TTP 96 – 56

Review of Heavy Quark Effective Theory

Thomas Mannel Institut für Theoretische Teilchenphysik, University of Karlsruhe D – 76128 Karlsruhe, Germany.

Contribution to the Workshop on HEAVY QUAKRS AT FIXED TARGET, Rheinfals Castle, St. Goar, Germany, October 3-6, 1996

Abstract A short review of a few selected topics in Heavy Quark Effective Theory is given. Applications to exclusive decays are discussed.

1 Introduction

Heavy Quark Effective Theory (HQET) or, more generally, the expansion in inverse powers of the heavy quark mass m_Q, has become a generally accepted and widely used tool in heavy quark physics[1]. Based on the infinite mass limit m_Q → ∞ of QCD it provides a model independent starting point for the description of weak transitions involving heavy quarks.

The idea to exploit the fact that the mass of a heavy quark is large compared to the typical scale Λ of the light QCD degrees of freedom (e.g. the constituent mass of a light quark or the scale of the QCD coupling constant Λ_{QCD}) is in fact quite old[2]. However, in the late eighties a breakthrough was achieved by mainly two observations. First, in the infinite mass limit QCD exhibits an additional flavour symmetry and a spin symmetry[3], the group theory of which allow model independent statements concerning weak decays of heavy hadrons. Second, it was noted that the 1/m_Q expansion of QCD can be formulated as an effective field theory [4], which allows to access the corrections to the infinite mass limit in a systematic way.

Since then the field of heavy quark physics has attracted a lot of attention, documented by an enormous number of papers that have been published using these methods. In addition, from the experimental side a large effort is made to investigate the decays of bottom hadrons in order to pin down the origin of quark mixing and CP violation. In the standard model (SM) all of this is encoded in the CKM matrix, and the measurement of those elements of this matrix, which are only poorly known, involves mainly weak processes of b quarks.

HQET, or more generally the systematic application of the 1/m_Q expansion in QCD, has brought some progress in the determination of these CKM matrix elements, since heavy quark symmetries allow a drastic reduction of the hadronic uncertainties which enter the game through our ignorance to deal with the QCD bound state problem from first principles. In particular, the b → c semileptonic decay may considered as a heavy → heavy transition, where heavy quark symmetries work very efficiently; consequently, the 1/m_Q expansion allows for an almost model independent determination of the CKM matrix element V_{cb}.

In the next section a brief summary on HQET and heavy quark symmetries is given. Section 3 deals with the “picture book application”, namely the exclusive b → c semileptonic decays. Heavy quark symmetries are also of some use in the case of a heavy hadron decaying into something light, and in section 4 this is considered for the case of heavy to light transitions. Finally a summary and a few conclusions are given.

2 Synopsis of HQET and heavy quark symmetries

2.1 Lagrangian and Fields

HQET is an effective field theory which may be obtained from QCD by performing a 1/m_Q expansion. The leading term corresponds to the infinite mass limit in which the heavy quark acts as a static color source. The momentum p_Q of the heavy quark scales with its mass and in order to perform the infinite mass limit it is convenient to use the velocity v of the heavy quark as the basic kinematic quantity. To this end the heavy quark momentum is split into a large part m_Qv and a residual part k, which is assumed not to scale with the heavy mass. Thus

p_Q = m_Qv + k = m_Q ( v + k m_Q ) (1) We shall consider exclusively hadrons containing only a single heavy quark such that in the infinite mass limit the velocity v of the heavy quark becomes simply the velocity of the heavy hadron.

In order to write down a field theory which describes the static heavy quark one may go through the usual steps of the construction of an effective field theory, namely to integrate out the heavy degrees of freedom [5]. An alternative method [6] is to perform a Foldy Wouthuysen Transformation as it is used in the standard non-relativistic reduction of the Dirac equation. Although the 1/m_Q expansion of the Lagrangian and the corresponding expansion of the fields look completely different, the results for physical matrix elements will be the same since the 1/m_Q expansion of the QCD Greens functions constructed from this effective theory has to be unique.

In the notation of [5] one obtains Q(x) = e^{−imQvx} [ 1 + ( 1 2m + ivD ) i /D_⊥ ] h_v (2)

= e^{−imQvx} 1 + 1 2m_Q /D_⊥ + ( 1 2m_Q )_2 (−ivD) /D_⊥ + · · · h_v L = h̄_v(ivD)h_v + h̄_vi /D_⊥ ( 1 2m + ivD ) i /D_⊥h_v (3) = h̄_v(ivD)h_v + 1 2m h̄_v(i /D_⊥)^2ih_v + ( 1 2m )_2 h̄_v(i /D_⊥)(−ivD)(i /D_⊥)h_v + · · · where D is the covariant derivative of QCD and Q(x) is the heavy quark field in full QCD, while h_v is the static heavy quark moving with the velocity v. Note that h_v corresponds to the upper components of the full field since

P_+h_v = h_v, P_−h_v = 0, P_± = 1 2 (/v ± 1) (4)

The leading terms of these expansions define the static limit; the static lagrangian L_{stat} = h̄_v(ivD)h_v (5) is a dimension-four operator and defines (in combination with the usual lagrangian for the light degrees of freedom) a renormalizable field theory.

2.2 Heavy Quark Symmetries

In the case in which the bottom and the charam quark are assumed to be heavy one would write a static lagrangian for both quarks

L_{stat} = b̄_v(v · D)b_v + c̄_v0 (v · D)c_v0 , (6)

where b_v (c_v0 ) is the field operator for the b (c) quark moving with velocity v (v^′). In particular, the masses of the heavy quarks do not appear in the Lagrangian (6), and as a consequence (6) in the case v = v^′ exhibits an SU(2) Heavy Flavour Symmetry which rotates the b_v field into the c_v field.

