
Heavy-quark masses from low-energy moments of heavy-quarkcurrents

Peter Marquard

Institut für Theoretische Teilchenphysik
Karlsruher Institut für Technologie (KIT)

76131 Karlsruhe

Abstract

We present the newest results for the determination of heavy-quark masses from low-energy moments of the vacuum
polarization function. The results presented here update an earlier determination of the quark masses and incorporate
new theoretical calculations of the low-energy moments of the vacuum polarization and new experimental data at the
bottom threshold.
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1. Introduction

The precise determination of charm and bottom quark
masses has always been an important task both for the-
ory and experiment. The most precise values have been
obtained [1] from an analysis of the ITEP sum rules
[2] (for reviews see Refs. [3–5]), combining data for
the heavy-quark production cross section in electron-
positron collision with dispersion relations and a four-
loop evaluation of the vacuum polarization induced by
the heavy quark current. In this contribution, we sum-
marize the most recent progress, which includes data
recently published by the BABAR collaboration [6] and
new perturbative results.

2. Analytic Results

The determination of the heavy quark masses in [1]
follows closely Refs. [7–9]. It is based on the direct
comparison of the theoretical and experimental eval-
uations of the contributions to the derivatives of the
polarization functionΠQ(q2), the former evaluated in
perturbative QCD, the latter through moments of the
measured cross section for heavy-quark production in
electron-positron annihilation. Using dispersion rela-
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tions, the moments ofRQ
1,
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RQ(s) , (1)

can be related to the derivatives of the vacuum polariza-
tion function atq2 = 0,
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In its domain of analyticityΠQ(q2) can be cast into the
form

ΠQ(q2) = Q2
Q

3
16π2

∑

n≥0

C̄nzn , (3)

with z = q2/(4m2
Q). HeremQ = mQ(µ) is the heavy

quark mass with chargeQQ in the MS scheme at the
scaleµ. The coefficients C̄n depend onαs and on
the heavy quark mass through logarithms of the form
lmQ = ln(m2

Q(µ)/µ2). Equating theoretically calculated
and experimentally measured moments, the heavy quark
mass is given by
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1For the precise definition ofRQ, in particular the treatment of
gluon splitting intoQQ̄, the subtraction of singlet contributions, and
the role of nonperturbative terms in the case of charm quarkswe refer
to Ref. [7].
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C̄(30)
1 C̄(30)

2 C̄(30)
3 C̄(30)

4
charm -5.6404 -3.4937 -2.8395 -3.349(11)
bottom -7.7624 -2.6438 -1.1745 -1.386(10)

Table 1: Lowest four expansion coefficientsC̄(30)
n for charm and bot-

tom quarks. The first three coefficients are known analytically, the
next is known with good accuracy from a Padé approximation [19].

C̄(3)
4 C̄(3)

5 C̄(3)
6

Hoang et al −4.2± 1.2 −5.0± 1.7 −5.3± 2.0
Greynat, Peris −3.6± 0.5 −4.4± 1.2 −4.7± 1.8
Kiyo et al −3.349(11) −3.737(32) −3.735(61)

Table 2: Comparison of different estimates for the low-energy expan-
sion coefficientsC̄(30)

n .

As a perturbative series the coefficientsC̄n can be writ-
ten as

C̄n = C̄(0)
n +

αs(µ)
π

(

C̄(10)
n + C̄(11)

n lmQ

)
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)2
(

C̄(20)
n + C̄(21)

n lmQ + C̄(22)
n l2mQ

)

+

(

αs(µ)
π

)3
(

C̄(30)
n + C̄(31)

n lmQ + C̄(32)
n l2mQ

+ C̄(33)
n l3mQ
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(5)

The terms of orderα2
s were evaluated up ton = 8 in

Refs. [10–12] and even up to n=30 in Refs. [13, 14].
The four-loop contributions tōC0 andC̄1 were calcu-
lated in Refs. [15, 16]. For the higher moments the
analysis of [7] was based on estimates forC̄(30)

n with
n = 2, 3, 4, which lead to an additional uncertainty in
the mass determination. Recently, the exact results for
the second [17] and third [18] moments were obtained.
Combining these coefficients with additional informa-
tion on the threshold and the high-energy behaviour and
using the analyticity ofΠQ(q2) and Padé approxima-
tions, fairly precise numerical results were obtained [19]
for the higher coefficients up ton = 10. (For an ear-
lier analysis along similar lines see Ref. [20].) For the
lowest four moments the four-loop coefficientsC̄(30)

n are
listed in Tab. 1 both for the charm and the bottom quark.
Using a different approach based on threshold resum-
mation the low-energy expansion coefficients have also
been estimated in [21]. All determinations agree within
the error, with [19] giving the smallest errors. A com-
parison between the works is shown in Tab. 2. It should
be emphasized that these results are well within the es-
timates used in the analysis of [7]. The impact of
these new results on the quark mass determination will
be shown below.

