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Exercise 1: Basic techniques

(a) Solve the differential equation ẍ(t) = −ω2x(t) with boundary conditions
x(t1) = x1 and x(t2) = x2.

(b) Calculate the eigenvalues and eigenvectors of the matrix R =
(

3 1
−2 0

)
.

(c) Express the vector ~A = Ax ~ex +Ay ~ey in terms of polar coordinates. That is,

determine Ar and Aθ in ~A = Ar~er + Aθ~eθ.

(d) Show that the divergence ~∇ · ~A = ∂Ax

∂x
+ ∂Ay

∂y
is given in polar coordinates by

~∇ · ~A =
∂Ar
∂r

+
Ar
r

+
1

r

∂Aθ
∂θ

. (1)

(e) The Levi-Civita symbol εijk is a three-index object, defined as

εijk =


0, if any two indices are equal

1, if i, j, k is an even permutation of 1,2,3

−1, if i, j, k is an odd permutation of 1,2,3

(2)

Show that

( ~A× ~B )i = εijkAjBk , (3)

where Aj is the jth component of the vector ~A, etc.

(f) Show that

3∑
i=1

εijkεi`m = δj`δkm − δjmδk` . (4)

(g) Equations (3) and (4) are very useful for deriving all kinds of vector identities.
For instance, prove the following relations:

~A× ( ~B × ~C) = ~B( ~A · ~C)− ~C( ~A · ~B) , (5)

~∇( ~A · ~B) = ( ~A · ~∇) ~B + ( ~B · ~∇) ~A+ ~B × (~∇× ~A) + ~A× (~∇× ~B) . (6)
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(h) Calculate the following integrals:∫
dx

x+ a
,

∫
dx√

1− x2
,

∫
dx

1 + ex
,

∫
dx

x2 − 5x+ 6
, (7)

2π∫
0

dϕ cos2(ϕ),

b∫
a

dx√
(x− a)(b− x)

. (8)
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