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Unification scale vs. electroweak-triplet mass in the SU(5)+24F model at three loops
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It was shown recently that the original SU(5) theory of Georgi and Glashow, augmented with
an adjoint fermionic multiplet 24F , can be made compatible both with neutrino masses and gauge
coupling unification. In particular, the model predicts that either electroweak-triplet states are
light, within the reach of the Large Hadron Collider (LHC), or proton decay will become accessible
at the next generation of megaton-scale facilities. In this paper, we present the computation of
the correlation function between the electroweak-triplet masses and the unification scale at the
next-to-next-to-leading-order (NNLO). Such an accuracy on the theory side is necessary in order
to settle the convergence of the perturbative expansion and to match the experimental precision on
the determination of the electroweak gauge couplings at the Z-boson mass scale.

PACS numbers: 12.10.-g 11.15.Bt

I. INTRODUCTION

The quantum numbers of the Standard Model (SM)
fermions together with the apparent convergence of the
strong and electroweak couplings at energies below the
Planck scale point towards a unified description of the
SM interactions. One of the fundamental predictions of
a Grand Unified Theory (GUT) is the existence of baryon
and lepton number violating interactions which can man-
ifest themselves at low energy via matter instability (for a
review see for example Ref. [1]). Though the decay of the
proton has not been observed so far, the lower bound on
the proton lifetime, together with the low-energy values
of the SM gauge couplings and the SM fermion masses
and mixings provide us severe constraints on the class of
viable GUT models.

On the other hand, the degree of complexity of GUTs,
even in their simplest realizations, makes them hard to
be tested. It is enough to say that one of the few abso-
lute certainties about grand unification today is that the
original SU(5) model of Georgi and Glashow (GG) [2] is
ruled out. In particular, the failure of the minimal model
can be attributed both to the lack of gauge coupling uni-
fication [3–5] and to the fact that an accidental B − L
global symmetry [6], as in the SM, prevents neutrinos to
be massive.
When looking for a minimal realistic extension of the

GG model it would be economical (and hence predictive)
if the solution to the issue of gauge coupling unification
were related to the generation of neutrino masses. This
is, essentially, the philosophy behind two recent proposals
where an extra scalar representation 15H [7? ], or alter-
natively, a fermionic representation 24F [9? ] is added
to the field content of the model. In both cases, the ex-
tra degrees of freedom have the right quantum numbers
to generate neutrino masses via the seesaw mechanism
[11, 16, 20? ? ? ? ? ? ? ] and restore unification by
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properly modifying the running of the gauge couplings.
Though both the models share a similar degree of mini-
mality, we shall restrict our discussion to the SU(5)+24F
model and postpone the SU(5) + 15H model for a future
investigation.
Let us briefly recall the reason why gauge coupling

unification fails within the minimal GG model. While
α2 and α3 meet around 1016 GeV, the main issue is the
early convergence of α2 and α1 at about 1013 GeV [3–
5], at odds with the bounds enforced by the nonobser-
vation of the proton decay. More precisely, assuming
no cancellations in the flavour structure of the gauge-
induced proton decay rates [21, 22], the latest experimen-
tal data from the Super-Kamiokande observatory [23] im-
ply a conservative lower bound on the unification scale
MG of about 1015.5 GeV. Hence, the key ingredients
for a viable unification pattern are additional particles
charged under the SU(2)L group that delay the meeting
of α1 and α2. Such a role in the SU(5) + 24F model
can be only played by the electroweak fermion and scalar
triplets (1, 3, 0)F,H ∈ 24F,H, living in the 24-dimensional
representations of the SU(5) gauge group. They are pre-
dicted to be light [9? ], eventually of O(TeV), so that a
large enough unification scale can be reached.
Both types of triplets, if light enough, can give interest-
ing signature at the LHC. The fermionic component leads
to same sign dilepton events which violate lepton num-
ber [9? ] (see [24–28] for some recent collider analysis).
The bosonic triplet instead can easily modify the decay
properties of the Higgs boson (see e.g. [29]), that will be
measured with increasingly precision at the LHC.
The complete unification pattern including also the

convergence of α3 with α1 and α2 requires heavier parti-
cles charged under the SU(3)C group. In the SU(5)+24F
model these are the colour-octet fermions and scalars,
(8, 1, 0)F,H ∈ 24F,H, that are predicted to live at inter-
mediate mass scales of about 108GeV [9? ], well beyond
the LHC energy range.
Remarkably, it can be established a correlation be-

tween the electroweak triplet masses and the unifica-
tion scale which acts as a “precision observable”. Im-
posing the condition of gauge coupling unification, the
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electroweak triplet masses can be expressed through the
Renormalization Group Equations (RGEs) of the model
as a function of the GUT scale and the electroweak cou-
plings α1 and α2 evaluated at the Z-boson mass scaleMZ .
Given the high accuracy at which the latter parameters
are determined experimentally, one can make very precise
predictions for the dependence of the electroweak triplet
masses on the GUT scale. Such a correlation function
plays a significant role for testing the model. If the elec-
troweak triplets are not found at the LHC, then, accord-
ing to the SU(5) + 24F model, the predicted unification
scale is smaller than about 1016 GeV. Thus, matter insta-
bility is expected to be observed in the next generation
of proton decay experiments [30], otherwise the model is
ruled out. For such an important task it is mandatory to
have precise theoretical predictions at least comparable
with the experimental accuracy. Let us also mention that
the magnitude of the two-loop radiative corrections [10]
to the determination of the triplet masses is comparable
with that of the one-loop contributions and it is almost
10 times larger than the parametric uncertainty due to
the dependence on the low-energy values of α1 and α2.
Thus, a three-loop analysis is indispensable in order to
establish whether the perturbative series converges and
to match the experimental precision.

For a consistent three-loop prediction of the
electroweak-triplet masses, one needs the RGEs of the
gauge couplings for the SU(5) + 24F model and for all
effective field theories (including the SM) that can be
derived from it, at three-loop accuracy. In addition,
threshold corrections induced at the heavy particle mass
scales are necessary at the two-loop order. The RGEs
for gauge theories based on semisimple gauge groups have
been known at two-loop accuracy for a long time [31, 32],
whereas for simple gauge groups even the three-loop or-
der results are known [33]. The three-loop contributions
to the RGEs of the SM [34–36] have been computed re-
cently. In this work we go a step further towards the
computation of the three-loop corrections to the RGEs
for a general semisimple gauge group.
The threshold corrections for a general gauge theory are
known at the one-loop level also since long time [37? ].
However, general results for the two-loop contributions
are not available in the literature. In this paper we also
compute the two-loop threshold corrections for the rele-
vant heavy states of the SU(5) + 24F model.

The paper is organised as follows: in the next Section
we introduce the SU(5) + 24F model, specify the parti-
cle content and describe its main features. In Section III
and Section IV we discuss the approach of multi-loop
calculations within effective field theories using mass in-
dependent regularization and renormalization schemes.
Furthermore, we present our results for the three-loop
gauge beta functions and the two-loop matching coeffi-
cients for the effective theory consisting in the SM and
electroweak triplets. The corresponding results for the
effective theory including also colour-octet multiplets are
given in Appendix B 2. In Section V, we describe the

phenomenological implications of our calculation. Espe-
cially, we emphasize the effects of the three-loop correc-
tions on the prediction of the electroweak-triplet masses.
Finally in Section VI we present our conclusions and in-
sights. In addition, we discuss in some detail, in Ap-
pendix A, the tree-level calculation of the mass spectrum
of the SU(5)+24F model and the relations that can be es-
tablished between its parameters and the ones occurring
in the low-energy effective theory.

