TTP05-08 SFB/CPP-05-16

Calculation of Massless Feynman Integrals using Harmonic Sums

Stefan Bekavac

Institut für Theoretische Teilchenphysik, Universität Karlsruhe (TH)

Abstract

A method for the evaluation of the ε-expansion of multi-loop massless Feynman integrals is introduced. This method is based on the Gegenbauer polynomial technique and the expansion of the Gamma function in terms of harmonic sums. Algorithms for the evaluation of nested and harmonic sums are used to reduce the expressions to get analytical or numerical results for the expansion coefficients. Methods to increase the precision of numerical results are discussed.

Key words: Multi-loop Feynman Integrals, Gegenbauer Polynomial Technique, Harmonic Sums, Nested Sums, Convergence Acceleration PACS: 02.70.Wz, 12.38.Bx

1 Introduction

One of the most important aims of particle physics is the test of models, particularly the standard model. Testing the standard model means, on one hand, to increase the accuracy of its parameters and, on the other hand, the search for deviations of its predictions from measured quantities to discover new effects. To do this experiments are accomplished with increasing accuracy of measurement. Therefore theoretical calculations have to be performed with increasing numerical precision.

A parameter of the standard model of particular interest is the strong coupling constant α_s. It can, for example, be determined via the so-called R-ratio, the normalized total cross section of the process e^+ e^− → hadrons, R(s) = σ(e^+ e^− → hadrons) σ(e^+ e^− → μ^+ μ^−)

. (1)

Preprint submitted to Elsevier Science 10 July 2006

In order to achieve high precision one has, within perturbative quantum field theory, to calculate high orders of the perturbation series. This means, we need to calculate large numbers of more and more complicated Feynman diagrams. Therefore different methods for the evaluation of such multiloop Feynman diagrams have been developed. (See e.g. [1–3].)

The quantity R(s) is nowadays known to O(α^3_s) precision [4,5] and first results in O(α^4_s) have been published [6]. For a review see Refs. [7,8].

A prescription to solve problems with a large number of complicated Feynman diagrams is to reduce them to a set of master integrals, e.g. by means of the traditional integration by parts method, and then evaluate these.

The aim of the project described in this article is to develop a method for the calculation of massless integrals. More precisely, we want to consider the planar (P ) and non-planar (N) three-loop propagator diagrams:

P = N =

They can be considered as the master integrals of the corresponding class of Feynman diagrams, which are “building blocks” of the calculations for R(s) in O(α^4_s).

We are interested in the ε-expansion of the diagrams, where ε is the parameter of dimensional regularization. This means, the integrals are formally calculated in D = 4 − 2ε dimensions and then expanded in ε. By means of this procedure UV divergencies of diagrams manifest themselves as poles in ε and can then be cancelled by means of renormalization.

It is thus essential for renormalization to know the pole structure of a Feynman diagram and the finite part of the expansion. However, when one has to deal with products of graphs with poles as in the case of the following diagram,

which appears within the mentioned calculations of R(s), one has to calculate higher ε orders of the second factor in order to ensure, that the result is correct up to the finite term. This is why we are interested in higher orders of the ε expansion of the diagrams under consideration.

The O(ε^1) terms of the diagrams N and P are necessary for the computation of the β function of the scalar ϕ^4 model at five-loop level. They have been known since long from Ref. [9] and [10].

The calculation of the planar diagram is somewhat simpler than that of the nonplanar one, because it could be related to the generic massless two-loop two-point function by means of integration by parts [11]. The latter was studied in many works. e.g. [10,12–16] and references therein. Recently, in Ref. [17] it was in a sense computed analytically. Thus one can say that the planar diagram is known to arbitrary order and certainly to sufficient precision for practical needs.

The known results for the diagrams P and N read [10,18] N = 1 (4π)^6

G^3(ε)(k^2)^{−2−3ε}Ñ_S , (2)

Ñ_S = 20 ζ_5 + ε (68 ζ^2_3 − 80 ζ_5 + 50 ζ_6) + O(ε^2) (3) and P = 1 (4π)^6

G^3(ε)(k^2)^{−2−3ε}P̃_S , (4)

P̃_S = 20ζ_5 + ε (44ζ^2_3 − 80ζ_5 + 50ζ_6)

+ ε^2 ( −176ζ^2_3 + 132ζ_3 ζ_4 + 80ζ_5 − 200ζ_6 + 317ζ_7 ) + O(ε^3). (5)

In the following we denote the expansion coefficients of order n by |_εn , e.g. Ñ_S |_{ε1} = 68 ζ 2_3 − 80 ζ_5 + 50 ζ_6.

These numbers have been used to check the method and to examine the properties of the numerical algorithms described later.

The determination of the ε^2 coefficient of N is one of the aims of the project presented in this paper. An independent evaluation can be found in Ref. [19], the result was given in Ref. [20]. A numerical approach to the calculation of integrals of this type is given e.g. in Ref. [21].

The paper is organized as follows: Section 2 shows how a representation of the diagrams N and P in terms of sums can be found by means of the Gegenbauer polynomial method. Section 3 gives an overview over the Harmonic Sums and algorithms to deal with them. It is shown how the summation algorithms are applied to evaluate the sums representing the diagrams. For the N diagram an analytical solution by means of the described algorithms is not yet possible. In this case one can get numerical results by summing up the series. Section 4 reviews methods to accelerate the convergence of such processes to get better results. By means of these numerical methods it is possible to calculate the expansion coefficients with high precision. For the non-planar diagram this is described in Section 5. The planar topology can be calculated analytically with the help of the summation algorithms, which is demonstrated in Section 6.

2 The Gegenbauer Polynomial x-Space Technique

The Gegenbauer Polynomial x-Space Technique (GPXT) to evaluate Feynman Diagrams in coordinate space was introduced in Ref. [12]. Applications can be found e.g. in Refs. [22,23], an extension of the technique in Ref. [24]. In this Section we will apply the method to the diagram N. The results for the planar diagram can be obtained analogously. Labeling the momenta as shown in Fig. 1 the integral representation of N reads

Fig. 1. Labeling of the momenta and vertices for diagram N

N = 1 (2π)^{3D} ∫ d^Dp d^Dq d^Dr 1 p^2 r^2 q^2 (k + q)^2 (k + q + p − r)^2 (k + p)^2 (r − q)^2 (r − p)^2

. (6)

By means of Fourier transformation 1 k^2 = Γ(λ) π^{λ+1}

∫ e^{2ikx}d^Dx (x^2)^λ

, (7)

where λ = 1 − ε =^D_2 − 1, the integrand is transformed to position space. The integrals over the momenta can then be evaluated to delta functions: ∫ e^{2ipx} d^Dp = π^D δ(x). (8)

After the evaluation of the delta functions and choosing an appropriate coordinate system (see Fig. 1, where the root vertex is denoted by 0) the denominators get a simple and uniform shape:

