TTP09-41 SFB/CPP-09-110 Alberta Thy 16-09

Matching QCD and HQET heavy–light currents at three loops

S. Bekavac^a, A.G. Grozin^{a,b}, P. Marquard^a, J.H. Piclum^c, D. Seidel^c, M. Steinhauser^a

aInstitut für Theoretische Teilchenphysik, Karlsruhe Institute of Technology (KIT), 76128 Karlsruhe, Germany bBudker Institute of Nuclear Physics, Novosibirsk 630090, Russia cDepartment of Physics, University of Alberta, Edmonton, Alberta T6G 2G7, Canada

Abstract

We consider the currents formed by a heavy and a light quark within Quantum Chromodynamics and compute the matching to Heavy Quark Effective Theory to three-loop accuracy. As an application we obtain the third-order perturbative corrections to ratios of B-meson decay constants.

1 Introduction

Quite often there are problems within Quantum Chromodynamics (QCD) involving a single heavy quark with momentum

p = mv + k , (1.1)

where m is the on-shell heavy-quark mass and v^2 = 1. In situations when the characteristic residual momentum is small (|k^μ| ≪ m) and light quarks and gluons have small momenta (|k^μ_i | ≪ m) it is possible to use a simpler effective field theory — Heavy Quark Effective Theory (HQET) (see, e.g., the review [1] and the textbooks [2,3]). Its Lagrangian is a series in 1/m. QCD operators are also given by series in 1/m in terms of HQET operators. Here we shall consider MS renormalized heavy–light QCD quark currents

j(μ) = Z^{−1}_j (μ)j_0 , j_0 = q̄_0ΓQ_0 , (1.2)

Preprint submitted to Elsevier 31 December 2009 where Γ is a Dirac matrix, and the index 0 means bare quantities. They can be expressed via operators in HQET

j(μ) = C_Γ(μ)j̃(μ) + 1 2m ∑ i B_i(μ)O_i(μ) + O ( 1 m^2 ) , (1.3)

where j̃(μ) = Z̃^{−1}_j (μ)j̃_0 , j̃_0 = q̄_0ΓQ_{v0} , (1.4) Q_{v0} is the bare HQET heavy-quark field satisfying /vQ_{v0} = Q_{v0}, and O_i are dimension-4 HQET operators with appropriate quantum numbers. We shall not discuss 1/m corrections in this paper; our main subject is the matching coefficients C_Γ(μ).

The coefficients C_Γ(μ) have been calculated at one-loop order in the pioneering paper [4]. At two loops, they were calculated in Ref. [5], and corrected in Ref. [6].^1 All-order results in the large-β_0 limit were obtained in [5] (see also [7]). Asymptotics of perturbative series were investigated in a modelindependent way in Ref. [8].

In the present paper we calculate the matching coefficients C_Γ up to three loops. These coefficients are useful for obtaining matrix elements of QCD currents (such as f_B ) from results of lattice HQET simulations (see, e.g., Refs. [9,10]) or HQET sum rules (see, e.g., Refs. [11,1]).

2 Matching

There are eight Dirac structures giving non-vanishing quark currents in four dimensions:

Γ = 1 , /v , γ^α_⊥ , γ^α_⊥/v , γ^{[α}_⊥ γ^{β]}_⊥ , γ^{[α}_⊥ γ^{β]}_⊥ /v , γ^{[α}_⊥ γ^β_⊥γ^{γ]}_⊥ , γ^{[α}_⊥ γ^β_⊥γ^{γ]}_⊥ /v , (2.1)

where γ^α_⊥ = γ^α − /vv^α, and square brackets mean antisymmetrization. The last four of them can be obtained from the first four by multiplying by the ’t Hooft–Veltman γ^{HV}_5 . We are concerned with flavour non-singlet currents only, therefore, we may also use the anticommuting γ^{AC}_5 (there is no anomaly). The currents renormalized at a scale μ with different prescriptions for γ_5 are related by [12]

1 The results incorporating this correction are given by formulae (5.65–5.68) and Table 5.1 in [3]. Note a misprint in this table: in the row for Γ = γ^1, the term with C_F in the square bracket, −1453/48, should be +1453/48.

( q̄γ^{AC}_5 Q ) μ = Z_P (μ) ( q̄γ^{HV}_5 Q ) μ , ( q̄γ^{AC}_5 γ^αQ ) μ = Z_A(μ) ( q̄γ^{HV}_5 γ^αQ ) μ , ( q̄γ^{AC}_5 γ^{[α}γ^{β]}Q ) μ = Z_T (μ) ( q̄γ^{HV}_5 γ^{[α}γ^{β]}Q ) μ , (2.2)

where the finite renormalization constants Z_{P,A,T} can be reconstructed from the differences of the anomalous dimensions of the currents. Multiplying Γ by γ^{AC}_5 does not change the anomalous dimension. In the case of Γ = γ^{[α}γ^{β]}, multiplying it by γ^{HV}_5 just permutes its components, and also does not change the anomalous dimension, therefore,

Z_T (μ) = 1 ; (2.3)

Z_{P,A}(μ) are known up to three loops [12].

The anomalous dimension of the HQET current (1.4) does not depend on the Dirac structure Γ. Therefore, there are no factors similar to Z_{P,A} in HQET. Multiplying Γ by γ^{AC}_5 does not change the matching coefficient. Therefore, the matching coefficients for the currents in the second row of (2.1) are not independent: they can be obtained from those for the first row. In the v rest frame, where /v = γ^0, we have

Z_P (μ) =

C_{γAC5} (μ) C_γHV_5 (μ) = C_1(μ) C_γ0_γ1_γ2_γ3 (μ) ,

Z_A(μ) =

C_γAC_{5 γ0} (μ) C_γHV_{5 γ0} (μ) = C_γ0 (μ) C_γ1_γ2_γ3 (μ) = C_γAC_{5 γ3} (μ) C_γHV_{5 γ3} (μ) = C_γ3 (μ) C_γ0_γ1_γ2 (μ) ,

Z_T (μ) =

C_γAC_{5 γ0γ1} (μ) C_γHV_{5 γ0γ1} (μ) = C_γ0_γ1 (μ) C_γ2_γ3 (μ) = C_γAC_{5 γ2γ3} (μ) C_γHV_{5 γ2γ3} (μ) = C_γ2_γ3 (μ) C_γ0_γ1 (μ)

= 1 . (2.4)

In particular, two matching coefficients are equal:

C_{γ⊥/v}(μ) = C_γ[α_{⊥ γ}β]_⊥ (μ) . (2.5)

In the following we shall consider only the matching coefficients for the first four Dirac structures in (2.1).