II. THE SU(5) + 24F MODEL

Let us start by reviewing the basic features of the
SU(5) model augmented with a fermionic 24F multiplet.
More technical aspects about the particle content, its
mass spectrum and low-energy interactions are deferred
into a self-contained Appendix (cf. Appendix A).
The scalar sector spans over two different representa-

tions, namely,

5H = (3, 1,− 1
3 )H

︸ ︷︷ ︸

T

⊕ (1, 2,+ 1
2 )H

︸ ︷︷ ︸

h

, (1)

and

24H = (1, 1, 0)H
︸ ︷︷ ︸

SH

⊕ (1, 3, 0)H
︸ ︷︷ ︸

TH

⊕ (8, 1, 0)H
︸ ︷︷ ︸

OH

⊕ (3, 2,− 5
6 )H

︸ ︷︷ ︸

XH

⊕ (3, 2,+ 5
6 )H

︸ ︷︷ ︸

XH

, (2)

where SH , TH and OH (T , h and XH) are real (complex)
scalars. In our notation, h stands for the SM Higgs dou-
blet.
The decomposition of the vector bosons belonging to the
SU(5) adjoint representation reads

24V = (1, 1, 0)V
︸ ︷︷ ︸

SV

⊕ (1, 3, 0)V
︸ ︷︷ ︸

TV

⊕ (8, 1, 0)V
︸ ︷︷ ︸

OV

⊕

(3, 2,− 5
6 )V

︸ ︷︷ ︸

XV

⊕ (3, 2,+ 5
6 )V

︸ ︷︷ ︸

XV

, (3)

where SV , TV andOV denote the SM gauge bosons, while
XV and XV correspond to the super-heavy gauge bosons
of the SU(5) broken phase, the so-called leptoquarks.
They are responsible for the gauge-induced proton-decay
rate and include, as a longitudinal component, the Gold-
stone boson XH of the SU(5) broken phase.
Finally, the matter content of the model is given by the
Weyl fermions of the three SM families

5F = (3, 1,+ 1
3 )F

︸ ︷︷ ︸

dc

⊕ (1, 2,− 1
2 )F

︸ ︷︷ ︸

ℓ

, (4)

10F = (3, 1,− 2
3 )F

︸ ︷︷ ︸

uc

⊕ (3, 2,+ 1
6 )F

︸ ︷︷ ︸

q

⊕ (1, 1,+1)F
︸ ︷︷ ︸

ec

, (5)
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and the additional fermionic multiplet

24F = (1, 1, 0)F
︸ ︷︷ ︸

SF

⊕ (1, 3, 0)F
︸ ︷︷ ︸

TF

⊕ (8, 1, 0)F
︸ ︷︷ ︸

OF

⊕

(3, 2,− 5
6 )F

︸ ︷︷ ︸

XF

⊕ (3, 2,+ 5
6 )F

︸ ︷︷ ︸

XF

, (6)

where SF , TF , OF (XF ) are Majorana (Dirac) degrees of
freedom. A special role in the model is played by the elec-
troweak singlet and triplet states SF and TF . They are
involved in the Yukawa interactions that after the SU(5)
gauge-symmetry breaking will generate masses for neutri-
nos through a hybrid type-I+III seesaw mechanism [9? ]
(for details see Appendix A2b). The electroweak singlet
SF resembles a sterile neutrino, whereas the electroweak
triplet is sometimes referred to as a heavy lepton.
Let us mention at this point that, as in the origi-

nal SU(5) model, nonrenormalizable operators are re-
quired in order to reproduce fermion masses and mix-
ing [39, 40]. Furthermore, the Higgs sector is the one
of the genuine SU(5) model and the minimization of the
scalar potential proceeds as usual (for details of the cal-
culation see Appendix A2 a). All the states are sub-
ject to the constraints coming from the calculation of
the tree-level spectrum. In this respect, though the re-
quired mass hierarchy strengthen the fine-tuning issue
typical for GUTs, it is nevertheless a nontrivial fact that
the tree-level calculation of the spectrum allows the mass
pattern required by unification [9? ] (for more details see
also Appendix A2).

III. EFFECTIVE FIELD THEORY APPROACH

In the following, we concentrate on the study of the
gauge coupling unification assuming the mass hierarchy

mTF
≈ mTH

≪ mOF
≈ mOH

≪ MG . (7)

For such a largely split mass spectrum, it is convenient to
apply the method of effective field theories (EFTs). This
approach was introduced a long time ago in the context
of GUTs [37, 38] and has been extensively applied in the
context of the SM and its supersymmetric extension even
in high precision calculations (see for example Refs. [41–
43]). It consists in integrating out the heavy degrees of
freedom that cannot influence the physics at the low-
energy scale.
In physical renormalizations schemes like the momentum
subtraction scheme or the on-shell scheme, the effects due
to heavy particle thresholds are included in the renormal-
ization constants of the parameters. However, for the
analysis of the gauge coupling unification that requires
the running of the couplings over many orders of magni-
tude, higher order radiative corrections to the RGEs are
essential. Nevertheless, their calculation beyond one-loop
order in mass dependent renormalization schemes is quite
involved. A much more suited scheme for this purpose

is the minimal subtraction scheme (MS) [44], for which
the gauge coupling beta functions are mass independent
and their computation is substantially simplified. Nev-
ertheless, in this scheme the Appelquist-Carazzone [45]
theorem does not hold anymore and the threshold effects
have to be taken into account explicitly. The latter are
parametrized through the decoupling (or matching) coef-
ficients. They can be computed perturbatively using the
physical constraint that the Green’s functions involving
light particles have to be equal in the original and the
effective theory.
For the computation presented in this paper, we adopt
this second method and apply it up to the third order in
perturbation theory.

Because in the underlying theory we can identify three
well-separated mass scales corresponding to electroweak
triplets (TH,F ), colour octets (OH,F ) and GUT parti-
cles (T , XF and XV ), it is natural to construct a se-
ries of three effective theories to take into account the
individual mass thresholds. A summary of the individ-
ual ingredients of the calculation is given in Table I. For
the present analysis we computed the following missing
pieces: (i) The three-loop RGEs for the gauge couplings
of the effective theory obtained by integrating out the
super-heavy (GUT) particles. We denote this EFT as
SM+T+O; (ii) The three-loop RGEs for the gauge cou-
plings of the EFT obtained by integrating out the GUT
particles and the octet multiplets, that we call SM+T.
In principle, a fourth effective theory can be obtained if
the mass pattern of the super-heavy particles is taken
into account. Especially, the mass of the XF state from
the 24F multiplet can be at most of the order of M2

G/Λ
(cf. Eq. (A38)). Here, Λ is the cutoff of the effective
SU(5) theory which should be chosen so that the cor-
rect mb/mτ ratio is reproduced and the perturbativity
domain is maximized. For the purpose of comparison
with Ref. [9] we take the value Λ = 100MG, though also
lower values of Λ are in principle viable [46]. In particu-
lar, for the contribution of XF to the running within the
SM+T+O+XF EFT, we employ only a two-loop analy-
sis [31], since it has a subdominant effect. Furthermore,
we compute the contributions of the electroweak triplets
and colour octets (both bosonic and fermionic compo-
nents) to the two-loop matching coefficients of the the
SM gauge couplings, while the GUT-scale thresholds are
considered only at the one-loop level [37, 38].1

IV. RUNNING AND DECOUPLING

For exemplification, we describe in the following the
calculation done in the effective theory obtained inte-
grating out the GUT particles and the colour-octet mul-

1 For a recent attempt towards the calculation of two-loop match-
ing at the GUT scale see Ref. [47].
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Running SM SM+T SM+T+O SM+T+O+XF

Scale MZ → µT µT → µO µO → µXF
µXF

→ MG

# of loops 3 3 3 2(3)

Matching αSM
i → αSM+T

i αSM+T

i → αSM+T+O

i αSM+T+O

i → αSM+T+O+XF
i αSM+T+O+XF

i → αG

Scale µT µO µXF
MG

# of loops 2 2 1(2) 1(2)

TABLE I: Loop corrections available for the individual steps of the running and matching procedure in the SU(5)+24F model.
The numbers in bold face are due to the computation performed in this work, while the numbers in parentheses indicate the
last missing ingredient for a complete three-loop analysis.

tiplets. Thus the particle content of the effective theory
consists in the SM particles and the electroweak triplets.
Let us introduce at this point the framework of the
calculation. The most general Lagrangian containing
the renormalizable interactions of the SM fields and the
SU(2)L triplets TH,F is given by2

L = LSM + 1
2 |DµTH |2 + 1

2TF i γµDµTF − V ren(h, TH)
+ gauge fixing + ghosts , (8)

where the covariant derivative is defined as

Dµ = ∂µ − ig2 T
A
adjW

A
µ , (9)

with TA
adj the generators of the SU(2)L gauge group in

the adjoint representation. They are related to the struc-
ture constants by the relation (TA

adj)BC ≡ −ifABC. The
scalar potential describing the quartic interactions V ren

4sc ,
including the SM Higgs doublet h, reads

V ren
4sc (h, TH) = λh |h|4+ λT

2 |TH |2+λhT |h|2 |TH |2 , (10)

where λh is the SM quartic coupling and λT and λhT are
new couplings. The tree-level relations between these
low-energy couplings and the Lagrangian parameters of
the SU(5) + 24F model are given in Eqs. (A51), (A58)
and (A59) of Appendix A3.