The static heavy quark field h_v is still a two component object corresponding to the upper component of the full heavy quark field Q. However, both spin directions couple in the same way to the gluons; we may rewrite the leading-order Lagrangian as L = h̄^{+s}_v (ivD)h^{+s}_v + h̄^{−s}_v (ivD)h^{−s}_v , (7) where h^{±s}_v are the projections of the heavy quark field on a definite spin direction s h^{±s}_v = 1 2 (1 ± γ_5/s)h_v, s · v = 0. (8)

This Lagrangian has a symmetry under the rotations of the heavy quark spin and hence all the heavy hadron states moving with the velocity v fall into spin-symmetry doublets as m_Q → ∞. The simplest spin-symmetry doublet in the mesonic case consists of the pseudoscalar meson H(v) and the corresponding vector meson H^∗(v, ϵ), since a 90^∘-spin rotation R(ϵ) around the rotation axis ϵ (vϵ = 0) yields R(ϵ)|H(v)⟩ = (−i)|H^∗(v, ϵ)⟩, (9) In the heavy-mass limit the spin symmetry partners have to be degenerate and their splitting has to scale as 1/m_Q. In other words, the quantity

λ_2 = 1 4 (M^2_H� − M^2_H ) (10)

has to be the same for all spin symmetry doublets of heavy ground state mesons. This is well supported by data: For both the (B, B^∗) and the (D, D^∗ ) doublets one finds a value of λ_2 ∼ 0.12 GeV^2. This shows that the spin-symmetry partners become degenerate in the infinite mass limit and the splitting between them scales as 1/m_Q.

In the infinite mass limit the symmetries imply relations between matrix elements involving heavy quarks. For a transition between heavy groundstate mesons H (either pseudoscalar or vector) with heavy flavour f (f^′) moving with velocities v (v^′), one obtains in the heavy-quark limit

⟨H^{(f 0)}(v^′)|h̄^{(f 0)}_v0 Γh^{(f )}_v |H^{(f )}(v)⟩ = ξ(vv^′) Tr { H(v)ΓH(v) } , (11)

where Γ is some arbitrary Dirac matrix and H(v) are the representation matrices for the two possibilities of coupling the heavy quark spin to the spin of the light degrees of freedom, which are in a spin-1/2 state for ground state mesons H(v) = √ M_H 2 (1 + /v)γ_5 0^−, (q̄Q) meson (1 + /v)/ϵ 1^−, (q̄Q) meson with polarization ϵ.

(12)

Due to the spin and flavour independence of the heavy mass limit the Isgur– Wise function ξ is the only non-perturbative information needed to describe all heavy to heavy transitions within a spin-flavour symmetry multiplet.

Similar statements may be derived for the spin symmetry doublets of excited heavy mesons[7] and also for baryons[8, 9, 10].

2.3 Corrections to the infinite mass limit

Corrections to the infinite mass limit may be considered in a systematic way. They fall into two classes: The recoil or 1/m_Q corrections and the QCD radiative corrections.

In order to discuss the corrections we shall consider a specific example, namely the matrix element of a current q̄ΓQ mediating a transition between a heavy meson and some arbitrary state |A⟩. Using the expansions (3) and (2) one obtains up to order 1/m_Q ⟨A|q̄ΓQ|M(v)⟩ = ⟨A|q̄Γh_v|H(v)⟩ (13) + 1 2m_Q ⟨A|q̄ΓP_−i /Dh_v|H(v)⟩ − i ∫ d^4x⟨A|T {L_1(x)q̄Γh_v}|H(v)⟩ + O(1/m^2) where L_1 are the first-order corrections to the Lagrangian as given in (3). Furthermore, |M(v)⟩ is the state of the heavy meson in full QCD, including all its mass dependence, while |H(v)⟩ is the corresponding state in the infinite mass limit.

Expression (13) displays the generic structure of the higher-order corrections as they appear in any HQET calculation. There will be local contributions coming from the expansion of the full QCD field; these may be interpreted as the corrections to the currents. The non-local contributions, i.e. the time-ordered products, are the corresponding corrections to the states and thus in the r.h.s. of (13) only the states of the infinite-mass limit appear.

Although the 1/m_Q corrections need in general additional input beyond HQET, there is one important result on the corrections linear in 1/m_Q, which is called Luke’s theorem[11] and which is the application of the Ademollo Gatto theorem[12] to the case of heavy flavour symmetry. In its general form the theorem states that in the presence of explicit symmetry breaking the matrix elements of the symmetry generating currents, which are normalized due to the symmetry, do not receive corrections linear in the symmetry breaking. Applied to the case at hand this means that some of the form factors in weak decays, namely the ones proportional to the Isgur Wise function, receive only corrections quadratic in 1/m_Q. This result has important phenomenological consequences, which we shall discuss below.

All the relations given up to now are tree level relations. Going beyond tree level will induce QCD radiative corrections of order α^n_s (m_Q), n = 1, .... As in any field theory these corrections are perturbatively calculable in terms of Feynman diagramms. The effective theory has two additional Feynman rules (the propagator of the heavy quark and the coupling of the heavy quark to the gluons) which may be read off from the static Lagrangian (5).

For the sake of clarity we shall stick to our example of a heavy light current considered above. To leading order in the 1/m_Q expansion one may evaluate the radiative corrections to such a matrix element using the above Feynman rules and finds a divergent result with a divergence related to the short distance behavior. Since HQET is an effective theory, the machinery of effective theory guarantees the factorization of long distance effects from the short distance ones, which are related to the large mass m_Q. Neglecting 1/m_Q corrections, this factorization takes the form ⟨A|q̄ΓQ|M(v)⟩ = Z ( m_Q μ ) ⟨A|q̄Γh_v|H(v)⟩|_μ + O(1/m_Q) (14) From Feynman rule calculation one obtains the perturbative expansion of the renormalization constant Z which generically looks like Z ( m_Q μ ) = a_{00} (15)

+ a_{11} ( α_s ln ( m_Q μ )) + a_{10}α_s

+ a_{22} ( α_s ln ( m_Q μ ))_2 + a_{21}α_s ( α_s ln ( m_Q μ )) + a_{20}α^2_s

+ a_{33} ( α_s ln ( m_Q μ ))_3 + a_{32}α_s ( α_s ln ( m_Q μ ))_2 + a_{31}α^2_s ( α_s ln ( m_Q μ ))

+ a_{30}α^3_s + · · ·

where α_s = g^2/(4π).

