PITHA-09/07 IPPP/09/09 DCPT/09/18 TTP09-06 SFB/CPP-09-21 Saclay-IPhT-T09/021 February 2009

Nine-Propagator Master Integrals for Massless Three-Loop Form Factors

G. Heinrich^a, T. Huber^b, D. A. Kosower^c, V. A. Smirnov^{d,e}

aInstitute for Particle Physics Phenomenology, University of Durham, Durham, DH1 3LE, UK

bInstitut für Theoretische Physik E, RWTH Aachen University, D-52056 Aachen, Germany

cInstitut de Physique Théoretique, CEA–Saclay, F-91191 Gif-sur-Yvette cedex, France

dSkobeltsyn Institute of Nuclear Physics of Moscow State University, 119992 Moscow, Russia

eInstitut für Theoretische Teilchenphysik, Universität Karlsruhe (TH), D-76128 Karlsruhe, Germany

Abstract We complete the calculation of master integrals for massless three-loop form factors by computing the previously-unknown three diagrams with nine propagators in dimensional regularisation. Each of the integrals yields a six-fold Mellin-Barnes representation which we use to compute the coefficients of the Laurent expansion in ϵ. Using Riemann ζ functions of up to weight six, we give fully analytic results for one integral; for a second, analytic results for all but the finite term; for the third, analytic results for all but the last two coefficients in the Laurent expansion. The remaining coefficients are given numerically to sufficiently high accuracy for phenomenological applications.

1 Introduction

The quark form factor γ^∗ → qq̄ and gluon form factor H → gg (effective coupling) are the simplest processes containing infrared divergences at higher orders in massless quantum field theory, and therefore are of particular interest in many aspects. They have, for instance, been used to predict the infrared pole structure of multi-leg amplitudes at a given order [1–4]. The form factors can also be exploited to extract resummation coefficients [5, 6], and they enter the purely virtual corrections to a number of collider reactions (Drell-Yan process, Higgs production and decay, DIS).

Besides phenomenological applications, a major motivation for obtaining analytic results at three-loop order and beyond is finding and understanding structures in massless gauge theories that generalize to an arbitrary number of loops. Much progress has been achieved recently in the prediction of all-order singularity structures in QCD [7, 8], in conjectures about the all-orders behaviour of maximally supersymmetric Yang-Mills theories [9–17] and in investigations of the finiteness of N=8 supergravity [18–23]. It has also been shown, at two loops [24,25] and recently even for the matter contributions at three loops [26], that the soft anomalous dimension matrix in any massless gauge theory is proportional to the one-loop matrix.

The two-loop corrections to the massless-quark [27] and gluon [28, 29] form factors were computed in dimensional regularisation with D = 4 − 2ϵ to order ϵ^0 and subsequently extended to all orders in ϵ in ref. [30]. Two-loop corrections to order ϵ^0 are also available for massive quarks [31]. The three-loop form factors to order ϵ^{−1} (and ϵ^0 for contributions involving fermion loops in the quark form factor) were computed in refs. [6, 32]; see also ref. [33].

In order to calculate the quark and gluon form factors at higher orders in perturbation theory, the amplitudes are reduced to a small set of master integrals by means of algebraic reduction procedures [34–38]. At the three-loop level, the master integrals for massless form factors were identified in ref. [39], and results for certain subsets are available in the literature [34, 39–42]. Among the three-loop master integrals, the genuine three-loop vertex functions are the most challenging ones from a computational point of view. They correspond to two-particle cuts of the master integrals for massless four-loop off-shell propagator integrals [43], which have been used in the calculation of the scalar R-ratio [44]. In fact, such a correspondence, via two-particle cuts, between these two families of master integrals follows from the general result of ref. [45]. The derivation of the three-loop vertex integrals is of comparable complexity to massless fourloop propagator integrals.

Working in dimensional regularisation and expanding the master integrals in a Laurent series in ϵ, the finite part of the three-loop form factors requires the extraction of all coefficients through (polylogarithmic) weight six^‡, i.e. coefficients containing terms up to π^6 or ζ^2_3 .

Those genuine three-loop vertex functions which contain one-loop or two-loop propagator insertions were computed in ref. [39]. The three-loop master integrals which are sufficient in order to obtain the fermion loop contributions within a Feynman diagrammatic approach were computed in ref. [40]. The purpose of this Letter is to give the results of the remaining three diagrams which have nine propagators each. We present analytic results for all but three coefficients in the ϵ expansion, along with accurate numerical values for the remaining ones.

‡We prefer to use the term “weight” instead of “transcendentality”, because from a mathematical point of view there is no proof that ζ3 is a transcendental number.

� � � � � � �

� � � � � �

� � � � �

� � � � � A_{9,1}

� � � � � � �

� � � � � �

� � � � � �

� � � � � �

� � �

A_{9,2}

� � � � � � �

� � � � � �

� � � � �

� � � � � � � � � �

A_{9,4}

Figure 1: Three-loop master integrals with nine massless propagators. The incoming momentum is q = p_1 + p_2. Outgoing momenta are taken to be on-shell and massless, p^2_1 = p^2 = 0.

2 Computational Methods and Results

In this section, we list the results we obtained for the three-loop master integrals with nine propagators. They are depicted in Fig. 1 and labeled as in refs. [39,40]. All other diagrams with up to eight propagators were already given in the same references. We will work in dimensional regularisation with D = 4 − 2ϵ.