For later convenience we introduce the relevant cou-
pling constants in terms of which the analytical re-
sults are presented: αi = g2i /(4π) with i = 1, 2, 3,
are the gauge coupling constants αt = y2t /(4π) where
yt is the top-Yukawa coupling, and αλh

= λh/(4π),
αλT

= λT /(4π) and αλhT
= λhT /(4π) denote the quartic

coupling constants in the scalar sector. In the calcula-
tion, we adopt the SU(5)-like normalization of the α1

coupling. The three gauge coupling constants are related
to the quantities usually used in the SM by the all-order

2 Yukawa interactions between the fermionic triplets and the SM
fields can be safely neglected, since for light O(TeV) triplets the
new Yukawa couplings yT are bounded to be small in order to
reproduce neutrino masses (cf. Eq. (A28)).

relations

α1 =
5

3

αQED

cos2 θW
,

α2 =
αQED

sin2 θW
,

α3 = αs , (11)

where αQED is the fine structure constant, θW stands
for the weak mixing angle and αs is the strong coupling
constant. Let us stress that the gauge couplings that
we need are those defined in the theory described by the
Lagrangian given in Eq. (8). They can be related to the
SM parameters through the decoupling coefficients that
we present in the next section.

Furthermore, all the group theoretical factors we en-
countered in the three-loop order calculation can be ex-
pressed in terms of quadratic Casimir invariants of the
relevant representations of the gauge group. For a field
transforming under the representation R of the gauge
group G, where the generators RA satisfy

[
RA, RB

]
= ifABCRC , (12)

the Casimir invariants are defined as follows

Tr (RARB) = δABTR , RA
acR

A
cb = δabCR ,

fACDfBCD = δABCG , δAA = NG .
(13)

Here, NG denotes the dimension of the group. Then the
following relation, CRNR = TRNG, where NR = δaa is
the dimension of representation R, holds as well.

In our case, the underlying gauge group is the same as
the one of the SM, namely SU(3)C⊗SU(2)L⊗U(1)Y . To
avoid confusion, we introduce an additional index for the
Casimir invariants associated with the individual simple
groups. Namely, an index C for the SU(3)C group, an
index L for the SU(2)L group and finally an index Y for
the U(1)Y group. The explicit notation and the numeri-
cal values can be found in Table II. The numerical values
for the hypercharges of the SM fermions and scalars in
the SU(5) normalization can be read from the discussion
after Eq. (20) and Eq. (B3).
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SU(3)C SU(2)L U(1)Y

CGc = 3 CGL
= 2 CGY

= 0

CRC
= 4

3
CRL

= 3

4
Y 2
Ry

TRC
= 1

2
TRL

= 1

2
Y 2
Ry

NRC
= 3 NRL

= 2 NRY
= 1

NGC
= 8 NGL

= 3 NGY
= 1

TABLE II: Notations and numerical values for the Casimir
invariants of the simple subgroups of SU(3)C⊗SU(2)L⊗U(1)Y
that occur in the three-loop calculation. Here R stands for
the fundamental representations.

A. Beta functions

The energy dependence of the gauge couplings is con-
trolled by the beta functions. These are defined as

µ2 d

dµ2

αi

π
= βi({αj}, ǫ) = −ǫ

αi

π
(14)

−
(αi

π

)2



ai +
∑

j

αj

π
bij +

∑

j,k

αj

π

αk

π
cijk + . . .



 ,

with i = 1, 2 or 3. The expression after the second
equality sign gives the perturbative expansion. Here,
ǫ = (4 − d)/2 is the regulator of Dimensional Regular-
ization with d being the space-time dimension used for
the evaluation of the momentum integrals. In practice,
the functions βi are obtained from the renormalization
constants of the corresponding couplings that are defined
as αbare

i = µ2ǫZαi
αi. Exploiting the fact that the bare

couplings are µ-independent and taking into account that
Zαi

may depend on all the other couplings leads to the
following formula:

βi = −



ǫ
αi

π
+

αi

Zαi

∑

j,j 6=i

∂Zαi

∂αj
βj





(

1 +
αi

Zαi

∂Zαi

∂αi

)−1

,

(15)
From Eq. (15) it is clear that the renormalization con-
stants Zαi

(i = 1, 2, 3) have to be computed up to three-
loop order. In principle each vertex containing the gauge
coupling αi at tree level can be used in order to obtain
Zαi

via the Slavnov-Taylor identity

Zαi
=

(Zvrtx)
2

∏

k Zk,wf
, (16)

where Zvrtx stands for the renormalization constant of
the vertex and Zk,wf for the wave function renormaliza-
tion constant; k runs over all external particles.
We have computed Zα2 and Zα3 using the (Fadeev-

Popov) ghost-gluon and the (Fadeev-Popov) ghost-W

vertices as they are the most economical ones with re-
spect to (wrt) number of diagrams. For Zα1 , a Ward
identity guarantees that there is a cancellation between
the vertex and some of the wave function renormalization
constants yielding

Zα1 =
1

ZY
, (17)

where ZY is the wave function renormalization constant
for the gauge boson of the U(1)Y subgroup of the SM in
the unbroken phase.

In Fig. 1 we show three-loop sample diagrams con-
tributing to the considered two- and three-point func-
tions. For the explicit calculation of the required renor-
malization constants, we use MS scheme accompanied by
multiplicative renormalization. As it has been shown in
Ref. [48] the computation of the renormalization con-
stants in the MS scheme can be reduced to the eval-
uation of only massless propagator diagrams. The
method was successfully applied to the three-loop cal-
culations of anomalous dimensions within MS or DR

schemes [33, 34, 36, 49–52]. For the present calculation,
we use a well-tested chain of programs: the Feynman
rules of the model are obtained with the help of the pro-
gram FeynRules [53] and translated into QGRAF [54] syn-
tax. QGRAF generates further all contributing Feynman
diagrams. The output is passed via q2e [55, 56], which
transforms Feynman diagrams into Feynman amplitudes,
to exp [55, 56] that generates FORM [57] code. The latter
is processed by MINCER [58] that computes analytically
massless propagator diagrams up to three loops and out-
puts the ǫ expansion of the result.

FIG. 1: Sample of three-loop diagrams that appear in the
calculation of β functions. Curly lines denote gauge bosons,
dotted lines ghosts, dashed lines scalar fields and solid lines
fermions.

The three-loop expressions for the beta functions of
the gauge couplings in the low-energy theory consisting
in the SM and the electroweak triplets are given through
the following formulas:
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βSM+T
1 = βSM

1

+
α2
1

π2

{
α2
2

π2
CGL

CRL
NRL

[(

− 11

576
Y 2
f Nf − 25

576
Y 2
hNh

)

NTF
+

(

− 23

2304
Y 2
f Nf − 49

2304
Y 2
hNh

)

NTH

]

−
α2
λhT

π2

1

192
Y 2
hNRL

NhNGL
NTH

− αλhT

π

αλh

π

1

8
Y 2
hN

3
h +

α2

π

αλhT

π

1

24
CRL

Y 2
hN

2
h +

α1

π

αλhT

π

1

8
Y 4
hN

2
h

}

, (18)

βSM+T
2 = βSM

2 +
α2
2

π2

{

CGL

(
1

6
NTF

+
1

24
NTH

)

+
α2

π
C2

GL

(
1

3
NTF

+
7

48
NTH

)

+
α2
2

π2

[(
247

432
C3

GL
− 7

108
C2

GL
TRL

Nf − 11

576
CGL

CRL
TRL

Nf

− 127

3456
C2

GL
TRL

Nh − 25

576
CGL

CRL
TRL

Nh − 145

3456
C3

GL
NTF

− 277

6912
C3

GL
NTH

)