This factorization theorem corresponds to the statement that the ultraviolet divergencies in the effective theory have to match the logarithmic mass dependences of full QCD. The factorization scale μ is an arbitrary parameter, and the physical quantity ⟨A|q̄ΓQ|M(v)⟩ does not depend on this parameter. However, calculating the matrix element of this operator in the effective theory and studying its ultraviolet behavior allows us to access the mass dependence of the matrix element ⟨A|q̄ΓQ|M(v)⟩.

The ultraviolet behavior of the effective theory is investigated by the renormalization group equation (RGE), which is obtained in the usual way from differentiating (14) with respect to the factorization scale μ. The RGE for the short distance coefficient Z becomes ( μ ∂ ∂μ + β(g) ∂ ∂g + γ_J (g) ) Z ( m_Q μ , g ) = 0. (16)

where γ_J (g) is the anomalous dimension of the current J which is related to the ultraviolet behavior of the matrix elements of J. The function β(g) defines the running of the coupling constant d d ln μ g(μ) = β(μ). (17)

Both functions γ_J (g) and β(g) are calculable in perturbation theory using a loopwise expansion, where the first term of the β function of QCD is well known β(g) = − 1 (4π)^2 ( 11 − 2 3 n_f ) g^3 + · · · , (18)

where n_f is the number of flavors with a mass less than m_Q.

With this input the renormalization group equation may be solved to yield Z ( m_Q μ ) = a_{00} ( α_s(μ) α_s(m_Q) )− 48π^2 33 − 2n_f γ_1 (19)

where γ_1 is the first coefficient in the perturbative expansion of the anomalous dimension γ_J = γ_1g^2 +· · · and α_s(μ) is the one loop expression for the running coupling constant of QCD

α_s(μ) = 12π (33 − 2n_f ) ln(μ^2/Λ^2_{QCD})

(20) which is obtained from solving (17) using (18).

This expression corresponds to a summation of the leading logarithms (α_s ln m_Q)^n which is achieved by a one-loop calculation of the renormalization group functions β and γ_Q; in other words, in this way a resummation of the first column of the expansion (15) is achieved.

In a similar way one may also resum the second column of (15), if the renormalization group functions β and γ are calculated to two loops and the non-logarithmic terms of the one loop expression are included.

Eq.(16) describes the renormalization group scaling in the effective theory. It allows to shift logarithms of the large mass scale from the matrix element of J into the coefficient Z: If the matrix element is renormalized at the large scale m_Q the logarithms of the type ln m_Q will apear in the matrix element of J while the coefficient Z at this scale will simply be

Z(1) = a_{00} + a_{10}α_s(m_Q) + a_{20}α^2_s(m_Q) + a_{30}α^3_s(m_Q) + · · · (21)

The renormalization group equation (16) allows to lower the renormalization point from m_Q to μ; the matrix element renormalized at μ will not contain any logarithms of m_Q any more, they will appear in the coefficient Z in the way shown in (15).

In all cases relevant in the present context the matrix elements will be matrix elements involving hadronic states, which are in most cases impossible to calculate from first principles. However, eq.(16) allows to extract the short distance piece, i.e. the logarithms of the large mass m_Q and to separate it into the Wilson coefficients.

Finally, the case we have considered as an example is indeed very simple; in general all operators of a given dimension may mix under renormalization, i.e. instead of a simple anomalous dimension a matrix of anomalous dimensions may occur and the renormalization group equation 16 becomes a system of differential equations.

3 Exclusive semileptonic b ! c transitions

In this section we shall discuss the transitions of the heavy to heavy type, i.e. the b → c decays. The implications of heavy quark symmetry have been given already in the form of the Wigner Eckart theorem (11) in the last section, so we shall focus here on the status of the corrections to the infinite mass limit and give the phenomenological applications of the results.

3.1 QCD Radiative Corrections

The matrix elements relevant for the processes under consideration are V_μ = ⟨D^{(∗)}(v^′)|c̄γ_μb|B(v)⟩, A_μ = ⟨D^∗(v^′)|c̄γ_5γ_μb|B(v)⟩ (22) where the point v = v^′ is of particular interest, since the absolute normalization of the matrix elements is known at this point due to heavy quark symmetries.

In order to evaluate the QCD radiative corrections to these matrix elements we shall make use of the renormalization group (RG) machinery as outlined in the last section. At a large scale μ ∼ M_W both currents are conserved in the limit of vanishing b and c quark masses and hence their anomalous dimension vanishes. Running down from M_W to m_b, i.e. lowering the renormalization scale of the matrix elements (22) from M_W to m_b induces no large logarithms of the form α_s(M_W ) ln(M_W /m_b), rather the corrections will be small, of the order α_s(M_W )/π.

Similarly, at scales μ below the charm quark mass m_c both quarks may be taken to be infinitely heavy, and at the non-recoil point v = v^′ again the two currents are conserved and thus their anomalous dimension vanishes. Running below the charm quark mass will thus induce only small corrections of the order α_s(m_c).

Thus the main corrections originate from scales μ between m_b and m_c. In the effective theory where the b is taken to be infinitely heavy and the c is still light the one[13] and two loop[14] anomalous dimensions have been calculated and allow a resummation of terms of order (α_s(m_b) ln(m_b/m_c))^n, and α_s(m_b)(α_s(m_b) ln(m_b/m_c))^{n−1} respectively. Furthermore, in this theory the subleading terms of order 1/m_b [15] and 1/m^2_b [16] have been considered at the one loop level, and the matching at the scale m_c yields a resummation of terms of order (m_b/m_c)(α_s(m_b) ln(m_b/m_c))^n and (m_b/m_c)^2(α_s(m_b) ln(m_b/m_c))^n.

