FLAVOUR(267104)-ERC-53, LTH 990, SFB/CPP-13-82, TTP13-033

B_{s,d} → ℓ^+ℓ^− in the Standard Model

Christoph Bobeth,^1 Martin Gorbahn,^{2, 1} Thomas Hermann,^3 Mikołaj Misiak,^{4, 5} Emmanuel Stamou,^{1, 6} and Matthias Steinhauser^3 1Excellence Cluster Universe and TUM-IAS, Technische Universität München, D-85748 Garching, Germany 2Department of Mathematical Sciences, University of Liverpool, Liverpool L69 3BX, United Kingdom 3Institut für Theoretische Teilchenphysik, Karlsruhe Institute of Technology (KIT), D-76128 Karlsruhe, Germany 4Institute of Theoretical Physics, University of Warsaw, Hoża 69, PL-00-681 Warsaw, Poland 5Theory Division, CERN, CH-1211 Geneva 23, Switzerland 6Dept. of Particle Physics and Astrophysics, Weizmann Institute of Science, Rehovot 76100, Israel (Dated: November 4, 2013)

We combine our new results for the O(αem) and O(α^2_s ) corrections to B_{s,d} → ℓ^+ℓ^−, and present updated branching ratio predictions for these decays in the standard model. Inclusion of the new corrections removes major theoretical uncertainties of perturbative origin that have just begun to dominate over the parametric ones. For the recently observed muonic decay of the Bs meson, our calculation gives B(Bs → μ^+μ^−) = (3.65 ± 0.23) × 10^{−9} .

PACS numbers: 12.38.Bx, 13.20.He

Rare leptonic decays of the neutral B mesons are known to provide important constraints on extensions of the standard model (SM). Their average time-integrated branching ratios B_{qℓ} ≡ B[B_q → ℓ^+ℓ^−] (q = s, d; ℓ = e, μ, τ) depend on details of B_qB̄_q mixing [1]. A simple relation B_{qℓ} = Γ[B_q → ℓ^+ℓ^−]/Γ^q_H holds in the SM to a very good approximation, with Γ^q_H denoting the heavier mass-eigenstate total width. For ℓ = μ, the current experimental world averages read [2]

B_{sμ} = (2.9±0.7)×10^{−9}, B_{dμ} = � 3.6^{+1.6}_{−1.4} � ×10^{−10}. (1)

They have been obtained by combining the recent measurements of CMS [3] and LHCb [4]. In the B_{sμ} case, reduction of uncertainties to a few percent level is expected in the forthcoming decade. To match such an accuracy, theoretical calculations must include the nextto-leading order (NLO) corrections of electroweak (EW) origin, as well as QCD corrections up to the next-to-next-to-leading order (NNLO). In the present paper, we combine our new calculations of the NLO EW [5] and NNLO QCD [6] corrections to the relevant coupling constant (Wilson coefficient) C_A, and present updated SM predictions for all the B_{qℓ} branching ratios.

A convenient framework for describing the considered processes is an effective theory derived from the SM by decoupling the top quark, the Higgs boson, and the heavy electroweak bosons W and Z. The effective weak interaction Lagrangian relevant for B_q → ℓ^+ℓ^− reads

L_{weak} = N C_A(μ_b) (b̄γ_αγ_5q)(ℓ̄γ^αγ_5ℓ) + . . . , (2)

where C_A is the MS-renormalized Wilson coefficient at the scale μ_b ∼ m_b. The ellipses stand for other, subleading weak interaction terms (operators) which we discuss below. The normalization constant N = V^⋆_{tb}V_{tq} G^2_F M^2_W /π^2 is given in terms of the Fermi constant G_F (extracted from the muon decay), the W -boson onshell mass M_W , and the Cabibbo-Kobayashi-Maskawa (CKM) matrix elements V_{ij} .