N = Γ^8(λ) 2^{6(λ+1)} π^{8(λ+1)} ∫ d^Dx_1 d^Dx_2 d^Dx_3 d^Dx_4 d^Dx_5 e^{−2ikx3} 1 x^{2λ}_1 x^{2λ}_5 × 1 (x_2 − x_1)^{2λ} (x_3 − x_2)^{2λ} (x_4 − x_3)^{2λ} (x_5 − x_4)^{2λ} (x_1 − x_4)^{2λ} (x_5 − x_2)^{2λ} (9) Spherical coordinates are introduced by means of

d^Dx = 1 2 2π^{λ+1} Γ(λ + 1) r^λ dr dx̂, (10)

where r = x^2 and x̂ = x √ r . Now the propagator terms and the exponential function can be expanded in Gegenbauer polynomials using formulae (A.8) and (A.11) of appendix A. This leads to a representation of N as a multiple sum

N = Γ^3(λ) λ^5 (4π)^{3(λ+1)} ∑ j ∑ l ∑ m ∑ n ∑ s ∑ t ∑ u (11) × ∫ dr_1dx̂_1 ∫ dr_2dx̂_2 ∫ dr_3dx̂_3 ∫ dr_4dx̂_4 ∫ dr_5dx̂_5

× Γ(λ) i^j (j + λ) C^λ_j (k̂ · x̂_3) (k^2r_3)^{j/2} j_{j+λ}(k^2r_3) × r^λ_1 r^λ_2 r^λ_3 r^λ_4 r^λ_5 r^λ_1 r^λ_5

C^λ_l (x̂_1 · x̂_2) C^λ_u (x̂_2 · x̂_3)

× C^λ_n (x̂_3 · x̂_4) C^λ_s (x̂_4 · x̂_5) C^λ_t (x̂_1 · x̂_4) C^λ_m(x̂_2 · x̂_5) × M^l_λ(r_1, r_2) M^n_λ (r_2, r_3) M^n_λ (r_3, r_4) M^m_λ (r_4, r_5) M^l_λ(r_1, r_4) M^m_λ (r_2, r_5),

where

M^n_λ (r_i, r_j) = 1 max(r_i, r_j )^λ ⟨ r_i r_j

⟩_{n/2} = 1 max(r_i, r_j)^λ min ( r_i r_j , r_j r_i

)_{n/2}

. (12)

The angular integrations can be evaluated using the properties of the Gegenbauer polynomials. Each application of the orthogonality relation (A.4) reduces two C^λ_n to one and produces a Kronecker delta. Finally, one arrives at the expression

N = Γ^4(λ) (4π)^{3(λ+1)} ∞∑ l=0 ∞∑ m=0 l+m∑

n=|l−m| l+m+n=2g, g∈Z

∫ dr_1 ∫ dr_2 ∫ dr_3 ∫ dr_4 ∫ dr_5 (13)

× Γ(n + 2λ) n! Γ(2λ) D_λ(l, m; n) (l + λ) (m + λ) (n + λ)^2 j_λ(k^2r_3) r^λ_1 r^λ_2 r^λ_3 r^λ_4 r^λ_5 r^λ_1 r^λ_5 × M^l_λ(r_1, r_2) M^n_λ (r_2, r_3) M^n_λ (r_3, r_4) M^m_λ (r_4, r_5) M^l_λ(r_1, r_4) M^m_λ (r_2, r_5).

The complicated structure of the triple sum is introduced by Eq. (A.14), which is applied when there are two polynomials with the same arguments.

To handle the radial integrals the region of integration is distributed in 120 regions according to the relative size of r_1, r_2, r_3, r_4, r_5. In each region the expressions M^n_λ , Eq. (12), evaluate to rational expressions. For simplification k^2 is set to 1; the k-dependence can later be restored by dimensional arguments. Thus we are lead to integrals like

∫_{r3} 0 dr_2 r^{m+n−l2}_2

∫_{r2} 0 dr_1 r^l_1

∫_∞ 0 dr_3 j_λ(r_3)

∫_∞

r_4

dr_5 r^{−m−2λ} 5 ∫_∞

r_3

dr_4 r^{m−n−l−2λ2}_4

= 4 (l + 1) (l + m + n + 4) (m + 2λ − 1) (l + m + n + 6λ − 4)

Γ(5 − 3λ) Γ(4λ − 4) .

Actually, due to the symmetry of the diagram, only 30 of these 120 terms are different. The calculation of these can be automated.^∗

After performing all integrations and rewriting λ = 1 − ε the integral N is expressed in terms of a triple sum:

N = C · N_S , (14)

∗ We thank K. Chetyrkin for his Mathematica implementation of this procedure.

N_S = ∞∑ l=0 ∞∑ m=0 l+m∑

n=|l−m| l+m+n=2g R(ε, l, m, n) (1 − ε)^4 Γ(2 − 2ε) Γ^2(1 − ε) × 1 (l + 1 − ε) (m + 1 − ε) (n + 1 − ε)

Γ(g + 2 − 2ε) Γ(g + 2 − ε) × Γ(g − l + 1 − ε) Γ(g − m + 1 − ε) Γ(g − n + 1 − ε) Γ(g − l + 1) Γ(g − m + 1) Γ(g − n + 1)

, (15)

where C = Γ^4(1 − ε) Γ(2 + 3ε) (4 π)^{3(2−ε)} (1 − ε)^4 Γ(−4 ε) ,

R(ε, l, m, n) = 4 (l + 1) (l + m + n + 4) (m − 2ε + 1) (l + m + n − 6ε + 2) + 8 (l + 1) (l + m + n + 4) (l + m + n − 4ε + 2) (l + m + n − 6ε + 2) + . . . (118 similar terms).

Finally, according to Ref. [12], this result can be cast into the so-called G- Form. Rewriting C = 1 (4π)^6

G^3(ε) · (−4ε − 4ε^2 + 32ε^3 + O(ε^4)) (16)

one obtains N = 1 (4π)^6

G^3(ε)(k^2)^{−2−3ε}Ñ_S , (17)

Ñ_S = (−4 ε − 4 ε^2 + 32 ε^3 + O(ε^4))N_S. (18)

N_S can now be expanded in powers of ε. For each order in ε a triple sum has to be evaluated. The calculation of these sums is the aim of the rest of the paper.

3 Summation Algorithms

In this Section the Harmonic Sums are introduced and their relationship to the problem under consideration is shown.

3.1 Harmonic Sums

Harmonic Sums are defined as [25–27]

S_m(n) = n∑ i=1 1 i^m

, (19)

which, for n = ∞, leads to Riemann’s zeta function:

S_m(∞) = ζ(m) (m ≥ 2). (20)

Higher Harmonic Sums are defined [25] recursively via the relation

S_{m,j1,...,jp} (n) = n∑ i=1 1 i^m

S_{j1,...,jp} (i). (21)

The number of indices of a harmonic sum is called its depth, the sum of the absolute values of the indices its weight.

A negative index denotes an alternating sum,^†

S_{−m}(n) = n∑ i=1 (−1)^i i^m

. (22)

In Ref. [25] different algorithms are described to deal with expressions of the form S_{a,b,c}(n) = n∑ i=1 1 i^a i∑ j=1 1 j^b j∑ k=1 1 k^c

(23)

and sums over such. These are implemented in the program package SUMMER written in FORM [28] which is available under the URL

http://www.nikhef.nl/~form/FORMdistribution/packages/summer.