The procedure described here has the disadvantage that numerically it is useful only in the limit m_b ≫ m_c such that ln(m_b/m_c) ≫ 1 is a large logarithm and terms of order (m_c/m_b)^nα_s(m_b) ln(m_b/m_c)) may be neglected. In real life we have m_b/m_c ∼ 3 and one may think of simply performing the one loop calculation including the masses in full QCD and use this to match directly QCD to a theory with two static quarks, where heavy quark symmetries hold. In this way one obtains all terms of order (m_c/m_b)^nα_s ln(m_b/m_c)). However, the price to pay is a scale ambiguity in the scale of α_s which has to be taken at some scale m̄ between m_b and m_c. Numerically this is not a problem since α_s does not run much between m_c and m_b.

Recently the latter procedure has ben applied at the two loop level [17] such that the terms of order (m_b/m_c)^nα^2_s(m̄) ln(m_b/m_c)) are now known. The usual way to parametrize the corrections is by introducing corrections factors V_μ → η_V V_μ, A_μ → η_AA_μ (23)

which are known up to terms of order α^3_s(m̄). Taking the numbers of [17] one has

η_V = 1 + 0.018 + 0.004 + O(α^3_s(m̄)) = 1.022 ± 0.004 (24) η_A = 1 − 0.033 − 0.007 + O(α^3_s(m̄)) = 0.960 ± 0.007 (25)

The uncertainty given here is the uncertainty due to the terms of order α^3_s (m̄) and is conservatively estimated by the size of the calculated α^2_s(m̄) corrections.

Given the fact that the calculated QCD corrections are already below the level of 1% one needs to worry also about QED corrections. In fact, the QED corrections to processes of this type have been calculated already some time ago in the context of μ decay[18]. Similar to the QCD corrections they may be factorized and in principle one could apply also renormalization group methods. However, the running of the QED coupling is negligible at this level and the QED corrections factor is given by η_{A/V} → η_{A/V} [ 1 + α_{QED} π ln M_Z m_b ] ∼ 1.013 η_{A/V} (26)

Hence short distance QED corrections enhance the matrix elements by 1.3%.

3.2 Recoil Correction

In general the recoil corrections are more complicated, since they may not be calculated from the effective theory, rather they can only be parametrized in terms of new matrix elements. The calculation of these matrix elements in any case needs additional input (such as models or a lattice calculation) beyond the framework of HQET.

However, in some cases Luke’s theorem applies. In particular, the axial vector current taken at the non-recoil point v = v^′ is protected by this theorem, such that ⟨D^∗(v^′)|c̄γ_5γ_μb|B(v)⟩ = 2 √ M_D� M_Bϵ_μ ( 1 + δ_{1/m}2 ) , δ_{1/m}2 = O ( 1 m^2_b , 1 m^2_c 1 m_cm_b )

(27) Among the first non-trivial corrections the ones of the order 1/m^2_c will be the most important, and HQET allows only to parametrize them in terms of new matrix elements. One obtains

δ_{1/m}2 = − ( 1 2m_c )_2 1 2 ( −λ_1 + λ_2 (28)

+ (−i)^2 1 2 √ M_BM_D ∫ d^4x d^4y ⟨B^∗(v, ϵ)|T [ L^{(1)}_b (x)b̄_vc_vL^{(1)}_c (y) ] |D^∗(v, ϵ)⟩ )

+ O(1/m^3_c , 1/m^2_b , 1/(m_cm_b)),

where L^{(1)}_Q is the first order Lagangian for the quark Q as given in (3). Furthermore, the parameters λ_1 and λ_2 are the kinetic energy and the chromomagnetic moment of the heavy quark. They also appear in the 1/m_Q expansion of the heavy meson mass

m_H = m_Q ( 1 + Λ̄ m_Q + 1 2m^2_Q

(λ_1 + d_H λ_2) + O(1/m^3_Q) ) (29)

where d_H = 3 for the 0^− and d_H = −1 for the 1^− meson, and may be related to the matrix elements Λ̄ = ⟨0|q ←− ivD γ_5h_v|H(v)⟩ ⟨0|qγ_5h_v|H(v)⟩ (30)

λ_1 = ⟨H(v)|h̄_v(iD)^2h_v|H(v)⟩ 2M_H (31)

λ_2 = ⟨H(v)|h̄_vσ_{μν} iD^μiD^ν h_v|H(v)⟩ 2M_H (32)

The only parameter which is easy to access is λ_2, since it is related to the mass splitting between H(v) and H^∗(v, ϵ). From the B-meson system we obtain λ_2(m_b) = 1 4 (M_H� − M_H ) = 0.12 GeV^2; (33)

and from the charm system (including the renormalization group scaling of λ_1) the same value is obtained. This shows that indeed the spin-symmetry partners are degenerate in the infinite mass limit and the splitting between them scales as 1/m_Q.

The other parameters appearing in (29) are not simply related to the hadron spectrum. Furthermore, they exhibit renormalon ambiguities, which imply that a proper prescription has to be given how to extract these quantities from data using renormalized perturbation theory.

Recently there has been such an attempt [19], namley to extract Λ̄ and λ_1 from the shape of the lepton energy spectrum in inclusive semileptonic B decays. The values obtained from this analysis are Λ̄ = 0.39 ± 0.11 GeV and −λ_1 = 0.19 ± 0.10 GeV^2, where the MS definition of the mass has been used. The uncertainties quoted are only the 1σ statistical ones; the systematical uncertainties of this approach are difficult to estimate.