Once C_A(μ_b) is determined to sufficient accuracy, the branching ratio is easily expressed in terms of the lepton mass m_ℓ, the B_q -meson mass M_{Bq} and its decay constant f_{Bq} . The latter is defined by the QCD matrix element ⟨0|b̄γ^αγ_5q|B_q (p)⟩ = ip^αf_{Bq} . One finds

B_{qℓ} =

|N|^2M^3_{Bq} f^2_{Bq} 8π Γ^q_H β_{qℓ} r^2_{qℓ} |C_A(μ_b)|^2 + O(α_{em}), (3)

where r_{qℓ} = 2m_ℓ/M_{Bq} and β_{qℓ} = � 1 − r^2_{qℓ}. Eq. (3) holds at the leading order in flavor-changing weak interactions and in M^2_{Bq} /M^2_W , which is accurate up to permille-level corrections. In particular, operators like (b̄γ_5q)(ℓ̄ℓ) from the Higgs boson exchanges give rise to O(M^2_{Bq} /M^2_W ) effects only. Thus, one neglects such operators in the SM. However, they often matter in beyond-SM theories.

As far as the O(α_{em}) term in Eq. (3) is concerned, it requires more explanation because we are going to neglect it while including complete corrections of this order to C_A(μ_b). The first observation to make is that some of the O(α_{em}) corrections to C_A(μ_b) get enhanced by 1/ sin^2 θ_W , powers of m^2_t /M^2_W or logarithms ln^2 M^2_W /μ^2_b , as explained in Ref. [5]. None of these enhancements is possible for the O(α_{em}) term in Eq. (3) once μ_b ∼ m_b. This term is μ_b-dependent and contains contributions from operators like (b̄γ_αγ_5q)(ℓ̄γ^αℓ) or (b̄γ_αP_Lc)(c̄γ^αP_Ls), with photons connecting the quark and lepton lines. It depends on non-perturbative QCD in a way that is not described by f_{Bq} alone, and it must compensate the μ_bdependence of C_A(μ_b). Since we neglect this term, scale dependence serves as one of the uncertainty estimates. When μ_b is varied from m_b/2 to 2m_b, our results for |C_A(μ_b)|^2 vary by about 0.3%, which corresponds to a typical size of O(α_{em}) corrections that undergo no extra enhancement. On the other hand, the NLO EW corrections to |C_A(μ_b)|^2 often reach a few percent level [5].

The only other possible enhancement of QED corrections that one may worry about is related to soft pho-

FIG. 1: Contributions to the dimuon invariant-mass spectrum in Bs → μ^+μ^−(nγ) with n = 0, 1, 2, . . . (see the text). Both of them are displayed in bins of 0.01 GeV width.

ton bremsstrahlung. For definiteness, let us consider B_s → μ^+μ^−(nγ) with n = 0, 1, 2, . . . . The dimuon invariant-mass spectrum in this process is obtained by summing the two distributions shown in Fig. 1. The dotted (blue) curve corresponds to real photon emission from the quarks (Eq. (25) of Ref. [7]), while the tail of the solid (red) one is dominated by soft photon radiation from the muons (Eqs. (19)–(23) of Ref. [8]). The vertical dashed and dash-dotted (green) lines indicate the CMS [3] and LHCb [4] signal windows, respectively. In the displayed region below the windows (i.e. between 5 and 5.3 GeV), each of the two contributions integrates to around 5% of the total rate.

The determination of B_{sμ} on the experimental side includes a correction due to photon bremsstrahlung from the muons. For this purpose, LHCb [4] applies PHO- TOS [9]. Such an approach is practically equivalent to extrapolating along the solid curve in Fig. 1 down to zero. In the resulting quantity, all the soft QED logarithms cancel out, and we obtain B_{sμ} as in Eq. (3), up to O(α_{em}) terms that undergo no extra enhancement [8].

The direct emission, i.e. real photon emission from the quarks is infrared safe by itself because the decaying meson is electrically neutral. It is effectively treated as background on both the experimental and theoretical sides. On the experimental side, it is neglected in the signal window (being very small there, indeed), and not included in the extrapolation. On the theory side, it is just excluded from B_{sμ} by definition. This contribution survives in the limit m_μ → 0, which explains its considerable size below the signal window in Fig. 1.