3. Bottom Production Close to Threshold

The determination of the bottom quark mass, as per-
formed in [7, 8] relies heavily on the precise measure-
ment ofR= σ(e+e− → hadrons)/σpt (with σpt =

4πα2

3s ),
which enters the moments as defined above. Specifi-
cally, it is the contribution from the heavy quark cur-
rent denoted asRb with the light-quark contribution sub-
tracted. It is convenient to split the integration region
into three pieces: The lowest region covering the nar-
row resonances, an intermediate “threshold” region be-
tween 10.62 GeV and 11.24 GeV, and the perturbative
region above 11.24 GeV, where the measurement is re-
placed by the perturbative QCD prediction. The choice
of 11.24 GeV corresponds to the upper end of the en-
ergy range covered by a CLEO measurement more than
20 years ago [22]. It also coincides approximately with
the energy reach of a recent BABAR measurement [6].
In the analysis of [7],Υ(4S) with its massMΥ(4S) =

10.5794(12) GeV and widthΓΥ(4S) = 20.5 MeV has
been considered together with the three lower, narrow
resonances and thus the continuum part of the bottom
cross section was taken from 10.62 GeV upwards. Until
recently the only measurement in the threshold region
has been the one from the CLEO collaboration, which
quotes a systematic error of about 6%. No radiative cor-
rections had been applied. In Ref. [7] it has been ar-
gued, that a normalization factor 1/1.28 is necessary to
reconcile these data with more recent and more precise
CLEO results below theΥ(4S)-resonance and with per-
turbative QCD at the high end. These “rescaled” data
were the basis of the subsequent extraction of the bot-
tom quark mass. However, in view of these uncertain-
ties an overall systematic error of 10% was attributed to
the contribution of the moments from this region. Thus,
although this contribution to the moments is relatively
small, its impact on the error was larger or equal than
the one from the other two regions combined.

Recently a measurement ofRb in the energy region
between 10.54 GeV and 11.20 GeV was performed by
the BABAR collaboration with significantly improved
statistics and with a correlated systematic error between
2.5% and 3% [6]. This allows an independent determi-
nation of the contribution to the moments with signifi-
cantly reduced systematic error. However, no radiative
corrections were applied to the published data and the
radiative tails of the four lowerΥ resonances were in-
cluded in the quantity denotedRb. Therefore, the data
has to be corrected for these effects. The details of this
procedure can be found in [1].
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n mb(10 GeV) exp αs µ total mb(mb)
1 3597 14 7 2 16 4151
2 3610 10 12 3 16 4163
3 3619 8 14 6 18 4172
4 3631 6 15 20 26 4183

Table 3: Results formb(10 GeV) andmb(mb) in MeV obtained from
Eq. (4). The errors are from experiment,αs and the variation ofµ.

4. Quark Masses

Using the new moments with their significantly re-
duced experimental error, one obtains the results for the
bottom quark mass at the scaleµ = 10 GeV as listed
in Tab. 3. In comparison with the previous determina-
tion a minute upwards shift of 1 MeV (resulting from
an upward shift of+3 MeV from the new data and a
downward shift of−2 MeV from the new theory in-
put) and a reduction of both experimental and theory
error is observed. The three results based onn = 1, 2
and 3 are of comparable precision. The relative size of
the contribution from the continuum above 11.24 GeV
which is modelled by perturbative QCD decreases for
the higher momentsn = 2 and 3. On the other hand
the theory uncertainty, exemplified by theµ dependence
is still acceptable. We therefore adopt the result from
n = 2 (which is roughly between then = 1 andn = 3
values and which exhibits the smallest error) as our final
result

mb(10 GeV)=3610(16) MeV,

mb(mb) =4163(16) MeV. (6)

These values are well consistent with the previous de-
termination [7] mb(10 GeV) = 3609(25) MeV and
mb(mb) = 4164(25) MeV. Recently, the bottom-quark
mass was also obtained from lattice calculations [23]
and ratios of moments [24].

In the absence of new data the analysis ofmc will
be based on the moments listed in Tab. 6 of Ref. [7].
As emphasized in [7, 8] it is convenient to consider as
primary quantity the running quark mass at scale 3 GeV.
This is the natural scale for the sum rule (corresponding
roughly to the charm threshold) and, as a consequence
of the smaller strong coupling constant, the perturbative
series exhibits a more stable behaviour.