In order to find the matching coefficients C_Γ(μ), we equate on-shell matrix elements of the left- and right-hand side of Eq. (1.3). They are obtained by considering transitions of the heavy quark with momentum p = mv + k (1.1) to the light quark with momentum k_q:

⟨q(k_q)|j(μ)|Q(mv + k)⟩ = C_Γ(μ)⟨q(k_q)|j̃(μ)|Q_v(k)⟩ + O ( k m , k_q m ) . (2.6)

The on-shell matrix elements are^2

⟨q(k_q)|j(μ)|Q(p)⟩ = ū_q(k_q)Γ(p, k_q)u(p) Z^{−1}_j (μ)Z^{1/2}_Q Z^{1/2}_q ,

⟨q(k_q)|j̃(μ)|Q_v(k)⟩ = ū_q(k_q)Γ̃(k, k_q)u_v(k) Z̃^{−1}_j (μ)Z̃^{1/2}_Q Z̃^{1/2}_q , (2.7)

where Γ(p, k_q) and Γ̃(k, k_q) are the bare vertex functions, Z_Q and Z_q are the on-shell wave-function renormalization constants of the heavy and the light quark in QCD, Z̃_Q is the on-shell wave-function renormalization constant of the HQET quark field Q_v, and Z̃_q differs from Z_q because there are no Q loops in HQET. The difference between u(mv + k) and u_v(k) is of order k/m, and can be neglected. It is most convenient to use k = k_q = 0, then the O(1/m) term is absent. The QCD vertex has two Dirac structures:

Γ(mv, 0) = Γ · (A + B/v) .

This leads to

ū(0)Γ(mv, 0)u(mv) = Γ̄(mv, 0) ū(0)Γu(mv) with Γ̄(mv, 0) = A + B .

The scalar vertex function Γ̄(mv, 0) can be obtained by multiplying the diagrams by a projector and taking the trace. For the first two Dirac structures in (2.1), the projector (/v+1) can be used; for the next two structures, (/v+1)γ_α. The HQET vertex has just one Dirac structure. Therefore,

C_Γ(μ) =

Γ̄(mv, 0)Z^{−1}_j (μ)Z^{1/2}_Q Z1/2_q Γ̃(0, 0)Z̃^{−1}_j (μ)Z̃^{1/2}_Q Z̃^{1/2}_q

. (2.8)

Here m is the on-shell mass of the heavy quark (because the external heavy quark with p^2 = m^2 should be on its mass shell). Therefore, mass-counterterm vertices have to be taken into account on all Q lines.

If all flavours except Q are massless, all loop corrections to Γ̃(0, 0), Z̃_Q, and Z̃_q contain no scale and hence vanish: Γ̃(0, 0) = 1, Z̃_Q = 1, Z̃_q = 1. If there is another massive flavour (charm in b-quark HQET), this is no longer so. The vertex Γ̃(0, 0) and Z̃_Q have been calculated up to three loops in Ref. [13].

2 Both on-shell matrix elements of the renormalized currents are UV-finite. Both contain IR divergences, which are the same on the left- and right-hand sides of (2.6), yielding a finite C_Γ(μ).

The massless-quark on-shell wave-function renormalization constant in the presence of a massive flavour has been calculated up to three loops in Ref. [14] (an explicit expression can be found in Appendix A of Ref. [13]). The threeloop renormalization of the HQET current Z̃_j has been calculated in Ref. [15].

If all flavours except Q are massless, Γ(mv, 0), Z_Q, and Z_q contain a single scale m. The on-shell heavy-quark wave-function renormalization constant Z_Q has been calculated at three loops in [16] (and confirmed in Ref. [17]); Z_q has been found in Ref. [14]. The vertex Γ(mv, 0) is the subject of the present paper. If there is another flavour with a non-zero mass m_c < m, there are two scales, and calculations become more difficult. The renormalization constant Z_Q has been calculated in this case, up to three loops, in Ref. [18] (the master integrals appearing in this case are discussed in Ref. [19]). The vertex Γ(mv, 0) and Z_q with two masses are considered in Sect. 3 and 4. The three-loop renormalization of the QCD currents with all Dirac structures Γ has been obtained in Ref. [20].

The QCD quantities Γ(mv, 0), Z_Q, and Z_q in the numerator of (2.8) are calculated in terms of α^0_s = g^2_0 /(4π)^{1−ε}, the bare coupling of the n_f -flavour QCD. If there is another massive flavour, say charm, they also contain its bare mass m_{c0}; we re-express it via the on-shell mass m_c. These quantities do not involve μ. The MS renormalization constant Z^{−1}_j (μ) is expressed in terms of α^{(nf )}s (μ). The HQET quantities Γ̃(0, 0), Z̃_Q, and Z̃_q in the denominator of (2.8) are calculated via α^{0′}_s and m^′_{c0}, the bare coupling and the bare c-quark mass in the n^′_f -flavour QCD^3 (we re-express m^′_{c0} via the on-shell mass m_c, which is the same in both theories). The MS renormalization constant Z̃^{−1}_j (μ) is expressed

in terms of α^{(n′f )}s (μ). To combine all these quantities in (2.8), we re-express them via the coupling α^{(n′f )}s (μ) using the decoupling relation [14] (an explicit expression for α^{(nf )}s (μ) via α^{(n′f )}s (μ), including the necessary terms with positive powers of ε, is given in Eq. (12) of Ref. [21]).

There exists an exact relation [5] between the matching coefficients C_1(μ) and C_{/v}(μ). Namely, the renormalized vector and scalar currents are related by

i∂_αj^α = m(μ)j(μ) , (2.9)

where m(μ) is the MS mass of the heavy quark Q. Taking the on-shell matrix element of this equality between the heavy quark with p = mv and the light quark with k_q = 0 and re-expressing both QCD matrix elements via the matrix

3 To keep track of flavours in quark loops, we introduce the number n_h of heavy flavours with mass m and the number n_m of massive flavours with mass m_c, so that n_f = n_l + n_m + n_h and n^′_f = n_l + n_m. In reality, n_h = 1 and n_m = 1. If the c quark is considered massless, we can also include it in the number of light flavours n_l, and set n_m = 0.

element of the HQET current with Γ = 1, we obtain

mC_{/v}(μ) = m(μ)C_1(μ) . (2.10)

The ratio m(μ)/m has been calculated at three loops in Refs. [22,23]. Comparing C_{/v}(μ)/C_1(μ) with the analytical result [23] for m(μ)/m provides a strong check of our calculations. For m_c ≠ 0, this ratio has been calculated in Ref. [18].

3 Bare vertex functions

The calculation of Γ̄(mv, 0) at m_c = 0 is a single-scale problem. The calculation is almost completely automated and similar to Refs. [17,21]. The Feynman diagrams were generated with QGRAF [24] and classified into various topologies with the help of q2e and exp [25]. Some sample diagrams are shown in Fig. 1 (the first four diagrams). Scalar Feynman integrals were reduced to master integrals using integration-by-parts identities [26]. This was done in two independent ways: using the Form [27] package SHELL3 [16] and the C++ program Crusher [28] implementing the Laporta algorithm [29]. The master integrals for the case of a massless charm quark are known from Ref. [16] (see also comments in Ref. [17]). As an independent check the automatic setup described in Ref. [30] has been used and the bare vertex functions have been checked numerically with the help of FIESTA [31]. The results for the bare vertex functions with all four Dirac structures Γ can be found on the web page [32].