In this context, one may wonder whether the helicity suppression factor r^2_{qℓ} in Eq. (3) can be relaxed at higher orders in QED. For the two-body decay it is not possible in the SM because a generic non-local interaction of B_q with massless leptons contains vector or axial-vector lepton currents contracted with the lepton momenta, which means that it vanishes on shell. On the other hand, contributions with (real or virtual) photons coupled to the quarks may survive in the m_ℓ → 0 limit, but they are

Parameter Value Unit Ref. GF 1.166 379 × 10^{−5} GeV^{−2} [10] α^{(5)}_s (MZ ) 0.1184 (7) – [10] α^{(5)}em(MZ ) 1/127.944 (14) – [10] Δα^{(5)}_{em,hadr}(MZ ) 0.02772 (10) – [10] MZ 91.1876 (21) GeV [10] Mt 173.1 (9) GeV [10] MH 125.9 (4) GeV [10]

MB_s 5366.77 (24) MeV [10] MB_d 5279.58 (17) MeV [10] fB_s 227.7 (4.5) MeV [11] fB_d 190.5 (4.2) MeV [11] 1/Γ^s_H 1.615 (21) ps [17] 2/(Γ^d_H + Γ^d_L) 1.519 (7) ps [17]

|V_{cb}| 0.0424 (9) – [18] |V^⋆_{tb}V_{ts}/V_{cb}| 0.980 (1) – [19, 20] |V^⋆_{tb}V_{td}| 0.0088 (3) – [19, 20]

TABLE I: Numerical inputs.

phase-space suppressed in the signal window (cf. the dotted line in Fig. 1). In the B_{sμ} case, the phase-space suppression is at least as effective as the helicity suppression, given the applied window sizes in both experiments.

We are now ready to numerically evaluate the branching ratios in Eq. (3). Our inputs are collected in Table I. The MS-renormalized coupling constants α^{(5)}_s (M_Z ) and α^{(5)}_{em}(M_Z ) are defined in the SM with decoupled top quark. Hadronic contributions to the evolution of α_{em} are given by Δα^{(5)}_{em,hadr}. This quantity is used to evaluate the W -boson pole mass according to the fit formula in Eqs. (6) and (9) of Ref. [21], which gives M_W = 80.358 (8) GeV, consistently with the direct measurement M_W = 80.385 (15) GeV [10]. All the masses in Table I are interpreted as the on-shell ones. In the top-quark case, this is equivalent to assuming that the so-called color reconnection effects are included in the uncertainty. Converting M_t to the MS-renormalized mass with respect to QCD (but still on-shell with respect to EW interactions), we get m_t ≡ m_t(m_t) = 163.5 GeV.

The decay constants f_{Bq} are adopted from the most recent update of the N_f = (2+1) FLAG compilation [11] which averages the N_f = 2 + 1 results of Refs. [12–14]. More recent calculations with N_f = 2 + 1 + 1 [15] and N_f = 2 [16] are consistent with these averages. As far as the lifetimes are concerned, using the explicit result for τ^s_H ≡ 1/Γ^s_H from Ref. [17] allows to avoid considering correlations between the decay width difference and the average lifetime. In the case of B_d, we can safely set 1/Γ^d_H ≃ 2/(Γ^d_H +Γ^d_L) ≡ τ^d_{av} given the tiny SM expectation for (Γ^d_L−Γ^d_H )/(Γ^d_L+Γ^d_H ) ≡ ΔΓ^d/(2Γ^d_{av}) = 0.0021 (4) [22].

The CKM matrix element |V_{cb}| is treated in a special manner, as it is now responsible for the largest parametric uncertainty in B_{sμ}. One should be aware of a long-lasting tension between its determinations from the inclusive and exclusive semileptonic decays [11]. Here, we adopt the recent inclusive fit from Ref. [18]. It is the first one where both the semileptonic data and the precise quark mass determinations from flavor-conserving processes have been taken into account. Once |V_{cb}| is fixed, we evaluate |V^⋆_{tb}V_{ts}| using the accurately known ratio |V^⋆_{tb}V_{ts}/V_{cb}|.