2.1 Diagram A_{9,1}

The first diagram to be considered is A_{9,1} which can be written as follows,

A_{9,1} =

∫ d_Dk

(2π)^D

∫ d_Dl

(2π)^D

∫ d_Dr

(2π)^D × 1 k^2 (k + p_1)^2 (k + l)^2 (k − r)^2 (l + r)^2 (l + p_2)^2 l^2 (r + p_1)^2 (r − p_2)^2

. (1)

Here and in the following we tacitly assume that all propagators contain an infinitesimal +iη. The integral in eq. (1) can be written in terms of the following six-fold Mellin-Barnes (MB) representation [46–49]:

A_{9,1} = i S^3_Γ [ − q^2 − i η

]_{−3−3 ϵ} Γ3(1 − ϵ)

Γ(−2 ϵ)

c1+i ∞ ∫ c1−i ∞

dw_1 2πi c2+i ∞ ∫ c2−i ∞

dw_2 2πi c3+i ∞ ∫ c3−i ∞

dw_3 2πi c4+i ∞ ∫ c4−i ∞

dw_4 2πi c5+i ∞ ∫ c5−i ∞

dw_5 2πi c6+i ∞ ∫ c6−i ∞

dw_6 2πi × Γ(−w_2) Γ(2 + w_1 + w_2) Γ(−w_3) Γ(w_3 − w_2 − w_4) Γ(−w_4) Γ(−w_5) Γ(1 + w_3 + w_5) Γ(−w_2 − w_4) Γ(2 + w_3 + w_5) Γ(2 + w_5 + w_6) × Γ(w_4 + w_5 − w_1) Γ(−w_6) Γ(1 + w_5 + w_6) Γ(−2 − 3ϵ − w_3 − w_5) Γ(−1 − 4ϵ − w_5) Γ(−1 − 3ϵ − w_2) Γ(3 + ϵ + w_1 + w_2) Γ(3 + 3ϵ + w_5)

× Γ(−1 − 2ϵ − w_2 − w_4) Γ(−2 − 3ϵ − w_5 − w_6) Γ(2 + ϵ + w_1 + w_2) Γ(w_1 − w_5 − ϵ) × Γ(3 + 2ϵ + w_2 + w_4 + w_5 + w_6) Γ(3 + 3ϵ + w_3 + w_5) Γ(3 + 3ϵ + w_5 + w_6) × Γ(−1 − ϵ − w_1) Γ(−1 − ϵ − w_2) , (2)

where q^2 = (p_1 + p_2)^2 and S_Γ = 1 (4π)^{D/2} Γ(1 − ϵ)

. (3)

The representation (2) was obtained from eq. (1) by first introducing Feynman parameters; then, integrating over the momenta, loop by loop, and finally introducing MB parameters to decompose sums into products where appropriate. As usual, the contour integrals in the complex plane are along curves which separate left poles of Γ functions from right ones, where “left poles” are poles stemming from a Γ(. . . + w) dependence, while “right poles” stem from a Γ(. . . − w) dependence [49]. The most convenient choice for these contours are straight lines parallel to the imaginary axis, that is with constant real parts along the curves. According to refs. [47, 48], these real parts, together with the parameter ϵ, must be chosen in such a way as to have positive arguments in all occurring Γ functions in order to separate left and right poles in the desired way. In certain situations, such admissible straight contours and an appropriate starting value of ϵ do not exist. This can be cured via the introduction of an auxiliary analytic regularisation (see, e.g., refs. [47, 48]).

The regularisation of the MB integral as described above, as well as the analytic continuation to ϵ = 0, was done with the MB package [50] and, alternatively, with the MBresolve package [51], which is based on the strategy formulated in ref. [46]. (Within this latter strategy, straight lines for the contours along the imaginary axis are not required at the beginning.) These packages were also used for numerical cross checks. Moreover, we have also derived sevenfold MB representations in two different ways: using the AMBRE package [52] and starting from the MB representation of ref. [10] derived for general powers of the propagators for the tennis court diagram. The numerical evaluation based on these two MB representations was again performed with MB. In addition we performed numerical checks with the sector decomposition methods of [53, 54] and the FIESTA [55] package. (See ref. [56] for another implementation of sector decomposition.)

As analytic techniques we apply Barnes’s lemmas and the theorem of residues to the multiple Mellin-Barnes integrals, and insert integral representations of hypergeometric functions as well as ψ functions and Euler’s B function where appropriate. We also make use of the HPL [57–60],

HypExp [61, 62], and barnesroutines [63] packages, as well as an in-house implementation of

the nested sums algorithm [64, 65]. The final result for A_{9,1} reads,

A_{9,1} = i S^3_Γ [ − q^2 − i η

]_{−3−3 ϵ}

× [ − 1 18ϵ^5 + 1 2ϵ^4 + ( − 53 18 − 4π^2 27 ) 1 ϵ^3 + (29 2 + 22π^2 27 − 2ζ_3 ) 1 ϵ^2 + ( − 129 2 − 8π^2 3 + 158 9 ζ_3 −

20π^4 81 ) 1 ϵ + (537 2 + 6π^2 − 578 9 ζ_3 +

322π^4 405 − 14 3 π^2ζ_3 − 238 3 ζ_5 )

+ ( − 2133 2 − 4π^2 + 158ζ_3 −

302π^4 135 − 26 3 π^2ζ_3 + 826 3 ζ_5 −

2398π^6 5103 − 466 3 ζ^2_3 ) ϵ +O(ϵ^2) ] . (4)

We emphasize at this point that all terms in eq. (4) have been derived by purely analytic steps.

We also derived this result by evaluating first the following integral with a numerator:

A^{(n)}_{9,1} =

∫ d_Dk

(2π)^D

∫ d_Dl

(2π)^D

∫ d_Dr

(2π)^D × r^2 k^2 (k + p_1)^2 (k + l)^2 (k − r)^2 (l + r)^2 (l + p_2)^2 l^2 (r + p_1)^2 (r − p_2)^2

. (5)

Starting from the above mentioned MB representation in ref. [10] for the tennis court diagram and setting one of the indices to minus one (the index corresponding to the numerator r^2), we obtained the following seven-dimensional MB representation:

A^{(n)}_{9,1} = i S^3_Γ [ − q^2 − i η

]_{−2−3 ϵ} Γ3(1 − ϵ)