Fig. 1. Sample Feynman diagrams for the matching coefficient. Thick, thin and dashed lines denote heavy, light and massless quarks, respectively; curly lines are gluons. The square denotes the vertex of the heavy–light current. Next we study the influence of a non-zero c-quark mass, m_c < m, on the b-quark matching coefficients C_Γ. Then c-quark loops exist both in the full

QCD and in the b-quark HQET. The full-theory quantities in the numerator of (2.8) depend on the ratio of the on-shell quark masses, x = m_c m . (3.1)

Some sample diagrams contributing to Γ̄(mv, 0) are shown in Fig. 1 (all diagrams except the first four ones depend on x). The HQET quantities in the denominator of (2.8) contain a single scale m_c.

From the technical point of view the calculation is similar to Refs. [18,33]. We have used Crusher [28] for the reduction. The master integrals are known from Refs. [18,19], see also Ref. [34]. Most of the needed terms of their ε expansions are known analytically, in terms of Harmonic Polylogarithms [35,36] (HPLs) of x (the status of these expansions is summarized in Tables 1–4 of Ref. [19]). From the requirement of cancellation of 1/ε poles in the matching coefficients (Sect. 5) we were able to find exact analytical expressions (in terms of HPLs) for the O(ε^0) terms of the master integrals 5.2 and 5.2a (Fig. 8 in [19]); formerly, they were known only as a truncated series in x. The corresponding entry in Table 3 of Ref. [19] needs updating. We do not present these long expressions here, they can be found at [32].

We have checked the m_c dependent results by taking the limit x → 0 and reproducing the n_l part of the results given in Sect. 5. Another check is taking the limit x → 1. If we set n_h = 0 and re-express the renormalized matching coefficients C_Γ via α^{(nl)}_s , the results of Sect. 5 with the substitution n_m → n_h are reproduced.

4 Wave-function renormalization of massless quarks

The last ingredient of Eq. (2.8) which we had to calculate is the on-shell wave-function renormalization constant Z_q of a massless quark. The result for m_c = 0 can be extracted from Ref. [14], however, we have performed an independent calculation. The m_c-dependent part is a new result. The calculation is similar to that of Ref. [18], where Z_Q has been calculated. The integrals contributing to Z_q reduce to tadpoles when the mass of the incoming particle is set to zero. There is only one new type of diagram which is shown in Fig. 2, all others can be reduced to known results.

For completeness we give here the result for an arbitrary gauge group. It reads

Fig. 2. The diagram which gives the coefficient of n_mn_h in Z_q. For the meaning of the lines see Fig. 1.

Z_q = 1 + C_F T_F ( α^0_s π Γ(ε)

)_2 ( n_hm^{−4ε} + n_mm^{−4ε}_c )

× ε 16 ( 1 − 5 6 ε + 89 36 ε^2 + O(ε^3) )

+ C_F T_F ( α^0_s π Γ(ε)

)_3 (

n_hZ_1(n_h)m^{−6ε} + n_mZ_1(n_m)m^{−6ε}_c

+ T_F n_hn_m(mm_c)^{−3ε}Z_2(m_c/m) ) + O(α^4_s) , (4.1)

where α^0_s has the dimensionality m^{2ε}, and the single-scale contributions are [14,13]

Z_1(n) = C_F Z_F + C_AZ_A + T_F n_lZ_L + T_F nZ_H ,

Z_F = ε 96 [ 1 − 3 2 ε + ( 12ζ_3 + 443 12 ) ε^2 ] + O(ε^4) ,

Z_A = 1 192 { 1 + 10 3 ε + 227 9 ε^2 − ( 16ζ_3 +

1879 54 ) ε^3 − ξ [ 1 − 3ε + 35 3 ε^2 + ( 8ζ_3 − 407 9 ) ε^3 ]} + O(ε^4) ,

Z_L = − ε 72 [ 1 − 5 6 ε + 337 36 ε^2 ] + O(ε^4) ,

Z_H = − ε 36 [ 1 − 5 6 ε + 151 36 ε^2 ] + O(ε^4) , (4.2)

where ξ = 1 − a_0, a_0 is the bare gauge-fixing parameter.^4 The two-scale contribution (Fig. 2) is given by [34]

Z_2(x) = Z_2(x^{−1}) = 2Z_H − ε^3 12 ln^2 x + O(ε^4) . (4.3)

4 The gauge-fixing term in the Lagrangian is − (∂_μA^{aμ}_0 )^2 /(2a_0), the free gluon propagator is −(i/k^2) ( g_{μν} − ξk_μk_ν /k^2 ) .

5 Matching coefficients

In this Section, we present the results for the matching coefficients of the different heavy–light currents for the colour group SU(3) (results for a general colour group can be found at [32]). For this purpose we decompose the coefficients as follows

C_Γ(μ) = 1 + α^{(n′f )}s (m) π C^{(1)}_Γ + α^{(n′f )}s (m) π 2 C^{(2)}_Γ (x)

+ α^{(n′f )}s (m) π 3 C^{(3)}_Γ (x) + O(α^4_s ) , (5.1)

C^{(2)}_Γ (x) = C^G_Γ + C^H_Γ n_h + C^L_Γ n_l + C^M_Γ (x)n_m , C^{(3)}_Γ (x) = C^{GG}_Γ + C^{GH}_Γ n_h + C^{GL}_Γ n_l + C^{HH}_Γ n^2_h + C^{HL}_Γ n_hn_l + C^{LL}_Γ n^2_l + C^{GM}_Γ (x)n_m + C^{HM}_Γ (x)n_hn_m + C^{LM}_Γ (x)n_ln_m + C^{MM}_Γ (x)n^2_m ,

where Γ = 1, /v, γ_⊥, γ_⊥/v, and n^′_f = n_l + n_m is the number of active flavours in HQET. Furthermore, we use the abbreviation L = ln(μ^2/m^2) (m is the on-shell b-quark mass).

We first present the results for m_c = 0. The individual contributions read

C^{(1)}_1 = 2 3 + 1 2 L , C^G_1 =

1843 192 + 11 72 π^2 + 1 18 π^2 ln 2 − 17 36 ζ_3 +

( 527 144 − 7 108 π^2 ) L − 9 16 L^2 ,

C^H_1 = 149 216 − 1 18 π^2 − 5 36 L + 1 12 L^2 ,

C^L_1 = − 95 288 − 1 36 π^2 − 5 72 L + 1 24 L^2 ,

C^{GG}_1 =

8765231 62208 + 235073 46656 π^2 + 917 324 π^2 ln 2 − 1 81 π^2 ln^2 2 +

3371 1296 ζ_3 + 4733 3888 π^2ζ_3 −

50039 116640 π^4 −

28975 2592 ζ_5 − 4 27 ln^4 2 − 32 9 a_4 + ( 46123

1728 − 25 108 π^2 + 1 36 π^2 ln 2 + 55 144 ζ_3 − 95 1944 π^4 ) L + ( − 605 64 + 7 48 π^2 ) L^2 + 15 16 L^3 ,

C^{GH}_1 =

3349 1944 − 30917 9720 π^2 + 443 81 π^2 ln 2 + 1 9 π^2 ln^2 2 −

27845 5184 ζ_3 + 29 96 π^2ζ_3 − 19 2430 π^4 − 45 32 ζ_5 − 1 9 ln^4 2 − 8 3 a_4 + ( − 319 432 − 1 36 π^2 − 5 6 ζ_3 ) L + 211 144 L^2 − 19 72 L^3 ,