These considerations only fix the local matrix elements in (28), while the nonlocal terms involving the time-ordered products are much harder to estimate. The estimates found in the literature have to rely on some model estimates and span a range which implies roughly a 3% theoretical uncertainty. A commonly accepted number was given in [20]

δ_{1/m}2 = −0.0055 ± 0.025 (34)

3.3 Phenomenology

3.3.1 Differential rates

In the last few years a lot of data has been accumulated which may be used to test heavy quark symmetry and to extract CKM matrix elements with the use of HQET. The exclusive decays of prime interest are the transitions B → Dℓν_ℓ and B → D^∗ℓν_ℓ. The relevant matrix elements are ⟨D(v^′)|c̄γ_μb|B(v)⟩ = √ m_Bm_D [ ξ_+(y)(v_μ + v^′_μ) + ξ_−(y)(v_μ − v^′_μ) ] (35) ⟨D^∗(v^′, ϵ)|c̄γ_μb|B(v)⟩ = i √ m_Bm_D�ξ_V (y)ε_{μαβρ}ϵ^{∗α}v^{′β}v^ρ (36)

⟨D^∗(v^′, ϵ)|c̄γ_μγ_5b|B(v)⟩ = √ m_Bm_D� [ ξ_{A1}(y)(vv^′ + 1)ϵ^∗_μ − ξ_{A2}(y)(ϵ^∗v)v_μ −ξ_{A2}(y)(ϵ^∗v)v^′_μ ] , (37)

where we have defined y = vv^′. Thus in general there are six form factors, which in the heavymass limit for both the b and the c quark may be related to the Isgur Wise function as introduced in (11)

ξ_i(y) = ξ(y) for i = +, V, A1, A3, ξ_i(y) = 0 for i = −, A2. (38)

In particular, at the non-recoil point v = v^′ we have due to heavy quark symmetry and Lukes theorem

ξ_i(1) = 1 + O(1/m^2_Q) for i = +, V, A1, A3, ξ_i(1) = O(1/m_Q) for i = −, A2. (39) Note that the form factors for which there is no normalization at v = v^′ there is also no protection against corrections of lienar order in 1/m_Q.

The differential rates for the exclusive semiletonic b → c transitions may be expressed in terms of the six form factors as dΓ dy (B → Dℓν_ℓ) (40) = G^2_F 48π^3

|V_{cb}|^2(m_B + m_D)^2 ( m_D √ y^2 − 1 )_3 | |ξ_+(y) − m_B − m_D m_B + m_D ξ_−(y) | |^2 dΓ dy (B → D^∗ℓν_ℓ) (41) = G^2_F 48π^3

|V_{cb}|^2(m_B − m_D� )^2m^2_D� ( m_D� √ y^2 − 1 ) (y + 1)^2|ξ_{A1}(y)|^2 ∑ i=0,± |H_i(y)|^2 with

|H_±(y)|^2 = m^2_B − m^2_D� − 2ym_Bm_D� (m_B − m_D� )^2 [ 1 ∓ √ y − 1 y + 1

R_1(y)

]_2

(42)

|H_0(y)|^2 = ( 1 + m_B(y − 1) m_B − m_D�

[1 − R_2(y)]

)_2

(43)

where we have defined the form factor ratios

R_1(y) = ξ_V (y) ξ_{A1}(y)

, R_2(y) = ξ_{A3}(y) +^{mB}_{mD�} ξ_{A2}(y) ξ_{A1}(y)

(44)

In the heavy mass limit these differential rates depend only on the Isgur-Wise function dΓ dy (B → Dℓν_ℓ)^{mb,mc→∞}= G^2_F 48π^3

|V_{cb}|^2(m_B + m_D)^2 ( m_D √ y^2 − 1

)_3

|ξ(y)|^2(45) dΓ dy (B → Dℓν_ℓ)^{mb,mc→∞}= (46) G^2_F 48π^3

|V_{cb}|^2(m_B − m_D� )^2m^2_D� ( m_D� √ y^2 − 1 ) (y + 1)^2 (47) [ 1 + 4y y + 1 m^2_B − m^2_D� − 2ym_Bm_D� (m_B − m_D�)^2 ] |ξ(y)|^2 These relations allow for a test of heavy quark symmetry, since the ratios of the differential rates do not depend on any unknown form factor any more. In particular the ratios R_1 (R_2) measures the ratio of the differential transverse (longitudinal) rate and the total differential rate. In the heavy mass limit both R_1 and R_2 are unity; this has to be compared to the measurements by CLEO [21, 22]

R_1 = 1.24 ± 0.26 ± 0.12 (48) R_2 = 0.72 ± 0.18 ± 0.07 (49)

3.3.2 The determination of V_{cb}

From the measured lepton invariant mass spectrum one may determine V_{cb} in a model independent way by extrapolating to the kinematical endpoint of maximal momentum transfer to the leptons, corresponding to the point v = v^′. At this point heavy quark symmetries determine the absolute normalization of some of the form factors and the corrections to this normalization have been discussed in section 2.

The mode B → D^∗ℓν_ℓ has the advantage of a higher branching fraction and hence we shall start the discussion with this decay. The relevant formula may be derived from (41) and reads

lim_{y→1} 1 √ y^2 − 1 dΓ dy (B → D^∗ℓν_ℓ) = G^2_F 4π^3

(m_B − m_D�)^2m^3_D�|V_{cb}|^2|ξ_{A1}(1)|^2 (50)

The form factor ξ_{A1} is normalized due to heavy quark symmetries and is hence protected against 1/m_Q corrections at v = v^′ by Lukes theorem. Hence we have ξ_{A1}(1) = η_A(1 + δ_{1/m}2 ) (51) Including QED corrections and the estimate of the 1/m^2_Q corrections in the way discussed in section 2 one obtains

ξ_{A1}(1) = 0.92 ± 0.03 (52)

From this value one may extract from the extrapolations shown in figs.1 and 2 a value for V_{cb}

|V_{cb}| = 0.0362 ± 0.0019 ± 0.0020 ± 0.0014 (CLEO)[23] (53) |V_{cb}| = 0.0345 ± 0.0025 ± 0.0027 ± 0.0015 (ALEPH)[24] (54)

where the last error reflects the theoretical uncertainty of the 1/m_Q corrections.