Apart from the parameters listed in Table I, our results depend on two renormalization scales μ_0 ∼ M_t and μ_b ∼ m_b used in the calculation of the Wilson coefficient C_A. This dependence is very weak thanks to our new calculations of the NLO EW and NNLO QCD corrections. Since this issue is discussed at length in the parallel articles [5, 6], we just fix here these scales to μ_0 = 160 GeV and μ_b = 5 GeV. Our results for the Wilson coefficient C_A are then functions of the first seven parameters in Table I. Allowing only the top-quark mass and the strong coupling constant to deviate from their central values, we find the following fits for C_A

C_A(μ_b) = 0.4802 R^{1.52}_t R^{−0.09}_α − 0.0112 R^{0.89}_t R^{−0.09}_α

= 0.4690 R^{1.53}_t R^{−0.09}_α , (4)

C_A(μ_b) = 0.4802 ~R^{1.50}_t R^{0.015}_α − 0.0112 ~R^{0.86}_t R^{−0.031}_α

= 0.4690 ~R^{1.51}_t R^{0.016}_α , (5)

where R_α = α_s(M_Z )/0.1184, R_t = M_t/(173.1 GeV) and ~R_t = m_t/(163.5 GeV). The fits are accurate to better than 0.1% in C_A for α_s(M_Z ) ∈ [0.11, 0.13], M_t ∈ [170, 175] GeV, and m_t ∈ [160, 165] GeV.

In the first lines of Eqs. (4) and (5), C_A is given as as a sum of two terms. The first one corresponds to the leading order EW but NNLO QCD matching calculation [6]. The second one accounts for the NLO EW matching corrections [5] at the scale μ_0, as well as for the logarithmically enhanced QED corrections that originate from the renormalization group evolution between μ_0 and μ_b [23, 24].

Inserting Eq. (4) into Eq. (3), we obtain for B_{sμ}

B_{sμ} × 10^9 = (3.65 ± 0.06) R_{tα} R_s = (3.65 ± 0.23), (6)

where R_{tα} = R^{3.06}_t R^{−0.18}_α = ~R^{3.02}_t R^{0.032}_α and

R_s = � f_{Bs} [MeV] 227.7

�_2� |V_{cb}| 0.0424

�_2� |V^⋆_{tb}V_{ts}/V_{cb}| 0.980

�_2 τ^s_H [ps] 1.615 . Correlations between f_{Bs} and α_s have been ignored above. Uncertainties due to parameters that do not occur in the quantities R_α, R_t and R_s have been absorbed into the residual error in the middle term of Eq. (6). This residual error is actually dominated by a non-parametric uncertainty, which we set to 1.5% of the branching ratio. Such an estimate of the non-parametric uncertainty is supposed to include:

• Effects of the neglected O(α_{em}) term in Eq. (3).

They account for the fact that |C_A(μ_b)|^2 changes fB_q CKM τ^q_H Mt αs other non- ∑ param. param.

B_{sℓ} 4.0% 4.3% 1.3% 1.6% 0.1% < 0.1% 1.5% 6.4%

B_{dℓ} 4.5% 6.9% 0.5% 1.6% 0.1% < 0.1% 1.5% 8.5%

TABLE II: Relative uncertainties from various sources in B_{sℓ} and B_{dℓ}. In the last column they are added in quadrature.

by around 0.3% when μ_b is varied between m_b/2 and 2 m_b. Such a dependence on μ_b must cancel order-by-order in perturbation theory.

• Higher-order O(α^3_s , α^2_{em}, α_sα_{em}) matching corrections to C_A at the electroweak scale μ_0. Such corrections must remove the residual μ_0-dependence of C_A(μ_b). When μ_0 is varied between m_t/2 and 2 m_t, the variation of |C_A(μ_b)|^2 due to EW and QCD interactions amounts to around 0.2% in each case [5, 6]. Effects of similar size in the branching ratio are observed in Ref. [5] when comparing several EW renormalization schemes.

• Higher-order O(M^2_{Bq} /M^2_W ) power corrections.

• Uncertainties due to evaluation of m_t from the experimentally determined M_t using a three-loop relation. Note that half of the three-loop correction shifts m_t by about 200 MeV, which affects B_{sμ} by around 0.3%. Non-perturbative uncertainties at this point (renormalons, color reconnection) are expected to be of the same order of magnitude.

• Tiny O(ΔΓ^q /Γ^q) corrections due to deviations from the relation B_{qℓ} = Γ[B_q → ℓ^+ℓ^−]/Γ^q_H , i.e. due to decays of the lighter mass eigenstate in the B_qB̄_q system. At the leading order in α_{em} and M^2_{Bq} /M^2_W , such corrections are non-vanishing only because of CP-violation in the absorptive part of the B_qB̄_q mixing matrix. Apart from being suppressed by ΔΓ^q /Γ^q, they vanish in the limit m_c → m_u, and receive additional CKM suppression in the B_s case. Beyond the leading order in α_{em} or M^2_{Bq} /M^2_W , the lighter eigenstate can decay to leptons also in the CP-conserving limit of the SM.