C^{GL}_1 = −

528353 46656 − 15553 17496 π^2 − 25 324 π^2 ln 2 + 1 81 π^2 ln^2 2 −

1591 972 ζ_3 + 3281 116640 π^4 + 1 162 ln^4 2 + 4 27 a_4 + ( − 7399 5184 + 11 972 π^2 − 97 216 ζ_3 ) L + ( 809 864 − 7 648 π^2 ) L^2 − 19 144 L^3 ,

C^{HH}_1 = −

4045 11664 − 1 135 π^2 + 11 27 ζ_3 − 35 1296 L − 5 216 L^2 + 1 108 L^3 ,

C^{HL}_1 = 353 5832 + 1 216 π^2 − 2 27 ζ_3 − 35 648 L − 5 108 L^2 + 1 54 L^3 ,

C^{LL}_1 =

6457 46656 + 13 648 π^2 + 7 108 ζ_3 − 35 2592 L − 5 432 L^2 + 1 216 L^3 , (5.2)

C^{(1)}_{/v} = − 2 3 − 1 2 L , C^G_{/v} = − 177 64 − 5 72 π^2 − 1 18 π^2 ln 2 − 11 36 ζ_3 + ( − 79 144 − 7 108 π^2 ) L + 13 16 L^2 ,

C^H_{/v} = 727 432 − 1 6 π^2 ,

C^L_{/v} = 47 288 + 1 36 π^2 + 5 72 L − 1 24 L^2 ,

C^{GG}_{/v} = −

62575 62208 − 231253 46656 π^2 − 517 324 π^2 ln 2 + 20 81 π^2 ln^2 2 +

5645 1296 ζ_3 + 2089 486 π^2ζ_3 −

17347 58320 π^4 −

49435 2592 ζ_5 + 11 54 ln^4 2 + 44 9 a_4 + ( 115 54 − 121 648 π^2 + 1 36 π^2 ln 2 + 37 48 ζ_3 − 95 1944 π^4 ) L + ( 2257 576 + 91 432 π^2 ) L^2 − 13 8 L^3 ,

C^{GH}_{/v} =

2051 96 − 24583 2430 π^2 + 361 27 π^2 ln 2 + 10 81 π^2 ln^2 2 −

45869 5184 ζ_3 + 53 96 π^2ζ_3 − 1 20 π^4 − 85 32 ζ_5 − 10 81 ln^4 2 − 80 27 a_4 + ( − 727 864 + 1 12 π^2 ) L , C^{GL}_{/v} =

24457 46656 + 5575 8748 π^2 + 19 324 π^2 ln 2 − 1 81 π^2 ln^2 2 +

3181 1944 ζ_3 − 379 116640 π^4 − 1 162 ln^4 2 − 4 27 a_4 + ( − 319 5184 + 11 972 π^2 + 83 216 ζ_3 ) L + ( − 469 864 − 7 648 π^2 ) L^2 + 25 144 L^3 ,

C^{HH}_{/v} = −

5857 7776 + 1 405 π^2 + 11 18 ζ_3 ,

C^{HL}_{/v} = − 193 432 + 29 648 π^2 ,

C^{LL}_{/v} =

1751 46656 − 13 648 π^2 − 7 108 ζ_3 + 35 2592 L + 5 432 L^2 − 1 216 L^3 , (5.3)

C^{(1)}_{γ⊥} = − 4 3 − 1 2 L , C^G_{γ⊥} = −

14651 1728 − 125 648 π^2 − 7 54 π^2 ln 2 − 7 36 ζ_3 + ( − 31 144 − 7 108 π^2 ) L + 13 16 L^2 ,

C^H_{γ⊥} = 133 144 − 5 54 π^2 ,

C^L_{γ⊥} = 445 864 + 1 36 π^2 + 5 72 L − 1 24 L^2 ,

C^{GG}_{γ⊥} = −

5046967 62208 − 361033 46656 π^2 −

1745 324 π^2 ln 2 + 124 243 π^2 ln^2 2 +

3929 1296 ζ_3 + 3463 972 π^2ζ_3 − 461 3888 π^4 −

43835 2592 ζ_5 + 163 486 ln^4 2 + 652 81 a_4 + ( 301 54 − 53 648 π^2 + 7 108 π^2 ln 2 + 103 144 ζ_3 − 95 1944 π^4 ) L + ( 1945 576 + 91 432 π^2 ) L^2 − 13 8 L^3 ,

C^{GH}_{γ⊥} =

4133 288 − 3385 486 π^2 +

2069 243 π^2 ln 2 + 26 243 π^2 ln^2 2 −

10445 5184 ζ_3 + 35 288 π^2ζ_3 − 233 14580 π^4 − 35 96 ζ_5 − 26 243 ln^4 2 − 208 81 a_4 + ( − 133 288 + 5 108 π^2 ) L , C^{GL}_{γ⊥} =

455461 46656 + 4937 4374 π^2 + 169 972 π^2 ln 2 − 7 243 π^2 ln^2 2 +

5173 1944 ζ_3 − 2963 116640 π^4 − 7 486 ln^4 2 − 28 81 a_4 + ( − 1471 5184 + 11 972 π^2 + 83 216 ζ_3 ) L + ( − 445 864 − 7 648 π^2 ) L^2 + 25 144 L^3 ,

C^{HH}_{γ⊥} = −

3641 7776 + 11 1215 π^2 + 17 54 ζ_3 ,

C^{HL}_{γ⊥} = −

2545 3888 + 127 1944 π^2 ,

C^{LL}_{γ⊥} = −

7993 46656 − 7 216 π^2 − 7 108 ζ_3 + 35 2592 L + 5 432 L^2 − 1 216 L^3 , (5.4)

C^{(1)}_{γ⊥/v} = − 4 3 − 5 6 L , C^G_{γ⊥/v} = −

20749 1728 − 7 24 π^2 − 1 6 π^2 ln 2 − 5 36 ζ_3 + ( − 329 144 − 7 108 π^2 ) L + 215 144 L^2 , 11

C^H_{γ⊥/v} = 809 648 − 7 54 π^2 + 13 108 L − 1 36 L^2 ,

C^L_{γ⊥/v} =

1745 2592 + 5 108 π^2 + 41 216 L − 5 72 L^2 ,

C^{GG}_{γ⊥/v} = −

21556403 186624 − 488167 46656 π^2 − 757 108 π^2 ln 2 + 142 243 π^2 ln^2 2 +

8357 3888 ζ_3 + 16153 3888 π^2ζ_3 −

2447 23328 π^4 −

15925 864 ζ_5 + 113 243 ln^4 2 + 904 81 a_4 + ( 7871

1728 + 7 108 π^2 + 5 36 π^2 ln 2 + 61 48 ζ_3 − 95 1944 π^4 ) L + ( 22177 1728 + 301 1296 π^2 ) L^2 −

4085 1296

L^3 ,

C^{GH}_{γ⊥/v} =

125005 5832 − 268333 29160 π^2 + 301 27 π^2 ln 2 + 1 9 π^2 ln^2 2 −

22469 5184 ζ_3 + 59 288 π^2ζ_3 − 73 2430 π^4 − 25 32 ζ_5 − 1 9 ln^4 2 − 8 3 a_4 + ( − 1117 3888 + 35 324 π^2 + 5 18 ζ_3 ) L − 1225 1296