Recently CLEO has also measured the leptonic invariant mass spectrum for the decay B → Dℓν_ℓ. In a similar way one may perform an extrapolation to obtain V_{cb}. Here one gets from (40)

lim_{y→1} ( 1 √ y^2 − 1 ) dΓ dy (B → Dℓν_ℓ) (55) = G^2_F 48π^3

(m_B + m_D)^2m^3_D|V_{cb}|^2 | |ξ_+(1) − m_B − m_D m_B + m_D ξ_−(1) | |^2 In this case a form factor enters which is not protected by Lukes theorem, ξ_−(1) = O(1/m_Q). However, this does not spoil the possibility to determine |V_{cb}| from this mode, since the 1/m_Q corrections are kinematically suppressed by the factor (m_B − m_D)/(m_B + m_D). Here we have | |ξ_+(1) − m_B − m_D m_B + m_D ξ_−(1) | | = η_V (1 + Δ_{1/mQ} ) (56)

where Δ_{1/mQ} are the 1/m_Q corrections induced by ξ_−(1). These corrections have been estimated recently [25] | |ξ_+(1) − m_B − m_D m_B + m_D ξ_−(1) | | = 0.98 ± 0.07 (57)

The data from CLEOcleovcb1 are shown in fig.3. From the extrapolation shown in fig.?? one obtain the value |V_{cb}| = 0.0353 ± 0.0046 ± 0.0044 ± 0.0025 (58) where the last error again reflects the theoretical uncertainty. Both values of V_{cb} are in very good agreement and are also consistent with values obtained form other methods, in particular with the results from inclusive semileptonic decays[34].

3.3.3 The slope of the form factors

The data on the leptonic invariant mass spectrum extend over the whole rage of y and the extrapolation to y = 1 has to rely on some ansatz for the Isgur Wise function. This may be used in turn to extract a value also for the slope of the Isgur Wise function.

Close to the point y = 1 one thus parametrizes the Isgur Wise function as ξ(y) = 1 − ρ^2(y − 1) + · · · (59) The theoretical predictions[27] for the slope parameter ρ^2 depend on matrix elements involving excited D mesons which are hard to estimate; thus the theoretical value is quite uncertain and ranges between

0.5 ≤ ρ^2 ≤ 1.1 (60)

Data on the slope parameter come from the LEP experiments as well as from ARGUS and CLEO, the results obtained from experiment are

ρ^2 =

0.29 ± 0.21 ± 0.12 ALEPH[28] 0.84 ± 0.12 ± 0.08 CLEO[29] 1.17 ± 0.22 ± 0.06 ARGUS[30] 0.81 ± 0.16 ± 0.10 DELPHI[31]

(61)

which are compatible with the theoretical expectation.

4 Exclusive leptonic and semileptonic b ! u transitions

Heavy quark symmetries may also be used to restrict the independent form factors appearing in heavy to light decays. For the decays of heavy mesons into light 0^− and 1^− particles heavy quark symmetries restrict the number of independent form factors to six, which is just the number needed to parametrize the semileptonic decays of this type. Furthermore, no absolute normalization of form factors may be obtained from heavy quark symmetries in the heavy to light case; only the relative normalization of B meson decays heavy to light transitions may be obtained from the corresponding D decays.

In general we shall discuss matrix elements of a heavy to light current which have the following structure J = ⟨A|q̄Γh_v|H(v)⟩, (62) where Γ is an arbitrary Dirac matrix, q is a light quark (u, d or s) and A is a state involving only light degrees of freedom.

Spin symmetry implies that the heavy quark index hooks directly to the heavy quark index of the Dirac matrix of the current. Thus one may write for the transition matrix element (68) ⟨A|q̄Γh_v|H(v)⟩ = Tr (M_AΓH(v)) (63) where the matrix H(v) representing the heavy meson has been given in (12). The matrix M_A describes the light degrees of freedom and is the most general matrix which may be formed from the kinematical variables involved. Furthermore, if the energies of the particles in the state A are small, i.e. of the order of Λ_{QCD}, the matrix M_A does not depend on the heavy quark; in particular it does not depend on the heavy mass m_H . In the following we shall discuss some examples.

The first example is the heavy meson decay constant, where the state A is simply the vacuum state. The heavy meson decay constant is defined by ⟨0|q̄γ_μγ_5h_v|H(v)⟩ = f_Hm_Hv_μ, (64) and since |A⟩ = |0⟩ the matrix M_0 is simply the unit matrix times a dimensionful constant^1 and one has, using (63)

⟨0|q̄γ_μγ_5h_v|H(v)⟩ = κ Tr (γγ_5H(v)) = 2κ √ m_Hv_μ. (65)

1Note that contributions proportional to /v may be eliminated using H(v)/v = �H(v).

As discussed above the constant κ does not depend on the heavy mass and thus one infers the well-known scaling law for the heavy meson decay constant from the last two equations f_H ∝ 1 √ m_H (66)

Including the leading and subleading QCD radiative corrections one obtains a relation between f_B and f_D

f_B = √ m_c m_b ( α_s(m_b) α_s(m_c)

)_{−6}/_{25} [

1 + 0.894 α_s(m_c) − α_s(m_b) π ] f_D ∼ 0.69f_D. (67)

The second example are transitions of a heavy meson into a light pseudoscalar meson, which we shall denote as π. The matrix element corresponding to (62) is J_P = ⟨π(p)|q̄Γh_v|H(v)⟩, (68) where p is the momentum of the light quark,

The Dirac marix M_P for the light degrees of freedom appearing now in (63) depends on p and v. It may be expanded in terms of the sixteen independent Dirac matrices 1, γ_5, γ_μ, γ_5γ_μ, and σ_{μν} taking into account that it has to behave like a pseudoscalar. The form factors appearing in the decomposition of M_P depend on the variable v · p, the energy of the light meson in the rest frame of the heavy one. In order to compare different heavy to light transition by employing heavy flavor symmetry this energy must be sufficiently small, since the typical scale for the light degrees of freedom has to be of the order of Λ_{QCD} to apply heavy quark symmetry^2. For the case of a light pseudoscalar meson the most general decomposition of M_P is

M_P = √ v · pA(η)γ_5 + 1 √ v · p B(η)γ_5/p, (69) where we have defined the dimensionless variable η = v · p Λ_{QCD} . (70)

2Note that in this case the variable v � p ranges between 0 and mH /2 where we have neglected the pion mass. Thus at the upper end of phase space the variable v � p scales with the heavy mass and heavy quark symmetries are not applicable any more.