All the other B_{qℓ} branching ratios are calculated along the same lines. We find

B_{se} × 10^{14} = (8.54 ± 0.13) R_{tα} R_s = 8.54 ± 0.55, B_{sτ} × 10^7 = (7.73 ± 0.12) R_{tα} R_s = 7.73 ± 0.49, B_{de} × 10^{15} = (2.48 ± 0.04) R_{tα} R_d = 2.48 ± 0.21, B_{dμ} × 10^{10} = (1.06 ± 0.02) R_{tα} R_d = 1.06 ± 0.09,

B_{dτ} × 10^8 = (2.22 ± 0.04) R_{tα} R_d = 2.22 ± 0.19, (7)

with

R_d = � f_{Bd} [MeV]

190.5

�_2 � |V^⋆_{tb}V_{td}| 0.0088

�_2 τ^{av}_d [ps] 1.519 .

A summary of the error budgets for B_{sℓ} and B_{dℓ} is presented in Table II. It is clear that the main parametric uncertainties come from f_{Bq} and the CKM angles.

To get rid of such uncertainties, one may take advantage [25] of their cancellation in ratios like

κ_{qℓ} ≡

B_{qℓ} Γ^q_H ΔM^{−1}_{Bq} (G_F M_W m_ℓ)^2β_{qℓ} SM ≃ 3 |C_A(μ_b)|^2 π^3 C_{LL}(μ_b) B_{Bq} (μ_b)

, (8)

where ΔM_{Bq} is the mass difference in the B_qB̄_q system, and C_{LL} enters through the ΔB = 2 term in L_{weak}, namely −^1_4 N V^⋆_{tb}V_{tq} C_{LL}(b̄γ_αP_Lq)(b̄γ^αP_Lq). The bag parameters B_{Bq} are defined by the QCD matrix elements ⟨B̄_q |(b̄γ_αP_Lq)(b̄γ^αP_Lq)|B_q ⟩ =^2_3 f^2_{Bq} B_{Bq} M^2_{Bq} .

Following FLAG [11], we take B̂_{Bs} = 1.33(6) and B̂_{Bd} = 1.27(10) [26]. For the Wilson coefficient C_{LL}, including the NLO QCD [27] and NLO EW [28] corrections, we find Ĉ_{LL} ≡ C_{LL}(μ_b) B_{Bq} (μ_b)/B̂_{Bq} = 1.27 R^{1.51}_t for α^{(5)}_s (M_Z ) = 0.1184 and μ_b = 5 GeV. The r.h.s. of Eq. (8) gives then κ_{sℓ} = 0.0126(7) and κ_{dℓ} = 0.0132(12). It follows that the overall theory uncertainties in κ_{qℓ} and B_{qℓ} are quite similar at present. The l.h.s. of Eq. (8) together with Eq. (1) give κ^{exp}_{sμ} = 0.0104(25) and κ^{exp}_{dμ} = 0.047(20), which is consistent with the SM predictions.

To conclude, we have presented updated SM predictions for all the B_{qℓ} branching ratios. Thanks to our new results on the NLO EW [5] and NNLO QCD [6] matching corrections, a significant reduction of the non-parametric uncertainties has been achieved. Such uncertainties are now estimated at the level of around 1.5% of the branching ratios. As far as the parametric ones are concerned, their reduction will depend on progress in the lattice determinations of f_{Bq} and B_{Bq} in the cases of B_{qℓ} and κ_{qℓ}, respectively. For B_{qℓ}, the CKM uncertainties are now equally important, with |V_{cb}| being one of the main limiting factors in the precise determination of B_{sℓ}.