L^2 + 1 8 L^3 ,

C^{GL}_{γ⊥/v} =

211705 15552 + 28133 17496 π^2 + 71 324 π^2 ln 2 − 1 27 π^2 ln^2 2 +

3347 972 ζ_3 − 4183 116640 π^4 − 1 54 ln^4 2 − 4 9 a_4 +

( 4091 15552 − 13 972 π^2 + 143 216 ζ_3 ) L + ( − 3845 2592 − 7 648 π^2 ) L^2 + 5 16 L^3 ,

C^{HH}_{γ⊥/v} = −

21281 34992 + 1 81 π^2 + 31 81 ζ_3 + 1 144 L + 13 648 L^2 − 1 324 L^3 ,

C^{HL}_{γ⊥/v} = −

14567 17496 + 17 216 π^2 + 2 81 ζ_3 + 1 72 L + 13 324 L^2 − 1 162 L^3 ,

C^{LL}_{γ⊥/v} = −

29309 139968 − 89 1944 π^2 − 35 324 ζ_3 + 53 2592 L + 41 1296

L^2 − 5 648 L^3 , (5.5)

where a_4 = Li_4

(_1 2 ) . The two-loop results, as well as the coefficients C^{LL}_Γ , are known from Ref. [5]; all remaining three-loop results are new.

It is instructive to re-write the matching coefficients for m_c = 0 and μ = m via the leading β-function coefficient in HQET, β^′_0 = 11 −^2_3 n^′_f . We obtain

C^{(2)}_1 = 0.91β^′_0 + 1.09 = 7.55 + 1.09 = 8.64 , C^{(2)}_{/v} = −0.66β^′_0 + 3.06 = −5.47 + 3.06 = −2.41 , C^{(2)}_{γ⊥} = −1.18β^′_0 + 1.53 = −9.87 + 1.53 = −8.34 , C^{(2)}_{γ⊥/v} = −1.70β^′_0 + 2.42 = −14.13 + 2.42 = −11.70 (5.6)

at two loops, and the following results at three loops:

C^{(3)}_1 = 0.93β^{′2}_0 + 9.04β^′_0 − 38.16 = 64.74 + 75.34 − 38.16 = 101.92 , C^{(3)}_{/v} = −0.54β^{′2}_0 − 1.29β^′_0 + 29.74 = −37.25 − 10.72 + 29.74 = −18.23 , C^{(3)}_{γ⊥} = −1.28β^{′2}_0 − 5.56β^′_0 + 45.34 = −88.92 − 46.34 + 45.34 = −89.92 , C^{(3)}_{γ⊥/v} = −1.78β^{′2}_0 − 7.63β^′_0 + 63.22 = −123.61 − 63.57 + 63.22 = −123.96 . (5.7)

A method to estimate higher loop contributions called naive nonabelianization has been formulated in Ref. [5]. It is based on the fact that each polynomial in n_f can be re-written as a polynomial in β_0. Usually it is relatively simple to calculate the term with the highest power of n_f . This means that we know the coefficient of the leading power of β_0. Neglecting subleading powers of β_0 we obtain an estimate of the full result. The two-loop corrections to the matching coefficients (5.6) were among the examples confirming naive nonabelianization [5]. At three loops we see that this prescription reproduces the correct signs and roughly the correct magnitude of the full results. In all cases we observe a compensation between the O(β^′_0) and O(1) terms. In the case of C^{(3)}_{γ⊥} and C^{(3)}_{γ⊥/v} this compensation is almost complete, and naive nonabelianization works surprisingly well.

Since the expressions for the charm-mass dependence are quite involved and not completely expressed in terms of HPLs of x (the O(ε) terms of the master integrals 5.2, 5.2a, 5.3, 5.3a are known analytically only as truncated series in x, see Table 3 in Ref. [19]), we refrain from listing them here. Instead, we present an expansion of our results to the second order in x. The results in terms of the master integrals and expansions to higher orders can be obtained from the web page [32].

Our results for the m_c-dependent coefficients read

C^M_1 (x) = C^L_1 + 1 8 π^2 x + ( ln x + 1 2 ) x^2 + O(x^3) ,

C^{GM}_1 (x) = C^{GL}_1 +

( 4361 1296 π^2 − 119 108 π^2 ln 2 + 13 216 π^3 + 16 π^2L − 9 8 π^2 ln x ) x + [ 48493 5184 + 395 432 π^2 + 7 36 π^2 ln 2 + 27 16 ζ_3 − π^2ζ_3 − 49 720 π^4 − 5 2 ζ_5 + 1 4 L + ( 6239 432 + 1 4 π^2 + 15 8 ζ_3 − 19 180 π^4 + 1 2 L ) ln x − 37 9 ln^2 x ] x^2 + O(x^3) ,

C^{HM}_1 (x) = C^{HL}_1 + ( − 517 1350 + 1 18 π^2 − 1 15 ln x ) x^2 + O(x^3) ,

C^{LM}_1 (x) = 2C^{LL}_1 + ( − 7 36 π^2 + 1 6 π^2 ln 2 + 1 12 π^2 ln x ) x + ( − 5 18 − 1 18 π^2 − 1 9 2 ln x + 1 3 ln^2 x ) x^2 + O(x^3) ,

C^{MM}_1 (x) = C^{LL}_1 + ( − 1 45 π^2 + 1 12 π^2 ln x ) x + ( − 19 36 − 1 18 π^2 − 2 9 ln x + 1 3 ln^2 x ) x^2 + O(x^3) , (5.8)

C^M_{/v} (x) = C^L_{/v} − 1 24 π^2 x + ( 3 2 + ln x ) x^2 + O(x^3) ,

C^{GM}_{/v} (x) = C^{GL}_{/v} + ( − 35333 3888 π^2 +

4439 324 π^2 ln 2 − 13 648 π^3 + 1 48 π^2L + 17 24 π^2 ln x ) x + [ 86509 5184 + 863 432 π^2 + 7 36 π^2 ln 2 + 115 16 ζ_3 − 7 4 π^2ζ_3 − 49 720 π^4

− 5ζ_5 − 3 4 L + ( 7391 432 + 7 4 π^2 + 15 8 ζ_3 − 17 90 π^4 − 1 2 L ) ln x − 37 9 ln^2 x ] x^2 + O(x^3) ,

C^{HM}_{/v} (x) = C^{HL}_{/v} + ( − 817 1350 + 1 18 π^2 − 1 15 ln x ) x^2 + O(x^3) ,

C^{LM}_{/v} (x) = 2C^{LL}_{/v} + ( 7 108 π^2 − 1 18 π^2 ln 2 − 1 36 π^2 ln x ) x + ( − 1 2 − 1 18 π^2 − 2 9 ln x + 1 3 ln^2 x ) x^2 + O(x^3) ,

C^{MM}_{/v} (x) = C^{LL}_{/v} + ( 1 135 π^2 − 1 36 π^2 ln x ) x + ( − 3 4 − 1 18 π^2 − 2 9 ln x + 1 3 ln^2 x ) x^2 + O(x^3) , (5.9)