The form factors A and B are universal in the kinematic range of small energy of the light meson, i.e. where the momentum transfer to the light degrees of freedom is of the order Λ_{QCD}; in this region η is of order unity. This universality of the form factors may be used to relate various kinds of heavy to light transitions, e.g. the semileptonic decays like D → πeν, D → Keν or B → πeν and also the rare decays like B → Kℓ^+ℓ^− or B → πℓ^+ℓ^− where ℓ denotes an electron or a muon.

As an example we give the relations between exclusive semileptonic heavy to light decays. The relevant hadronic current for this case may be expressed in terms of two form factors

⟨π(p)|q̄γ(1 − γ_5)h_v|H(v)⟩ = F_1(v · p)m_H v_μ + F_2(v · p)p_μ (71) = F_+(v · p)(m_H v_μ + p_μ) + F_−(v · p)q_μ

where F_±(v · p) = 1 2 (F_1(v · p) ± F_2(v · p)) (72)

Inserting this into (68) one may express F_± in terms of the universal form factors A and B

F_1(v · p) = F_+(v · p) + F_−(v · p) = −2 √ v · p m_H A(η) (73)

F_2(v · p) = F_+(v · p) − F_−(v · p) = −2 √ m_H v · p B(η) (74)

From these relations one may read off the scaling of the form factors with the heavy mass which was already derived in [32].

This may be used to normalize the semileptonic B decays into light mesons relative to the semileptonic D decays. One obtains F^B_± (v·p) = 1 2 (√ m_D m_B ± √ m_B m_D ) F^D_+ (v·p)+ 1 2 (√ m_D m_B ∓ √ m_B m_D ) F^D_− (v·p) (75)

Note that F_+ for the B decay is expressed in terms of F_+ and F_− for the D decays. In the limit of vanishing fermion masses only F_+ contributes, which means that the F_− contribution to the rate is of the order of m_{lepton}/m_H . Thus it will be extremely difficult to determine experimentally.

The case of a heavy meson decaying into a light vector meson may be treated similarly. The matrix element for the transition of a heavy meson into a light vector meson (denoted generically as ρ in the following) is given again by (62) and is in this case J_V = ⟨ρ(p, ϵ)|q̄Γh_v|H(v)⟩. (76) Using (63) one has ⟨ρ(p, ϵ)|q̄Γh_v|H(v)⟩ = Tr (M_V ΓH(v)) , (77) where now the Dirac matrix M_V has to be a linear function of the polarization of the light vector meson.

The most general decomposition is given in terms of four dimensionless form factors

M_V = √ v · pC(η)(v · ϵ) + 1 √ v · p D(η)(v · ϵ)/p + √ v · pE(η)/ϵ + 1 √ v · p F (η)/p/ϵ (78) where the variable η has been defined in (70).

Similar to the case of the decays into a light pseudoscalar meson (77) may be used to relate various exclusive heavy to light processes in the kinematic range where the energy of the outgoing vector meson is small. For example, the semileptonic decays D → ρeν, D → K^∗eν and B → ρeν are related among themselves and all of them may be related to the rare heavy to light decays B → K^∗ℓ^+ℓ^− and B → ρℓ^+ℓ^− with ℓ = e, μ.

Data on these decays are still very sparse; there are first measurements of the decays B → πℓν and B → ρℓν from CLEO [33], from which total rates may be obtained. From this one may extract a value of V_{ub} by employing form factor models, and the value given by CLEO is

|V_{ub}| = (2.6 to 4.0 ± 0.2^{+0.3}_{−0.4}) × 10^{−3} (79)

where the errors are purely experimental, while the range in the central value indicates the span obtained from a representative set of models. In order to perform a model independent determination along the lines discussed above a good measurement of the lepton energy spectra in these decays is needed.

5 Conclusions

The standard model has turned out to be suprisingly successful and has passed many tests, in particular the very precise tests performed at the LEP collider. However, these tests mainly concern the coupling of the gauge bosons to the fermions while the CKM sector of the standard model has not been tested with comparable accuracy.

To test this part of the standard model one has to investigate weak processes among quarks which are in general plagued with strong interaction uncertainties. In this respect the heavy mass limit has brought an enormous success; HQET opens the unique possibility to determine some of the CKM matrix elements in a model independent way, thereby reducing uncertainties through models considerably. In particular, it allows to at least give the order of magnitude of the uncertainties involved, since HQET relies on an expansion in α_s(m_Q) and 1/m_Q.

Since the discovery of the heavy quark symmetries their phenomenological applications as well as the theoretical background have been studied intensively. The most prominent example is the determination of V_{cb}, which corresponds to a heavy to heavy transition. Combining the method as described in this mini-review fo exclusive decays with the 1/m_Q expansion for inclusive decays [34] one may by now determine V_{cb} up to an uncertainty significantly less than ten percent.

