SFB/CPP-14-19 TTP14-009 DESY 14-038

Hadronic contribution to the muon anomalous magnetic moment to next-to-next-to-leading order

Alexander Kurz^{a,b}, Tao Liu^a, Peter Marquard^b, Matthias Steinhauser^a

(a) Institut für Theoretische Teilchenphysik, Karlsruhe Institute of Technology (KIT) 76128 Karlsruhe, Germany (b) Deutsches Elektronen Synchrotron (DESY), 15738 Zeuthen, Germany

Abstract

We compute the next-to-next-to-leading order hadronic contribution to the muon anomalous magnetic moment originating from the photon vacuum polarization. The corresponding three-loop kernel functions are calculated using asymptotic expansion techniques which lead to analytic expressions. Our final result, a^{had,NNLO} μ = 1.24 ± 0.01 × 10^{−10}, has the same order of magnitude as the current uncertainty of the leading order hadronic contribution and should thus be included in future analyses.

PACS numbers: 12.20.-m 14.60.Cd 14.60.Ef

1 Introduction

The anomalous magnetic moment of the electron and the muon are measured with high precision and at the same time also accurately predicted including high-order quantum corrections (see, e.g., Refs. [1–4] for reviews on this topic). Notable recent achievements in this context are the five-loop QED corrections obtained in Refs. [5, 6].

In the case of the muon the largest input to the uncertainty comes from hadronic contributions which to a large extend rely on experimental measurements of the cross section σ(e^+e^− → hadrons). Several groups have performed the leading order (LO) [7–10] and next-to-leading order (NLO) [8, 11–13] analysis. In this paper we compute the next-to-next-to-leading order (NNLO) hadronic corrections to the anomalous magnetic moment of the electron and the muon. We evaluate the three-loop kernels in the limit M_μ ≪ m_π and show that four expansion terms are sufficient to obtain a precision far below the per cent level. Note that we do not consider the light-by-light contribution where the external photon couples to the hadronic loop (see, e.g., Ref. [14]) but only the contributions involving the hadronic vacuum polarizations.

In the next Section we briefly mention some technical details of our calculation and discuss the NLO contribution. Section 3 contains the results of the various NNLO contributions for the muon anomalous magnetic moment and in Section 4 we apply our results to the anomalous magnetic moment of the electron. We conclude in Section 5.

2 Technicalities and NLO result

The LO hadronic contribution to the anomalous magnetic moment of the muon (see Fig. 1) can be computed via

a^{(1)}_μ = 1 3 (α π )_2 ∫ ∞

m^2_π ds R(s) s K^{(1)}(s) , (1)

where α is the fine structure constant and R(s) is given by the properly normalized total hadronic cross section in electron positron collisions

R(s) = σ(e^+e^− → hadrons) σ_{pt}

, (2)

with σ_{pt} = 4πα^2/(3s). A convenient integral representation for K^{(1)}(s) is given by

K^{(1)}(s) =

∫_1 0 dx x^2(1 − x) x^2 + (1 − x)^s_{M 2μ}

, (3)

analytic results can be found in Refs. [15, 16].

(a) LO (b) 2a (c) 2b (d) 2c

Figure 1: LO and sample NLO Feynman diagrams contributing to a^{had}_μ .

A crucial input for the evaluation of a^{had}_μ is a compilation of the experimental data for R(s) as obtained by various experiments. In our analysis we use a FORTRAN code which is provided to us by the authors of Ref. [8]. This gives us access to both the central values and the upper and lower limit of R(s). However, the use of the latter leads to a vast overestimation of the final uncertainty since we have no information about the correlations of the individual data points. Thus, we use a heuristic method and consider the difference between a^{had}_μ as obtained from the central and upper or lower limit of R(s) and divide it by three which leads to realistic (and still conservative) error estimates at LO and NLO. In fact, for the energy region [0.32 GeV, 1.43 GeV] we obtain the LO contribution 608.19 ± 3.97 × 10^{−10} which is in good agreement with 606.50 ± 3.35 × 10^{−10} from table 5 of Ref. [8]. Note that in this paper we do not aim for an improved prediction of the LO or NLO contribution. Rather we present for the first time NNLO hadronic predictions. Obviously, for that purpose, the described prescription for the determination of the uncertainty is sufficient.