C^M_{γ⊥} (x) = C^L_{γ⊥} − 1 24 π^2 x + ( 3 2 + ln x ) x^2 + O(x^3) ,

C^{GM}_{γ⊥} (x) = C^{GL}_{γ⊥} + [ − 130327 11664 π^2 +

14089 972 π^2 ln 2 − 143 1944 π^3 + 11 144 π^2L + 409 216 π^2 ln x ] x

+ [ 24217 5184 + 1517 1296 π^2 − 7 108 π^2 ln 2 + 595 144 ζ_3 − 7 12 π^2ζ_3 − 19 2160 π^4 − 5 12 L + ( − 79 144 + 595 324 π^2 − 1 8 ζ_3 − 7 135 π^4 + 1 6 L ) ln x + 7 9 ln^2 x ] x^2 + O(x^3) ,

C^{HM}_{γ⊥} (x) = C^{HL}_{γ⊥} +

( 349 4050 − 1 54 π^2 − 1 15 ln x ) x^2 + O(x^3) ,

C^{LM}_{γ⊥} (x) = 2C^{LL}_{γ⊥} +

( 77 324 π^2 − 11 54 π^2 ln 2 − 11 108 π^2 ln x ) x + ( − 19 54 + 1 54 π^2 + 2 27 ln x − 1 9 ln^2 x ) x^2 + O(x^3) ,

C^{MM}_{γ⊥} (x) = C^{LL}_{γ⊥} +

( 11 405 π^2 − 11 108 π^2 ln x ) x + ( − 29 108 + 1 54 π^2 + 2 27 ln x − 1 9 ln^2 x ) x^2 + O(x^3) , (5.10)

C^M_{γ⊥/v}(x) = C^L_{γ⊥/v} − 5 24 π^2 x + ( 7 6 − 1 3 ln x ) x^2 + O(x^3) ,

C^{GM}_{γ⊥/v} (x) = C^{GL}_{γ⊥/v} + ( − 59221 3888 π^2 +

6295 324 π^2 ln 2 − 65 648 π^3 + 25 144 π^2L + 541 216 π^2 ln x ) x + [ 35653 5184 + 631 432 π^2 − 7 108 π^2 ln 2 + 313 48 ζ_3 − 5 6 π^2ζ_3 − 19 2160 π^4 − 5 6 ζ_5 − 35 36 L + ( 575 432 + 9 4 π^2 − 1 8 ζ_3 − 43 540 π^4 + 5 18 L ) ln x + 1 2 ln^2 x ] x^2 + O(x^3) ,

C^{HM}_{γ⊥/v} (x) = C^{HL}_{γ⊥/v} +

( 49 4050 − 1 54 π^2 − 1 15 ln x ) x^2 + O(x^3) ,

C^{LM}_{γ⊥/v} (x) = 2C^{LL}_{γ⊥/v} +

( 35 108 π^2 − 5 18 π^2 ln 2 − 5 36 π^2 ln x ) x + ( − 23 54 + 1 54 π^2 + 2 27 ln x − 1 9 ln^2 x ) x^2 + O(x^3) ,

C^{MM}_{γ⊥/v} (x) = C^{LL}_{γ⊥/v} + ( 1 27 π^2 − 5 36 π^2 ln x ) x + ( − 37 108 + 1 54 π^2 + 2 27 ln x − 1 9 ln^2 x ) x^2 + O(x^3) . (5.11)

6 Meson matrix elements

We are now in the position to apply our results to the matrix elements between a B or B^∗ meson with momentum p and the vacuum. They are defined through

⟨0| ( q̄γ^{AC}_5 Q ) μ |B⟩ = −im_B f^P_B (μ) ,

⟨0|q̄γ^αγ^{AC}_5 Q|B⟩ = if_B p^α ,

⟨0|q̄γ^αQ|B^∗⟩ = im_B∗ f_B∗ e^α , ⟨0| ( q̄σ^{αβ} Q ) μ |B^∗⟩ = f^T_B∗ (μ)(p^αe^β − p^βe^α) , (6.1)

where e^α is the B^∗ polarization vector. The corresponding HQET matrix elements (at m → ∞) in the v rest frame are

⟨0| ( q̄γ^{AC}_5 Q_v ) μ |B(⃗k )⟩_{nr} = −iF (μ) ,

⟨0| (q̄⃗γQ_v)_μ |B^∗(⃗k )⟩_{nr} = iF (μ)⃗e , (6.2)

where the single-meson states are normalized by the non-relativistic condition

nr⟨B(⃗k^′)|B(⃗k )⟩_{nr} = (2π)^3δ(⃗k^′ − ⃗k ) .

We also remind the reader that q̄Γ/vQ_v = q̄ΓQ_v, so that there are only two currents. These two matrix elements are characterized by a single hadronic parameter F (μ) due to the heavy-quark spin symmetry. From Eq. (2.9) we have [5] f^P_B (μ) f_B = m_B m(μ)

. (6.3)

Here m_B = m+Λ̄+O(Λ^2_{QCD}/m) where Λ̄ is the residual energy of the groundstate B meson in the limit m → ∞. Neglecting 1/m corrections, we see that this equation coincides with (2.10). We have checked that our results agree with the known formulas for m(μ)/m at m_c = 0 [23] and with m_c corrections taken into account [18].

Using the expressions of Section 5 we find the following results for the ratios of decay constants. Again, we present an expansion to the second order in x for the charm mass dependent terms. For the numerical evaluations we use an expansion to the eighth order in x and the values α^{(4)}_s (m_b) = 0.2163 and x = 0.3.

f_B∗ f_B = C_{γ⊥} (m_b) C_{/v}(m_b) + O ( Λ_{QCD} m_b ) = 1 − 2 3 α^{(4)}_s (m_b) π + [ −7.749 − 0.028n_h + 0.352n_l + ( 0.352 − 1.097x − 0.667x^2 − 1.333x^2 ln x ) n_m

] ( α^{(4)}_s (m_b) π )_2

+ [ −129.211 − 0.198n_h + 14.294n_l − 0.006n^2_h − 0.005n_hn_l

− 0.331n^2_l + ( 14.294 − 17.816x + 11.697x ln x − 0.273x^2 − 6.082x^2 ln x + 4.889x^2 ln^2 x ) n_m + ( −0.005 − 0.040x^2 ) n_hn_m + ( −0.661 + 0.692x − 0.731x ln x + 0.879x^2 + 0.296x^2 ln x − 0.444x^2 ln^2 x ) n_ln_m + ( −0.331 + 0.195x − 0.731x ln x

+ 1.213x^2 + 0.296x^2 ln x − 0.444x^2 ln^2 x ) n^2_m

] (α^{(4)}_s (m_b) π )_3

+ O ( α^4_s,

Λ_{QCD} m_b )

= 1 − 2 3 α^{(4)}_s (m_b) π − (6.370 + 0.189) ( α^{(4)}_s (m_b) π )_2

− (77.549 + 6.575) ( α^{(4)}_s (m_b) π )_3 + O ( α^4_s,

Λ_{QCD} m_b )

= 1 − 0.046 − (0.030 + 0.001) − (0.025 + 0.002) = 0.899 − 0.003 = 0.896 + O ( α^4_s, Λ_{QCD}/m_b ) . (6.4)

In the second line from the bottom the corrections from tree level, first, second and third order in α_s are given separately. Also the contributions stemming from the finite charm mass are separated (the second number in the parentheses). In the first part of the last line, the m_c correction is also separated. Power corrections O(Λ_{QCD}/m_b) are discussed in Refs. [37,8].