NTF

+

(
2749

6912
C3

GL
− 13

432
C2

GL
TRL

Nf − 23

2304
CGL

CRL
TRL

Nf

− 143

6912
C2

GL
TRL

Nh − 49

2304
CGL

CRL
TRL

Nh − 145

13824
C3

GL
NTH

)

NTH

]

+
α2

π

αλT

π

5

64
C2

GL
N2

TH
+

α2

π

αλhT

π

(
1

24
CGL

TRL
NhNTH

+
1

32
T 2
RL

N2
h

)

− α2
λT

π2

1

32
CGL

(NGL
+ 2)N3

TH

+
α2
λhT

π2

(

− 1

96
CGL

− 1

96
CRL

)

NhNTH
+

α1

π

αλhT

π

1

48
Y 2
h TRL

N2
h − αλh

π

αλhT

π

1

16
TRL

N3
h

}

, (19)

βSM+T
3 = βSM

3 +
α2
3

π2

α2
2

π2
CGL

CRL
NRL

TRC
Nq

×
(

− 11

576
NTF

− 23

2304
NTH

)

. (20)

In the above equations βSM
i denote the beta functions

of the gauge couplings in the SM that can be found in
Refs. [34, 59]. Furthermore, we use the following abbrevi-
ations: Y 2

f Nf = NRC
Y 2
q Nq + Y 2

ℓ Nℓ and Nf = NRC
Nq +

Nℓ. The numerical values of the beta functions speci-
fied to our case are obtained by means of the following

replacements: (i) Yq =
√

3
5
1
6 , Yℓ = −

√
3
5
1
2 , Yh =

√
3
5
1
2

denoting the hypercharges of the SM quarks, leptons and
Higgs in the SU(5) normalization; (ii) Nq = Nℓ = 3,
Nh = 1 and NTF,H

= 1 standing for the number of
SM quark and lepton generations, Higgs and electroweak
triplets. To recover the expressions for the beta func-
tions in the notation of Refs. [34, 59], we have to make
the replacement Nq = Nℓ = ng.
In order to cross-check our results, we reproduced with

our setup the results for the three-loop gauge beta func-
tions of the SM. Let us mention that we use a different im-
plementation than the one of Refs. [34, 59] based on com-
plete multiplets wrt the SM gauge group, e.g. left-handed
leptons populating the SU(2)L doublet ℓ are treated as
the same particle in the loops, thus exploiting the full

SU(2)L symmetry of the unbroken SM phase. When
available, we also compared the contributions generated
by the electroweak triplets in the gauge sector with the
results of Ref. [33] and obtained complete agreement.
Furthermore, the contributions of the colour octets to

the beta functions in the SM+T+O model can be read
from Eqs. (18)–(20) after the proper substitutions. We
give the results explicitly in Appendix B1.

B. Decoupling coefficients

In this section we describe the calculation of the two-
loop decoupling coefficients for the SM gauge couplings
when the electroweak triplets TH,F are integrated out.
We present our results again in terms of group-theory
invariants, so that our calculation can be generalized to
other gauge groups as well.
Let us define at this point the decoupling coeffi-

cients for the gauge couplings when the SM+T model
is matched with the SM,

α′
i(µ) = ζαi

(
µ, αi(µ),mTF,H

(µ)
)
αi(µ) . (21)

Here µ denotes the scale at which the decoupling of
the electroweak triplets is performed. It is not fixed by
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the theory, but it is usually chosen of the order of the
electroweak-triplet masses. It is expected that the de-
pendence of the physical observables on this unphysical
parameter is reduced order by order in perturbation the-
ory. Such an example is illustrated in Fig. 3, in the next
section. The parameters on the right-hand side of the
equality are all defined in the SM+T model, whereas the
SM parameters are labeled with a prime.
For the computation of the coefficient ζαi

one has to
consider Green’s functions involving light particles and
a vertex that contains the gauge coupling αi. Since the
matching coefficients are universal quantities, they must
be independent of the momentum transfer of the spe-
cific process taken under consideration. Ref. [60] showed
that the matching coefficients for the gauge couplings can
be calculated from the gauge bosons and Fadeev-Popov
ghost propagators and from the gauge boson-ghost ver-

tex, all evaluated at vanishing external momenta. Thus,
in dimensional regularization only diagrams containing
at least one heavy particle inside the loops contribute
and only the hard regions in the asymptotic expansion
of the diagrams have to be taken into account. We show
in Fig. 2 sample two-loop Feynman diagrams contribut-
ing to the matching coefficient for the gauge coupling α2.
The Feynman diagrams are computed within our setup
with the same chain of automated programs as for the
calculation of the beta functions, except for the fact that
the resulting Feynman amplitudes are mapped to two-
loop massive tadpole topologies that are handled with
the help of the program MATAD [61].

When the electroweak triplets are integrated out, only
the gauge coupling α2 is modified. Its decoupling coeffi-
cient up to two loops reads

ζα2 = 1 +
α2

π
CGL

(

−1

6
ln

µ2

m2
TF

NTF
− 1

24
ln

µ2

m2
TH

NTH

)

+
(α2

π

)2

C2
GL

[(

− 7

288
− 1

12
ln

µ2

m2
TF

+
1

36
ln2 µ2

m2
TF

NTF
+

1

72
ln

µ2

m2
TF

ln
µ2

m2
TH

NTH

)

NTF

+

(
37

576
− 11

96
ln

µ2

m2
TH

+
1

576
ln2

µ2

m2
TH

NTH

)

NTH

]

+
α2

π

αλT

π
CGL

(NGL
+ 2)

(

− 1

48
− 1

48
ln

µ2

m2
TH

)

N2
TH

, (22)

where the massesmTF,H
in Eq. (22) are defined in the MS

scheme. The anomalous dimensions γmTF,H
, governing

their scale dependence, are defined through

µ2 d

dµ2
mTF,H

= mTF,H
γmTF,H

. (23)

At one-loop order, they read

γ(1−loop)
mTF

= −α2

π

3

4
CGL

, (24)

γ(1−loop)
mTH

= −α2

π

3

8
CGL

+
αλT

π

NGL
+ 2

2
. (25)

The numerical value of the decoupling coefficients spec-
ified to our case is obtained by means of the group in-
variants given in Table II and by setting NTF,H

= 1. The
one-loop contributions agree with the well-known result
computed for the first time in Ref. [38]. The two-loop
results given in Eq. (22) are new.
The contribution of the colour octets to ζα3 can

be derived in a similar manner. It can also be read
from Eq. (22), after the proper substitutions (cf. Ap-
pendix B 2) for the group invariants.

V. NUMERICAL ANALYSIS

In this section we study the numerical impact of the
newly computed corrections on the evolution of the gauge

FIG. 2: Sample two-loop diagrams that appear in the cal-
culation of ζα2 . Red (bold) lines represent massive (scalar
and fermionic) triplets and black (thin) lines massless fields.
Furthermore, curly lines denote gauge bosons, dotted lines
ghosts, dashed lines scalar fields and solid lines fermions.

couplings and on the correlation function between the
electroweak-triplet masses and the GUT scale. In prac-
tice, we integrate numerically the n-loop beta functions of
the gauge couplings taking into account also the (n− 1)-
loop running of the top-Yukawa coupling and the (n−2)-
loop running of the Higgs boson self-coupling. We can
safely neglect the contribution of the bottom and tau
Yukawa couplings and defer the study of the effect due
to the new scalar self-interactions of the scalar triplet TH

to Section VA (i.e. we set here αλT
= 0 and αλhT

= 0).
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As input parameters for the running analysis we take [59]

αMS
1 (MZ) = 0.0169225± 0.0000039 , (26)

αMS
2 (MZ) = 0.033735± 0.000020 , (27)

αMS
3 (MZ) = 0.1173± 0.00069 , (28)

αMS
t (MZ) = 0.07514 , (29)

given in the full SM, i.e. with the top quark threshold
effects taken into account.3 The Higgs self-coupling in
Eq. (10) is determined assuming a Higgs boson with mass
125 GeV. Thus, we obtain

αλh
≈ 0.010 . (30)