Γ(−2 ϵ)

c1+i ∞ ∫ c1−i ∞

dw_1 2πi c2+i ∞ ∫ c2−i ∞

dw_2 2πi c3+i ∞ ∫ c3−i ∞

dw_3 2πi c4+i ∞ ∫ c4−i ∞

dw_4 2πi c5+i ∞ ∫ c5−i ∞

dw_5 2πi c6+i ∞ ∫ c6−i ∞

dw_6 2πi c7+i ∞ ∫ c7−i ∞

dw_7 2πi × Γ(−w_2)Γ(1 + w_1 + w_2 + w_3)Γ(−w_3)Γ(−w_4)Γ(1 + w_1 + w_4)Γ(−1 − ϵ − w_1 − w_3) Γ(1 − w_2)Γ(1 − w_3)Γ(1 − 2ϵ + w_1 + w_2 + w_3) × Γ(−1 − ϵ − w_1 − w_2 − w_4) Γ(2 + ϵ + w_1 + w_2 + w_3 + w_4) Γ(−ϵ + w_1 + w_3 − w_5) Γ(−4ϵ − w_5) Γ(1 − w_6) Γ(1 − w_4 − w_7)

× Γ(2 + 3ϵ + w_5) Γ(−1 − 3ϵ − w_5 − w_6) Γ(−w_6) Γ(1 + w_5 + w_6) × Γ(−1 − 3ϵ − w_4 − w_5 − w_7) Γ(−ϵ + w_1 + w_2 − w_5 − w_6 − w_7) Γ(−w_5) Γ(−w_7) × Γ(−w_1 + w_5 + w_7) Γ(1 + ϵ − w_1 − w_2 − w_3 + w_5 + w_6 + w_7) . (6)

It turns out that at each order in the ϵ expansion of A^{(n)}_{9,1} , the coefficients have homogeneous weight. This property turns out to be very helpful when one uses the so-called PSLQ algorithm [66]. Postulating that a given numerical result can be represented as a linear combination of certain constants (typically ζ values and powers of π) accompanied by rational coefficients, this algorithm solves for the latter. Starting from eq. (6) and using the MB and MBresolve packages, we applied the Barnes lemmas whenever possible to MB integrals which appeared after expanding in ϵ. At this point, at worst two-dimensional MB integrals were left. We calculated these integrals to an accuracy of 25 digits, which was sufficient to obtain very stable PSLQ results. For the term of highest weight we used the assumption that it is a linear combination, with rational coefficients, of π^6 and ζ^2_3 . This lead to the following result:

A^{(n)}_{9,1} = i S^3_Γ [ − q^2 − i η

]_{−2−3 ϵ}

× [ − 1 36ϵ^6 − π^2 18ϵ^4 − 14ζ_3 9ϵ^3 − 47π^4 405ϵ^2 + ( − 85 27 π^2ζ_3 − 20ζ_5 ) 1 ϵ + ( − 1160π^6 5103 − 137 3 ζ^2_3 ) + O(ϵ) ] . (7)

Subsequently, we derived an analytic relation between A_{9,1} and A^{(n)}_{9,1} by means of a Laporta reduction [35] using, independently, the AIR [37] and FIRE [38] packages. The result reads^§

A^{(n)}_{9,1} =

8(2D − 7)(2D − 5)(3D − 10)(3D − 8)(D − 3)(1311D^2 − 11764D + 26396) 9(D − 4)^5(3D − 14)(5D − 22) (q^2)^4

A_4 + 80(2D − 7)(3D − 14)(3D − 8)(D − 3)^2 3(D − 4)^4(5D − 22) (q^2)^3

A_{5,1} − 64(2D − 7)(D − 3)^3(69D^2 − 580D + 1220) 9(D − 4)^4(3D − 14)(5D − 22) (q^2)^3

A_{5,2} + 8(3D − 14)(3D − 10)(3D − 8)(D − 3)^2 (D − 4)^4(5D − 22) (q^2)^3

A^{(M)}_{5,1} − 32(2D − 7)(D − 3)^3(45D − 202)

3(D − 4)^4(5D − 22) (q^2)^3

A^{(M)}_{5,2} + 64(2D − 7)(D − 3)^2 3(D − 4)(3D − 14)(5D − 22) (q^2)^2

A_{6,1} −

20(2D − 7)(5D − 18) 9(D − 4)^2 (q^2)^2

A_{6,2} + 8(2D − 7)(3D − 14)(3D − 10)(D − 3) (D − 4)^3(5D − 22) (q^2)^2

A_{6,3} − 2(3D − 14) (5D − 22)q^2

A_{7,3} −

(3D − 14)^2q^2 2(D − 4)(5D − 22)

A_{9,1} . (8)

The integrals A_4, A^{(M)}_{5,1} , and A^{(M)}_{5,2} are listed in the Appendix, while all other integrals with fewer than nine propagators are given in refs. [39, 40]. For convenience, all the corresponding graphs are shown in the Appendix, Fig. 2. We have checked that eqs. (4),(7) satisfy this relation.

2.2 Diagram A_{9,2} The next diagram we consider is A_{9,2}. It reads

A_{9,2} =

∫ d_Dk

(2π)^D

∫ d_Dl

(2π)^D

∫ d_Dr

(2π)^D (9) × 1 k^2 (k + p_1)^2 (k − l + p_1)^2 (k − r − l)^2 (l + r)^2 (l + p_2)^2 l^2 (r + p_1)^2 (r − p_2)^2 . Like A_{9,1}, it can be written in terms of a six-fold Mellin-Barnes representation.

A_{9,2} = i S^3_Γ [ − q^2 − i η

]_{−3−3 ϵ} Γ3(1 − ϵ) Γ(−2 ϵ)

c1+i ∞ ∫ c1−i ∞

dw_1 2πi c2+i ∞ ∫ c2−i ∞

dw_2 2πi c3+i ∞ ∫ c3−i ∞

dw_3 2πi c4+i ∞ ∫ c4−i ∞

dw_4 2πi c5+i ∞ ∫ c5−i ∞

dw_5 2πi c6+i ∞ ∫ c6−i ∞

dw_6 2πi × Γ(−w_1) Γ(2 + w_1 + w_2) Γ(−w_5) Γ(−w_2 + w_3 + w_4 + 1) Γ(w_5 − w_2) Γ(w_5 − w_4) Γ(1 − w_4 + w_5) Γ(−w_1 − w_3 + w_6) Γ(1 − w_2 + w_5 + w_6) Γ(2 − ϵ + w_1 + w_3 + w_4)

§We also thank Beat Tödtli for correspondence on this point [68].