For the second ratio we obtain for μ = m_b

f^T_B∗ (m_b) f_B∗ = C_{/vγ⊥} (m_b) C_{γ⊥} (m_b) + O ( Λ_{QCD} m_b )

= 1 + [ −4.690 − 0.041n_h + 0.341n_l + ( 0.341 − 0.548x + 0.333x^2 ) n_m

] ( α^{(4)}_s (m_b) π )_2

+ [ −70.923 − 0.666n_h + 9.175n_l − 0.026n^2_h − 0.016n_hn_l

− 0.222n^2_l + ( 9.175 − 7.859x + 6.031x ln x + 4.555x^2 + 3.256x^2 ln x − 0.278x^2 ln^2 x ) n_m + ( −0.016 − 0.074x^2 ) n_hn_m + ( −0.444 + 0.346x − 0.366x ln x − 0.074x^2 ) n_ln_m + ( −0.222 + 0.097x − 0.366x ln x − 0.074x^2 ) n^2_m

] (α^{(4)}_s (m_b) π )_3

+ O ( α^4_s,

Λ_{QCD} m_b )

= 1 − (3.367 + 0.142) ( α^{(4)}_s (m_b) π )_2

− (38.530 + 3.973) ( α^{(4)}_s (m_b) π )_3 + O ( α^4_s ,

Λ_{QCD} m_b )

= 1 − (0.016 + 0.001) − (0.013 + 0.001) = 0.971 − 0.002 = 0.969 + O ( α^4_s, Λ_{QCD}/m_b ) . (6.5)

The coefficients of these perturbative series (at m_c = 0 and μ = m_b) can be re-written via β^′_0: ( f_B∗ f_B

)_{(2)}

= −0.53β^′_0 − 1.97 = −4.40 − 1.97 = −6.37 , ( f^T_B∗ (m_b)

f_B∗

)_{(2)}

= −0.51β^′_0 + 0.89 = −4.26 + 0.89 = −3.37 , ( f_B∗ f_B

)_{(3)}

= −0.74β^{′2}_0 − 5.06β^′_0 + 16.33

= −51.67 − 42.21 + 16.33 = −77.55 , ( f^T_B∗ (m_b)

f_B∗

)_{(3)}

= −0.50β^{′2}_0 − 2.75β^′_0 + 19.07

= −34.69 − 22.91 + 19.07 = −38.53 . (6.6)

Again, naive nonabelianization [5] works quite well for these ratios predicting the correct sign and order of magnitude.

Asymptotics of the perturbative coefficients for the matching coefficients at a large number of loops l ≫ 1 have been investigated in Ref. [8] in a modelindependent way. The results contain three unknown normalization constants N_{0,1,2} ∼ 1. Let us in the following assume that the number of loops l = 3 is much larger than one and compare our results with Ref. [8]. The asymptotics of the perturbative coefficients for f_B∗ /f_B contain N_0 and N_2 (see (5.6) in Ref. [8]); in the case of m/m̂ it contains only N_0 (see (5.9) in Ref. [8])^5 : ( f_B∗ f_B

)_{(n+1)}

L=−5/3 = − 14 27 { 1 + O ( 1 n ) + 2 7 ( 50 3 n )_{−9/25} [

1 + O ( 1 n )] N_2 N_0 }

× ( m m̂ )_{(n+1)}

L=−5/3

. (6.7)

The coefficient of N_2/N_0 is about 0.08 at n = 2, and it seems reasonable to neglect this contribution. Neglecting also 1/n corrections, we obtain [8] ( f_B∗ f_B

)_{(3)}

L=−5/3 = − 14 27 · 56.37 = −29.23 . (6.8)

Our exact result ( f_B∗ f_B

)_{(3)}

L=−5/3

= −37.787 (6.9)

agrees with this prediction reasonably well, thus confirming the simple relation (5.14) in Ref. [8]. However, 1/n corrections are large and tend to break this agreement. It is natural to expect that 1/n^2 (and higher) corrections are also substantial at n = 2.

7 Conclusion

We have calculated the N^3LO corrections to the matching coefficients of heavy– light currents in HQET. Our result takes into account effects due to the mass of the charm quark. Strictly speaking, our results should be used together with the N^3LO β-function [38,39] and anomalous dimensions of both the QCD currents and the HQET one. The four-loop anomalous dimensions are known for some of the QCD currents (for Γ = /v, γ_⊥ the anomalous dimension is exactly zero; for Γ = 1 it is just the anomalous dimension of the MS mass [40,41] with a minus sign). However, the four-loop anomalous dimension of the HQET current is not known (this anomalous dimension does not depend on the Dirac

5 Note that for convenience the choice μ = me^{−5/6} has been adopted in Ref. [8]; m̂ is the renormalization-group invariant mass (the exact definition used here is given in the unnumbered formula after (3.8) in Ref. [8]).

structure Γ).^6 The effect of this unknown anomalous dimension cancels in ratios of B-meson decay constants, f_B∗ /f_B and f^T_B∗ (μ)/f_B∗ , discussed in Sect. 6.

All the previous experience shows that contributions from anomalous dimensions are numerically much smaller than from matching coefficients. Matching coefficients have renormalon singularities at the Borel parameter u = 1/2, this is the position closest to the origin out of all possible ones; this means that the factorial growth of their perturbative coefficients is fastest among all possible variants. On the other hand, anomalous dimensions have no renormalon singularities, and their perturbative series have finite convergence radii.

Only f_B has been measured experimentally [42]. Our results can be used for predicting the B^∗ decay constants. We find that the perturbative series for f_B∗ /f_B and f^T_B∗ /f_B∗ converge very slowly at best. The effects due to the charmquark mass are small and of the order of 10^{−3}.

The matching coefficients C_Γ can be used for extraction of B (and B^∗) decay constants from lattice HQET simulations (see Ref. [9] for recent reviews), or from HQET sum rules.

Acknowledgements

We are grateful to T. van Ritbergen for the package SHELL3 [16]. We thank Rainer Sommer for communication. This work was supported by the DFG through SFB/TR9 and the Graduiertenkolleg “Hochenergiephysik und Teilchenastrophysik”, by NSERC and the Alberta Ingenuity Fund. The Feynman diagrams were drawn with the help of Axodraw [43] and JaxoDraw [44].

References

[1] M. Neubert, Phys. Rept. 245 (1994) 259 [arXiv:hep-ph/9306320].

[2] A.V. Manohar, M.B. Wise, Heavy Quark Physics, Cambridge University Press (2000).

[3] A.G. Grozin, Heavy Quark Effective Theory, Springer Tracts Mod. Phys. 201 (2004).