If not stated otherwise, all input parameters and as-
sumptions are identical to those of Ref. [7]. In partic-
ular we adoptαs(MZ) = 0.1189. The results for all
four moments are nicely consistent, and the three low-
est moments exhibit comparable errors. Note, that the

relative composition of the experimental input varies
strongly from low to high moments: Forn = 1 the con-
tributions from narrow resonances and continuum are
roughly comparable, forn = 3 the continuum contri-
bution amounts to about 10%. Furthermore, the ex-
perimental contribution to the error decreases with in-
creasingn, theµ-dependence, reflecting the theory un-
certainly, increases.Despite the significant differences in
the composition of the errors, the results are perfectly
consistent. Since the result fromn = 1 has the small-
est dependence on the strong coupling and the smallest
total error we take as our final value

mc(3 GeV)= 986(13) MeV, (7)

and consider its consistency withn = 2, 3 and 4 as ad-
ditional confirmation.

Transforming this to the scale-invariant mass
mc(mc) [25], including the four-loop coefficients of the
renormalization group functions one findsmc(mc) =
1279(13) MeV. Let us recall at this point that a recent
lattice determination, combining a lattice simulation for
the data for the pseudoscalar correlator with the pertur-
bative three- and four-loop result [12, 18, 26] has led to
mc(3 GeV) = 986(10) MeV [27] in remarkable agree-
ment with most recent analysis [1].

5. Summary

Based on new four-loop results for the higher deriva-
tives of the vacuum polarization function and new
BABAR data for bottom quark production in the thresh-
old region, a reanalysis of the charm- and bottom-quark
mass determination has been performed. The new data,
a posteriori, give additional support to the analysis of
CLEO data presented in Ref. [22] and, furthermore,
lead to a significant reduction of the experimental er-
ror. The new theory results for the higher moments
lead to a further reduction of the theory uncertainty and,
equally important, demonstrate the consistency between
the analysis based on different moments. The final re-
sults,mc(3GeV) = 0.986(13) GeV andmb(10GeV) =
3.610(16) GeV are consistent with the earlier determi-
nation in Ref. [7] and, together with Ref. [27], constitute
the most precise determination of charm- and bottom-
quark masses to date.
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Maierhöfer, A.V. Smirnov, M. Steinhauser and C. Sturm

3



and supported by the Deutsche Forschungsgemein-
schaft through the SFB/TR-9 “Computational Particle
Physics”.

References

[1] K. G. Chetyrkin, et al., Charm and Bottom Quark Masses:
an Update, Phys. Rev. D80 (2009) 074010. arXiv:0907.2110,
doi:10.1103/PhysRevD.80.074010.

[2] V. A. Novikov, et al., Charmonium and Gluons: Basic Ex-
perimental Facts and Theoretical Introduction, Phys. Rept. 41
(1978) 1–133. doi:10.1016/0370-1573(78)90120-5.

[3] L. J. Reinders, H. Rubinstein, S. Yazaki, Hadron Properties from
QCD Sum Rules, Phys. Rept. 127 (1985) 1. doi:10.1016/0370-
1573(85)90065-1.

[4] P. Colangelo, A. Khodjamirian, QCD sum rules, a modern
perspectivearXiv:hep-ph/0010175.

[5] B. L. Ioffe, QCD at low energies, Prog. Part. Nucl.
Phys. 56 (2006) 232–277. arXiv:hep-ph/0502148,
doi:10.1016/j.ppnp.2005.05.001.

[6] B. Aubert, et al., Measurement of thee+e− → bb̄
cross section between

√
s = 10.54-GeV and 11.20-GeV,

Phys. Rev. Lett. 102 (2009) 012001. arXiv:0809.4120,
doi:10.1103/PhysRevLett.102.012001.

[7] J. H. Kuhn, M. Steinhauser, C. Sturm, Heavy quark
masses from sum rules in four-loop approximation, Nucl.
Phys. B778 (2007) 192–215. arXiv:hep-ph/0702103,
doi:10.1016/j.nuclphysb.2007.04.036.

[8] J. H. Kuhn, M. Steinhauser, Determination ofαs and
heavy quark masses from recent measurements ofR(s),
Nucl. Phys. B619 (2001) 588–602. arXiv:hep-ph/0109084,
doi:10.1016/S0550-3213(01)00499-0.

[9] J. H. Kuhn, M. Steinhauser, The impact of sigma(e+ e- –¿
hadrons) measurements at intermediate energies on the param-
eters of the standard model, JHEP 10 (2002) 018. arXiv:hep-
ph/0209357.

[10] K. G. Chetyrkin, J. H. Kuhn, M. Steinhauser, Heavy QuarkVac-
uum Polarisation to Three Loops, Phys. Lett. B371 (1996) 93–
98. arXiv:hep-ph/9511430, doi:10.1016/0370-2693(95)01593-
0.