× Γ(−w_6) Γ(w_6 + 1) Γ(w_6 − w_3) Γ(1 + w_5 + w_6) Γ(−2 − 2ϵ − w_1 − w_3) Γ(2 − 2ϵ + w_1 + w_3 + w_4) Γ(−1 − w_1 − 3ϵ) Γ(1 − ϵ + w_4 − w_5) Γ(3 + ϵ + w_1 + w_2)

× Γ(−1 − ϵ − w_2) Γ(1 − ϵ + w_1 + w_3) Γ(w_2 − w_4 − ϵ) Γ(1 + w_4 − ϵ) Γ(−1 − ϵ − w_1) × Γ(1 − ϵ + w_1 + w_3 + w_4 − w_5 − w_6) Γ(ϵ − w_1 − w_3 − w_4 + w_5 + w_6) × Γ(w_4 − w_5 − ϵ) Γ(2 + ϵ + w_1 + w_2) Γ(3 + 2ϵ + w_1 + w_3 + w_4) . (10) The techniques we apply are the same as before. The final result for A_{9,2} reads

A_{9,2} = i S^3_Γ [ − q^2 − i η

]_{−3−3 ϵ}

× [ 2 9ϵ^6 + 5 6ϵ^5 + ( − 20 9 − 7π^2 27 ) 1 ϵ^4 + ( 50 9 − 17π^2 27 − 91 9 ζ_3 ) 1 ϵ^3 + ( − 110 9 + 4π^2 3 − 166 9 ζ_3 −

373π^4 1080 ) 1 ϵ^2 + ( 170 9 − 16π^2 9 + 494 9 ζ_3 −

187π^4 540 + 179 27 π^2ζ_3 − 167ζ_5 )1 ϵ + (−670.0785 ± 0.0326) + O(ϵ) ] . (11) The number for the finite term was obtained with MB [50]. Again, all pole terms in eq. (11) have been derived by purely analytic steps. As in the previous case we performed an independent analytic calculation of an integral with a numerator, which again turns out to have homogeneous weight^¶ at each order in the ϵ expansion:

A^{(n)}_{9,2} =

∫ d_Dk

(2π)^D

∫ d_Dl

(2π)^D

∫ d_Dr

(2π)^D

(12) × (l − p_1)^2 k^2 (k + p_1)^2 (k − l + p_1)^2 (k − r − l)^2 (l + r)^2 (l + p_2)^2 l^2 (r + p_1)^2 (r − p_2)^2 . Again, we relate A_{9,2} to A^{(n)}_{9,2} by means of a Laporta reduction [37, 38]. The result reads

A^{(n)}_{9,2} = −

16(2D − 7)(2D − 5)(3D − 10)(3D − 8)(D − 3)(70D − 303) 3(D − 4)^4(2D − 9)(5D − 22) (q^2)^4

A_4 − 64(2D − 7)(3D − 8)(D − 3)^2(19D − 84)

3(D − 4)^3(2D − 9)(5D − 22) (q^2)^3

A_{5,1} −

64(2D − 7)(D − 3)^3 3(D − 4)^3(2D − 9) (q^2)^3

A_{5,2} − 16(3D − 10)(3D − 8)(D − 3)^2 (D − 4)^2(2D − 9)(5D − 22) (q^2)^3

A^{(M)}_{5,1} +

64(2D − 7)(3D − 10)(D − 3)^3 3(D − 4)^3(2D − 9)(5D − 22) (q^2)^3

A^{(M)}_{5,2} − 8(2D − 7)(5D − 18)(16D − 71) 3(D − 4)(2D − 9)(5D − 22) (q^2)^2

A_{6,2} +

10(D − 3) (2D − 9)q^2

A_{7,1} − 8(D − 4)^2 (2D − 9)(5D − 22)q^2

A_{7,3} +

8(3D − 13)(3D − 11) (2D − 9)(5D − 22)q^2

[A_{7,4} + A_{7,5}] − (3D − 14) (5D − 22) [ A_8 − q^2 A_{9,2} ] . (13)

¶We thank Lance Dixon for the suggestion that this particular numerator generates homogeneous weights.

We observed homogeneity of weights for A^{(n)}_{9,2} in all coefficients where we have an analytic result.

To evaluate A^{(n)}_{9,2} we started again with eq. (10) and repeatedly applied the Barnes lemmas as much as possible. The resulting integrals were treated numerically. Afterwards, the numbers were plugged into the right-hand side of eq. (13) and an expansion in ϵ was performed. Assuming homogeneous weight helped to minimize the number of possible constants in A^{(n)}_{9,2} . There is only one constant each at weight 0,2,3 and 4 (1, π^2, ζ_3, π^4) and two constants each at weight 5 (π^2ζ_3 and ζ_5) and 6 (ζ^2_3 and π^6). Using PSLQ, we reproduced the result in eq. (11) up to order 1/ϵ^2. We note that the MB integrals contributing to the finite part of A_{9,2} have dimensionality as high as five, and therefore prevent us from achieving an accuracy which is sufficient for a successful application of the PSLQ algorithm.

For the integral with the numerator, the result reads

A^{(n)}_{9,2} = i S^3_Γ [ − q^2 − i η

]_{−2−3 ϵ}

× [ − 2 9ϵ^6 + 7π^2 27ϵ^4 + 91ζ_3 9ϵ^3 + 373π^4 1080ϵ^2 + ( − 179 27 π^2ζ_3 + 167ζ_5 ) 1 ϵ + (395.3405 ± 0.0326) + O(ϵ) ] . (14)

2.3 Diagram A_{9,4} The last diagram we consider is A_{9,4}. It reads

A_{9,4} =

∫ d_Dk

(2π)^D

∫ d_Dl

(2π)^D

∫ d_Dr

(2π)^D

(15) × 1 k^2 (k + p_1)^2 (k − r)^2 (k − r − l)^2 (l + r)^2 (l + p_2)^2 l^2 (r + p_1)^2 (r − p_2)^2 . Like the previous integrals, it can be written in terms of a six-fold Mellin-Barnes representation,