Let us start by studying the impact of the electroweak
triplets on the running and decoupling of α2. When the
decoupling is performed at the two-loop level the run-
ning masses must be consistently evolved at the one-loop
order. At that order Eq. (23) can be easily integrated
analytically yielding

mTF,H
(µ) = mTF,H

(µ0)

(
α2(µ)

α2(µ0)

)− π
α2a2

γ(1−loop)
mTF,H

, (31)

where a2 is the one-loop coefficient of the SU(2)L gauge
coupling beta function defined in Eq. (14), whereas

γ
(1−loop)
mTF,H

are given in Eqs. (24)–(25). In the following

we will drop for simplicity the scale dependence of the
running masses. Unless otherwise specified the symbol
“m” should be understood as m(µ = m).
In Fig. 3, we plot the gauge coupling α2 evolved un-

til the reference scale of 1015 GeV as a function of the
(unphysical) decoupling scale µT where the electroweak
triplets are integrated out. We expect that the depen-
dence on this unphysical parameter is reduced order by
order in perturbation theory. Thus, we can use it as a
measure of the convergence of the perturbation expan-
sion. Indeed, from Fig. 3 we observe that the scale de-
pendence is drastically reduced when the three-loop cor-
rections are taken into account. Let us mention that
the prediction obtained from the two-loop analysis for
the “natural” choice of the decoupling scale µT = m3,

4

where

m3 ≡
(
m4

TF
mTH

)1/5
, (32)

is usually within the experimental band of the three-loop
result. For this choice of scale, discrepancies between the
two- and three-loop predictions beyond the experimen-
tal accuracy are obtained only in the hierarchical case
mTH

≪ mTF
.

3 See [62] for a description of how these quantities are obtained
from their experimental counterparts [63].

4 One can verify (cf. Eq. (22)) that for µT = m3 the one-loop
contribution to ζα2 vanishes.

Analogous considerations hold also for the effects of the
colour-octet states OF,H on the running and decoupling
of α3. However, the larger experimental uncertainty on
α3(MZ) always dominates over the theoretical mismatch
between the two- and three-loop predictions.

2 3 4 5 6
0.02690

0.02692

0.02694

0.02696

0.02698

0.02700

log10HΜT �GeVL

Α
2
H1

015
G

eV
L

m TF
=103 GeV

m TH
=105 GeV

1-loop

2-loop

3-loop

m 3

FIG. 3: The value of the coupling α2 evaluated at the refer-
ence scale of 1015 GeV is shown as a function of the decoupling
scale of the triplets µT . Dotted (black), dashed (blue) and
full (red) lines correspond respectively to the one-, two- and
three-loop running analysis. The 1σ error band coming from
the experimental value of α2(MZ) is shown for the three-loop
curve as well. The vertical (black) line denotes the quantity
m3 (cf. Eq. (32)), corresponding to the “naive” decoupling
scale chosen in the two-loop analysis.

In Fig. 4 we show a sample three-loop unification
pattern for the inverse of the gauge couplings and for
the following choice of the intermediate-scale thresholds:
mTF

= mTH
= 102.5GeV, mOF

= mOH
= 107.5GeV,

mXF
= MG/100 and mT = mXV

= MG. Here MG is
operatively defined as the scale at which α1, α2 and α3

meet, up to GUT-threshold corrections. The running and
decoupling procedure is performed at the NNLO level
(i.e. three-loop running and two-loop matching) with the
exception of the short final stage of the running between
mXF

andMG for which we consider the decoupling ofXF

and its contribution to the gauge coupling beta functions
only at the one- [37, 38] and two-loop level [31], respec-
tively. Furthermore, the GUT-threshold corrections are
considered only at one loop [37, 38].

In order to quantify the impact of the newly computed
corrections let us mention that for such a sample unifi-
cation pattern the relative difference between the two-
and three-loop values of α1, α2 and α3 evaluated at
MG amounts to 0.015%, 0.061% and 0.08%, respectively.
This has to be compared with the relative experimental
uncertainties: ∆α1/α1 = 0.023%, ∆α2/α2 = 0.059% and
∆α3/α3 = 0.59%. Hence, for α1 and α2 the three-loop
corrections are of the same order of magnitude as the
experimental uncertainties, while for the case of α3 the
experimental error dominates with respect to the theo-
retical one.

In Fig. 5, the region of gauge coupling unification is
enlarged. The inverse of the coupling constants α1, α2
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FIG. 4: Sample three-loop unification pattern for mTF
=

mTH
= 102.5 GeV, mOF

= mOH
= 107.5 GeV, mXF

=
MG/100 and mT = mXV

= MG. The lines with differ-
ent slopes from top to bottom correspond to α−1

1 (blue),
α−1
2 (red) and α−1

3 (black). The dashed vertical lines de-
note the masses of the intermediate-scale thresholds, where
m3 is defined in Eq. (32) and m8 is analogously defined as

m8 ≡
(

m4
OF

mOH

)1/5
.

and α3 is shown together with the error bands induced
by the experimental uncertainties on their values at the
scale MZ . From the figure it is evident that threshold
effects at the GUT scale have to be taken into account
for a proper unification.

15.80 15.85 15.90 15.95
35.3

35.4

35.5

35.6

35.7

log10HΜ�GeVL

Α3
-1

Α2
-1

Α1
-1

Α5
-1

MG

FIG. 5: Detail of the three-loop unification pattern of Fig. 4
in the vicinity of the unification scale, including the 1σ error
bands.

One of the most interesting observables of the present
running analysis is the correlation between the effective
electroweak-triplet mass m3 (cf. Eq. (32)) and the unifi-
cation scale MG [9]. Such a correlation mainly depends
on the convergence scale of the couplings α1 and α2,
whenever the masses of the super-heavy particlesXF and
T are fixed. The coupling α3 enters the correlation func-
tion only indirectly from the two-loop level on. Hence,
for this particular observable, the uncertainty induced by

α3(MZ) remains always subleading wrt that caused by
α1,2(MZ). Moreover, also the colour-octet states OF,H ,
that give sizable contributions only to the evolution of
the strong coupling constant, have a minor role.
The predicted value for the couplings α1,2 at high ener-
gies maintains an exact dependence on m3 at the one-
and two-loop order (whenever the triplets are decoupled
at the scale µT = m3) and remains approximate, usually
within the experimental uncertainty, at the three-loop
level.

The upper bound on the effective triplet mass m3

is the crucial parameter for phenomenology [9]. For a
fixed unification scale, mmax

3 is obtained by maximizing
the masses of the extra thresholds XF and T . For a
given choice of the cutoff Λ of the SU(5) effective the-
ory, namely Λ = 100 MG (cf. the discussion at the end
of Section III), the masses of the electroweak triplets are
maximized by taking mXF

= MG/100. For the colour-
triplet scalar T the maximal allowed mass scale is in prin-
ciple the Planck scale. However, the dependence of mmax

3

on the colour-triplet mass turns out to be mild. For in-
stance, varying the colour-triplet mass between the uni-
fication and the Planck scales induces a variation on the
parameter mmax

3 which lays within the experimental un-
certainty. For convenience, we set the mass of the colour-
triplet scalar to the unification scale mT = MG. Here,
MG is operatively defined as the scale where α1 and α2

meet up to corrections induced by the one-loop match-
ing between the SM+ T+O+XF and the SU(5) + 24F
theories. The size of these matching corrections can be
read from Fig. 5. We also identify MG with the mass
of the super-heavy gauge boson XV responsible for the
gauge-induced proton decay rate.

In Fig. 6 we show mmax
3 as a function of MG at the

one-, two- and three-loop level, respectively. Notice that
the two-loop correction on mmax

3 for a fixed MG is of the
same order of magnitude as the one-loop contribution
and amounts to several TeV. On the other hand, the
three-loop correction pushes the correlation only a bit
up, but always within the experimental uncertainty of the
two-loop band. Hence, the theoretical error due to the
perturbative expansion (defined by the relative difference
between the n- and the (n−1)-loop prediction) is reduced
now at the same level as the experimental uncertainty
induced by the measurement of α1 and α2 at the Z-boson
mass scale. From Fig. 6 we can estimate that for a given
unification scale MG, the effective parameter mmax

3 can
be now determined with a 25% accuracy.