The contribution to a_μ from the J/Ψ, Ψ(2S) and Υ(nS) (n = 1, . . . , 4) resonances is obtained with the help of the narrow-width approximation as described in Ref. [13].

At NLO three different contributions are distinguished as shown in Fig. 1(b), (c) and (d). We have computed the kernels K^{(2a)} and K^{(2b)} using the methods of asymptotic expansion [17] and in that way confirmed the results provided in Ref. [11]. Ref. [11] also contains analytic expressions for K^{(2c)}(s, s^′). It is, however, convenient to work with the one-dimensional integral representation which reads [11]

K^{(2c)}(s, s^′) =

∫_1 0 dx x^4(1 − x) [ x^2 + (1 − x)^s_{M 2μ} ] [ x^2 + (1 − x)^{s′}_{M 2μ}

] . (4)

The contributions a^{(2a)}μ and a^{(2b)}μ are obtained from Eq. (1) after replacing K^{(1)} by either K^{(2a)} or K^{(2b)} and (α/π)^2 by (α/π)^3. a^{(2c)}μ requires an integration over both s and s^′ and is obtained from

a^{(2c)}_μ = 1 9 (α π )_3 ∫ ∞

m^2_π

dsds^′

R(s) s R(s^′) s^′

K^{(2c)}(s, s^′) . (5)

Our results for the three contributions read

a^{(2a)}_μ = −20.90 × 10^{−10} , a^{(2b)}_μ = 10.68 × 10^{−10} , a^{(2c)}_μ = 0.35 × 10^{−10} , (6)

which leads to

a^{had,NLO} μ = −9.87 ± 0.09 × 10^{−10} , (7)

in good agreement with Refs. [8, 13].

3 NNLO hadronic contributions to a_μ

We classify the NNLO contributions in analogy to NLO according to the number of hadronic insertions and closed electron loops. This leads to five different kernels which contain the following contributions (see Fig. 2 for sample Feynman diagrams):

• K^{(3a)}: two additional photons to the LO Feynman diagram.

• K^{(3b)}: closed electron loop and additional photonic correction; the external photon couples to the muon.

• K^{(3b,lbl)}: light-by-light-type contribution with closed electron loop; the external photon couples to the electron.

• K^{(3c)}: two hadronic insertions; includes also contributions with closed electron and muon loops.

• K^{(3d)}: three hadronic insertions.

Note that we do not consider contributions with closed tau lepton loops since they are suppressed by an additional factor M^2_μ/M^2_τ . Actually, at NLO these contributions amount to 0.01 × 10^{−10} and thus we anticipate that the corresponding NNLO terms are even smaller.

The calculation of K^{(3a)}(s) proceeds in analogy to the corresponding one- and two-loop cases: we apply an asymptotic expansion for √ s ≫ M_μ and compute terms up to order (M^2_μ/s)^4. The minimal value of √ s is given by m_π and thus the largest value of the expansion parameter is M^2_μ/m^2_π ≈ 0.6. Note, however, that the contribution from the energy interval [m_π, 2m_π] is very small such that in practice the expansion parameter is M^2_μ/(4m^2_π) ≈ 0.15 or smaller for higher energies. We observe a good convergence of the series as can be seen by considering the difference for a^{(3a)}μ (a^{(3b)}μ ) computed from K^{(3a)}(s) (K^{(3b)}(s)) by including and neglecting the highest available term which is at the per mil

(a) 3a (b) 3b (c) 3b (d) 3c

(e) 3c (f) 3c (g) 3b,lbl (h) 3d

Figure 2: Sample NNLO Feynman diagrams contributing to a^{had}_μ .

level. For K^{(3b)} and K^{(3b,lbl)} we consider in addition the limit M_μ ≫ M_e and compute terms up to quartic order in M_e. Corrections of order M_e/M_μ or higher turn out to be negligibly small. In the case of K^{(3b)} the leading term for M_e → 0 can be obtained using renormalization group techniques (see, e.g., Ref. [18] where four-loop correction to a_μ with closed electron loops have been considered). However, a non-zero electron mass is crucial for the light-by-light-type contribution K^{(3b,lbl)} since the Feynman integrals are divergent in case M_e = 0 is chosen. Thus, a non-trivial asymptotic expansion has to be applied. The latter is realized with the help of the program asy [19, 20].