A_{9,4} = i S^3_Γ [ − q^2 − i η

]_{−3−3 ϵ} Γ3(1 − ϵ) Γ(−2 ϵ)Γ(−1 − 4 ϵ) × c1+i ∞ ∫ c1−i ∞

dw_1 2πi c2+i ∞ ∫ c2−i ∞

dw_2 2πi c3+i ∞ ∫ c3−i ∞

dw_3 2πi c4+i ∞ ∫ c4−i ∞

dw_4 2πi c5+i ∞ ∫ c5−i ∞

dw_5 2πi c6+i ∞ ∫ c6−i ∞

dw_6 2πi × Γ(−w_1) Γ(1 + w_1 + w_2) Γ(−w_3) Γ(1 − w_1 + w_3) Γ(w_3 − w_2) Γ(1 + w_4) Γ(1 + w_5) Γ(1 − w_1) Γ(w_1 + w_2 − w_3 − w_4 + w_5 − 2ϵ) Γ(1 − 2ϵ + w_1 + w_2) × Γ(−w_5) Γ(w_4 − w_5 + 1) Γ(w_5 − w_4) Γ(−w_6) Γ(1 + w_3 + w_4 + w_6 − w_5) Γ(2 − w_1 + w_3 + w_4) Γ(1 − w_2 + w_3 + w_4 − w_5) Γ(2 + w_3 + w_4 + w_6)

× Γ(−2 − 3ϵ − w_4) Γ(w_1 + w_2 − w_3 − 2ϵ) Γ(−w_1 − ϵ) Γ(w_1 − ϵ) Γ(−1 − ϵ − w_2) × Γ(−2 − 3ϵ − w_3 − w_4 + w_5 − w_6) Γ(1 + ϵ − w_1 − w_2 + w_3 + w_4) × Γ(1 + w_2 − ϵ) Γ(2 + ϵ + w_1 + w_2 + w_6) Γ(3 + 3ϵ + w_3 + w_4 + w_6) . (16)

The techniques we apply are the same as above. The final result for A_{9,4} reads,

A_{9,4} = i S^3_Γ [ − q^2 − i η

]_{−3−3 ϵ}

× [ 1 9ϵ^6 + 8 9ϵ^5 + ( − 1 −

10π^2 27 ) 1 ϵ^4 + ( − 14 9 − 47π^2 27 − 12ζ_3 ) 1 ϵ^3 + ( 17 +

71π^2 27 − 200 3 ζ_3 −

47π^4 810 ) 1 ϵ^2 + ( 117.3999538 ± 0.0000032 ) 1 ϵ + (1948.167043 ± 0.000025) + O(ϵ) ] . (17)

The two numbers were again obtained with MB [50]. All higher pole terms in eq. (17) have again been derived by purely analytic steps. In the case of A_{9,4} a homogeneous-weight master integral also exists, with a numerator:

A^{(n)}_{9,4} =

∫ d_Dk

(2π)^D

∫ d_Dl

(2π)^D

∫ d_Dr

(2π)^D

(18) × r^2 k^2 (k + p_1)^2 (k − r)^2 (k − r − l)^2 (l + r)^2 (l + p_2)^2 l^2 (r + p_1)^2 (r − p_2)^2 . For A_{9,4}, we also used the same alternative method of calculation as in the case of A_{9,2}. This procedure was again based on a relation between A_{9,4} to A^{(n)}_{9,4} , which follows from a Laporta reduction [37, 38]. The relation reads

A^{(n)}_{9,4} = −

16(2D − 7)(2D − 5)(3D − 10)(3D − 8)(D − 3)(348D^2 − 3037D + 6618) 9(D − 4)^4(2D − 9)(3D − 14)(5D − 22) (q^2)^4

A_4 + 32(2D − 7)(3D − 8)(D − 3)^2(31D − 138)

3(D − 4)^3(2D − 9)(5D − 22) (q^2)^3

A_{5,1} + 128(2D − 7)(D − 3)^3(195D^2 − 1726D + 3816) 9(D − 4)^3(2D − 9)(3D − 14)(5D − 22) (q^2)^3

A_{5,2} − 128(2D − 7)(D − 3)^2 3(D − 4)(3D − 14)(5D − 22) (q^2)^2

A_{6,1} +

8(2D − 7)(5D − 18)(28D − 123) 9(D − 4)(2D − 9)(5D − 22) (q^2)^2

A_{6,2} − 8(2D − 7)(3D − 10)(D − 3)(7D − 30)

(D − 4)^2(2D − 9)(5D − 22) (q^2)^2

A_{6,3} +

20(D − 3) (2D − 9)q^2

A_{7,2} − 8(3D − 13)(3D − 11) (2D − 9)(5D − 22)q^2

[A_{7,4} + A_{7,5}] −

(3D − 14)^2q^2 2(2D − 9)(5D − 22)

A_{9,4} . (19)

For the integral with numerator, the result reads

A^{(n)}_{9,4} = i S^3_Γ [ − q^2 − i η

]_{−2−3 ϵ}

× [ 1 9ϵ^6 − 10π^2 27ϵ^4 − 12ζ_3 ϵ^3 − 47π^4 810ϵ^2 + (206.7612077 ± 0.0000032) 1 ϵ + (1237.300592 ± 0.000035) + O(ϵ) ] . (20)

As was the case for A_{9,2}, the remaining Mellin-Barnes integrals are of too high dimension to allow for a stable PSLQ fit to determine the remaining coefficients analytically. However, we are confident that a dedicated effort to determine the remaining coefficients analytically will eventually be successful.

3 Conclusions and Outlook

In this Letter we have evaluated the three nine-propagator master integrals needed for computing the quark and gluon form factors to three-loop order. Each of the three integrals can be expressed in terms of a six-fold Mellin-Barnes representation from which we determine all coefficients through weight six in the Riemann ζ function. One integral is given fully analytically up to order ϵ. For the second one we give an analytic representation for all pole parts, and the third one is given analytically except for the coefficients of 1/ϵ and ϵ^0 in the Laurent expansion in ϵ. The remaining Laurent coefficients are given numerically to an accuracy which is sufficient for all phenomenological applications.