Acknowledgments

We would like to thank Andrzej Buras, Gino Isidori, Paul Rakow and Jochen Schieck for helpful discussions. This work was supported by the DFG through the SFB/TR 9 “Computational Particle Physics” and the Graduiertenkolleg “Elementarteilchenphysik bei höchster Energie und höchster Präzision”. M.G. acknowledges partial support by the UK Science & Technology Facilities Council (STFC) under grant No. ST/G00062X/1. The work of M.M. has been partially supported by the National Science Centre (Poland) research project, Decision No. DEC-2011/01/B/ST2/00438.

[1] K. De Bruyn et al., Phys. Rev. Lett. 109, 041801 (2012) [arXiv:1204.1737].

[2] CMS and LHCb Collaborations, conference report CMS-PAS-BPH-13-007, LHCb-CONF-2013-012,

http://cds.cern.ch/record/1564324 .

[3] S. Chatrchyan et al. (CMS Collaboration), Phys. Rev.

Lett. 111, 101804 (2013) [arXiv:1307.5025].

[4] R. Aaij et al. (LHCb Collaboration), Phys. Rev. Lett.

111 (2013) 101805 [arXiv:1307.5024].

[5] C. Bobeth, M. Gorbahn and E. Stamou, arXiv:1311.1348. [6] T. Hermann, M. Misiak and M. Steinhauser, arXiv:1311.1347.

[7] Y. G. Aditya, K. J. Healey and A. A. Petrov, Phys. Rev.

D 87, 074028 (2013) [arXiv:1212.4166].

[8] A. J. Buras, J. Girrbach, D. Guadagnoli and G. Isidori, Eur. Phys. J. C 72, 2172 (2012) [arXiv:1208.0934].

[9] P. Golonka and Z. Was, Eur. Phys. J. C 45, 97 (2006) [hep-ph/0506026].

[10] J. Beringer et al. (Particle Data Group), Phys. Rev. D 86 010001, (2012); updates at http://pdg.lbl.gov .

[11] S. Aoki et al. (Flavour Lattice Averaging Group), arXiv:1310.8555; updates at http://itpwiki.unibe.ch/

flag .

[12] A. Bazavov et al. (Fermilab Lattice and MILC Collaborations), Phys. Rev. D 85, 114506 (2012) [arXiv:1112.3051].

[13] C. McNeile et al. (HPQCD Collaboration), Phys. Rev. D 85, 031503 (2012) [arXiv:1110.4510].

[14] H. Na et al. (HPQCD Collaboration), Phys. Rev. D 86, 034506 (2012) [arXiv:1202.4914].

[15] R. J. Dowdall et al. (HPQCD Collaboration), Phys. Rev.

Lett. 110, 222003 (2013) [arXiv:1302.2644].

[16] N. Carrasco et al. (ETM Collaboration), arXiv:1308.1851.

[17] Y. Amhis et al. (Heavy Flavor Averaging Group), arXiv:1207.1158; updates at http://www.slac.

stanford.edu/xorg/hfag .

[18] P. Gambino and C. Schwanda, arXiv:1307.4551. [19] J. Charles et al. (CKMfitter Group), Eur. Phys.

J. C 41, 1 (2005) [hep-ph/0406184]; updates at

http://ckmfitter.in2p3.fr .

[20] M. Ciuchini et al. (UTfit Collaboration), JHEP 0107, 013 (2001) [hep-ph/0012308]; updates at

http://www.utfit.org .

[21] M. Awramik, M. Czakon, A. Freitas and G. Weiglein, Phys. Rev. D 69, 053006 (2004) [hep-ph/0311148].

[22] A. Lenz and U. Nierste, arXiv:1102.4274. [23] C. Bobeth, P. Gambino, M. Gorbahn and U. Haisch, JHEP 0404 071, (2004) [hep-ph/0312090].

[24] T. Huber, E. Lunghi, M. Misiak and D. Wyler, Nucl.

Phys. B 740 105, (2006) [hep-ph/0512066].

[25] A. J. Buras, Phys. Lett. B 566, 115 (2003) [hepph/0303060].

[26] E. Gamiz et al. (HPQCD Collaboration), Phys. Rev. D 80, 014503 (2009) [arXiv:0902.1815].

[27] A. J. Buras, M. Jamin and P. H. Weisz, Nucl. Phys. B 347, 491 (1990).

[28] P. Gambino, A. Kwiatkowski and N. Pott, Nucl. Phys. B 544, 532 (1999) [hep-ph/9810400].