The harmonic sums are related to the psi (digamma) function, which is the logarithmic derivative of the Gamma function, and its derivatives, the polygamma functions ψ^{(n)}(x),

ψ(x) = ψ^{(0)}(x) = d dx ln Γ(x) =

Γ^′(x) Γ(x)

, (24)

ψ^{(n)}(x) = d^n dx^n ψ(x), (25)

† Note that this is the convention used in [25]. Other authors denote a factor (−1)^m by overlining the index. In this case a negative sign of the index indicates — consequently — a positive power of the corresponding variable.

via the following relations [29]:

ψ^{(0)}(n) = −γ +

n−1∑ k=1 1 k = −γ + S_1(n − 1), (26)

ψ^{(m)}(n) = (−1)^mm! [−ζ(m + 1) + S_{m+1}(n − 1)] . (27)

Using these relations the Gamma function can be expanded in terms of harmonic sums (cf. Ref. [30])

Γ(n + ε) Γ(1 + ε)

= Γ(n) exp

{_∞ ∑ m=1 ε^{m (−1)m−1}_m S_m(n − 1) } . (28)

The expansion of the exponential function leads to the expansion formulae used in the following:

Γ(n + ε) Γ(1 + ε) Γ(n)

= 1 + εS_1(n − 1) (29)

+^1_2 ε^2 [S^2_1 (n − 1) − S_2(n − 1)] +^1_6 ε^3 [S^3_1 (n − 1) − 3S_1(n − 1)S_2(n − 1) + 2S_3(n − 1)] +O(ε^4), Γ(1 + ε) Γ(n) Γ(n + ε)

= 1 − εS_1(n − 1) (30)

+^1_2 ε^2 [S^2_1 (n − 1) + S_2(n − 1)] −^1_6 ε^3 [S^3_1 (n − 1) + 3S_1(n − 1)S_2(n − 1) + 2S_3(n − 1)] +O(ε^4).

3.2 Simplification of the sums

The structure of the sum given in Eq. (15), N = ∞∑ l=0 ∞∑ m=0 l+m∑

n=|l−m| l+m+n=2g T (l, m, n), g ∈ N, (31)

particularly the boundaries of the innermost sum, is very difficult to handle with symbolic manipulation programs. Therefore the first step is the simplification of this sum.

For a given n = ν we have to sum over pairs of indices (l, m), which satisfy |l − m| ≤ ν ≤ l + m. (32)

Neglecting the condition l + m + n = 2g at first, this is equivalent to m ≥ l − ν ∧ m ≤ l + ν ∧ m ≥ ν − l, (33) which is described by the rectangular area in the (l, m)-plane shown in Fig. 2.

Fig. 2. Area of summation for fixed n = ν.

Taking into account the condition l + m + n = 2g this means, that the sum ranges over all combinations of indices in this marked area whose sum is even.

Let us in a next step consider pairs (l, m) with constant sum a = l + m, i.e. points on straight lines parallel to the second bisector. The sum starts with the line m = ν − l (a = ν) and reaches over the shaded rectangle in Fig. 2 to infinity. Taking into account the symmetry of the terms it is sufficient to restrict oneself to the area below or over the first bisector. The contributing points on such a line can be described by the condition k ≤ 2l ≤ k +2ν, where ν + k = a (cf. Fig. 2).

If we parametrize k = 2κ and k = 2κ + 1, the addends read F (l, ν + 2κ − l, ν) and F (l, ν + 2κ + 1 − l, ν), respectively, and it is obvious, that in the second case the sum of the arguments can never be even, while the terms of the first kind automatically fulfill the condition.

Therefore the original sum is transformed to a much simpler form: ∞∑ n=1 ∞∑ κ=0 n+κ∑ l=κ F (l, n + 2κ − l, n) = ∞∑ n=1 ∞∑ κ=0 n∑ l=0 F (l + κ, n + κ − l, n). (34)

If the expansions (29,30) are applied to the sum in Eq. (11), it is represented as a triple sum over rational expressions and products of such and harmonic sums. In the following some algorithms are discussed to simplify such objects.

3.3 Rational Expressions

To sum expressions of the form S = β∑ x=α P (x) (x + a_1) (x + a_2) . . . (x + b_1)^2 (x + b_2)^2 . . . (x + q_1)^n (x + q_2)^n . . . , (35) where P (x) is a polynomial in x, one first performs partional fractioning. This leads to simpler summands in which x appears only once in the denominator. The resulting sums can be evaluated easily in terms of zeta or psi functions by means of the formula [31]

β∑ x=α 1 (ax + b)^n = 1 a^n ( ζ(n, b a + α) − ζ(n, b a + β + 1) )

= (−1)^n (n − 1)! 1 a^n ( ψ^{(n−1)}( b a + α) − ψ^{(n−1)}( b a + β + 1) ) . (36)

If the upper limit is infinity, the second psi function is zero for n > 1.

3.4 Algorithms for Nested Sums

In Ref. [26] different algorithms have been published to evaluate nested sums using the properties of higher harmonic sums and more general structures like the so-called S- and Z-sums. For our purpose some special cases of the algorithms A and B of this work are needed.

If an addend is not of the simple form S(a)/a^m, but contains an offset in the denominator, which must not be symbolic, the summand can be reduced recursively

n∑ i=1 S_{kl}(i) (i + c)^m = n∑ i=1 S_{kl}(i) (i + c − 1)^m − n∑ i=1 1 (i + c − 1)^m

S_l(i) i^k + S_{kl}(n) (n + c)^m

. (37)

This is a special case of Algorithm A. Of course, this is also valid for sums of depth greater than 2.

Algorithm B describes the recursive simplification of sums where products of harmonic sums appear.

An expression of the form ∞∑ a=1 a∑ b=1 S_k(b) S_l(a − b) a^m b^n

(38)

can be rewritten by inserting the definition of S_l. Then shifting variables, reordering of summations and partial fractioning yields to expressions which can be evaluated immediately and such of the same form as the original expression to which the procedure is applied again. Thus the sum is reduced recursively to simpler expressions and finally evaluated.

3.5 Products of Harmonic Sums

In Ref. [32] algebraic relations between harmonic sums have been studied. For harmonic sums with identical arguments the permutation relation holds:

S_{m,n} + S_{n,m} = S_mS_n + S_{m∧n}, (39) where m ∧ n := sign(m) sign(n) (|m| + |n|). (40)

This allows us to express the product of two harmonic sums in the following way:

S_m(x)S_n(x) = S_{m,n}(x) + S_{n,m}(x) − S_{m∧n}(x) (41)

For products with higher harmonic sums one has relations like

S_a(x) · S_{bc}(x) = S_{abc}(x) + S_{bac}(x) + S_{bca}(x) − S_{a∧b,c}(x) − S_{b,a∧c}(x). (42)

More relations of this kind can be found in [33].

3.6 Harmonic Sums with Double Argument

In the following also sums with double argument S_k(2m) will appear. These cannot be handled with the algorithms described up to now. In Ref. [34] transformations of such objects to simpler sums have been discussed. From this work we need the relation ∞∑ i=1 1 (i − x)^m

S_k(2i) = 2^{m−1} ∞∑ i=1 1 i^m

S_k(i + 2x) + 2^{m−1} ∞∑ i=1 (−1)^i i^m

S_k(i + 2x) (43) which relates the sum over S(2k) to two sums over S(k), one of which is alternating. The opposite operation, the transformation of a sum with simple argument to one with double argument, can be done by means of a special case of the refinement formula [34]

S_m(n) = 2^{m−1} (S_m(2n) + S_{−m}(2n)) . (44)

Generally, we can write a sum of the form ∞∑ i=1 f(2i) (45)

in the following way: ∑ i∈N f(2i) = ∑ i even f(i) = 1 2 [ ∑ i∈N f(i) − ∑ i∈N (−1)^if(i) ] . (46)

The sum over all even numbers is replaced by the sum over all integers minus the sum over the odd numbers. This is achieved by subtracting an alternating sum and the division by 2.

