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Problem 1 - Linear Sigma model

Consider a theory described by the Lagrangian

L = i ψ ∂/ψ − g ψL ΣψR − g ψR Σ† ψL + L(Σ) (1)

where Σ ∈ SU(2) and L(Σ) depends only on Σ, such that the total Lagrangian is invariant under transfor-
mations of the group SUL(2)⊗ SUR(2),

ψ′
R = RψR , ψ′

L = LψL , (2)

Σ′ = LΣR† , Σ′† = RΣ† L† . (3)

1. Find the transformation rule for Σ under infinitesimal transformations of SUL(2)⊗ SUR(2).

2. Since Σ ∈ SU(2), it can be decomposed as

Σ(x) = σ(x) I + i ~π(x) · ~τ , where σ, πj ∈ R , and τj are the Pauli matrices.

Find the transformation rules for σ and ~π under infinitesimal transformations of SUL(2)⊗ SUR(2).

3. Take now
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.

Prove that L(Σ) is invariant under SUL(2)⊗ SUR(2).

4. Express L(Σ) in terms of σ and ~π.

5. Break now the SUL(2)⊗SUR(2) symmetry by choosing the vacuum < σ >= Fπ . Write the Lagrangian
in the “broken phase”. What is the spectrum of the theory?

6. Show that the Lagrangian in the broken phase is invariant under the “diagonal subgroup” of SUL(2)⊗
SUR(2), namely under transformations of the type

Σ→ LΣR† , where L = R .

7. Finally prove that the number of Goldstone bosons agrees with the number of broken symmetry
generators.
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