For the computation of K^{(3c)}(s, s^′) we use asymptotic expansions in the limits s ≫ s^′ ≫ M^2_μ, s ≈ s^′ ≫ M^2_μ and s^′ ≫ s ≫ M^2_μ and construct an interpolating function by combining the results from the individual limits. This procedure can be tested in the case of K^{(2c)}(s, s^′) where a comparison to the exact result is possible. In Fig. 3(a) we show K^{(2c)}(s, s^′) for √ s = 1 GeV as a function of √ s^′ .^1 (For larger values of √ s the convergence properties are even better.) One observes that for each value of √ s^′ there is perfect agreement between the exact result (solid line) and at least one of the approximations (dotted and dashed lines). Furthermore, the final results for a^{(2c)}μ computed from the exact and approximated kernels differ by less than 1%.

Fig. 3(b) shows the corresponding results for K^{(3c)}(s, s^′). For each value of s^′ we have at least two approximations which agree with each other. Thus it is evident that a function can be defined which agrees piecewise with one of the approximations.

1Note that there are two curves for the region s ≈ s^′ which correspond to the expansion parameters 1 − √ s/ √ s^′ and 1 − √ s^′/ √ s, see also Refs. [21, 22].

√�s' (GeV)

K^{(2c)}

0 0.02

0.04

0.06

0.08 0.1 0.12 x 10

0.5 1 1.5 2 √�s' (GeV)

K^{(3c)}

-0.05

-0.04

-0.03

-0.02

-0.01 0

0.5 1 1.5 2

(a) (b)

Figure 3: (a) Comparison of exact result (solid, black) for K^{(2c)}(s, s^′) and the various approximations for s ≫ s^′ (blue, dotted), s ≈ s^′ (orange and red, short and medium dashed) and s ≪ s^′ (green long dashed) for √ s = 1 GeV as a function of √ s^′ . (b) Approximations for K^{(3c)}(s, s^′).

For the kernel of the triple-hadronic insertion, K^{(3d)}(s, s^′, s^{′′}), we derive a one-dimensional integral representation which is given by

K^{(3d)}(s, s^′, s^{′′}) =

∫_1 0 dx x^6(1 − x) [ x^2 + (1 − x)^s_{M 2μ} ] [ x^2 + (1 − x)^{s′}_{M 2μ} ] [ x^2 + (1 − x)^{s′′}_{M 2μ}

] . (8)

We refrain from listing explicit results for the NNLO kernels but provide the results in computer-readable form on the web page [23].

For the computation of a^{(3a)}μ , a^{(3b)}μ and a^{(3b,lbl)} μ one inserts the corresponding kernel in Eq. (1) and replaces (α/π)^2 by (α/π)^4. Furthermore, a^{(3c)}μ is obtained from Eq. (5) with K^{(2c)} replaced by K^{(3c)} and (α/π)^3 by (α/π)^4 and the three-fold hadronic insertion is calculated from

a^{(3d)}_μ = 1 27 (α π )_4 ∫ ∞

m^2_π

dsds^′ds^{′′}

R(s) s R(s^′)

s^′

R(s^{′′}) s^{′′}

K^{(3d)}(s, s^′, s^{′′}) . (9)

For the individual NNLO contributions we obtain the results

a^{(3a)}_μ = 0.80 × 10^{−10} , a^{(3b)}_μ = −0.41 × 10^{−10} , a^{(3b,lbl)} μ = 0.91 × 10^{−10} , a^{(3c)}_μ = −0.06 × 10^{−10} , a^{(3d)}_μ = 0.0005 × 10^{−10} , (10) which leads to

a^{had,NNLO} μ = 1.24 ± 0.01 × 10^{−10} . (11)

Our result is of the same order of magnitude as the uncertainty of the LO hadronic contribution. For example, in Ref. [8] an uncertainty of 3.72 × 10^{−10} is quoted due to the statistical and systematic errors of the experimental data. Thus, the NNLO hadronic corrections should be included in the comparison with the experimental result for a_μ.