It is worth mentioning that starting from three loops
the mmax

3 −MG correlation shows also a dependence on
the ratio mTF

/mTH
. In particular, larger deviations be-

tween the two- and three-loop analysis are observed for
the case when mTH

≪ mTF
. However, for the mass range

relevant for unification, the three-loop corrections to the
correlation function mmax

3 −MG formTH
6= mTF

turn out
to be always within the experimental uncertainty of the
two-loop prediction. For illustration, we show in Fig. 7
MG as a function of the mTF

/mTH
ratio for a fixed value
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FIG. 6: The maximal value of the effective triplet mass m3

as a function of the unification scale MG. The black, blue
and red bands (from bottom-left to top-right) correspond re-
spectively to the one-, two- and three-loop running analysis.
The three-loop result is obtained by taking mTF

= mTH
. The

error bands are due to the 1σ uncertainties on the low-energy
couplings α1(MZ) and α2(MZ) (cf. Eqs. (26)–(27)).

of mmax
3 .

-2 -1 0 1 2
15.38

15.39

15.40

15.41

15.42

15.43

15.44

15.45

log10Hm TF
�m TH

L

lo
g 10
HM

G
�G
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L

m 3
max
=104 GeV

3-loop

2-loop

FIG. 7: MG as a function of the mTF
/mTH

ratio for a fixed
value of mmax

3 . The dashed (blue) and full (red) lines corre-
spond respectively to the two- and three-loop running anal-
ysis. The 1σ error band is shown as well for the two-loop
case. The negative and positive extrema on the x-axis corre-
spond respectively to the configurations mTF

= 103.6 GeV,
mTH

= 105.6 GeV and mTF
= 104.4 GeV, mTH

= 102.4 GeV.

Finally, the analysis of the full unification pattern, in-
cluding the convergence of α3 with α1,2, fixes the masses
of the colour octets OF,H in terms of the other masses
of the model (see the discussion in Ref. [9, 10]). How-
ever, the newly computed corrections induced by the
colour-octet states to the two-loop matching coefficient
and three-loop beta function of α3 (cf. Appendix B) are
subleading as compared to the experimental uncertainty
on α3(MZ). A two-loop analysis as in [9, 10] is usually
sufficient.

A. Scalar self-interactions

At the tree-loop level all the sectors of the theory en-
ter for the first time into the running of the gauge cou-
plings. In particular, this is also true for the couplings
αλh

, αλT
and αλhT

of the scalar potential in Eq. (10).
However, while αλh

is fixed in terms of the SM Higgs
boson mass (cf. Eq. (30)), αλT

and αλhT
are essentially

unconstrained5 and could, if large enough, contribute sig-
nificantly to the running of the gauge couplings after TH

is integrated in.
In order to quantify how large the scalar self-couplings

can be, let us inspect their one-loop beta functions [64]

π2βαλh
= 3α2

λh
+

3

2
αλh

αt +
3

4
α2
λhT

− 3

4
α2
t , (33)

π2βαλT
=

11

2
α2
λT

+
1

2
α2
λhT

, (34)

π2βαλhT
= α2

λhT
+

(
3

2
αλh

+
5

2
αλT

+
3

4
αt

)

αλhT
, (35)

where we considered for simplicity the gauge-less limit
(α1,2 → 0) and retained only the top-Yukawa contribu-
tion αt. The definition of the beta functions follows the
conventions in Eq. (14).
Eqs. (33)–(35) show that for large and positive ini-

tial values of the couplings αλT
and αλhT

the renor-
malization group evolution is such that all the scalar
self-couplings can easily become nonperturbative below
MG. In such a situation perturbation theory breaks
down,6 meaning that we cannot trust our predictions
about gauge coupling unification. Imposing the conserva-
tive bound αλT ,λhT

< 0.01 we have checked that Landau
poles are not developed below MG and the effects on the
mmax

3 −MG correlation are always within the experimen-
tal band of the two-loop analysis.

VI. CONCLUSIONS AND OUTLOOK

In this work we have undertaken an important step
towards the study of gauge coupling unification in the
SU(5) + 24F model [9, 10] at the three-loop level. We
computed the contributions of the electroweak triplets
TF,H and the colour octets OF,H (which are predicted to
be well below the GUT scale in this specific model) to
the three-loop beta functions and the two-loop matching
coefficients of the SM gauge couplings.

5 Notice that αλhT
does modify the decay properties of the Higgs

boson (see e.g. [29]). However, one would expect that such an
effect can be arbitrarily suppressed for large enough mTH

.
6 It is in principle conceivable that the inclusion of extra interac-
tions which are remnants of the complete GUT theory (cf. Ap-
pendix A 3) could stabilize the scalar potential and bring the
couplings back to the perturbative regime. The study of such a
scenario, however, is beyond the scopes of our work.
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In particular, the most important observable of the
running analysis is the correlation between the maximal
value of an effective triplet mass parameter mmax

3 and
the unification scale MG. This correlation is shown in
Fig. 6 and is such that the electroweak triplets can es-
cape the detection at LHC only if the unification scale is
below ≈ 1016 GeV, thus implying a proton lifetime which
should be accessible to the future generation of megaton-
scale proton decay experiments [30].
Such a correlation needs to be computed as accurately as
possible. Indeed, for a fixed value of MG, the parameter
mmax

3 can be in principle extracted from the low-energy
values of α1 and α2 with an accuracy of about 25%. On
the other hand, for a fixed value of MG, the values of
mmax

3 predicted at one and two loops differ by around
100% (cf. again Fig. 6). Hence, for this particular observ-
able which is almost insensitive to the low-energy value
of α3, the three-loop corrections are required in order to
settle the accuracy of the theoretical prediction at the
level of the experimental precision.
Still, one should keep in mind the existence of irre-

ducible theoretical uncertainties which plague any GUT
and may endanger the predictivity of a given scheme.
These are, for instance, the presence of effective opera-
tors which are required either by the self-consistency of
the theory (as in the SU(5) + 24F model) or which are
expected on physical grounds due to the vicinity of the
Planck and the GUT scales.7 In this sense, an effort to-
wards a three-loop analysis of gauge coupling unification
should be minimally understood as a way to reduce the
theoretical error due to the perturbative expansion.
However, the path towards a complete three-loop anal-

ysis of gauge coupling unification in GUTs (with or with-
out supersymmetry) is still long and many important
ingredients are still missing. These are, for instance,
the contributions to the three-loop beta functions and
the two-loop matching coefficients of arbitrary multiplets
charged under the SM group. Intermediate-mass scale
multiplets are usually predicted in nonsupersymmetric
GUTs and the knowledge of a general formula for their
contribution could allow to extend the study of gauge
coupling unification at the three-loop level also to other
well motivated scenarios based on SU(5) [7, 68? –70]
and SO(10) [65? ? ]. Finally, the last important and
conceptually challenging ingredient is represented by the
two-loop matching at the GUT scale. In this respect,
a step towards such a calculation has already been per-

formed in the context of the GG SU(5) model [47] and
could be in principle extended both to nonsupersymmet-
ric and supersymmetric GUTs.
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Appendix A: Details of the SU(5) + 24F model

In this appendix we collect some basic facts about the
SU(5) model augmented with a fermionic 24F multiplet.
In particular, we recompute the mass spectrum and de-
rive the low-energy interactions among the SM fields and
the remnant GUT states which populate the desert at in-
termediate mass scales. The latter motivate the interac-
tions included into the three-loop analysis computation.