In heavy to light decays heavy quark symmetries do not work as efficiently; in this case only the relative normalization of B decays versus the corresponding D decays may be obtained. From the experimental side there are first measurements of B → πℓν and B → ρℓν from the CLEO collaboration and an extraction of the CKM matrix element V_{ub} from these processes is still to some extent model dependent. A more model independent extraction of this matrix element has to wait for more data, in particular a measurement of the lepton energy spectrum is needed to exploit the relative normalization from heavy quark symmetry.

HQET does not yet have much to say about exclusive non-leptonic decays; even for the decays B → D^{(∗)}D^{(∗)}_s , which involves three heavy quarks, heavy quark symmetries are not sufficient to yield useful relations between the decay rates [35]. Of course, with additional assumptions such as factorization one can go ahead and relate the non-leptonic decays to the semileptonic ones; however, this is a very strong assumption and it is not clear in what sense factorization is an approximation. On the other side, the data on the nonleptonic B decays support factorization, and first attempts to understand this from QCD and HQET have been untertaken [36]; however, the problem of the exclusive non-leptonic decays still needs clarification and hopefully the heavy mass expansion will also be useful here.

References

[1] Some recent reviews include: N. Isgur and M. Wise: contribution to Heavy Flavors, A. Buras and M. Lindner (eds.) (World Scientific, Singapore, 1992); M. Neubert, Phys. Rep. bf 245 (1995) 259; Int. J. Mod. Phys. A11 (1996) 4173; T. Mannel, J. Phys. G 21 (1995) 1007.

[2] M. Voloshin and M. Shifman, Sov. J. Nucl. Phys. 45 (1987) 292 and 47 (1988) 511; E. Eichten and B. Hill, Phys. Lett. B234 (1990) 511; applications to inclusive decays have been discussed in B. Guberina, R.D. Peccei and R. Rückl, Phys. Lett. 91B (1980) 116 and Phys. Lett. 90B (1980) 169.

[3] N. Isgur and M. Wise, Phys. Lett. B232 (1989) 113 and Phys. Lett.

B237 (1990) 527 [4] B. Grinstein, Nucl. Phys. B339 (1990) 253; H. Georgi, Phys. Lett. B240 (1990) 447; A. Falk, H. Georgi, B. Grinstein and M. Wise, Nucl. Phys. B343 (1990) 1.

[5] T. Mannel, W. Roberts and Z. Ryzak, Nucl. Phys. B 368 (1992) 204. [6] J. Körner and G. Thompson, Phys. Lett. B264 (1991) 185. [7] A. Falk, Nucl. Phys. B 378 (1992) 79.

[8] N. Isgur and M. Wise, Nucl. Phys. B348 (1991) 276. [9] H. Georgi, Nucl. Phys. B348 (1991) 293.

[10] T. Mannel, W. Roberts and Z. Ryzak, Nucl. Phys. B355 (1991) 38. [11] M. Luke, Phys. Lett. B252 (1990) 447.

[12] M. Ademollo and R. Gatto, Phys. Rev. Lett. 13 (1964) 264. [13] H. Politzer and M. Wise, Phys. Lett. 208B (1988) 504 and Phys. Lett.

206B (1988) 681;

[14] D. Broadhurst and A. Grozin, Phys. Lett. B267 (1991) 105 and Phys.

Rev. D52 (1995) 4082.

[15] A. Falk and B. Grinstein, Phys. Lett. B247 (1990) 406. [16] C. Balzereit and T. Ohl, to be published. [17] A. Czarnecki, Phys. Rev. Lett. 76 (1996) 4124. [18] A. Sirlin, Nucl. Phys. B100 (1975) 291. [19] M. Gremm et al., Phys. Rev. Lett. 77 (1996) 20.

[20] M. Neubert, CERN-TH-95-107, contribution to 30th Rencontres de Moriond: Electroweak Interactions and Unified Theories, Meribel les Allues, France, 11-18 Mar 1995.

[21] J.E. Duboscq et al. (CLEO Collaboration), Phys. Rev. Lett. 76 (1996) 3898.

[22] D. Cassel, these proceedings [23] B. Barish et al., (CLEO Collaboration), Phys. Rev. D 51 (1995) 1014. [24] D. Buskulic et al., (ALEPH Collaboration), Phys. Lett. B 359 (1995) 236.

[25] I. Caprini and M. Neubert Phys. Lett. B380 (1996) 376. [26] T. Bergfeld et al., (CLEO Collaboration), Contribution to the 27th International Conference on High Energy Physics (ICHEP), Glasgow, Scotland, 20-27 Jul 1994.

[27] M. Voloshin, Phys. Rev. B 46 (1992) 3062.

[28] I. Scott, (ALEPH Collaboration), Contribution to the 27th International Conference on High Energy Physics (ICHEP), Glasgow, Scotland, 20-27 Jul 1994.

[29] T. Browder, (CLEO Collaboration), Contribution to the 27th International Conference on High Energy Physics (ICHEP), Glasgow, Scotland, 20-27 Jul 1994.

[30] H. Albrecht et al., (ARGUS Collaboration), Z. Phys. C57 (1993) 533. [31] P. Abreu et al., (DELPHI Collaboration) Z. Phys. C71 (1996) 539. [32] N. Isgur and M. Wise, Phys. Rev. D42 (1990) 2388. [33] K. Berkelman (CLEO COllaboration), talk given at the III. German Russion Workshop on Heavy Quark Physics, Dubna, Russia, 20-22 May 1996.

[34] I. Bigi, these proceedings.

[35] T. Mannel, W. Roberts and Z. Ryzak, Phys. Lett. B248 (1990) 392. [36] M. Dugan and B. Grinstein, Phys. Lett. B255 (1991) 583.

Figure Captions

Fig.1 CLEO data[23] and the extrapolation used to obtain V_{cb}. The upper figure corresponds to a linear extrapolation, the lower one includes also a curvature.

Fig.2 ALEPH data[24] and the extrapolation used to obtain V_{cb}. Fig.3 Data and the extrapolation used to obtain V_{cb} from B → Dℓν_ℓ. The figure is taken from [26]