Note added: Our results for the coefficients of the three master integrals A_{9,1}, A_{9,2} and A_{9,4} partially overlap with those of ref. [67] where these integrals were evaluated in an indirect way. Agreement has been found for all common coefficients: terms up to ϵ^0 for A_{9,1}, up to 1/ϵ for A_{9,2} and up to 1/ϵ^2 for A_{9,4}. To avoid confusion, we would like to point out that the convention for the overall prefactor used in ref. [67] differs from our one. For other recent progress on the three-loop quark form factor see ref. [68].

Acknowledgements

We would like to thank Thomas Gehrmann for useful correspondence. This work was supported by Deutsche Forschungsgemeinschaft, SFB/TR 9 “Computergestützte Theoretische Teilchenphysik”, by the German Federal Ministry of Education and Research (BMBF), by the UK Science and Technology Facilities Council, and by the Russian Foundation for Basic Research, grant 08-02-01451. DAK and VAS also acknowledge the support of the ECO-NET program of the Egide under grant 12516NC as well as the hospitality of the Galileo Galilei Institute in Florence, during its workshop, “Advancing Collider Physics: from Twistors to Monte Carlos” (August – October 2007) where part of this work was carried out. TH acknowledges hospitality from the CERN theory group, where part of this work was performed.

A Additional integrals

In this appendix we collect some additional integrals which appear in the Laporta reduction of the nine-propagator integrals with numerator. Three of the integrals are two-point functions of the MINCER type [42]. The fourth one is the eight-propagator butterfly graph. The diagrams are depicted in Fig. 2, together with diagrams which have been calculated in Ref. [40]. The results for the two-point functions are

A_4 =

∫ d_Dk

(2π)^D

∫ d_Dl

(2π)^D

∫ d_Dr

(2π)^D 1 (k + q)^2 (k + l)^2 (l + r)^2 r^2

= −i S^3_Γ [ − q^2 − i η

]_{2−3 ϵ} Γ7(1 − ϵ)Γ(−2 + 3ϵ) Γ(4 − 4ϵ)

, (21)

A^{(M)}_{5,1} =

∫ d_Dk

(2π)^D

∫ d_Dl

(2π)^D

∫ d_Dr

(2π)^D 1 k^2 (k + q)^2 (l + q)^2 (l + r)^2 r^2

= i S^3_Γ [ − q^2 − i η

]_{1−3 ϵ} Γ8(1 − ϵ)Γ(ϵ)Γ(−1 + 2ϵ)

Γ(2 − 2ϵ)Γ(3 − 3ϵ)

, (22)

A^{(M)}_{5,2} =

∫ d_Dk

(2π)^D

∫ d_Dl

(2π)^D

∫ d_Dr

(2π)^D 1 (r + q)^2 k^2 l^2 (k + r)^2 (l + r)^2

= i S^3_Γ [ − q^2 − i η

]_{1−3 ϵ} Γ8(1 − ϵ)Γ2(ϵ)Γ(−1 + 3ϵ)Γ(2 − 3ϵ) Γ^2(2 − 2ϵ)Γ(2ϵ)Γ(3 − 4ϵ)

. (23)

The last integral which we give is the eight-propagator butterfly graph A_{8,B}, depicted in Fig. 2. It is not a master integral, but it is useful in quite a number of calculations. It is obtained from A_{9,1} by shrinking the horizontal propagator to a point. From the Laporta reduction we obtain

A_{8,B} =

∫ d_Dk

(2π)^D

∫ d_Dl

(2π)^D

∫ d_Dr

(2π)^D × 1 k^2 (k + p_1)^2 (k − r)^2 (l + r)^2 (l + p_2)^2 l^2 (r + p_1)^2 (r − p_2)^2 = − 128(2D − 7)(D − 3)^3 (D − 4)^3(3D − 14) (q^2)^3

A_{5,2} +

32(2D − 7)(D − 3)^2 3(D − 4)^2(3D − 14) (q^2)^2

A_{6,1}

+ 48(2D − 7)(2D − 5)(3D − 10)(3D − 8)(D − 3)

(D − 4)^4(3D − 14) (q^2)^4

A_4 . (24)

Hence the integral can be written entirely in terms of Γ functions. Its expansion reads

A_{8,B} = i S^3_Γ [ − q^2 − i η

]_{−2−3 ϵ}

× [ 1 9ϵ^5 − 1 3ϵ^4 + ( 1 − 2π^2 9 ) 1 ϵ^3 + ( − 3 +

2π^2 3 − 52 9 ζ_3 ) 1 ϵ^2 + ( 9 − 2π^2 + 52 3 ζ_3 −

7π^4 90 ) 1 ϵ + ( − 27 + 6π^2 − 52ζ_3 +

7π^4 30 + 68 9 π^2ζ_3 − 140 3 ζ_5 )

+ ( 81 − 18π^2 + 156ζ_3 −

7π^4 10 − 68 3 π^2ζ_3 + 140ζ_5 +

2473π^6 34020 + 1136 9 ζ^2_3 ) ϵ +O(ϵ^2) ] . (25)

� �

� �

A_4

� �

�

�

� �

A^{(M)}_{5,1}

� �

A^{(M)}_{5,2}

� � � � � � � � � � � � � � �

A_{5,1}

� � � � � � � � � � � � � � �

A_{5,2}

� � � � � � � � � � � � � � �

A_{6,1}

� � � � � � � � � � � � � � � � � �

A_{6,2}

� � � � � � �

� � � � � �

� � � � �

� � � � �

� � � �

A_{6,3}

� � � � � � �

� � � � � �

� � � � �

� � � � � � � � �

� � �

A_{7,1}

� � � � � � �

� � � � � �

� � � � �

� � � � � � � � �

� � �

A_{7,2}

� � � � � � �

� � � � � �

� � � � �

� � � � �

� � � �

A_{7,3}

� � � � � � �

� � � � � �

� � � � �

� � � � � � � � � � � � �

A_{7,4}

� � � � � � �

� � � � � �

� � � � �

� � � � � � � � � � � � �

A_{7,5}

� � � � � � �

� � � � � �

� � � � � �

� � � � � � � � � �

A_8

� � � � � � �

� � � � � �

� � � � �

� � � � � � � � � � � � � A_{8,B}

Figure 2: Graphs with fewer than nine propagators. The incoming momentum is q = p_1 +

p_2 , p^2_1 = p^2 = 0. 11

References

[1] L. Magnea and G. Sterman, Phys. Rev. D 42 (1990) 4222.