1. Field content and SM embedding

The field content of the model features an additional
24F on top of the original representations of the GG
model, namely three copies of 5F ⊕ 10F and 5H ⊕ 24H
in the Higgs sector. The embedding of the SM fields into
the SU(5) representations is symbolically displayed in
Section II. More precisely, spanning the SU(5), SU(3)C
and SU(2)L spaces respectively with latin (a = 1, . . . , 5),
greek (α = 1, . . . , 3) and capital-latin (A = 1, 2) letters,
we have

(5H)a =

(

Tα
hA

)

, (5F )
a =

(

dcα

ǫABℓB

)

, (A1)

(10F )ab =
1√
2

(

ǫαβγu
cγ −qαB

qAβ ǫABe
c

)

, (A2)

where the completely antisymmetric tensors in the
SU(2)L and SU(3)C spaces are defined so that ǫ12 = 1
and ǫ123 = 1, and

(24H,F,V )
b
a = NH,F,V

(

(OH,F,V )
β
α + 2√

30
SH,F,V δ

β
α (XH,F,V )

B
α

(XH,F,V )
A
β (TH,F,V )

B
A − 3√

30
SH,F,V δ

B
A

)

, (A3)

where we defined the quantities

O β
α = 1√

2
Oi(λi)

β
α and T B

A = 1√
2
T i(σi)

B
A (A4)

with λi (i = 1, . . . , 8) and σi (i = 1, . . . , 3) denoting re-
spectively the Gell-Mann and Pauli matrices normalized
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as Tr λiλj = 2δij and Trσiσj = 2δij . So, in particular,

we have TrT 2 = T iT i ≡ |T |2 and TrO2 = OiOi ≡ |O|2.
NH,F,V is a normalization factor equal to 1 (H) and 1√

2

(F, V ) respectively.

2. Mass spectrum

The calculation of the tree-level mass spectrum allows
to address the important question whether the states re-
quired by the unification pattern can be consistently fine-
tuned at the corresponding intermediate mass scales. For
completeness we report it here, though it can be partially
found also elsewhere (see for instance Refs. [9, 10, 71]).

a. Scalar sector

The scalar sector consists in the potential for the GUT-
breaking field 24H

V24H = m2
24Tr 24

2
H + µ24Tr 24

3
H

+ λ
(1)
24 Tr 24

4
H + λ

(2)
24

(
Tr 242H

)2
(A5)

and its interaction with the 5H ,

V5H = m2
H5†H5H + λH(5†H5H)2 + µH5†H24H5H

+ α 5†H5HTr 242H + β 5†H242H5H . (A6)

SU(5) is spontaneously broken to the SM by

〈24H〉 = V√
30

diag(2, 2, 2,−3,−3) , (A7)

where V is a vacuum expectation value in the SM-singlet
direction 〈SH〉 (cf. Eq. (A3)). By substituting Eq. (A7)
into Eq. (A5) the vacuum manifold reads

〈V24H 〉 = m2
24V

2 − µ24√
30

V 3 +
(

7
30λ

(1)
24 + λ

(2)
24

)

V 4 (A8)

and the corresponding stationary equation for V 6= 0 can
be conveniently written as

0 =
1

V

d 〈V24H 〉
dV

=

2m2
24 −

√
3
10µ24V +

(
14
15λ

(1)
24 + 4λ

(2)
24

)

V 2 . (A9)

The scalar spectrum is readily obtained by expanding the
scalar potential around the SM-invariant vacuum config-
uration in Eq. (A7). After trading m2

24 by means of the
stationary condition in Eq. (A9), this yields

m2
SH

= −
√

3
10µ24V + 4

(
7
15λ

(1)
24 + 2λ

(2)
24

)

V 2 , (A10)

m2
TH

= −
√

15
2 µ24V + 8

3λ
(1)
24 V

2 , (A11)

m2
OH

= +
√

15
2 µ24V + 2

3λ
(1)
24 V

2 , (A12)

m2
XH

= 0 , (A13)

with the zero modes corresponding to the would-be Gold-
stone bosons giving mass to the longitudinal components
of XV . The tree-level vacuum stability (cf. Eq. (A8))
implies

7
30λ

(1)
24 + λ

(2)
24 > 0 , (A14)

while, requiring that the scalar masses in Eqs. (A10)–
(A12) are positive definite (minimum condition) gives

λ
(1)
24 > 0 , − 2

3

√
2
15λ

(1)
24 < µ24/V < 8

3

√
2
15λ

(1)
24 , (A15)

and

λ
(2)
24 > − 7

30λ
(1)
24 + 1

8

√
3
10µ24/V . (A16)

Since the unification constraints favor a rather light TH

it is interesting to work out the vacuum conditions in the
limit m2

TH
≈ 0. In the latter case the heavy spectrum

reads

m2
SH

≈
(

4
3λ

(1)
24 + 8λ

(2)
24

)

V 2 , (A17)

m2
OH

≈ 10
3 λ

(1)
24 V

2 , (A18)

and the absence of tachyons in the scalar spectrum en-
forces

λ
(1)
24 > 0 and λ

(2)
24 > − 1

6λ
(1)
24 , (A19)

which automatically satisfies also the tree-level vacuum
stability condition in Eq. (A14). Notice that a small

(positive) value of λ
(1)
24 allows to consistently keep also

the mass of OH below the GUT scale.
Finally, by plugging the SM-invariant vacuum config-

uration of Eq. (A7) into Eq. (A6) we get the spectrum of
the fields residing in 5H , which reads

m2
T = m2

H +
√

2
15µHV +

(
α+ 2

15β
)
V 2 , (A20)

m2
h = m2

H −
√

3
10µHV +

(
α+ 3

10β
)
V 2 . (A21)

Therefore it is possible to perform the standard doublet-
triplet splitting m2

h ≈ 0, which yields in turn

m2
T ≈

√
5
6µHV − 1

6βV
2 . (A22)

b. Yukawa sector

On top of the usual Yukawa sector responsible for the
masses of the charged fermions

LY cf = yij5
i
F 10

j
F5

∗
H +hij10

i
F 10

j
F5H +h.c.+ . . . , (A23)

where the ellipses stand for nonrenormalizable opera-
tors needed to reproduce the correct mass ratios between
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down-quarks and charged-leptons (see e.g. [39, 40]), we
add the new Yukawa interactions [9, 10]

LY ν = yi05
i
F 24F5H +

1

Λ
5
i
F

(
yi124F24H

+yi224H24F + yi3Tr (24F24H)
)
5H + h.c. , (A24)

where Λ denotes the cutoff of the effective theory. After
SU(5) breaking Eq. (A24) yields

LY ν ∋ ℓTi (iσ2)
T
(
yiTTF + yiSSF

)
h+ h.c. , (A25)

where yiT and yiS are two different linear combinations of
yi0 and yiaV/Λ (a = 1, 2, 3), namely

yiT = 1√
2
yi0 − 1

2

√
3
5 (y

i
1 + yi2)

V

Λ
, (A26)

yiS = −
√

3
10y

i
T + 1√

2
yi3

V

Λ
. (A27)

In particular, the coupling yi3 is responsible for the mis-
alignment of the vectors yiT and yiS in the flavour space,
thus leading to a rank-2 neutrino mass matrix when in-
tegrating out the heavy vector-like states TF and SF :

mν
ij = −v2

2

(

yiT y
j
T

mTF

+
yiSy

j
S

mSF

)

. (A28)

Instead, the masses of the new fermions residing in 24F
are due to the Yukawa-like interactions [9, 10]

LF = mFTr 24
2
F + λFTr 24

2
F24H

+
1

Λ

(
a1Tr 24

2
FTr 24

2
H + a2Tr (24F24H)2

+ a3Tr 24
2
F24

2
H + a4Tr 24F24H24F24H

)
, (A29)

which, after SU(5) breaking, lead to the following spec-
trum:

mSF
= mF − 1√

30
λFV +

(
a1 + a2 +

7
30 (a3 + a4)

) V 2

Λ
,

(A30)

mTF
= mF −

√
3
10λFV +

(
a1 +

3
10 (a3 + a4)

) V 2

Λ
, (A31)

mOF
= mF + 2√

30
λFV +

(
a1 +

2
15 (a3 + a4)

) V 2

Λ
, (A32)

mXF
= mF − 1

2
√
30
λFV +

(
a1 +

13
60a3 − 1

5a4
) V 2

Λ
. (A33)

Since unification constraints require a light TF , we must
impose mTF

≈ 0. In turn, the spectrum of the other
fields residing in 24F becomes

mSF
≈
√

2
15λFV +

(
a2 − 1

15 (a3 + a4)
) V 2

Λ
, (A34)

mOF
≈
√

5
6λFV − 1

6 (a3 + a4)
V 2

Λ
, (A35)

mXF
≈ 1

2

√
5
6λFV − 1

2 (
1
6a3 + a4)

V 2

Λ
. (A36)

Further requiring an intermediate-scale octet (mOF
≈ 0),

one gets

mSF
≈ a2

V 2

Λ
, (A37)

mXF
≈ − 5

12a4
V 2

Λ
, (A38)

which shows that the upper bound on the mass of the
XF state is of order V 2/Λ.

c. Gauge sector

The gauge boson masses are obtained from the canon-
ical kinetic term

1
2 Tr (Dµ 〈24H〉)†Dµ 〈24H〉 , (A39)

where Dµ is the SU(5) covariant derivative

Dµ24H = ∂µ24H + ig5 [(24V )µ, 24H ] . (A40)

After plugging into Eq. (A39) the expression for 〈24H〉
(cf. Eq. (A7)), one finds

m2
SV

= m2
TV

= m2
OV

= 0 and m2
XV

= 5
12g

2
5V

2 , (A41)

leading to the 12 massless modes of the SM gauge bosons,
plus the 12 degrees of freedom of the super-heavy gauge
boson XV .