4 NNLO hadronic contributions to a_e

In this Section we apply our results to the electron anomalous magnetic moment, a_e. At LO and for K^{(2a)} this means that the lepton mass has to be interpreted as M_e. K^{(2b)} is absent and we have checked that K^{(2c)} gives a negligible contribution (see also Ref. [11]). The situation is analogous at NNLO where we only remain with K^{(3a)}.

At LO and NLO our results for a_e read a^{had,LO} e = a^{(1)}e = 1.877 × 10^{−12} and a^{had,NLO} e = a^{(2a)}e = −0.2246 × 10^{−12} which is consistent with the recent analysis of Ref. [24] where the values a^{had,LO} e = 1.866 ± 0.011 × 10^{−12} and a^{had,NLO} e = −0.2234 ± 0.0014 × 10^{−12} have been obtained. At NNLO we get the result^2

a^{had,NNLO} e = a^{(3a)}_e = 0.028 ± 0.001 × 10^{−12} , (12)

which is almost three times larger than the uncertainty of a^{had,LO} e quoted in Ref. [24]. It is furthermore of the same order of magnitude as the hadronic light-by-light contribution which amounts to a^{had,lbl} e = 0.035 ± 0.010 × 10^{−12} [5]. Note that currently both the uncertainty in the theory prediction for a_e and the difference between theory and experiment is of order 1 × 10^{−12} [5] which is about a factor 40 larger than the result given in Eq. (12).

5 Conclusions

We have computed the NNLO hadronic vacuum polarization corrections to the anomalous magnetic moment of the muon. Five different contributions can be distinguished which are discussed individually. The numerically largest contribution comes from the lightby-light-type diagram with a closed electron loop followed by the photonic corrections and the contribution containing a closed electron two-point function. Multiple hadronic insertions only lead to numerical results which are much smaller. The main result of this paper is given in Eq. (11).

2We neglect the contribution from K^{(3c)} since it is about a factor 100 smaller than the one from K^{(3a)}. Similarly heavy-lepton contributions proportional to M^2_e /M^2_μ are not taken into account.

In Ref. [6] the theory prediction a^{th}_μ = 116 591 840(59)10^{−11} has been compared to the experimental result [25, 26] a^{exp}_μ = 116 592 089(63)10^{−11} which leads to a deviation of 2.9σ. After adding our result in Eq. (11) to a^{th}_μ this reduces to 2.7σ.

As a by-product we have also evaluated the NNLO hadronic corrections to a_e. Our result is larger than the uncertainty at LO and of the same order as the hadronic light-by-light contribution. However, it is significantly smaller than both the uncertainty from the fine structure constant and the experimental uncertainty for a_e, see the discussion in Ref. [5].

Acknowledgements

This work was supported by the DFG through the SFB/TR 9 “Computational Particle Physics”. P.M was supported in part by the EU Network LHCPHENOnet PITN-GA- 2010-264564 and HIGGSTOOLS PITN-GA-2012-316704. We thank Hans Kühn for many discussions and for initiating this project. We also thank Thomas Teubner for carefully reading the manuscript and for many useful comments. Furthermore, we would like to thank Thomas Teubner and Daisuke Nomura for providing a FORTRAN code for their compilation of R(s). The Feynman diagrams were drawn with JaxoDraw [27, 28].

References

[1] K. Melnikov and A. Vainshtein, Springer Tracts Mod. Phys. 216 (2006) 1.

[2] F. Jegerlehner, Springer Tracts Mod. Phys. 226 (2008) 1.