6 If a matrix element of the HQET current is extracted (from lattice simulations or sum rules) at a low scale μ < m_c (without dynamic c quarks), then, in addition to HQET evolution without c quark (μ < m_c) and with it (μ > m_c), one has to know the decoupling relation at μ = m_c. It is known with three-loop (N^3LO) accuracy [13].

[4] E. Eichten, B. Hill, Phys. Lett. B 234 (1990) 511.

[5] D.J. Broadhurst, A.G. Grozin, Phys. Rev. D 52 (1995) 4082 [arXiv:hepph/9410240].

[6] A.G. Grozin, Phys. Lett. B 445 (1998) 165 [arXiv:hep-ph/9810358].

[7] M. Neubert, C.T. Sachrajda, Nucl. Phys. B 438 (1995) 235 [arXiv:hepph/9407394];

M. Neubert, Phys. Rev. D 51 (1995) 5924 [arXiv:hep-ph/9412265].

[8] F. Campanario, A.G. Grozin, T. Mannel, Nucl. Phys. B 663 (2003) 280;

Erratum: ibid. B 670 (2003) 331 [arXiv:hep-ph/0303052].

[9] E. Gamiz, Proceedings of Science (Lattice 2008) 014 [arXiv:0811.4146 [hep-lat]];

C. Aubin, arXiv:0909.2686 [hep-lat].

[10] M. Della Morte et al., JHEP 02 (2008) 078 [arXiv:0710.2201 [hep-lat]];

M. Della Morte et al., Proceedings of Science (Lattice 2008) 226 [arXiv:0810.3166 [hep-lat]];

B. Blossier et al., arXiv:0911.1568 [hep-lat].

[11] D.J. Broadhurst, A.G. Grozin, Phys. Lett. B 274 (1992) 421 [arXiv:hepph/9908363];

E. Bagan, P. Ball, V.M. Braun, H.G. Dosch, Phys. Lett. B 278 (1992) 457.

[12] S.A. Larin, J.A.M. Vermaseren, Phys. Lett. B 259 (1991) 345;

S.A. Larin, in Quarks-92, ed. D.Yu. Grigoriev, V.A. Matveev, V.A. Rubakov, P.G. Tinyakov, World Scientific (2003) p. 201 [arXiv:hep-ph/9302240].

[13] A.G. Grozin, A.V. Smirnov, V.A. Smirnov, JHEP 11 (2006) 022 [arXiv:hepph/0609280].

[14] K.G. Chetyrkin, B.A. Kniehl, M. Steinhauser, Nucl. Phys. B 510 (1998) 61 [arXiv:hep-ph/9708255].

[15] K.G. Chetyrkin, A.G. Grozin, Nucl. Phys. B 666 (2003) 289 [arXiv:hepph/0303113].

[16] K. Melnikov, T. van Ritbergen, Nucl. Phys. B 591 (2000) 515 [arXiv:hepph/0005131].

[17] P. Marquard, L. Mihaila, J.H. Piclum, M. Steinhauser, Nucl. Phys. B 773 (2007) 1 [arXiv:hep-ph/0702185].

[18] S. Bekavac, A.G. Grozin, D. Seidel, M. Steinhauser, JHEP 10 (2007) 006 [arXiv:0708.1729 [hep-ph]].

[19] S. Bekavac, A.G. Grozin, D. Seidel, V.A. Smirnov, Nucl. Phys. B 819 (2009) 183 [arXiv:0903.4760 [hep-ph]].

[20] J.A. Gracey, Phys. Lett. B 488 (2000) 175 [arXiv:hep-ph/0007171].

[21] A.G. Grozin, P. Marquard, J.H. Piclum, M. Steinhauser, Nucl. Phys. B 789 (2008) 277 [arXiv:0707.1388 [hep-ph]].

[22] K.G. Chetyrkin, M. Steinhauser, Phys. Rev. Lett. 83 (1999) 4001 [arXiv:hepph/9907509]; Nucl. Phys. B 573 (2000) 617 [arXiv:hep-ph/9911434].

[23] K. Melnikov, T. van Ritbergen, Phys. Lett. B 482 (2000) 99 [arXiv:hepph/9912391].

[24] P. Nogueira, J. Comput. Phys. 105 (1993) 279.

[25] R. Harlander, T. Seidensticker, M. Steinhauser, Phys. Lett. B 426 (1998) 125 [arXiv:hep-ph/9712228];

T. Seidensticker, arXiv:hep-ph/9905298.

[26] K.G. Chetyrkin, F.V. Tkachov, Nucl. Phys. B 192 (1981) 159. [27] J.A.M. Vermaseren, arXiv:math-ph/0010025. [28] P. Marquard, D. Seidel, unpublished.

[29] S. Laporta, E. Remiddi, Phys. Lett. B 379 (1996) 283 [arXiv:hep-ph/9602417];

S. Laporta, Int. J. Mod. Phys. A 15 (2000) 5087 [arXiv:hep-ph/0102033]. [30] P. Marquard, J.H. Piclum, D. Seidel, M. Steinhauser, Phys. Lett. B 678 (2009) 269 [arXiv:0904.0920 [hep-ph]].

[31] A.V. Smirnov, M.N. Tentyukov, Comput. Phys. Commun. 180 (2009) 735 [arXiv:0807.4129 [hep-ph]].

[32] http://www-ttp.particle.uni-karlsruhe.de/Progdata/ttp09/ttp09-41/. [33] S. Bekavac, A.G. Grozin, D. Seidel, M. Steinhauser, arXiv:0906.0130 [hep-ph]. [34] S. Bekavac, PhD-Thesis, Karlsruhe, January 2009; Shaker Verlag, Aachen, May 2009.

[35] E. Remiddi, J.A.M. Vermaseren, Int. J. Mod. Phys. A 15 (2000) 725 [arXiv:hepph/9905237].

[36] D. Maître, Comput. Phys. Commun. 174 (2006) 222 [arXiv:hep-ph/0507152];

arXiv:hep-ph/0703052.

[37] M. Neubert, Phys. Rev. D 46 (1992) 1076.

[38] T. van Ritbergen, J.A.M. Vermaseren, S.A. Larin, Phys. Lett. B 400 (1997) 379 [arXiv:hep-ph/9701390].

[39] M. Czakon, Nucl. Phys. B 710 (2005) 485 [arXiv:hep-ph/0411261]. [40] K.G. Chetyrkin, Phys. Lett. B 404 (1997) 161 [arXiv:hep-ph/9703278]. [41] J.A.M. Vermaseren, S.A. Larin, T. van Ritbergen, Phys. Lett. B 405 (1997) 327 [arXiv:hep-ph/9703284].

[42] K. Ikado et al. (Belle Collaboration), Phys. Rev. Lett. 97 (2006) 251802 [arXiv:hep-ex/0604018];

B. Aubert et al. (BaBar Collaboration), Phys. Rev. D 77 (2008) 011107 [arXiv:0708.2260 [hep-ex]].

[43] J.A.M. Vermaseren, Comput. Phys. Commun. 83 (1994) 45. [44] D. Binosi, L. Theussl, Comput. Phys. Commun. 161 (2004) 76 [arXiv:hepph/0309015].