3.7 Multiple Infinite Sums

Finally, we need some formulae to convert nested sums to multiple infinite sums or vice versa. Two important relations are given by

∞∑ l=0 l∑ m=0 ϕ(l, m) = ∞∑ m=0 ∞∑ l=0 ϕ(l + m, m), (47)

∞∑ l=1 2l∑ m=1 ϕ(l, m) = ∞∑ m=0 ∞∑ l=0 ϕ(l + m + 1, 2m + 1) + ∞∑ m=0 ∞∑ l=0 ϕ(l + m + 1, 2m + 2). (48)

Eq. (48) can be obtained by splitting the sum on the left-hand side into two sums, which is visualized in Fig. 3, and paramaterizing the summation variable m = 2μ and m = 2μ + 1, respectively. This leads to sums of the type

∑_∞ m=0 ∑_∞

n=m. These can be converted to a double infinite series by shifting the inner summation variable.

Fig. 3. Splitting of a sum of type (48) in two sums If the argument of the appearing harmonic sums is a sum of two or more variables, the following relations are helpful: ∞∑ l=0 ∞∑ m=0 ϕ(l, m) S(l + m) = ∞∑ n=0 n∑ l=0 ϕ(l, n − l) S(n), (49)

∞∑ l=0 ∞∑ m=0 ϕ(l, m) S(l + 2m) = ∞∑ n=0 n∑ m=0 ϕ(2n − 2m, m) S(2n) + ∞∑ n=0 n∑ m=0 ϕ(2n − 2m + 1, m) S(2n + 1). (50)

4 Convergence Acceleration

If the sums cannot be completely simplified analytically, one can at least get a numerical result by summing up the terms with the computer. However, in our case the sum converges very slowly. In this Section we briefly sketch the method of nonlinear sequence transformations, by means of which one can improve the convergence of a series. For further information we refer to Ref. [35] and references cited therein.

We consider a sequence {a_n} and the corresponding infinite series S = ∞∑ k=0 a_k (51)

with the partial sums S_n = n∑ k=0 a_k, (52) which themselves form a sequence {S_n} that converges to the value S. The question is now, whether a different sequence {S^′_n} (or {a^′_n}) exists that converges to the same value S but has a better convergence behaviour.

The sequence {S^′_n} is said to converge faster than {S_n} to the common limit S, if

lim_{n→∞}

S^′_n − S S_n − S

= 0. (53)

In practice this means that S^′_N is a better approximation to the exact value of the limit than S_N , if the partial sum of order N is known.

Convergence acceleration methods can be found with the help of model sequences. This means, one investigates a particular class of sequences and constructs a transformation, i.e. a prescription how to calculate the elements of a new sequence {S^′_n} out of the elements of {S_n}, which is then exactly valid for the considered sequences. The prescriptions one has found in this way are often able to improve the convergence of different sequences of similar structure.

One of the oldest and best known methods is Aitken’s Δ^2-process. The partial sums are transformed according to the rule

S^′_n = S_n −

(ΔS_n)^2 Δ^2S_n

= S_n −

(S_{n+1} − S_n)^2 S_{n+2} − 2S_{n+1} + S_n

, n ∈ N_0. (54)

Δ is the forward difference operator, which is defined as [35,31,27]

Δf(n) = f(n + 1) − f(n). (55)

Powers of Δ are to be understood as multiple application of Δ, e.g.

Δ^2f(n) = Δ [Δf(n)] = Δ [f(n + 1) − f(n)]

= f(n + 2) − 2f(n + 1) + f(n). (56)

Another method which can be found in the literature on numerical methods is Wynn’s epsilon algorithm, which is defined by the recursion scheme

ϵ^{(n)}_{−1} = 0 ϵ^{(n)}_0 = S_n (57)

ϵ^{(n)}_{k+1} = ϵ^{(n+1)}_{k−1} + 1 ϵ^{(n+1)}_k − ϵ^{(n)}_k , k, n ∈ N_0.

We follow the notation of Ref. [35]. The lower index indicates the transformation order, the upper index labels the sequence elements. The difference operator acts only on the upper index.

Similar to the epsilon algorithm is Wynn’s rho algorithm:

ρ^{(n)}_{−1} = 0 ρ^{(n)}_0 = S_n (58)

ρ^{(n)}_{k+1} = ρ^{(n+1)}_{k−1} + x_{n+k+1} − x_n ρ^{(n+1)}_k − ρ^{(n)}_k , k, n ∈ N_0,

where the interpolation points x_k have to fulfill 0 < x_i < x_j for i < j and the sequence {x_n} diverges to infinity. A possible choice is x_n = n + 1.

An example, where the rho algorithm is very powerful, is the series defining ζ(2) =

∑_∞ i=1 1 i^2 . When one sums the series up to the order i = 2000 one gets

only 4 correct decimal digits. Application of the rho algorithm delivers more than 250 correct digits.

For the Levin transformations remainder estimations have to be taken into account. The Levin transformation ist exact for sequences of the form

S_n = S + ω_n

k−1∑ j=0 c_j (n + β)^j

, k, n ∈ N_0, (59)

where S is the limit of the sequence and β > 0 is a parameter which can, in principle, be chosen arbitrarily and is usually set equal to 1. ω_n are the remainder estimates. They are, of course, generally not known exactly, because the actual limit is unknown. Therefore one uses assumptions for the ω_n which are customized to the given problem and which define different kinds of Levin transformations.

As an example, the ansatz

ω_n = a_n a_{n+1} a_n − a_{n+1}

, n ∈ N_0, (60)

yields Levin’s v transformation

v^{(n)}_k (β, S_n) = k∑ j=0 (−1)^j

(_k j )_{(β+n+j)k−1}

(β+n+k)^{k−1} a_{n+j} −a_{n+j+1} a_{n+j} a_{n+j+1} Sn+j k∑ j=0 (−1)^j

(_k j )_{(β+n+j)k−1}

(β+n+k)^{k−1} a_{n+j} −a_{n+j+1} a_{n+j} a_{n+j+1}

. (61)

An enhancement of the epsilon algorithm is Brezinski’s theta algorithm:

ϑ^{(n)}_{−1} = 0 ϑ^{(n)}_0 = S_n

ϑ^{(n)}_{2k+1} = ϑ^{(n+1)}_{2k−1} + 1 Δϑ^{(n)}_{2k}

(62)

ϑ^{(n)}_{2k+2} = ϑ^{(n+1)}_{2k} + [ Δϑ^{(n+1)}_{2k} ] [ Δϑ^{(n+1)}_{2k+1} ] Δ^2ϑ^{(n)}_{2k+1} , k, n ∈ N_0.

It is now suggestive to apply such a procedure, that improves the convergence of a series, succesively. In Ref. [35] algorithms are discussed which allow the calculation of high transformation orders efficiently and with low memory costs.