3. Low-energy interactions

Here we derive the interactions in the low-energy ef-
fective theory featuring the SM fields and the five inter-
mediate mass-scale states SF , TF , OF , TH and OH .
Let us start from the Yukawa-like interactions. At the

leading order in V/Λ we find

LF ∋ ySTT SF TrTFTH

+ ySOO SF TrOFOH + yOOO TrO2
FOH , (A42)

with OH,F and TH,F defined in Eq. (A4) and

ySTT = −
√

3
10λF +

(
a2 +

3
5 (a3 + a4)

) V

Λ
, (A43)

ySOO =
√

2
15λF +

(
a2 +

4
15 (a3 + a4)

) V

Λ
, (A44)

yOOO = 1
2λF +

√
2
15 (a3 + a4)

V

Λ
. (A45)

Notice that the SU(2)L invariant TrT 2
FTH is zero by an-

tisymmetry.
The couplings ySTT , ySOO and yOOO have an upper

bound of O (V/Λ), since the unification pattern requires
a splitting among the masses in Eqs. (A30)–(A33). In
particular, for light TF and OF they reduce to

ySTT ≈
(
a2 +

1
2 (a3 + a4)

) V

Λ
, (A46)

ySOO ≈
(
a2 +

1
3 (a3 + a4)

) V

Λ
, (A47)

yOOO ≈ 1
2

√
5
6 (a3 + a4)

V

Λ
. (A48)
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The other interactions relevant for the scalar sector are

V24H ∋ µO TrO3
H + λT

2

(
TrT 2

H

)2

+ λTO TrT 2
H TrO2

H + λO

(
TrO2

H

)2
, (A49)

where

µO = µ24 + 4
√

2
15V λ

(1)
24 , (A50)

λT = λ
(1)
24 + 2λ

(2)
24 , (A51)

λTO = 2λ
(2)
24 , (A52)

λO = 1
2λ

(1)
24 + λ

(2)
24 . (A53)

Notice that the SU(2)L invariant TrT 3
H is zero by anti-

symmetry and that we also used the relations TrT 4
H =

1
2 (TrT

2
H)2 and TrO4

H = 1
2 (TrO

2
H)2.

In particular, in the limit of a light TH (cf. Eq. (A11)),
we have

µO ≈ 4
3

√
10
3 V λ

(1)
24 . (A54)

When also OH is below the GUT scale, λ
(1)
24 ≈ 0

(cf. Eq. (A18)), which implies

λT ≈ λTO ≈ 2λO . (A55)

Finally, for the scalar interactions of the SM Higgs dou-
blet, h, we obtain

V5H ∋ µhT h†THh+ λh(h
†h)2

+ λhT h†hTrT 2
H + λhO h†hTrO2

H , (A56)

where

µhT = µH −
√

6
5V β , (A57)

λh = λH , (A58)

λhT = α+ 1
2β , (A59)

λhO = α , (A60)

and the relation h†T 2
Hh = 1

2h
†hTrT 2

H has been also em-
ployed.

Among the couplings in Eqs. (A50)–(A53) and
Eqs. (A57)–(A60) only λh is fixed in terms of the Higgs
boson mass, while the UV constraints coming from the
SU(5) symmetry reduce only partially the allowed para-
meter space. On the other hand, an important constraint
for the scalar parameters is given by the requirement of
perturbativity (cf. the analysis in Section VA).

Appendix B: Further analytical results

In this Appendix we present the three-loop beta func-
tions and the two-loop matching coefficients obtained by
including the contribution of the colour octets.

1. Octet contribution to the beta functions

The pure-gauge contribution of the colour octets to
the gauge coupling beta functions can be read from
Eqs. (18)–(20) after taking into account the proper sub-
stitutions:

• α2 ↔ α3, GL ↔ GC , RL ↔ RC , Nh → 0, Y 2
f Nf ↔

Y 2
QNQ and TF,H → OF,H in Eq. (18)

βSM+T+O
1 = βSM+T

1 +
α2
1

π2

α2
3

π2
CGC

CRC
NRC

Y 2
QNQ

×
(

− 11

576
NOF

− 23

2304
NOH

)

, (B1)

• α2 ↔ α3, GL ↔ GC , RL ↔ RC and TF,H → OF,H

in Eq. (20)

βSM+T+O
2 = βSM+T

2 +
α2
2

π2

α2
3

π2
CGC

CRC
NRC

TRL
Nq

×
(

− 11

576
NOF

− 23

2304
NOH

)

, (B2)

• α2 ↔ α3, GL ↔ GC , RL ↔ RC , Nh → 0, Nf ↔
NQ and TF,H → OF,H in Eq. (19)

βSM+T+O
3 = βSM+T

3 +
α2
3

π2

{

CGC

(
1

6
NOF

+
1

24
NOH

)

+
α3

π
C2

GC

(
1

3
NOF

+
7

48
NOH

)

+
α2
3

π2

[(
247

432
C3

GC
− 7

108
C2

GC
TRC

NQ

− 11

576
CGC

CRC
TRC

NQ − 145

3456
C3

GC
NOF

− 277

6912
C3

GC
NOH

)

NOF

+

(
2749

6912
C3

GC
− 13

432
C2

GC
TRC

NQ

− 23

2304
C2

GC
CRC

TRC
NQ − 145

13824
C3

GC
NOH

)

NOH

]}

, (B3)
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where we used the abbreviations: Y 2
QNQ = NRL

Y 2
q Nq +

Y 2
uNu+Y 2

d Nd and NQ = NRL
Nq+Nu+Nd. The numeri-

cal values of the beta functions specified to the SM+T+O
model are obtained by the following replacements: (i)

Yq =
√

3
5
1
6 , Yu = −

√
3
5
2
3 and Yd =

√
3
5
1
3 , denoting the

hypercharges of the SM quarks in the SU(5) normaliza-
tion; (ii) Nq = Nu = Nd = 3 and NOF,H

= 1 standing for
the number of SM quark generations, and colour octets.

2. Octet contribution to the matching coefficients

Considering again only the pure-gauge part, the color-
octet contribution to the matching coefficient ζα3 is ob-
tained from Eq. (22) after the following substitutions:
α2 ↔ α3, GL ↔ GC and TH,F ↔ OH,F . These yield in
turn

ζα3 = 1 +
α3

π
CGC

(

−1

6
ln

µ2

m2
OF

NOF
− 1

24
ln

µ2

m2
OH

NOH

)

+
α2
3

π2
C2

GC

[(

− 7

288
− 1

12
ln

µ2

m2
OF

+
1

36
ln2

µ2

m2
OF

NOF
+

1

72
ln

µ2

m2
OF

ln
µ2

m2
OH

NOH

)

NOF

+

(
37

576
− 11

96
ln

µ2

m2
OH

+
1

576
ln2

µ2

m2
OH

NOH

)

NOH

]

, (B4)

while there is no contribution to ζα1,2 . Similarly, by per-
forming the same substitutions above in Eqs. (24)–(25),
one obtains the one-loop anomalous dimensions for the
running masses mOF,H

, which read explicitly

γ(1−loop)
mOF

= −α3

π

3

4
CGC

, (B5)

γ(1−loop)
mOH

= −α3

π

3

8
CGC

. (B6)

The numerical values for our model are obtained by re-
placing the group invariants given in Table II and by
setting NOF,H

= 1.
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