[11] K. G. Chetyrkin, J. H. Kuhn, M. Steinhauser, Three-looppo-
larization function and O(alpha(s)**2) corrections to thepro-
duction of heavy quarks, Nucl. Phys. B482 (1996) 213–240.
arXiv:hep-ph/9606230, doi:10.1016/S0550-3213(96)00534-2.

[12] K. G. Chetyrkin, J. H. Kuhn, M. Steinhauser, Heavy quark
current correlators to O(alpha(s)**2), Nucl. Phys. B505
(1997) 40–64. arXiv:hep-ph/9705254, doi:10.1016/S0550-
3213(97)00481-1.

[13] R. Boughezal, M. Czakon, T. Schutzmeier, Four-loop
tadpoles: Applications in QCD, Nucl. Phys. Proc.
Suppl. 160 (2006) 160–164. arXiv:hep-ph/0607141,
doi:10.1016/j.nuclphysbps.2006.09.041.

[14] A. Maier, P. Maierhofer, P. Marquard, Higher Moments
of Heavy Quark Correlators in the Low Energy Limit at
O(α2

s), Nucl. Phys. B797 (2008) 218–242. arXiv:0711.2636,
doi:10.1016/j.nuclphysb.2007.12.035.

[15] K. G. Chetyrkin, J. H. Kuhn, C. Sturm, Four-loop moments
of the heavy quark vacuum polarization function in pertur-
bative QCD, Eur. Phys. J. C48 (2006) 107–110. arXiv:hep-
ph/0604234, doi:10.1140/epjc/s2006-02610-y.

[16] R. Boughezal, M. Czakon, T. Schutzmeier, Charm and
bottom quark masses from perturbative QCD, Phys.
Rev. D74 (2006) 074006. arXiv:hep-ph/0605023,
doi:10.1103/PhysRevD.74.074006.

[17] A. Maier, P. Maierhofer, P. Marquard, The second phys-
ical moment of the heavy quark vector correlator at
O(α3

s), Phys. Lett. B669 (2008) 88–91. arXiv:0806.3405,
doi:10.1016/j.physletb.2008.09.041.

[18] A. Maier, P. Maierhofer, P. Marquard, A. V. Smirnov, Low
energy moments of heavy quark current correlators at four
loops, Nucl. Phys. B824 (2010) 1–18. arXiv:0907.2117,
doi:10.1016/j.nuclphysb.2009.08.011.

[19] Y. Kiyo, A. Maier, P. Maierhofer, P. Marquard, Re-
construction of heavy quark current correlators at O(α3

s),
Nucl. Phys. B823 (2009) 269–287. arXiv:0907.2120,
doi:10.1016/j.nuclphysb.2009.08.010.

[20] A. H. Hoang, V. Mateu, S. Mohammad Zebarjad, Heavy Quark
Vacuum Polarization Function atO(alpha2

s) and O(alpha3
s),

Nucl. Phys. B813 (2009) 349–369. arXiv:0807.4173,
doi:10.1016/j.nuclphysb.2008.12.005.

[21] D. Greynat, S. Peris, Resummation of Threshold, Low-
and High-Energy Expansions for Heavy-Quark Correla-
tors, Phys. Rev. D82 (2010) 034030. arXiv:1006.0643,
doi:10.1103/PhysRevD.82.034030.

[22] D. Besson, et al., Observation of New Structure in the e+ e- An-
nihilation Cross-Section Above B anti-B Threshold, Phys. Rev.
Lett. 54 (1985) 381. doi:10.1103/PhysRevLett.54.381.

[23] C. McNeile, C. T. H. Davies, E. Follana, K. Hornbostel,
G. P. Lepage, High-Precision c and b Masses, and QCD Cou-
pling from Current-Current Correlators in Lattice and Contin-
uum QCD, Phys. Rev. D82 (2010) 034512. arXiv:1004.4285,
doi:10.1103/PhysRevD.82.034512.

[24] S. Narison, Gluon condensates and c, b quark masses from
quarkonia ratios of momentsarXiv:1004.5333.

[25] K. G. Chetyrkin, J. H. Kuhn, M. Steinhauser, RunDec: A
Mathematica package for running and decoupling of the strong
coupling and quark masses, Comput. Phys. Commun. 133
(2000) 43–65. arXiv:hep-ph/0004189, doi:10.1016/S0010-
4655(00)00155-7.

[26] C. Sturm, Moments of Heavy Quark Current Correlators at
Four-Loop Order in Perturbative QCD, JHEP 09 (2008) 075.
arXiv:0805.3358, doi:10.1088/1126-6708/2008/09/075.

[27] I. Allison, et al., High-Precision Charm-Quark Mass from
Current-Current Correlators in Lattice and Continuum
QCD, Phys. Rev. D78 (2008) 054513. arXiv:0805.2999,
doi:10.1103/PhysRevD.78.054513.

4