The principle is to calculate for each new element of the series all possible elements of the matrix ϑ^j_i . So one always gets the highest possible transformation order. Details can be found in Ref. [35], where also many more acceleration methods are discussed.

For this work the algorithms mentioned above were programmed in FORTRAN. To achieve the desired numerical precision we used Bailey’s library MPFUN [36,37], which allows calculations with arbitrary precision.

5 Numerical Result for the Nonplanar Topology

In this Section we sketch the application of the described methods to the nonplanar diagram N and show how a numerical result is obtained.

The sum we have to calculate reads (15)

Ñ_S = (−4ε − 4ε^2 + 32ε^3 + O(ε^4))N_S , (63)

N_S = ∞∑ l=0 ∞∑ m=0 l+m∑

n=|l−m| l+m+n=2g T (ε, l, m, n, g), (64) with the addend terms T (ε, l, m, n, g) = (1 − ε)^4 Γ(2 − 2ε) Γ^2(1 − ε) × 1 (l + 1 − ε) (m + 1 − ε) (n + 1 − ε)

Γ(g + 2 − 2ε) Γ(g + 2 − ε) × Γ(g − l + 1 − ε) Γ(g − m + 1 − ε) Γ(g − n + 1 − ε) Γ(g − l + 1) Γ(g − m + 1) Γ(g − n + 1) · R(ε, l, m, n), (65) where R(ε, l, m, n) = 4 (2 + l + m + n − 6 ε) (n − 4 ε) (1 + l + n − 4 ε) (2 + l + m + n − 4 ε) + 4 (1 + l) (4 + l + m + n) (2 + l + m + n − 6 ε) (1 + m − 2 ε)

+ . . . (66)

consists of rational expressions resulting from the radial integration of Eq. (13).

5.1 Coefficient of ε^1

The coefficient of ε^1 is a triple sum of rational expressions, where no harmonic sums occur. The sum can be evaluated analytically, which we sketch briefly in this subsection. The sum over l can be performed easily and we are left with a double sum. In the summands we get harmonic sums with arguments m and m + n. The resulting rational terms and terms with S(m) can now be summed over n. The terms containing S(m + n) can be cast into an expression that can be summed over m by means of a transformation of variables. After the summation we are left with a simple sum with increased number of terms. The summands now consist of rational expressions, harmonic sums with simple argument S_k(i + n), such with double argument S_k(i + 2n) and products of the latter.

Again, the rational expressions can be summed up analytically by means of

Mathematica or SUMMER. Expressions containing harmonic sums with simple

arguments can be summed with SUMMER.

Expressions with harmonic sums with double argument can be transformed to terms calculable with SUMMER by means of formula (43).

A bit more complicated are terms where 2n appears in the denominator, like ∞∑ n=1 S_2(n) (2n + 1)^2 .

By means of Eq. (44) the harmonic sum is converted to sums with double argument_∞ ∑ n=1 2 (2n + 1)^2

[S_{−2}(2n) + S_2(2n)] . (67) Then the sum is rewritten according to Eq. (46) ∞∑ n=1 1 + (−1)^n (n + 1)^2

[S_{−2}(n) + S_2(n)] (68)

and can now be calculated. Finally, there are the products S_k(n + i) S_l(2m + j) (69) which can be evaluated with the help of Eq. (44).

The problem for the ε^1 coefficient can thus be solved completely and the result reads Ñ_S |_{ε1} = 68 ζ^2_3 − 80 ζ_5 + 50 ζ_6, (70) which agrees with [10].

5.2 Coefficient of ε^2

In the expression for the ε^2 coefficient the terms in the triple sum contain the harmonic sums S_1(n − l), S_1(m), S_1(l) and S_1(m + n). All expressions can be summed over a variable which does not appear as an argument in S. The result is then a double sum ∞∑ m=1 ∞∑ n=1 F (m, n), (71) where terms with harmonic sums of the following types occur:

S_i(m), S_i(m) S_j(m), S_i(m) S_j(n), S_i(m + n), S_i(m + n) S_j(m + n), S_i(m) S_j(m + n).

In the case of S_i(m) and S_i(m) S_j(m) we sum now over the variable n which is not the argument of S. Expressions containing S_i(m + n), S_i(m + n) S_j(m + n) can be handled by means of variable transformations as described in Section 3.7. The terms with S_i(m) S_j (n), S_i(m) S_j(m + n) can in the most cases be cast into a form to which algorithm B of Ref. [26] can be applied.

Thus the second summation yields a simple sum. Now the addends contain simple harmonic sums and products of two or three harmonic sums, some of which have double arguments:

S_i(m), S_i(m) S_j(m), S_i(m) S_j(2m), S_i(m) S_j(m) S_k(2m).

These terms can in principle be calculated by means of the described algorithms.

However, in some of the terms there are certain combinations of denominators and harmonic sums in which the summation variable is doubled. These can in some cases be be handled with the known algorithms, however, not in the general case. Therefore the problem of the order ε^2 cannot be solved analytically at present. To achieve this, more examinations in the subject of the summations are necessary.

5.3 Numerical evaluation

Since up to now an analytical solution is not possible with our method we try to find a numerical solution. To do this, we simplify the terms as far as possible and calculate the sums numerically.

For the numerical calculation the terms have been simplified with Mathematica and output in FORTRAN syntax. This code has been optimized by means of

Maple and built in a FORTRAN program. To speed up the calculation this pro-

gram was parallelized by means of MPI [38,39]. Finally, the program was translated with Bailey’s program TRANSMP [37] to allow arbitrary numerical precision by means of the MPFUN library [36]. The programs store all partial sums. To the sequence of partial sums we apply different convergence acceleration methods.

A different approach to a numerical solution, is the following: We begin with the representation of the sum (34) ∞∑ n=1 ∞∑ m=0 n∑ l=0 F (l + m, n + m − l, n). (72)

For a fixed n = ν the expression ν∑ l=0 ∞∑ m=0 F (l + m, ν + m − l, ν) (73) describes ν + 1 infinite sums

S_{ν,l} = ∞∑ m=0 F (l + m, ν + m − l, ν). (74)

Sums of that kind can easily be calculated with SUMMER. So the obvious procedure is to evaluate all contributions S_{n,l} for all values of n up to an upper limit n_{max}.

Thus we get a sequence of expressions consisting of rational numbers and zeta functions. These can be evaluated numerically to achieve a sequence of decimal numbers {S_n}, where lim_{n→∞} S_n = Ñ_S |_ε2 .

To this we again apply the convergence acceleration algorithms. The first elements of this sequence are

S_0 = 56 ζ_2 − 56 ζ_3 + 32 ζ_2 ζ_3 − 80 ζ^2_3 − 100 ζ_4 + 204 ζ_3 ζ_4

+64 ζ_5 + 144 ζ_2 ζ_5 − 488 ζ_6 + 308 ζ_7,

S_1 = −

1220 3 ζ_2 − 848 9 ζ_3 + 160 ζ_2 ζ_3 − 80 ζ^2_3 − 644 3 ζ_4 + 204 ζ_3 ζ_4

+320 ζ_5 + 144 ζ_2 ζ_5 − 488 ζ_6 + 308 ζ_7 +

3232 9 , S_2 = −

35827 108 ζ_2 −

2219 18 ζ_3 + 168 ζ_2 ζ_3 − 80 ζ^2_3 − 653 2 ζ_4 + 204 ζ_3 ζ_4

+396 ζ_5 + 144 ζ_2 ζ_5 − 488 ζ_6 + 308 ζ_7 +

64279 216 and the 500th element is (with rounded coefficients)

S_{500} = 109.191 − 65.7377 ζ_2 − 114.167 ζ_3 + 210.296 ζ_2 ζ_3 − 80. ζ^2_3 − 741.581 ζ_4 +204. ζ_3 ζ_4 + 500.591 ζ_5 + 144. ζ_2 ζ_5 − 488. ζ_6 + 308. ζ_7 ∼= 205.62576485415736523.