[2] S. Catani, Phys. Lett. B 427 (1998) 161 [hep-ph/9802439].

[3] G. Sterman and M.E. Tejeda-Yeomans, Phys. Lett. B 552 (2003) 48 [hep-ph/0210130].

[4] L. J. Dixon, L. Magnea and G. Sterman, JHEP 0808, 022 (2008) [arXiv:0805.3515 [hep-ph]].

[5] L. Magnea, Nucl. Phys. B 593 (2001) 269 [hep-ph/0006255].

[6] S. Moch, J.A.M. Vermaseren and A. Vogt, JHEP 0508 (2005) 049 [hep-ph/0507039].

[7] T. Becher and M. Neubert, Phys. Rev. Lett. 102 (2009) 162001 [arXiv:0901.0722 [hep-ph]].

[8] E. Gardi and L. Magnea, JHEP 0903 (2009) 079 [arXiv:0901.1091 [hep-ph]].

[9] C. Anastasiou, Z. Bern, L. J. Dixon and D. A. Kosower, Phys. Rev. Lett. 91, 251602 (2003) [arXiv:hep-th/0309040].

[10] Z. Bern, L. J. Dixon and V. A. Smirnov, Phys. Rev. D 72 (2005) 085001 [hep-th/0505205].

[11] Z. Bern, M. Czakon, D. A. Kosower, R. Roiban and V. A. Smirnov, Phys. Rev. Lett. 97 (2006) 181601 [hep-th/0604074].

[12] Z. Bern, M. Czakon, L. J. Dixon, D. A. Kosower and V. A. Smirnov, Phys. Rev. D 75 (2007) 085010 [hep-th/0610248];

F. Cachazo, M. Spradlin and A. Volovich, Phys. Rev. D 75, 105011 (2007) [hep-th/0612309]; F. Cachazo, M. Spradlin and A. Volovich, Phys. Rev. D 76, 106004 (2007) [arXiv:0707.1903 [hep-th]].

[13] N. Beisert, B. Eden and M. Staudacher, J. Stat. Mech. 0701, P021 (2007) [hep-th/0610251].

[14] M. K. Benna, S. Benvenuti, I. R. Klebanov and A. Scardicchio, Phys. Rev. Lett. 98, 131603 (2007) [hep-th/0611135];

B. Basso, G. P. Korchemsky and J. Kotanski, Phys. Rev. Lett. 100, 091601 (2008) [arXiv:0708.3933 [hep-th]];

R. Roiban and A. A. Tseytlin, Phys. Rev. D 77, 066006 (2008) [arXiv:0712.2479 [hep-th]]; I. Kostov, D. Serban and D. Volin, JHEP 0808, 101 (2008) [arXiv:0801.2542 [hep-th]].

[15] L. F. Alday and J. M. Maldacena, JHEP 0706, 064 (2007) [arXiv:0705.0303 [hep-th]].

[16] J. M. Drummond, G. P. Korchemsky and E. Sokatchev, Nucl. Phys. B 795, 385 (2008) [arXiv:0707.0243 [hep-th]];

A. Brandhuber, P. Heslop and G. Travaglini, Nucl. Phys. B 794, 231 (2008) [arXiv:0707.1153 [hep-th]];

J. M. Drummond, J. Henn, G. P. Korchemsky and E. Sokatchev, arXiv:0712.1223 [hep-th]; C. Anastasiou, A. Brandhuber, P. Heslop, V. V. Khoze, B. Spence and G. Travaglini, JHEP 0905 (2009) 115 [arXiv:0902.2245 [hep-th]].

[17] L. F. Alday and R. Roiban, Phys. Rept. 468, 153 (2008) [arXiv:0807.1889 [hep-th]]. [18] Z. Bern, L. J. Dixon, D. C. Dunbar, M. Perelstein and J. S. Rozowsky, Nucl. Phys. B 530, 401 (1998) [hep-th/9802162];

Z. Bern, L. J. Dixon, M. Perelstein and J. S. Rozowsky, Nucl. Phys. B 546, 423 (1999) [hep-th/9811140];

Z. Bern, L. J. Dixon and R. Roiban, Phys. Lett. B 644, 265 (2007) [hep-th/0611086]. [19] M. B. Green, J. G. Russo and P. Vanhove, JHEP 0702, 099 (2007) [hep-th/0610299];

M. B. Green, J. G. Russo and P. Vanhove, Phys. Rev. Lett. 98, 131602 (2007) [hepth/0611273].

[20] Z. Bern, J. J. Carrasco, L. J. Dixon, H. Johansson, D. A. Kosower and R. Roiban, Phys.

Rev. Lett. 98 (2007) 161303 [hep-th/0702112].

[21] Z. Bern, J. J. M. Carrasco, L. J. Dixon, H. Johansson and R. Roiban, Phys. Rev. D 78 (2008) 105019 [arXiv:0808.4112 [hep-th]].

[22] N. E. J. Bjerrum-Bohr, D. C. Dunbar, H. Ita, W. B. Perkins and K. Risager, JHEP 0612 (2006) 072 [hep-th/0610043].

[23] Z. Bern, J. J. Carrasco, D. Forde, H. Ita and H. Johansson, Phys. Rev. D 77, 025010 (2008) [arXiv:0707.1035 [hep-th]].

[24] S. Mert Aybat, L. J. Dixon and G. Sterman, Phys. Rev. Lett. 97 (2006) 072001 [hepph/0606254].

[25] S. Mert Aybat, L. J. Dixon and G. Sterman, Phys. Rev. D 74 (2006) 074004 [hepph/0607309].

[26] L. J. Dixon, arXiv:0901.3414 [hep-ph].