[3] F. Jegerlehner and A. Nyffeler, Phys. Rept. 477 (2009) 1 [arXiv:0902.3360 [hep-ph]].

[4] J. P. Miller, E. d. Rafael, B. L. Roberts and D. Stöckinger, Ann. Rev. Nucl. Part.

Sci. 62 (2012) 237.

[5] T. Aoyama, M. Hayakawa, T. Kinoshita and M. Nio, Phys. Rev. Lett. 109 (2012) 111807 [arXiv:1205.5368 [hep-ph]].

[6] T. Aoyama, M. Hayakawa, T. Kinoshita and M. Nio, Phys. Rev. Lett. 109 (2012) 111808 [arXiv:1205.5370 [hep-ph]].

[7] M. Davier, A. Hoecker, B. Malaescu and Z. Zhang, Eur. Phys. J. C 71 (2011) 1515 [Erratum-ibid. C 72 (2012) 1874] [arXiv:1010.4180 [hep-ph]].

[8] K. Hagiwara, R. Liao, A. D. Martin, D. Nomura and T. Teubner, J. Phys. G 38 (2011) 085003 [arXiv:1105.3149 [hep-ph]].

[9] F. Jegerlehner and R. Szafron, Eur. Phys. J. C 71 (2011) 1632 [arXiv:1101.2872 [hep-ph]].

[10] M. Benayoun, P. David, L. DelBuono and F. Jegerlehner, Eur. Phys. J. C 73 (2013) 2453 [arXiv:1210.7184 [hep-ph]].

[11] B. Krause, Phys. Lett. B 390 (1997) 392 [hep-ph/9607259]. [12] D. Greynat and E. de Rafael, JHEP 1207 (2012) 020 [arXiv:1204.3029 [hep-ph]]. [13] K. Hagiwara, A. D. Martin, D. Nomura and T. Teubner, Phys. Rev. D 69 (2004) 093003 [hep-ph/0312250].

[14] J. Prades, E. de Rafael and A. Vainshtein, (Advanced series on directions in high energy physics. 20) [arXiv:0901.0306 [hep-ph]].

[15] S. J. Brodsky and E. De Rafael, Phys. Rev. 168 (1968) 1620. [16] S. Eidelman and F. Jegerlehner, Z. Phys. C 67 (1995) 585 [hep-ph/9502298]. [17] V. A. Smirnov, Analytic tools for Feynman integrals, Springer Tracts Mod. Phys.

250 (2012) 1. [18] R. Lee, P. Marquard, A. V. Smirnov, V. A. Smirnov and M. Steinhauser, JHEP 1303 (2013) 162 [arXiv:1301.6481 [hep-ph]].

[19] A. Pak and A. Smirnov, Eur. Phys. J. C 71 (2011) 1626 [arXiv:1011.4863 [hep-ph]]. [20] B. Jantzen, A. V. Smirnov and V. A. Smirnov, Eur. Phys. J. C 72 (2012) 2139 [arXiv:1206.0546 [hep-ph]].

[21] D. Eiras and M. Steinhauser, Nucl. Phys. B 757 (2006) 197 [hep-ph/0605227]. [22] A. Pak, M. Steinhauser and N. Zerf, JHEP 1209 (2012) 118 [arXiv:1208.1588 [hepph]].

[23] http://www.ttp.kit.edu/Progdata/ttp14/ttp14-009/ [24] D. Nomura and T. Teubner, Nucl. Phys. B 867 (2013) 236 [arXiv:1208.4194 [hep-ph]]. [25] G. W. Bennett et al. [Muon G-2 Collaboration], Phys. Rev. D 73 (2006) 072003 [hep-ex/0602035].

[26] B. L. Roberts, Chin. Phys. C 34 (2010) 741 [arXiv:1001.2898 [hep-ex]]. [27] J. A. M. Vermaseren, Comput. Phys. Commun. 83 (1994) 45. [28] D. Binosi, J. Collins, C. Kaufhold and L. Theussl, Comput. Phys. Commun. 180 (2009) 1709 [arXiv:0811.4113 [hep-ph]].