This procedure can be implemented easily in FORM or its parallelized version

PARFORM [40,41].

We show in Table 1 the results of the FORTRAN-Program. The entry in the line labeled ‘Sum’ is the result we get by simply summing up the terms, where the upper limit of the outermost summation was set to 15,000. The other lines contain the results obtained by application of different algorithms.

Method Value for Ñ_S |_ε2

Sum 205.625 765 027 123 610 885 997 875

Theta 205.625 765 027 124 189 154 823 016

Epsilon 205.625 765 027 124 195 743 663 390

Aitken 205.625 765 027 124 195 744 291 025

Rho 205.625 765 027 124 195 744 492 088

Levin v 205.625 765 027 124 196 134 222 058 Table 1 Numerical results for the ε^2 coefficient of N

One can see, that the results of the Aitken and the Rho method agree in 21 decimal digits. These algorithms delivered the best result^‡ for the numerical calculations of the planar topology, where the exact result was known and could be used to check the results. Since the structure of the terms is similar, one can expect, that they are also suitable for the nonplanar diagram. The result of the Epsilon procedure agrees in 20 digits with the former. All results agree in 16 digits. In a very pessimistic interpretation at least these digits can be considered reliable.

The results of the numerical evaluation by means of the FORM-method agree with these numbers in 14 or 20 digits, depending on the acceleration method used.

5.4 Integer Relation Detection

Finally, we want to get an idea of the analytical result by means of “experimental mathematics”. Looking at the known result for the planar diagram, we assume, that the result for N be also a linear combination of zeta values with integer coefficients, which have to be determined. This problem is known as integer relation detection [42].

In general a vector x = (x_1, x_2, ..., x_n) with real or complex elements is said to possess an integer relation, if integers a_i exist such that at least one of them is different from zero and

a_1x_1 + a_2x_2 + . . . + a_nx_n = 0 (75)

‡ Summing up 2000 terms we get 3 correct digits for P . Application of the rho algorithm yields 13 correct digits in this case.

An algorithm which can solve this problem is the PSLQ algorithm [43–45].

The input for this algorithm are in our case the numerically calculated number and numerical values for the constants, i.e. the zeta values. Then the program checks, whether there is an integer relation between the numbers within the desired accuracy. We used an implementation of this method by O. Veretin [46].

Assuming that the transcendentals are the same as for the planar diagram, as it is the case in the lower orders in ε, we find the following result for the 2nd order coefficient of the ε expansion of N:

Ñ_S |_{ε2} = −272 ζ^2_3 + 204 ζ_3 ζ_4 + 80ζ_5 − 200ζ_6 + 450ζ_7. (76)

This agrees with the analytical result which was found in the meantime [19,20].

Comparison of this result with Table 1 shows, that all the digits printed for the rho algorithm are correct. This proves the power of this algorithm for our problem and justifies the confidence in the convergence acceleration techniques retrospectively.

6 Analytical Result for the Planar Topology

In this Section we show that the coefficient of ε^2 for the planar diagram can be found analytically by means of the described method. The steps we take are the same as described in Section 5. The structure of the sums and of the terms are similar and so is the procedure of the calculation. The difference is, the terms that cause problems in the case of N, because we do not know algorithms for their evaluation, do not appear in the case of P .

After application of the algorithms we have the sum in the form

P̃_S |_{ε2} = P_0 + P_1 +^∞∑ a=1 P_2(a), (77)

where P_0 is the contribution for n = 0,

P_0 = 56 ζ_3 − 164 ζ_4 + 56 ζ_5 − 440 ζ_6 + 320 ζ_7 + 48 ζ_2 ζ_3 + 180 ζ_3 ζ_4 + 120 ζ_2 ζ_5 − 80 ζ^2_3 , (78) and P_1 =

17686997 17496 − 166771 324 ζ_2 +

86459 162 ζ_3 − 192 ζ_1 ζ_3 + 1152 ζ_2 ζ_3

− 16 ζ_1 ζ_2 ζ_3 − 592 ζ^2_3 + 128 ζ_1 ζ^2_3 −

2702 9 ζ_4 + 552 ζ_1 ζ_4

− 1032 ζ_3 ζ_4 − 394 3 ζ_5 − 656 ζ_1 ζ_5 − 1240 ζ_2 ζ_5 −

6770 3 ζ_6 + 770 ζ_1 ζ_6 + 2248 ζ_7,

P_2(a) =

528 S_1(a)

a^5 − 480 S_1(a) a^4 − 48 S_1(a)^2 a^4 − 48 S_1(a) S_2(a) a^3 + 6 S_{1,3}(a) 3 + a + 8 S_1(a)^2 S_2(a)

(3 + a)^3 + 32 S_1(a) S_2(a) S_3(a)

1 + a − 24 S_1(a) S_{1,3}(a)

(3 + a)^2 + . . . ,

P_2(a) consists only of terms that can be calculated with SUMMER. Doing this we arrive at the known result

P̃_S |_{ε2} = −176 ζ^2_3 + 132 ζ_3 ζ_4 + 80 ζ_5 − 200 ζ_6 + 317 ζ_7. (79)

7 Conclusion

We described a method for the calculation of massless, dimensionally regularized Feynman integrals in their ε-expansion. It is based on the expansion of the integrand in terms of Gegenbauer polynomials. This yields sums over Gamma functions which can be expanded in harmonic sums. As a consequence one arrives at sums over rational functions and products of such with harmonic sums which can be simplified by the introduced summation algorithms and then be calculated numerically or analytically.

The procedure in principle is independent of the Gegenbauer polynomial technique. It can be useful wherever there are sums of the described form. The method should be expandable to more complicated problems, e.g. higher orders of the diagrams under consideration or more complex diagrams.

In the case of the nonplanar diagram we could not get to a complete analytical solution. To achieve this, further knowledge in the summation techniques is required.

For this work we combined the abilities of different computer programs, in particular the pattern matching facilities of Mathematica, the code generation functions of Maple, and FORM’s power of managing very large expressions.

It is the idea to implement the method in one programming language to make it stand-alone. This could either be done in FORM or in C++. The summation algorithms of Ref. [26] have already been implemented in both, the FORM version has recently been published [50]. In [51] also a Mathematica implementation was introduced.