[27] G. Kramer and B. Lampe, Z. Phys. C 34 (1987) 497; 42 (1989) 504(E);

T. Matsuura and W.L. van Neerven, Z. Phys. C 38 (1988) 623;

T. Matsuura, S.C. van der Maarck and W.L. van Neerven, Nucl. Phys. B 319 (1989) 570. [28] R.V. Harlander, Phys. Lett. B 492 (2000) 74 [hep-ph/0007289].

[29] V. Ravindran, J. Smith and W.L. van Neerven, Nucl. Phys. B 704 (2005) 332 [hepph/0408315].

[30] T. Gehrmann, T. Huber and D. Maître, Phys. Lett. B 622 (2005) 295 [hep-ph/0507061]. [31] W. Bernreuther et al., Nucl. Phys. B 706 (2005) 245 [hep-ph/0406046]; Nucl. Phys. B 712 (2005) 229 [hep-ph/0412259]; Nucl. Phys. B 723 (2005) 91 [hep-ph/0504190].

[32] S. Moch, J.A.M. Vermaseren and A. Vogt, Phys. Lett. B 625 (2005) 245 [hep-ph/0508055]. [33] J.A.M. Vermaseren, A. Vogt and S. Moch, Nucl. Phys. B 724 (2005) 3 [hep-ph/0504242].

[34] F.V. Tkachov, Phys. Lett. 100B (1981) 65;

K.G. Chetyrkin and F.V. Tkachov, Nucl. Phys. B192 (1981) 159. [35] S. Laporta, Int. J. Mod. Phys. A 15 (2000) 5087 [hep-ph/0102033]. [36] T. Gehrmann and E. Remiddi, Nucl. Phys. B 580 (2000) 485 [hep-ph/9912329]. [37] C. Anastasiou and A. Lazopoulos, JHEP 0407 (2004) 046 [hep-ph/0404258]. [38] A. V. Smirnov, JHEP 0810 (2008) 107 [arXiv:0807.3243 [hep-ph]]. [39] T. Gehrmann, G. Heinrich, T. Huber and C. Studerus, Phys. Lett. B 640, 252 (2006) [hep-ph/0607185].

[40] G. Heinrich, T. Huber and D. Maître, Phys. Lett. B 662 (2008) 344 [arXiv:0711.3590 [hepph]].

[41] S. Bekavac, Comput. Phys. Commun. 175 (2006) 180 [arXiv:hep-ph/0505174]. [42] S.G. Gorishnii, S.A. Larin, L.R. Surguladze and F.V. Tkachov, Comput. Phys. Comm. 55 (1989) 381;

S.A. Larin, F.V. Tkachov and J.A.M. Vermaseren, NIKHEF-H-91-18. [43] P.A. Baikov, Phys. Lett. B 634 (2006) 325 [hep-ph/0507053].

[44] P.A. Baikov, K.G. Chetyrkin and J.H. Kühn, Phys. Rev. Lett. 96 (2006) 012003 [hepph/0511063].

[45] P. A. Baikov and V. A. Smirnov, Phys. Lett. B 477 (2000) 367 [hep-ph/0001192]. [46] V.A. Smirnov, Phys. Lett. B 460 (1999) 397 [hep-ph/9905323]. [47] J.B. Tausk, Phys. Lett. B 469 (1999) 225 [hep-ph/9909506]. [48] C. Anastasiou and A. Daleo, JHEP 0610 (2006) 031 [hep-ph/0511176]. [49] V. A. Smirnov, “Evaluating Feynman integrals”, Springer Tracts Mod. Phys. 211 (2004) 1. [50] M. Czakon, Comput. Phys. Commun. 175 (2006) 559 [hep-ph/0511200]. [51] A. V. Smirnov and V. A. Smirnov, arXiv:0901.0386 [hep-ph].

[52] J. Gluza, K. Kajda and T. Riemann, Comput. Phys. Commun. 177 (2007) 879 [arXiv:0704.2423 [hep-ph]].

[53] T. Binoth and G. Heinrich, Nucl. Phys. B 585 (2000) 741 [hep-ph/0004013]. [54] T. Binoth and G. Heinrich, Nucl. Phys. B 680 (2004) 375 [hep-ph/0305234]. [55] A. V. Smirnov and M. N. Tentyukov, Comput. Phys. Commun. 180 (2009) 735 [arXiv:0807.4129 [hep-ph]].

[56] C. Bogner and S. Weinzierl, Comput. Phys. Commun. 178 (2008) 596 [arXiv:0709.4092 [hep-ph]].

[57] E. Remiddi and J. A. M. Vermaseren, Int. J. Mod. Phys. A 15 (2000) 725 [hep-ph/9905237]. [58] T. Gehrmann and E. Remiddi, Comput. Phys. Commun. 141 (2001) 296 [hep-ph/0107173]. [59] D. Maître, Comput. Phys. Commun. 174 (2006) 222 [hep-ph/0507152]. [60] D. Maître, hep-ph/0703052.

[61] T. Huber and D. Maître, Comput. Phys. Commun. 175 (2006) 122 [hep-ph/0507094]. [62] T. Huber and D. Maître, Comput. Phys. Commun. 178 (2008) 755 [arXiv:0708.2443 [hepph]].

[63] D. A. Kosower, unpublished.

An earlier version is available at http://projects.hepforge.org/mbtools/. [64] J. A. M. Vermaseren, Int. J. Mod. Phys. A 14 (1999) 2037 [hep-ph/9806280]. [65] S. Moch, P. Uwer and S. Weinzierl, J. Math. Phys. 43 (2002) 3363 [hep-ph/0110083]. [66] H.R.P. Ferguson, D.H. Bailey and S. Arno, Math. Comput. 68, (1999) 351, NASA– Ames Technical Report, NAS–96–005.

[67] P. A. Baikov, K. G. Chetyrkin, A. V. Smirnov, V. A. Smirnov and M. Steinhauser, Phys.

Rev. Lett. 102 (2009) 212002 [arXiv:0902.3519 [hep-ph]]. [68] B. Toedtli, arXiv:0903.0540 [hep-ph].