to use eq. (3) to find an expression for f . Having f being
independent of q̇ as we assumed, implies that the coefficient of each q̇i in eq.
(3) has to equal zero individually. Show that a solution for f is

f(q, t) = −mβ̇iqi . (4)

(d) Find the expression for IA with the expression for f inserted.

(e) Let us now assume a spherically symmetric potential, such that U(q) = U(r)
with r =

√
q2i . Show that the βi have to fulfill the differential equation

β̈i +
1

mr

∂U

∂r
βi = 0 . (5)

We will now consider the particle moving along a specific path qi = xi(t) that is a
solution to the equations of motion for the system.

(f) Let us now consider the Kepler problem, i.e. the potential U(r) = −k
r

. Show
that a solution to eq. (5) is βi(t) = κi

∑
j xj(t)ẋj(t) where the κi are free

constants.
Hint: identify and use the equations of motion for this potential.

(g) Show that for that choice of βi, IA becomes

IA =
∑
i

κi
(
mẋixjẋj + (k/r −mẋ2)xi

)
. (6)
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(h) The Runge-Lenz vector is defined as

~A = ~p× ~M −mk~r
r
, (7)

where ~p is the momentum vector, and ~M = ~r × ~p is the angular momentum
vector. The Runge-Lenz vector is conserved in the Kepler problem. Prove
this, by showing that the conservation of the IA of eq. (6) is equivalent to
the conservation of the Runge-Lenz vector.

The Runge-Lenz vector being conserved in the Kepler problem, makes it useful
in problems of orbital mechanics. In a future problem-set we are going to see the
Runge-Lenz vector applied to such a problem.
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