8 Summary of the results

The coefficients of the ε expansion of the nonplanar three-loop-diagram N could be calculated numerically to 20 digits

Ñ_S = 20.738555102867398527 + 66.168906981239990785 ε + 205.62576502712419574 ε^2

The analytical result for the O(ε) term given in [10] could be reproduced,

Ñ_S = 20 ζ_5 + ( 68 ζ^2_3 − 80 ζ_5 + 50 ζ_6 ) ε. (80)

Application of the PSLQ algorithm to the O(ε^2) term gives

Ñ_S |_{ε2} = −272 ζ^2_3 + 204 ζ_3 ζ_4 + 80ζ_5 − 200ζ_6 + 450ζ_7, (81)

which agrees with [19,20].

Also the analytical result up to order ε^2 for the planar diagram was verified.

P̃_S |_{ε2} = −176 ζ^2_3 + 132 ζ_3 ζ_4 + 80 ζ_5 − 200 ζ_6 + 317 ζ_7. (82)

Acknowledgements

The author wishes to thank K. Chetyrkin for the suggestion to do this work, for his support and information about GPXT and multiloop calculations.

I thank P. Uwer, O. Veretin and S. Weinzierl for useful discussion about the harmonic sums and related topics. I thank O. Veretin for providing me with his implementation of the PSLQ algorithm.

E. J. Weniger from the University of Regensburg provided me with extensive information about convergence acceleration methods. I am grateful for inspiring correspondence in this subject.

Finally the author wishes to thank M. Steinhauser and K. Chetyrkin for reading the manuscript and many useful comments.

This work was supported by the Graduiertenkolleg “Hochenergiephysik und Teilchenastrophysik” and by the Sonderforschungsbereich TR 9, “Computational Particle Physics”.

A Properties of the Gegenbauer Polynomials

The Gegenbauer polynomials, also called ultraspherical polynomials, are the coefficients in the power series exansion of the generating function 1 (1 − 2rt + r^2)^λ = ∞∑ n=0 C^λ_n (t) r^n. (A.1)

They are orthogonal on the interval [−1, +1] with the weight function

w(x) = (1 − x^2)^{(λ− 12 )}, (A.2)

∫_{+1} −1 C^λ_m(x) C^λ_n (x) (1 − x^2)^{λ− 12} dx = π Γ(2λ + n) 2^{2λ−1}(λ + n) n! Γ^2(λ) δ_{mn}. (A.3)

Special cases are the Chebyshew polynomials of first or second kind with λ = 0, 1, respectively, and the Legendre polynomials with λ =^1_2 .

Information about these polynomials can be found in the books by Erdélyi et al. [47], Vilenkin [48] or Szegö [49]. The notation in this article follows Chetyrkin et al. [12].

From the orthogonality relation (A.3) follows a relation for unit vectors x̂, ŷ, ẑ, which is used to reduce angular integrals in Section 2: [12,47] ∫ dŷ C^λ_n (x̂ · ŷ) C^λ_m(ŷ · ẑ) = λ n + λ δ_{n,m} C^λ_n (x̂ · ẑ) (A.4)

Values for special parameters are:

C^λ_0 (x) = 1, (A.5)

C^λ_n (1) =

Γ(n + 2λ) n! Γ(2λ)

, (A.6)

C^λ_n (0) =

0 n odd

(−1)^m Γ(λ+m) m! Γ(λ) , m = n 2 n even

. (A.7)

Another basic feature of the Gegenbauer polynomials used in this work is the expansion of a propagator: 1 (x_1 − x_2)^{2λ} = 1 max(r_1, r_2)^λ ∞∑ n=0 C^λ_n (x̂_1 · x̂_2) ⟨ r_1 r_2

⟩_{n/2}

(A.8)

where r_i = x^2_i , x̂ = x √ r , (A.9) ⟨ r_1 r_2 ⟩ = min ( r_1 r_2 , r_2 r_1 ) = r_1/r_2 if r_1 ≤ r_2 r_2/r_1 if r_2 ≤ r_1

. (A.10)

The exponential function can be expanded by means of

e^{2ipx} = Γ(λ) ∞∑ n=0 i^n (n + λ) C^λ_n (x̂ · p̂) (p^2r)^{n/2} j_{λ+n}(p^2r), (A.11)

where j_α(z) is related to the Bessel function J_α(z) by

J_α(z) = (^1_2 z)^α j_α(^1_4 z^2), (A.12)

and the following equation holds:

∫_∞ 0 z^b j_α(z) dz =

Γ(b + 1) Γ(a − b) , Re b > −1 Re a > 2 Re b +^1_2 .

(A.13)

Finally, a formula is needed which allows to rewrite the product of two Gegenbauer polynomials as sum of single Gegenbauer polynomials.

C^λ_l (x) C^λ_m(x) =

l+m∑

n=|l−m| l+m+n=2g, g∈Z

D_λ(l, m; n) C^λ_n (x), (A.14)

D_λ(l, m; n) = n! (n + λ) Γ(g + 2λ) Γ^2(λ) Γ(g + λ + 1) Γ(n + 2λ) × Γ(g − l + λ) Γ(g − m + λ) Γ(g − n + λ) Γ(g − l + 1) Γ(g − m + 1) Γ(g − n + 1)

. (A.15)

References

[1] R. Harlander, M. Steinhauser: Automatic Computation of Feynman Diagrams, Prog. Part. Nucl. Phys. 43 (1999), 167–228; hep-ph/9812357.

[2] A. Grozin: Lectures on Multiloop Calculations, hep-ph/0307297.

[3] V. A. Smirnov: Evaluating Feynman Integrals, Springer 2004.

[4] S. G. Gorishnii, A. L. Kataev, S. A. Larin: The O(α^3_s) corrections to σ_{tot}(e^+e^− → hadrons) and Γ(τ^− → ν_τ + hadrons) in QCD, Phys. Lett. B259 (1991), 144-150.

[5] K. G. Chetyrkin: Corrections of order α^3_s to R_{had} in pQCD with light gluinos, Phys. Lett B391 (1997), 402–412; hep-ph/9608480.

[6] P. A. Baikov, K. G. Chetyrkin, J. H. Kühn: The Cross Section of e^+e^− Annihilation into Hadrons of Order α^4_s n^2_f in Perturbative QCD, Phys. Rev. Lett. 88 (2002), 012001; hep-ph/0108197.

[7] K. G. Chetyrkin, J. H. Kühn, A. Kwiatkowski: QCD Corrections to the e^+e^−− Cross Section and the Z Boson Decay Rate: Concepts ans Results, Phys. Reports 277 (1996), 189–282; hep-ph/9503396.

[8] R. Harlander, M. Steinhauser: rhad: a Program for the Evaluation of the Hadronic R-ratio in the Perturbative Regime of QCD, Comput. Phys. Commun. 153 (2003), 244–274; hep-ph/0212294.

[9] S. G. Gorishnii, S. A. Larin, F. V. Tkachov, K. G. Chetyrkin: Five Loop Renormalization Group Calculations in the g ϕ^4 in Four Dimensions Theory, Phys. Lett. B132 (1983), 351.

[10] D. I. Kazakov: Calculation of Feynman Integrals by the Method of “Uniqueness”, Theor. Math. Phys. 58 (1984), 223–230; JINR-E2-83-323.

[11] K. G. Chetyrkin, F. V. Tkachov: Integration by Parts: The algorithm to calculate Beta Functions in 4 Loops, Nucl. Phys. B192 (1981), 159–204.

[12] K. G. Chetyrkin, A. L. Kataev, F. V. Tkachov: New Approach to Evaluation of Multiloop Feynman Integrals: The Gegenbauer Polynomial x-Space Technique, Nucl. Phys. B174 (1980), 345–377.

[13] D. I. Kazakov: Multiloop Calculations: Method of Uniqueness and Functional Equations, Theor. Math. Phys. 62 (1985), 84–89.

[14] D. J. Broadhurst: Exploiting the 1.440 fold Symmetry of the Master Two Loop Diagram, Z. Phys. C32 (1986), 249–253.

[15] D. T. Barfoot, D. J. Broadhurst: Z(2) × S(6) Symmetry of the Two Loop Diagram, Z. Phys. C41 (1988), 81.

[16] S. G. Gorishnii, A. P. Isaev: On an Approach to the Calculation of Multiloop Massless Feynman Integrals, Theor. Math. Phys. 62 (1985), 232.

[17] I. Bierenbaum, S. Weinzierl: The massless two-loop two-point function, Eur. Phys. J. C32 (2003), 67–78; hep-ph/0308311.

[18] K. Chetyrkin: private communication

[19] P. A. Baikov, K. G. Chetyrkin, J. H. Kühn: in preparation.

[20] K. G. Chetyrkin: Massless Vacuum Polarization: first complete O(α^4_s ) results, Talk given at “Loops and Legs 2004”, Zinnowitz, available at http://www-zeuthen.desy.de/theory/LL2004/.

[21] T. Binoth, G. Heinrich: Numerical Evaluation of Multi-loop Integrals by Sector Decomposition, Nucl. Phys. B680 (2004), 375–388, hep-ph/0305234.

[22] W. Celmaster, R. J. Gonsalves: Fourth Order QCD Contributions to the e^+e^− Annihilation Cross-Section, Phys. Rev. D21 (1980), 3112.

[23] D. J. Broadhurst, D. Kreimer: Knots and Numbers in ϕ^4 Theory to 7 Loops and Beyond, Int. J. Mod. Phys. C6 (1995), 519–524, hep-ph/9504352.

[24] A. V. Kotikov; The Gegenbauer Polynomial Technique: The Evaluation of a Class of Feynman Diagrams, Phys. Lett. B375 (1996), 240–248, hepph/9512270.

[25] J. A. M. Vermaseren: Harmonic Sums, Mellin transforms and Integrals, Int. J. Mod. Phys. A14 (1999), 2037–2076; hep-ph/9806280,

http://www.nikhef.nl/~form/FORMdistribution/packages/summer.

[26] S. Moch, P. Uwer, S. Weinzierl: Nested Sums, Expansion of Transcendental Functions and Multi-Scale Multi-Loop Integrals, J. Math. Phys. 43 (2002), 3363–3386; hep-ph/0110083.

[27] R. L. Graham, D. E. Knuth, O. Patashnik: Concrete mathematics: A Foundation for Computer Science, Addison-Wesley 1990.

[28] J. A. M. Vermaseren: New Features of FORM, NIKHEF, Amsterdam 1999, math-ph/0010025; http://www.nikhef.nl/~form/

[29] A. P. Prudnikov, Y. A. Brychkov, O. I. Marichev: Integrals and Series Vol. 1 and 2, Gordon and Breach Science Publishers 1986.

[30] J. Fleischer, A. Kotikov, O. Veretin: Analytic two-loop results for selfenergyand vertex-type diagrams with one non-zero mass, Nucl. Phys. B547 (1999), 343–374; hep-ph/9808242.

[31] H. T. Davis: The Summation of Series: The Principia Press of Trinity University 1962.

[32] J. Blümlein, S. Kurth: Harmonic Sums and Mellin Transforms up to two-loop Order, Phys. Rev. D60 (1999), 014018; hep-ph/9810241.

[33] J. Blümlein: Algebraic Relations Between Harmonic Sums and Associated Quantities, Comput. Phys. Commun. 159 (2004), 19–54; hep-ph/0311046.

[34] S. Weinzierl: Expansion around half-integer values, binomial sums and inverse binomial sums, J. Math. Phys. 45 (2004), 2656–2673; hep-ph/0402131.

[35] E. J. Weniger: Nonlinear Sequence Transformations for the Acceleration of Convergence and the Summation of Divergent Series, Computer Physics Reports 10 (1989), 189–371; math.NA/0306305.

[36] D. H. Bailey: A Portable High Performance Multiprecision Package, RNR Technical Report RNR-90-022, NASA Ames Research Center 1993

http://crd.lbl.gov/~dhbailey/mpdist.

[37] D. H. Bailey: Automatic Translation of Fortran Programs to Multiprecision, RNR Technical Report RNR-91-025, NASA Ames Research Center 1993

http://crd.lbl.gov/~dhbailey/mpdist.

[38] P. S. Pacheco:, Parallel Programming with MPI, Morgan Kaufmann Publishers 1997.

[39] W. D. Gropp: Using MPI: Portable Parallel Programming with the Message Passing Interface, MIT Press 1995.

[40] D. Fliegner, A. Rétey, J. A. M. Vermaseren: Parallelizing the Symbolic Manipulation Program FORM, Part I: Workstation Clusters and Message Passing, 2000, hep-ph/0007221.

[41] M. Tentyukov, D. Fliegner, M. Frank, A. Onischenko, A. Rétey, H. M.

Staudenmaier, J. A. M. Vermaseren: ParFORM: Parallel Version of the Symbolic Manipulation Program FORM in: V. G. Ganzha, E. W. Mayr, E. V. Vorozhtsov (Eds.): Computer Algebra in Scientific Computing, Proceedings of the Seventh International Workshop on Computer Algebra in Scientific Computing, July 12–19, 2004, St. Petersburg, Russia; cs.SC/0407066.

[42] D. H. Bailey: Integer Relation Detection, Computing in Science & Engineering 2 (2000), 24–28; http://crd.lbl.gov/~dhbailey/dhbpapers/index.html.

[43] H. R. P. Ferguson, D. H. Bailey, S. Arno: Analysis of PSLQ, An Integer Relation Finding Algorithm, Mathematics of Computation 68 (1999) no. 225, 351–369.

[44] H. R. P. Ferguson, D. H. Bailey: A Polynomial Time, Numerically Stable Integer Relation Algorithm: RNR Technical Report RNR-91-032, NASA Ames Research Center 1992.

[45] D. H. Bailey, D. J. Broadhurst: Parallel Integer Relation Detection: Techniques and Applications, Math. Comput. 70 (2001), 1719–1736; math.na/9905048.

[46] O. Veretin: private communication

[47] A. Erdélyi, W. Magnus, F. Oberhettinger, F. Tricomi: Higher Transcendental Functions, vol. 1, McGraw-Hill 1953.

[48] N. J. Vilenkin: Special Functions and the Theory of Group Representations, American Mathematical Society 1968 (Translations of Mathematical Monographs, Vol. 22).

[49] G. Szegö: Orthogonal Polynomials, American Mathematical Society 1939, (Colloquium Publications, Vol. XXIII)

[50] S. Moch, P. Uwer: XSUMMER: Transcendental Functions and Symbolic Summation in FORM, math-ph/0508008

[51] T. Huber, D. Maître: HypExp: A Mathematica Package for Expanding Hypergeometric Functions around Integer-valued Parameters, hep-ph/0507094